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Abstract

We derive a lower bound on the smallest singular value of a random d-regular
matrix, that is, the adjacency matrix of a random d-regular directed graph. Specif-
ically, let C; < d < cn/log?n and let M, 4 be the set of all n x n square matrices
with 0/1 entries, such that each row and each column of every matrix in M,, 4 has
exactly d ones. Let M be a random matrix uniformly distributed on M,, 4. Then
the smallest singular value s, (M) of M is greater than n~¢ with probability at least
1 — Cylog? d/ Vd, where ¢, Cy, and C5 are absolute positive constants independent
of any other parameters. Analogous estimates are obtained for matrices of the form
M — z1d, where 1Id is the identity matrix and z is a fixed complex number.
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1 Introduction

The present paper belongs to a sub-area of the random matrix theory often called non-
limiting or non-asymptotic (see e.g. [23, 38]). Development of this direction of research
was motivated by some problems in statistics, compressed sensing and computer science
in general, as well as in asymptotic geometric analysis. The object of the study is a large
random matrix of a fixed size, and a typical goal is to obtain quantitative probabilistic
estimates for its eigenvalues or singular values in terms of dimension of the matrix. In
this paper we avoid a discussion of corresponding limiting results, and refer, in particular,
to books [3, 15| and references therein for more information (see also [13] for interplay
between limiting and non-limiting results and for applications).

The study of the non-limiting behaviour of the smallest and the largest singular values
is a very important research direction. Recall that for an m x n (m > n) matrix A, the
largest and the smallest singular values can be defined as

s1(A) = ||A|| = max ||Az][s and s,(A) = min ||Az|s,

ll2ll2=1 l[2ll2=1

where ||A|| denotes the operator norm of A acting from ¢4 to ¢4* (also called the spectral
norm). In case when m = n and the matrix A is invertible, we have s,(A) = 1/[|A71|.
The knowledge of the magnitude of the extreme singular values gained significance in con-
nection with asymptotic geometric analysis, numerical analysis (in particular, smoothed
analysis of the condition number), the problem of approximating covariance matrices
of multidimensional distributions, the study of delocalization properties of eigenvectors.
Moreover, for square non-Hermitian matrices, estimating the extreme singular values
forms a crucial step in computing the limit of the empirical spectral distribution. We
provide a brief overview of those directions.

First, assume that A is a tall rectangular matrix with independent rows (satisfying
certain conditions). Estimating s;(A) can be quite difficult (excluding the subgaussian
case, see, for example, [29, Fact 2.4]). The lower bounds for s, (A) often require covering
arguments, estimates for small ball probabilities, anti-concentration results, and on many
occasions bounds on s1(A). For bounds on s;(A) and s,(A), we refer to [1, 31, 18, 48|
and references therein. We would like to notice that strong estimates for s, (A) for this
model can be obtained bypassing analysis of s1(A), and under very weak conditions on
the distributions of the rows [22, 34, 52, 53] (see also [17] for related yet different setting).

Another model of randomness, which is closer to the main topic of our paper, involves
square random matrices or matrices with the aspect ratio m/n very close to one, with
i.i.d. entries. In this setting, obtaining optimal quantitative lower bounds for s, (A) re-
quires more delicate arguments, compared to the model considered above. We refer, in
particular, to [29, 45, 36, 37, 43, 35] and references therein (see also [2] for square matrices
with independent log-concave columns). In the context of numerical linear algebra, this
research direction is related to estimating the condition number of a square matrix. Recall



that the condition number of an n x n matrix A is defined as
o(A) = s1(A)/sa(A) = || Al A7

The condition number serves as a measure of precision of certain matrix algorithms [6,
Chapter III], [41]. The study of the condition number in the random setting goes back
to von Neumann and his collaborators (see [32, pp. 14, 477, 555] and [33, Section 7.8]),
whose numerical experiments suggested that for a random n x n matrix A one should have
o(A) ~ n with high probability. In a more general context, when the spectral norm || - || is
replaced with an operator norm || - || x_y for two n-dimensional Banach spaces X and Y,
the quantity [|A]|x_y||[A™!|ly_x plays a crucial role in the local theory of Banach spaces
and asymptotic geometric analysis through its relation to the Banach—Mazur distance
[8, 49]. Estimating the condition number of a shifted matrix A + B (with A random and
B fixed) was put forward as an important problem by Spielman and Teng [42], in context
of smooth analysis of algorithms (see, in particular, [39, 44, 46]). As a very important
application, the quantitative lower bounds for s, (A+ B), with B being a complex multiple
of the identity, have been used to establish the circular law for the empirical spectral
distribution in the i.i.d. model (see [47, 7] and references therein for the historical account
of the problem). Indeed, it is known that using the Hermitization technique, one needs to
show the uniform integrability of the logarithmic potential with respect to the empirical
singular value distribution of the shifted matrix. Bounding the smallest singular value
away from zero is therefore essential for such method to work. As the limiting distribution
is not the aim of this paper and since the uniform integrability requires also a control of
the remaining singular values, we leave this for a future investigation (see [27, 26]).

The model studied in this paper differs from the ones discussed above in two crucial
aspects. Let us set up the framework. Let d < n be (large) integers, which we assume to
be fixed throughout the paper. Consider the set M,, 4 of square n x n matrices with 0/1
entries such that each row and each column of a matrix M € M,, 4 contains exactly d ones.
Such matrices will be called d-regular. These are adjacency matrices of d-regular digraphs
(directed graphs), where we allow loops but do not allow multiple edges. On M,, 4 we
take the uniform probability measure, turning M,, 4 into a probability space, and consider
the random matrix distributed according to this measure. The two main differences from
the models mentioned in the previous paragraphs are complex dependencies between the
matrix entries and (for d < n) sparsity of the matrix, i.e., large number of zero entries.

The question of estimating s, (M) (or, more generally, s,(M + B) for a fixed matrix
B), where M is uniformly distributed in M,, 4, can be justified in two respects. First,
this is a natural model with complex dependencies between the matrix entries, which
does not allow the use of standard conditioning arguments (such as fixing the span of
n — 1 rows of a random matrix and studying the conditional distribution of the distance
of the remaining row to the span). Techniques developed for treating this model can
potentially be adapted to more general models with dependencies. Second, as we show
in this paper, unlike the Erdés—Rényi random model (see below for the definition and a
more detailed comparison), the d-regularity condition guarantees strong lower bounds on
sp(M) with large probability even in the case when d < logn when the corresponding
Erdés—Rényi adjacency random matrix with the parameter p = d/n is singular with large
probability. This provides a better understanding as to what causes singularity of sparse
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random matrices (“local” obstructions to invertibility such as a zero row in the Erdés—
Rényi model versus “global” obstructions when the non-trivial null vectors have many
non-zero components).

Singularity of adjacency matrices of uniform random d-regular digraphs was first con-
sidered by Cook in [10]. He adapted to the case of directed graphs a conjecture of Costello
and Vu from [12, Section 10], which asserted that for 3 < d < n—3 with probability going
to 1 as n goes to infinity the adjacency matrix of a random d-regular undirected graph
is non singular (see also Vu'’s survey [50, Problem 8.4] and 2014 ICM talks by Frieze [16,
Problem 7] and Vu [51, Conjecture 5.8]). The argument in [10] was based on discrep-
ancy properties of random digraphs studied in [9], together with some anti-concentration
arguments and a sophisticated use of the simple switching operation. It established non-
singularity of the adjacency matrix with a large probability for d > C'log®n.

The question about singularity of adjacency matrices in the case d < logn remained
open, moreover it was not clear whether the condition d > logn comes from limitations
of the method used in [10] or if a random matrix uniformly distributed on M,, ; becomes
singular in this regime. As we mentioned above, in the Erdés—Rényi model, a random
matrix is singular with probability close to one in the case d < logn. In [24] (see also
[25]), the authors of the present paper were able to partially answer this question by
showing that a random d-regular matrix is non-singular for all d bigger than a large
universal constant, however, the probability of the singularity was estimated from above
by a negative power of d (see also [28], where we proved that the rank of such matrices
should be at least n — 1 with probability going to one as n grows to infinity). The main
novelty of [24] compared to [10] rested on three new ingredients — a particular version of
the covering argument which is applied to study the structure of the kernel of random
matrices, on a different set of properties of random digraphs, and on a new approach to
anti-concentration results.

However, both papers [10] and [24] didn’t provide any quantitative estimates. Com-
bining methods from [10] and [24] with an elaborate chaining argument, in recent papers
[11] and [4], quantitative lower bounds on the smallest singular value of the adjacency
matrix were proved for the uniform and permutation models, under an assumption that d
is polylogarithmic in n. Moreover, considering shifted adjacency matrices, the authors of
[11, 4] were able to obtain the circular law for the eigenvalue distribution (again, for d at
least polylogarithmic in n). Precisely, in [11, 4] it was shown that, with some conditions
on the shift W, the smallest singular value s, (M + W) of a random shifted matrix is
at least n=¢18a" with probability close to one. Still papers [11, 4] do not provide any
bounds for s, when d is growing slower than log n and moreover, even for d growing faster
than logn but subpolynomial in n, they don’t provide a polynomial in n bound for s,,.

The goal of the present paper is to provide polynomial in n lower bounds on the
smallest singular value of a random matrix uniformly distributed on M,, 4 for d larger than
a (fixed large) absolute constant. Our approach results in better bounds not only for small
d but for the entire range C' < d < cn/log?n. Our main result is the following theorem,
in which we also allow shifts of random matrices for the sake of future applications (see
also Remark 4.9 for more precise bounds).

Theorem 1.1. There are universal constants C,c > 0 with the following property. Let



C < d < en/((logn)(loglogn)). Then for every z € C with |z| < d/6 one has
IP’{M € Mya: sp(M —2Id) > n’G} >1—Clog?d/ V.

It is natural to compare our model with the Erdés-Rényi model, i.e. matrices whose
elements are i.i.d. Bernoulli 0/1 variables with the expectation d/n. Intuitively one would
expect that d-regular matrices should behave in a similar way to the Erdés-Rényi model.
This in turn seems to be similar (after applying a proper normalization y/d/n) to random
+1 matrices, where values 1 and —1 appears with probability 1/2. Since for the latter
model one has s, ~ 1/y/n, we would expect the answer s, ~ v/d/n for both d-regular
matrices and for the Erdos—Rényi model. Indeed, the Erdés—Rényi model was recently
treated in [5], where it was proved that with high probability s, > c(d/n)~¢/18%/d/n,
provided that clogn < d < n — clogn. Note that if d is polynomial in n then this gives
the expected bound v/d/n. However, there is one delicate point in such a comparison.
It is easy to see that for d < logn a matrix in the Erdés—Rényi model has a zero row
with probability more than half, therefore more than half of matrices in this model are
singular. To the contrary, our theorem shows that in the case of d-regular matrices most
matrices are non-singular. In particular, this means that the regularity prevents a matrix
from being singular, in a sense reducing the randomness.

The remaining part of the introduction is devoted to a brief description of main ideas
and to a short overview of the proof of Theorem 1.1. An often employed approach to
estimating the smallest singular value (in other words, to bounding ||Mx||2/||x|2 from
below for every non-zero x € C") is to partition C" and work separately with different
types of vectors. The idea to split the Euclidean sphere into two parts goes back to
Kashin’s work [20] on an orthogonal decomposition of /2", where the splitting was defined
using the ratio of f- and ¢;-norms. A similar idea was used by Schechtman [40] in the same
context. In the context of the smallest singular value one usually splits C™ into vectors
of smaller complexity (close to sparse vectors) and “spread” vectors (in particular, with
a relatively small ¢, -norm). Such a splitting was introduced in [29] (see also [30]) and
was further formalized later in [36] into a concept of “compressible” and “incompressible”
vectors in C". Compressible vectors are essentially vectors of smaller dimension, so the set
of compressible vectors has a relatively small complexity. Therefore, using the standard
e-nets argument and the union bound one can obtain good bounds for ||Mx||s/||x||2 for
all compressible vectors. For incompressible vectors, the question can be reduced to
estimating the distance between a column of the matrix and the linear span of remaining
columns, which is in turn bounded using Littlewood—Offord—type inequalities.

In our model, due to special structure of the matrices (in particular, due to the lack
of independence and due to the sparsity of a matrix) the concept of compressible and
incompressible vectors is not directly applicable. In [10], Cook replaced these notions with
another type of structural dichotomy, namely sparse vectors were replaced with a bigger
class of vectors having at least one large level set (where “large” means of cardinality at
least n/d°) while unstructured vectors were the ones with small level sets. These notions
we also used in [4, 11, 24]. In [24] the structured vectors were referred to as almost
constant vectors, since there “a large level set” meant of cardinality at least n — n/logd.
Thus, an almost constant vector is a very sparse vector shifted by a constant vector.



In the present work, we further refine this splitting in order to take full advantage of
the discrepancy properties of random d-regular matrices. Specifically, we define four
(overlapping) classes on C", which we call steep vectors, gradual vectors (that is non-
steep), the almost constant vectors, and the essentially non-constant vectors (that is the
complement of almost constant vectors). Roughly speaking, almost constant vectors are
those with many coordinates almost equal to each other. The gradual vectors are vectors
r = (z;); € C", whose sequence (z}); (a non-increasing rearrangement of (|z;|);) has a
regular decay, i.e., has no significant jumps, where by a jump we mean x}, > x;, for some
k < m. The steep vectors are vectors possessing such jumps.

The idea to consider steep vectors comes from the following observation. A steep
vector x possesses a “steep” jump in its non-increasing rearrangement which induces a
partitioning of the graph into the set of vertices (indices) corresponding to large coor-
dinates and those associated with small coordinates. Now the expansion properties of
the random d-regular graph automatically imply that the set of vertices corresponding to
large coordinates has a large neighborhood (many vertices are connected to the set) and,
moreover, many vertices are simply (i.e., through one edge) connected to the set. In terms
of the d-regular matrix, this translates into having relatively many rows which have ex-
actly one entry equal to one within the set of columns corresponding to large coordinates
of x. Then the inner product of each such row with the steep vector x is large by absolute
value thanks to the big ratio of the magnitudes of large and small coordinates of z: the
inner product is dominated by the value of the unique large coordinate of x corresponding
to the aforementioned non-zero component of the selected row. The implementation of
this naive idea is more involved and requires a careful selection of the size of the jump (re-
sponsible for the magnitude of the inner product) and its location (which must take into
consideration the graph expansion properties). To this, another difficulty adds up, lying
in the construction of the associated nets as one needs to balance the size of the net with
the individual probability bounds. The actual argument is technically involved since we
are required to distinguish several types of jumps as well as different jump locations and
combine these with very delicate construction of the e-nets. It will be further discussed
in Section 3.

Bounding the magnitude of the matrix-vector product for almost constant gradual
vectors is straightforward. First, notice that the f,-norm of an almost constant gradual
vector is comparable to the fo-norm of its “constant part”. Moreover, employing proper-
ties of random d-graphs, one can show that there are many rows for which most of their
support lies on the “almost constant” part of the vector. This further implies that the
inner product of such rows with the vector is separated from zero, and knowing the ¢,
norm of the vector thus provides uniform quantitative lower bounds on the product of
our random matrix with almost constant gradual vectors.

After we obtain bounds for the above two classes it remains to deal with essentially
non-constant vectors. Using general algebraic properties of square matrices we reduce
the problem of estimating the smallest singular number to estimating distances between
rows (or columns) of the matrix and certain subspaces (similar reductions were used in
[36, 47]). More precisely, we consider quantities of the form

dist(Ri(M), span {{Rk(M)}kyéi,ja R;(M) + Rj(M)})7



for pairs of indices 1 < 7 # j < m. The first observation is that the subspace appearing
above is invariant under simple switchings between the i-th and j-th rows. Then we
condition on a realization of the subspace { Ry(M)}x;; and consider all matrices sharing
the same realization of this subspace (which will form an equivalence class). We use the
randomness of the remaining two rows to control the inner product of a normal vector
to the subspace with the i-th row. A key observation is that for most pairs of rows, the
restriction of an essentially non-constant vector to the support of those two rows remains
“non-constant”. This step requires two properties of random d-regular digraphs which
we proved in [24]. We show that within the equivalence class the inner product of the
i-th row with an essentially non constant vector can be viewed as a sum of independent
random variables, to which anti-concentration inequalities can be applied. This strategy
was developed in [10, 11, 24] and is further refined in this work by splitting each class
above into subclasses on which the same normal vector can be used to have a control on
the smallest singular value.

Acknowledgement. We are grateful to an anonymous referee for careful reading the
first draft of the manuscript and many valuable suggestions, which helped us to improve
presentation. The second and the third named authors would like to thank University of
Alberta for excellent working conditions in January—August 2016, when a significant part
of this work was done.

2 Preliminaries

By “universal” or “absolute” constants we always mean numbers independent of all in-
volved parameters, in particular independent of d and n. When we say that a parameter
(or a constant) is sufficiently large (resp. sufficiently small) it means that there exists
an absolute positive constant such that the corresponding statement or inequality holds
whenever the parameter is larger (resp. smaller) than this absolute constant. Given pos-
itive integers ¢ < k, we denote the sets {1,2,...,¢} and {¢,¢+ 1,...,k} by [¢] and [¢, k],
respectively. For any two real-valued functions f and g we write f = ¢ if there are two
absolute positive constants ¢ and C such that c¢f < g < Cf. By Id we denote the n x n
identity matrix. For I C [n], let I¢ := [n]\ I denote the complement of [ in [n] and let Py
denote the operator of orthogonal projection on the coordinate subspace C’. For a vector
r = (z1,...,2,) € C", we denote its {o-norm by ||z]| = max;|z;| and its fo-norm by
|z|l2. We denote also z = (Z;)!;, where Z is the complex conjugate of z € C, and by
(xf) we denote the non-increasing rearrangement of the sequence (|z;|)",. We use (-, -)
for the standard inner product on C", that is (x,y) = Y, #;7;- The unit ball of the
complex space (7 is denoted by Bl . To simplify notation, we don’t distinguish between
row and column vectors, this will always be clear from the context. In particular, for an
n x n matrix U and a vector x € C", we have

Ur = ((Ry(U),z))", and 22U = inRi(U),

where R;(U), i < n, denote rows of U. By ||U| we denote the operator norm of U,
considered as a linear operator U from (complex) 5 to /5. Note also that by the Perron—
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Frobenius theorem for every M € M,, ; one has ||M] = d.

We will use the following anti-concentration Littlewood—Offord type lemma ([14], see
also [21]).

Proposition 2.1. Let &, &, ..., &, be independent +1 Bernoulli random variables and
let x1, xo, ..., Ty be complex numbers such that |x;| > 1, i < m. Then for every t > 1
one has

“ Coqt
ilelg !;fav a| < —

where Cy1 > 0 is a universal constant.

The next lemma is a “quantified” version of Claim 4.7 from [24].

Lemma 2.2. Let x = (21,%9,...,%,) € C™ be a vector such that for some p > 0 and
e € (0,1) we have
VA e C Higm: ]xi—)\lzpﬂ > em.

Then there are disjoint subsets J and Q of [m] such that
1J],1Q| > em/4  and Vi€ J,VjeQ |z —xj| > p/V2

Proof. Let y' :== Re(r) and y? := Im(z) be the real and imaginary part of x, respectively.
First, observe that there is k € {1,2} such that

VAER [{i<m: |yf — Al = p/V2}| =em/2. (1)
Indeed, assume the opposite, i.e., that there exist real numbers A\; and Ay such that
i <me |yf — M| > p/\/§}| <em/2, k=12.
Then for A := A\; + i A\ we necessarily have
[{i<m: |z — Al > p}| < em,

contradicting the assumption of the lemma.

Without loss of generality, we can assume that condition (1) holds for £ = 1, and
that the coordinates of y' are arranged in the non-increasing order. Denote p := [em/4].
Set J :={1,2,...,p} and Q := {m —p+1,...,m}. Clearly, it is enough to show that
y; > p/V2+ y}n,pﬂ. Assume the opposite. Then the set I := {p,...,m — p+ 1} has
cardinality strictly greater than m — em/2, and for A := y} we have |y} — A| < p/\/2 for
all i € I contradicting (1). The result follows. O

We will need the following simple combinatorial claim about relations. Let A, B be
sets, and R C A x B be a relation. Given a € A and b € B, the image of a and preimage
of b are defined by

R@)={yeB: (a,y) €R} and R 'b)={rcA: (z,b)cR}

We also set R(A) = UzeaR(a). We have the following standard estimate (see e.g.
Claim 2.1 in [24]).



Claim 2.3. Let s,t > 0. Let R be a relation between two finite sets A and B such that
for every a € A and every b € B one has |R(a)| > s and |R7'(b)| < t. Then s|A| < t|B].

We turn now to properties of d-regular matrices. Recall that M,, ; denotes the set of
all n x n 0/1-valued matrices having sums of elements in every row and in every column
equal to d (the set corresponds to adjacency matrices of directed d-regular graphs where
we allow loops but do not allow multiple edges). Given n x n matrix U = (v;;) we denote
its i'th row by R;(U) and supp R;(U) ={j <n : u;; # 0}. For J C [n] we also denote

Sy:={i <n :supp R;(M)NJ # (0}, (2)

that is, S is the union of supports of columns indexed by J.
Given k <n and € € (0,1), let

Opoe = {M € Myq : ¥J C [n] with |J|=k onehas |Sy|>(1— 5)dk;}.

Clearly, if k£ =1 then Q. = M, 4. The following theorem is essentially Theorem 2.2 of
[24] (see also Theorem 3.1 there).

Theorem 2.4. Let ¢8 < d < n, gy = +/logd/d, and € € [gg,1). Let k < cyqen/d, where
c24 € (0,1) is a sufficiently small absolute positive constant. Then

2dk
P(Qr.) > 1—exp (—6 3 log <66;2d4n>) ,

wn particular,
P U Qkﬁ Z 1— (CQA4d/€’I’L)E2d/8 .
k<ca.4en/d
We will need two more results from [24]. The following is [24, Proposition 3.3].

Proposition 2.5 (Row and columns are almost disjoint). Lete € (0,1) and 8 < d < en/6.
Denote

Oi(e) = {M € Mya: Vi,j€n]  |supp(Ri(M)+ R;(M))| > 2(1 — e)d
and |supp(R; (M") + R; (M™") )| > 2(1 - g)d}.

Then

P(Q1(2) > 1 - n? (—d)

ENn

Given 0 < o, < 1, denote by Qo(c, 3) the set of matrices in M,, 4 having a zero
submatrix of size at least an x fn, that is

Qo(a, ) :={M € M, q :3I,J C[n] suchthat [I|>an, |]J|> fn,
and VielIVjeJ p;=0}.

The next result is Theorem 3.4 from [24] (note that the condition 8 < 1/4 there can
be removed by adjusting absolute constants).
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Proposition 2.6 (No large zero submatrices). There exist absolute positive constants ¢, C
such that the following holds. Let 2 < d <mn/24,0< <1, and 0 < a < min(8,1/4).

Assume that o1
o> og(e/B)

d
Then

P (Q(cr B)) < exp (—cafdn)
We now discuss another property of matrices in €, .. We start with the following
construction. Given two disjoint sets J¢, J” C [n] and a matrix M € M,, 4, denote
I =1M,J% J7) .= {i <n: |suppR; N J| =1 and suppR; N.J" =0}
and
I"=1"(M,JJ) :={i <n:suppR;NJ* =0 and |suppR;NJ"|=1}.

The sets J¢, J© will always be clear from the context. The upper indexes ¢ and r refer to
left and right, since later, given a vector x € R™ with z; > 29 > ... > x, > 0, we choose
J¢ = [ki] and J" = [kq, n] for some k; < ko (this is the reason why the above formulas for
IY(M),I"(M) are asymmetric).

Lemma 2.7. Let p > 2, m > 1 be integers satisfying pm < cyqen/d and let J*, J" C [n]
be such that J*NJ" =0, |J|=m, |J"| = (p—1)m. Let M € Qp.. Then

1Sy \ Syr| > (1 —ep)d|JY|  and |IY] > (1 — 2ep)d|J"],
where Sy, Sy are defined by (2). In particular, if |J"| = |J¢| = m then
(1 —4e)dm < min(|I%], |I"|) < max(|I°|, |I"]) < dm.
Proof. Since M € Qup.., we observe that [Sy U Sy-| > (1 — )pd|J*|. Hence,
S50\ vl = S5 U Siel = S50 > (1 = )pel | — (p — 1)l = (1 — =p)dl I,

which proves the first estimate. To prove the second one, set

k:=|{i € S;\ Sy : |suppR; N JY| = 1}|.
Then the number of ones in the submatrix

{mij 1€ S\ Sy, j e

is at least

k+2(185: \ Syl = k) > 2(1 = ep)d] J*| — k.
On the other hand, it cannot exceed |J¢|d. Therefore

k> 2(1 —ep)d|JY| —d|J| = (1 — 2ep)d|J"|.

This completes the first part of the lemma. The second one follows by applying these
estimates with p = 2, using that the roles of I* and I" are interchangable and that each
row contains exactly d ones. ]

We would like to mention that the use of events like ., i(g), Qo(a, B) for the
invertibility problems for d-regular matrices goes back to [9, 10|, which contained weaker
versions of our Theorem 2.4 and Propositions 2.5 and 2.6.
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3 Almost constant vectors

In this section we treat almost constant vectors, which we split into almost constant
gradual vectors (i.e., vectors with many coordinates almost equal to each other and with-
out jumps) and almost constant steep vectors (i.e., almost constant vectors with jumps).
First, in Theorem 3.1, we prove a bound for almost constant gradual vectors. This case is
less involved and was discussed in the introduction. Then we turn to steep vectors. Recall
that steep vectors possess a significant jump, where by a jump we mean x; > x; for some
k < m. We split a vector in pieces and check if a jump occurs inside those pieces. We
distinguish three types of steep vectors, 7y, 71, T2, according to the place where the first
jump occurs — we introduce parameters 1 < ny; < ny < ng < n and 7y (which is empty if
ny = 1) corresponds to the case 1 < k < m < ny, 77 corresponds to ny < k < m < ng,
and 7T corresponds to the case ny < k < m < ng (see precise definitions below).

When the first jump occurs at the beginning of the sequence (), that is for vectors in
Ty, we force the bound by a large jump only, so the proof in this case is more deterministic
and does not require an approximation — for every “good” matrix we have a good uniform
bound on vectors having a large jump. More precisely, for such vectors we use properties
of d-regular graphs and their adjacency matrices, which we obtained in [24]. Using these
properties, we prove that with high probability a random d-regular matrix has many rows
with only one 1 in columns corresponding to the first k£ coordinates and no other ones
till the m-th column (see Lemma 2.7). Thus, the inner product of such a row with = can
be bounded as difference of the absolute value of one “large” coordinate and the sum of
absolute values of d — 1 “small” coordinates. Therefore, if we have a jump of order, say,
4d, this inner product is separated from zero. This works when m/k < 1/eq = \/d/ logd.
The use of Lemma 2.7 leads to the restriction n; < ggn/d ~ n/d*? (in fact, to have better
bounds, we choose n; even smaller — of order n/d?). This scheme works for all vectors in
To — we don’t need to assume that vectors are almost constant.

If the first jump occurs later, i.e. for vectors in 7; and 73, the main idea is to use the
union bound, that is, to estimate the probability for an individual vector with a jump, to
construct a good e-net for such vectors, and to approximate each such vector by a vector
from the e-net. The fact that the operator norm of our matrices is d and our choice of
n; lead to the choice of ¢ = 1/d*? for e-nets (we need to have a negative power of d).
In this scheme the most important is to have the “right” balance between the size of
the net and the individual probability bound. For individual probability bounds we use
anti-concentration type technique together with switching argument, standard in dealing
with d-regular graphs. Jumps are needed to apply anti-concentration and to show that,
for a fixed vector x and a fixed index ¢, matrices having small inner product of i-th row
with x belong to a certain class, to which we can apply the switching argument. For this
argument a constant jump, that is 7 > 4z’ , would be enough. Note that the smaller the
jump and the larger the ratio m/k the better for us, since we need to have a control of the
ratio 7} /x’,, which is responsible for both, for the final bound on the singular value and
for the size of the net. Note also that contrary to results for matrices with i.i.d. entries
we have to employ anti-concentration inequalities already for these vectors of relatively
small complexity. Nets will be constructed in ¢, metric fixing z; = 1 (with & = n; or
ng) in order to control values of each coordinate indexed between k and m. To have a
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reasonable size of the net, we also work with pieces of a vector and approximate each piece
separately. This delicate construction allows us to significantly decrease the size of the net
(in comparison with the standard constructions). Unfortunately, the size of the net is still
quite large and requires additional restrictions. First, it works only when m/k < d/logd,
that is we must have both n3/ny and ns/n; to be at most d/logd. Moreover, since in the
individual bounds Lemma 2.7 is again involved (with a different choice of parameters),
we have an additional restriction ny < n/d. This explains our choice of ny ~ n/d and
hence n; ~ n(logd)/d* and n3 ~ n/logd. Second, in the case n; < k < m < ny, to kill
a large part of coordinates (in order to decrease the size of the net) we need a jump of
order 1/ = d*?2. This will lead to the definition of 7;. Note that again our proof works
for vectors from 77 without an additional assumption that vectors are almost constant.
For the part of coordinates with k ~ n/d and m ~ n/logd, corresponding to the
definition of 75, due to the method used in the proof of Theorem 3.1, we cannot use a
large jump and has to deal with a constant jump. With such a small jump, without
additional restrictions, the size of the net would be too large to be “killed” by individual
probabilities bounds. To overcome this issue, we intersect steep vectors from 73 with
almost constant vectors. This significantely reduces the “dimension” of vectors (making
them essentially one-dimensional on the set of coordinates corresponding to the “almost
constant part”) and allows good bounds on the size of the net even with a constant jump.

3.1 Almost constant, steep, and gradual vectors: definitions and
main results

To define almost constant and steep vectors we will use the following parameters. In order
to use Theorem 2.4, we fix ¢y and a related parameter p as follows:

eo=+/(ogd)/d, p=]|1/(5:0)] ::{%\/d/logdj

(the choice of p comes from g¢p < 1 needed in Lemma 3.7 in order to apply Lemma 2.7).
We also fix three absolute positive sufficiently small constants a;, as, and ag, satisfying

az < ay/28 < a1 /28, (3)

(we don’t try to estimate the actual values of a;’s, the conditions on how small they are
will be appearing in the corresponding proofs). Set

ng == [ainlogd/d*], ny:= |layn/d], and n3:= |asn/logd].
If ng = 1, set n; = 1. Otherwise, fix an integer » > 0 such that p” < ny < p"*! and set

n1={ Ny, if nOSpu

p" 1, otherwise.
Note that
2
g md oon 2 Zosd s aed (4)
ny ay logd o ao ns as ny aylog®d
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and, in the case ng > 1,
ny < png < ajegn/bd. (5)

We are ready now to describe our classes. First, given p > 0, we introduce a class of
almost constant vectors by

B(p) :={x € C" : IXx € C such that |{i <n : |x; — X < pllz|2}| >n—ns3}.

The definition of the class of steep vectors is more involved and consists of few steps
at which we define sets Ty, 71, and T3. We start with To. If ng = n; =1 we set Ty = 0. If
ng > 1, we denote

Too :={x € C" : x] > 4dx],},

where m = min(ng, p). In the case 1 < nyg =n; < p we set To = Tpo. Otherwise, if ng > p
we set for 1 <7 <r

i—1 r
Toi={z€C":x¢| T, and 2, >4de},} and  To =[]0
7=0 =0

Finally, we define two more sets of steep vectors, as

Ti={zeC":2¢T and z} >d**z} }

n2

and
T ={zecC" : o€ THUT: and z, >4, }.
The vectors from 77 U 75 U T3 we call steep and all other vectors we call gradual.
We introduce the following functions h;, 0 < i <r +1,

V3pnited if ng >p e
’ fi1=0

X 3/2 . < . \/ﬁ ‘ 1 b
hyrir == %;% /Vlogd ﬁ Tllo< ml) <p, hi= { VT4 /2Pt if 1< <,

where oy = log4d/logp — 2 (note 2loglogd/logd < ay < 4loglogd/logd for large d).

We also denote
L 4d3/2hr+1 if ng > 1,

bT'_{dﬁ if ng = 1.

In this section we prove two following theorems. The first one treats almost constant
gradual vectors, the second one treats almost constant sleep vectors (in fact, a slightly
larger class).

Theorem 3.1. Let d < n be large enough integers. Let 0 < p < 1/(5by) and let
z € B(p)\ (ToUTiUT). Then for every M € M, q4 and for every z € C with |z| < d/6

one has
dv/3n

101 — sty >

]l
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Theorem 3.2. There are absolute constants C' > 1 > c,c; > 0 such that the following
holds. Let C < d < cin and 0 < p < 1/(d*?by). Let z € C be such that |z| < d. Denote

T=ToUTiU(T2NB(p))

and
Vnod
Esteep = {M EMuq:JxeT suchthat ||(M — zId)z|s < 25%: ||x||2}
T
Then

P(gsteep> < p—cmin(logn,v/dlogd)

Remark 3.3. In Section 4 we will use these two theorems in the following way. Let
p=1/(d*?br), |2 < d/6,

Bo(p) := B(p) N {x € C": |[zflo = 1},

and
&= {M € M,q: 3z eBy(p) suchthat |(M —zId)z|s < p2/16}.
Then Theorems 3.1 and 3.2 imply that
]P)(g) < n—cmin(logn,\/m) < 1/2n2

Remark 3.4. Note that

dv/'3n S v/ 1nod

5br — 25d3/2h,
In the proof of Theorem 3.2 we show also that

vV ngd

— = > h(d
By~ )
where
cd=3/? if ngy =1 (that is, if ain §2%), y
h(d,n) = cy/nd=3(logd)~/? if 1 <mny <p (that is, if ﬁl@ <an < m%
cd®4(log d)?n=3/27%  ifny > p (that is, if an > —Lom ).

5log3/2d

In the proof of both theorems we will use the comparison of ¢o-norm of a given vector
with a fixed coordinate. The next lemma provides such a bound in terms of the functions
h;. Moreover, we also estimate the ¢,,-norm. Note that we clearly have ||z||s < \/n ] for
every x € C™.

Lemma 3.5. Let d < n be large enough and x € C", x # 0. If x € Ty, for some
0<i<r, then
2]z < Az
Moreover,
hpgr 7y, if © & To,
[zlle < (br/4)ay, ifxéToUT,
br x;, if x & ToU T UTs.
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Proof. The case z € Ty is trivial.
If 1 <ng=ny <pthen Ty = Ty and thus for = & Ty we observe

ni—1

Izl = > @) + > (@) < 16dni(x;,)° + n(a;,)* < (164°p + n)(a;,)*.
i=1 1=n1
The result follows since ng < p implies ayjn < d*p/log d and because d is large enough.

We now assume that ng > p. Let z € Ty, for some 1 < i < r orlet x € 7y in which
case we set ¢ = r + 1. Then for every j < 7, one has = & 7y ;, hence, assuming without
loss of generality that zy; =1, we get

zy < (4d)z, < (4d)2m;2 <...< (4d)ig; = (4d)’ = pilosdd/ logp
This implies

lzll3 = ((21)? + ..+ (2)°) + (250)° + -+ (2)*) + ...
p(4d)2’ ( d)20Y 4 4 pi(dd) +n
p(4d)® ((4d)2z )

(4d)? —
which implies the result for ¢« < r. In the case i = r + 1, that is, if z ¢ 76, this gives

|z]|2 < 2pn ™ + n. Note that we are in the case ng > p, hence n; > p?. Using the
definition of ng, we observe that a;n > d*p/logd and therefore

*
p

+n< 2p(4d)21 4= 2pp2110g4d/10gp + n,

nt > d®>  anlogd _ aynd
> pong > >
(6logd)?  d? log d

which implies for sufficiently large d that ||z, < /3pnT*.
If © ¢ ToU T then clearly z7, < d%2z,,, and, if addltlonally no = 1, then

Hl‘ll%ZZ +Z )? < dPna(a,)” +n(2;,)” < (aad’n +n)(ay,)” < d*n(x7,)?/16,

provided ay < 1/20 and d is large enough. The case x ¢ Ty U T; U T; follows as well, since
in this case x; < 4w . This completes the proof. ]

3.2 Proof of Theorem 3.1
We will use the following simple claim.

Claim 3.6. Let J C [n], k=|J|, and A > 1. Let M € M,, 4. Then
{i <n : |suppR;(M)NJ| > Akd/n}| <n/A.
Proof. The number of ones in the submatrices indexed by [n] x J is kd. Thus
{i <n : |suppR;(M)NJ| > Akd/n}| - Akd/n < kd,

which implies the result. [
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Proof of Theorem 3.1. Clearly, we may assume x # 0. Fix a permutation o = o, of [n]
such that z} = |x,(;| for i < n. Note that since & Ty U 71 U T2 U {0} we have zj,. # 0.
Fix A\g = Ag(z) € C such that the cardinality of

Ji={i <n |z — Xo| < pllz2}

is at least n — n3 4+ 1. Therefore there exist k, ¢ such that k < n3z < ¢ and o(k),o(¥) € J;.
By Lemma 3.5,
[2ll2 < b7 27, = b7 |%o(ns)|,

hence
ol=aty /5 < ol =pllzlls < laotn] = 3 < 2y < i = 2ol < Pol+p lalle < Pol+25,/5,
where we also used that p < 1/(5b7). This implies
(5/6)|Xo] < a7, < (5/4) [Ao
(in particular, [Ao| # 0) and, using again that p < 1/(5b7),
pllalls < 5, /5 < ol /4.
Set
Jo=o([m)) \ 1, Js=o([ns]) \ (/1UJ), and  Jy=[n]\ (1 Uo([ng])).

Then |Js], |Js] < ng, [n] = 4 Uy U J3U Jy, and

Vi€ Jy |z <, <5|Ao|/4 and Vi€ Js o] <, <4y, <5|X|.  (6)

Now, given a matrix M € M,, 4, consider

Iy ={i<n:suppRi(M)NJo# 0} and I, = {i <n : [suppR;(M) N Jo| > 16n3d/n},
for ¢ = 3,4. Since M € M,, 4 and by Claim 3.6, we have for small enough as,
L] <dny <n/16 and |I,] <n/16 for ¢ =3, 4.
Set I :=[n]\ (IUI3UI;Uoc([ns])). Then
1| >n—3n/16 —n3 >3n/4 and Viel |z <z, <(5/4)[A].

Moreover, for every i € I, denote J; = J)(i) = J; NsuppR;(M) for 1 < ¢ < 4, and note
that J} = () since i ¢ I5. Using the triangle inequality, we observe for every i € I,

R = 21d),2) | = | Y| = 3 fasl = 3 fal = Jemil

JeJ] JjeJs JjeJ}

We estimate terms in the right hand side separately. By the definition of J;, we have

DIIENIAEDS

JjeJ; JjeJ]

Tj = Ao‘ > [T ([Ao] = pllzll2) = (d = 32n3d/n) (|Xo] = pllz]l2),
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where for the last inequality we used that Jj = () and that for i ¢ I3 U I one has
[Ji| =d — |Jy| = |J5] = |J5] > d — 32n3d/n.
Using (6), we obtain

> agl+ Y sl < ||, + il @k, < 100[Ae|nsd/n.

JjeJ4 JEJ}
Putting together the above estimates, we obtain for large enough d

| (Ri(M — 21d), z) | > (d — 32n3d/n)(|Xe| — pllz]l2) — 100[Ao|nsd/n — (5/4)[Aol|2|
2 ‘)‘O‘d/Qa

where we used |Ao| — pl|z]l2 > (3/4)| 0|, n3/n < ¢/logd, and |z| < d/6. This implies

Xold /3 dv/'3 dv/3
(01 — el > 0l J0 s OO VO
2 4 5 3 5br
which completes the proof. ]

3.3 Lower bounds on ||[Mz||, for vectors from 7

Here we provide lower bounds on the ratio | Mz||2/||x||2 for vectors = from Ty. Recall
that given ¢ and k the set (), . was introduced before Theorem 2.4.

Lemma 3.7. Let C' < d < n, where C is an absolute positive constant and x € Ty. Let
z € C be such that |z| < d. If 1 <ng=mny <p and M € Q,, -, then

(M = zId)z||2 = \/d/8n |z

If
r+1
ng > p and M e ﬂ Qi o
j=1
then
Vnid
(M — 21d)z ||, > min{ \/d/Sn, 2200 12,
8hr+1

Proof. We prove the case ng > p, the other case is similar. Fix x € Ty and fix 0 < i <r
such that * € 7o; and denote m = p’. Fix a permutation ¢ = o, of [n] such that
x5 = |7,(j| for i <n. Then z}, > 4dx;, .. Let

J'=0o(m]), J =o(pm]\[m]), and Jy:=(J'UJ")"
Then, for sufficiently small ay,
|JEUJ" | = pm < png < caucon/d  and  |J"| = (p—D)|J| = (p— )m.
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Denote by I, the set of rows having exactly one 1 in J* and no 1’s in .J”. Lemma 2.7
implies that
|Io] > (1 — 2peg)md > 3md/5.

Let I = Iy \ (J* U J") (so that the submatrix indexed by I x (J*U J") does not intersect
the main diagonal). Then |I| > 3md/5 — pm > md/2 provided that d is large enough.
By definition, for every s € I there exists j(s) € J* such that

suppR, N J* = {j(s)}, suppRsNJ" =0, and max |zi| < 27,
€J3

(2

Using Lemma 3.5, the fact that s ¢ J*U J" (which implies % < 27 ), and that j(s) € J*
(which implies |z | > ¥, > 4dx},,), we obtain

Tj(s) T Z XTj— 2T

[(Ro(M — 21d), 7)| =

j€J3NsuppRs
> ol — (d— 1) 28y — 2] 5y > 502 > Ifolla/2hs

Since the number of such rows is |I| > md/2 = p'd/2 we obtain

(M = z1d)alls > /pid ]|/ (2V2h;).

If i = 0 then p"/?/h; = 1/y/n. Ifi > 1 and /n > /2pp' 2@ then h; < 2y/n and
p/2/h; > p?/(2/n) > 1/y/n provided d is large enough. If \/n < /2pp’?*24) then
h; < 2/2pp'?+ea) Using this and that p' < p" = n/p, we get

r? p'/? - P2 L P /W
h/i - 2\/ 2p pz (2+aq) — 2\/2_pp7" 2+aq) — 2\/§ anrOtd ’
which implies the result. B

3.4 Nets for steep vectors from 7; U7

For the rest of steep vectors (i.e., for vectors from 7; U 73) we will use the union bound
together with a covering argument. We first construct nets for “normalized” versions of
the sets 7; and then provide individual probability bounds for elements of the nets. The
natural normalization would be x; = 1, which we use for 7;. However, for individual
probability bounds below and to have the same level of approximation, it is more conve-
nient to use a slightly different normalization for 7;. Moreover, since 7T, has a constant
jump, we can’t just ignore the tail of the sequence as we will do for vectors in 7;. To
overcome this difficulty, and to have a better control on the size of a net, we intersect this
set with the set of almost constant vectors. We set

Tl ={ze€Ti:a, =1} and T, =T/ (p)={z€T;:z,=1}NB(p),

where 0 < p < 1/(d*?by).

18



Lemma 3.8 (Cardinalities of nets). Let d < n be large enough and 0 < p < 1/(d*/?by).
Then, for each i = 1,2, there exists a d=3/*-net N in C"* for T in Ly -metric with

IN;| < exp (dn;/4),
and for every y € Ni one has y; < 1/4+ 1/d3? for all § > ny .

Proof. The constructions for ¢ = 1 and ¢ = 2 are quite similar, and we carry out the
argument simultaneously for both cases, making adjustments where necessary. For every
x €T (i=1,2) fix a permutation o = o, of [n] such that 2} = |x,;)| for j < n.

The main idea is to split a given vector from 7 into three parts according to the
behaviour of its coordinates (essentially, parts corresponding to the largest coordinates,
middle sized coordinates, and the smallest coordinates with small adjustment in the case
i = 2) and approximate each part separately. Then we construct nets for vectors with
the same splitting and take the union over all nets. To be more precise, for each z € T/
(¢ = 1,2) we consider a partition of [n] into three sets Bi(x), By(x), Bs(x) corresponding
to z, as follows. If ny =1 (i.e., if d*/logd > ayn) we set By(z) = 0. Otherwise, if n; > 1,
we set By(x) = 0,([n1]). Further, we define sets By(x), Bs(x) (this definition will depend
on 7). For i =1 we set

By(2) = 0u([n2]) \ Bi(z) and  Bs(x) = 0u([n] \ [na]).
If i = 2 then since « € B(p) there exists A\g(x) such that the cardinality of the set

Bo(z) :={j <n : fo; = do()] < pllzfl2}

is larger than n — n3. Note that by the assumption on p and by Lemma 3.5, for every
x € T, we have
pllxlly < x5,/ (4d*?) = 1/(4d*?).

Since n3 < n/2, there exists jo > ng such that o,(jo) € Bo(z). Therefore,
[No(z)] < @5+ pllzlla < 2, /4 + 1/(4d*?) < 1/3.

Using again that z}, = 1 we observe that o,(j) ¢ Bo(z) for every j < no, in particular,
Bi(z)NBy(x) = (). Finally, in the case i = 2, we choose an arbitrary subset Bs(z) C By(z)
of cardinality n — ng and fix it, and we let By(z) = [n] \ (B1(z) U Bs(z)).

Note that if ny > 1 then for every € 7 in both cases i = 1 and i = 2 we have
|Bl($)| =Ny, |B2(ZL’)| = Njy1 — N1, and |Bg(l’)| =N — Njy1-

Thus, given a partition of [n] into three sets By, By, Bs with cardinalities |Bi| = nq,
|Bs| = njy1 — nq, | B3] = n — n;.q, it is enough to construct a net for vectors = € T/
with By (z) = By, Bs(x) = Bs, Bs(x) = B3 and then take the union of nets over all such
partitions { By, By, B3} of [n]. In what follows, we skip the case ny = 1 (and B; = ) as
the simplest one, and assume that n; > 1.

Now we describe our construction. Note that for z € 7/ (i = 1,2) we have z;; <
d®/20=1 and, since x € (Tp)¢, we also have

o < (Ad)z) < (4d)’z, < .. < (4d) M aln = (4d) g, < dBPED (4d) T (7)
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(with corresponding adjustment for the case n; < p). Recall that we deal with the case
ny > 1 (otherwise, Bi(z) = () and we skip the first part). Fix Iy C [n] with || = ny
(which will play the role of B;). We construct a d=/?-net N7, in the set

Tio = {7 € (T)° : 0u([m]) = Bi(x) = Iy, fy, < d¥P0V ] g* =0}

Clearly, the nets N7, for various Iy’s can be related by appropriate permutations, so
without loss of generality we can assume that Iy = [n4]. First, we construct a partition
of In. If ny = ny < p, let I = [ny]. Otherwise, recall that n; = p" ™' and let

L=, L=PI\, L=PI\P, ., L=\
Then the sets I1,. .., .41 form a partition of Iy = [n4]. Now, consider the set
T = {x € Ty 2 0(L;) =1;, j= 1,2,...,r+1}

and construct a d=*/?-net A™* in T* in the following way. Below we provide the proof for
the case ny > p (i.e., when we have at least two sets in the partition), the other case is
simpler. By (7), for every z € T*, one has || P, z||s < b:= d®/20Y (4d)+277 for every
j <r+1 (where P; denotes the coordinate projection onto C’). Set

N =N ON,® - &Ny,
where N is a d=3/2-net (in the {,-metric) of cardinality at most
<3bd3/2)2|lj| < (4d)2(r+5fj)pj

in the coordinate projection of the complex cube P, (bBZ,). Since d is large enough and

ny = p" 1, we observe
r+1 r
D2 5= =2 Y (e 4)p " < 107 = 10m,
j=1 m=0

which implies
r+1

WV < T IV;| < exp(10n log(4d)).
j=1
To pass from the net for 7 to the net for 7p,,), let MVj,,) be the union of nets constructed
as N* but for arbitrary partition 7, ..., I',; of [ni] with |I§] = |I;|. Using that p =

|(1/5)/d/logd], we observe that

r+1

. log(ep) < ny log? d/Vd.

> plog(ep) <
j=1

Therefore, for large enough d,

r

T +1
Ny | < N7 H (p;J ) < N7 H(ep)p] < exp(11n, logd).
=1

j=1
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Now we construct a net for the second part of the vector. Fix Jy C [n] with |Jo| =
n;y1 — ny (which will play the role of By). We construct a d~3/%2-net in the set

Tso =A{Ppywyr : x €T/, Ba(x) = Jo, . =0}

41
Since z, < d®/P0-D for € T/, it is enough to take d~**net K, of cardinality at most
(3d3/2d(3/2)(i—1))2|Jo\ < (3d)3ini+1

in the coordinate projection of the complex cube Py, (d®/20=1pn ).
It remains to construct a net for the third part of the vector, corresponding to coor-
dinates in Bs. Fix B of cardinality n — n;,; and consider the set

T = {PBS(r)QJ T X E 77, Bg(l’) = B}.

If i = 1 then, by definitions, ||y|/« < d™%/2 for every y € Tz, therefore our net, Op, will
consist of 0 only. In the case i = 2, for x € 7 and j € B, using Lemma 3.5 and the
condition on p, we have that

;= Xo(@)] < plllls < (pbr/4)z;, < 1/(4d°?)  and  [ho(z)| < 1/3.

n2

Take a 3/(4d*?)-net O in the set {\ € C : |\| < 1/3} of cardinality at most 2d* and let
Op = {y € CP : 3\ € O such that Vj € B one has y; = \}.

Clearly, Op is a d~%/?-net for Tg.
Finally consider the net

N = U{y:y1+y2+y3 cy1 € Ny, 12 € Ky, y3 € O},

where the union is taken over all partitions of [n] into Iy, Jy, B with |Iy| = ny, |Jo| =
niy1 — ny, and |B| = n — n;. Clearly, N is a d=3/%-net for 7, and, using (4) and (3), we
obtain for large enough d,

. Nni41 . ny .
|N| S (nn > <n7,+1) |N[0| |’CJ0| |0B| S (nen > (6”7,—1—1) (3d)11n1+32ni+1+3

i+1 ny i+1 ni

< exp (Tniy1logd) < exp (7(aiy1/a;)dn;) < exp (dn;/4).

Without loss of generality (by removing unnecessary vectors from A), we may assume
that every y € N approximates some x € 7. This implies that for every y € N one has
y; <1/4+1/d3? for all j > n; i1, completing the proof. O

3.5 Individual probability bounds

To obtain the lower bounds on ||(M + W)z||y, where W is a fixed matrix, for vectors x
from our nets, we investigate the behavior of coordinates of (M + W)z, that is of the
inner products (R;(M + W), Z). One of the tools that we use is Theorem 2.4 together
with Lemma 2.7 applied to the 2m columns of M corresponding to the m biggest and m
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smallest (in the absolute value) coordinates of x with properly chosen m. Then, using
jumps, we show that the inner product of some row R;(M + W) with the first part of the
vector and with the second part of the vector cannot be simultaneously large. This will
reduce the set of matrices under consideration to a much smaller set, where it is easier
to obtain a good probability bound. To make our scheme work we will use the following
subdivision of M,, 4.

Given J C [n] and M € M,, ; we denote

I(J,M)={i<n : |suppR;(M)NJ| =1}

(cf., the definition of I*(M), I"(M) before Lemma 2.7, clearly, if we split J into J* and
J", then I(J, M) = I*(M)UI"(M)).
Fix J C [n]. Given a subset [ of [n] and V' = {v;;} € M,, 4, consider the class

FLV)y={MeM,q: I[(JM)=1 and Vi<nVjeJ® u;=uv;}

(depending on the choice of I such a class can be empty). In words, we first fix the
columns indexed by J¢ and then fix the set of indices I such that the rows indexed by
I have only one 1 in columns indexed by J. Clearly, M,, ;4 splits into disjoint union of
classes F (I, V') over some subset of matrices V' in M,, 4 and all I C [n].

Lemma 3.9 (Individual probability). There ezist absolute constants C > 1 > e > 0 such
that the following holds. Let C' < d < n, i = 1,2, and W be a compler n X n matrix.
Assume x € C" satisfies

x> 1/2+x] for every j > miii.
Denote E(x) :={M € M, 4 : (M + W)z|s < v/nyd/24} . Then
P(E N Qap, ) < exp(—n;d/2).

Proof. Fix x satisfying the condition of the lemma. Let o be a permutation of [n] such
that 27 = [2,(;| for all j < n. Denote m = n;. Let

J'=0o(n]) and J" =o([n—n; +1,n]).

Denote J = J*U J". Fix € > 0 small enough. We assume that ay < c2.4€/2. Then
m=mn; < ny < coqen/2d.

Let M € Qo Let the sets I¢(M) and I"(M) be defined as before Lemma 2.7. Since
|J| = 2m < coquen/d, this lemma implies that |I°(M)|, [I"(M)| € [(1 — 4e)md, md], in
particular I = I*(M) U I"(M) satisfy

lI| € [2(1 — 4e)md, 2md). (8)

Now we split M,, 4 into disjoint union of classes F(I, V') defined at the beginning of this
subsection and note that Qo . N F (I, V) # (0 implies that I satisfies (8). Thus, to prove
our lemma it is enough to prove uniform upper bound for such classes, indeed,

P(E(z) N Qo) < maxP(E(z) N Qoo | F(I,V)) < maxP(E(z)| F(I,V)),
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where the first maximum is taken over all classes F(I,V') with Qo . N F(I,V) # 0 and
the second maximum is taking over F(/, V) with I’s satisfying (8).

Fix such a class F(I,V) for some I C [n] with t; := |I| € [2(1 — 4¢)md, 2md] and
denote the uniform probability on it just by Pz, that is

Pr(:) =P(|F(,V)).

Without loss of generality we assume that I = [t;].
By definition, for matrices M € F(z) we have

1(M + W) HQ—Z| (M +W), z)|* < md/576.

Therefore there are at most ¢ty := md/36 rows R; = R;(M + W) with [(R;, )| > 1/4.
Hence,

Denote t := [t; —to]. The above bound implies that for every M € E(x) there is a set of
indices B(M) C I such that |B(M)| =t and for every i € B(M) one has |(R;, z)| < 1/4.

Thus, denoting
Q ={M e F(I,V): (R;, T)| < 1/4},

we obtain
tl th fo
<X ee(9) < () max(N9) < () mape(N2),
Bl i€B |B|=t i€B |B|=t i€B

Next for every i € I by F¢(i) and F7(i) denote the sets

(M eFI,V):icIl" (M)} ={M c F(I,V) : |suppR;(M)NJ*| = 1, suppR;(M)NJ" = 0}
and

(MeFI,V):ielI" (M)} ={M e F(I,V) : |suppR;(M)NJ"| = 1, suppR;(M)NJ* = B}.

Clearly, for every i, the sets F¢(i) and F7(i) form a partition F(I,V). We show that
for every i € I either Q; C Fi(i) or Q; C F7(i). Indeed, assume that M; € Fr(i) and
M, € Fj(i). By the definition of our sets and by the conditions on z, we have

Ji = suppR;(My) \ J = suppR;(Ms) \ J,

and there exist j, € J*, j, € J" such that

(Ri(My), ) =2, + Y _x;  and  (Ri(My), T) = x5, + Y _ ;.

M je€N

Hence,

[(Bi(My + W), Z)| + [(Ri(Ma + W), )| = [(Bs(My + W), 7) — (Ri(Mz + W), T)|
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= |zj, — x| 2 2, — |25, = 1/2.
Thus, it is impossible to simultaneously have both
(Ri(My+ W), z)| <1/4 and [(Ri(My+ W), z)| <1/4
and therefore either ; C F¥(i) or Q; C Fr(i). This implies for every B C I with |B| =t,
Z 7" K
(ﬂQ><maXIP’;<ﬂ}" ﬂ ﬂ]: >—]£nzcxf§]P’;<ﬂf ﬂ ﬂ}”f >
i€B 1€Bo 1€B\ By 1€Bo 1€[t]\Bo
where in the last equality we used permutation invariance.
Claim 3.10. If d is large enough and ¢ is small enough then for every By C [t] one has
1@;( NFoHN () F )
1€ By 1€[t]\Bo
Recall that t; € [2(1 — 4e)md, 2md], to = md/36, and t = [t; — ty]|, so that
t/3 —tolog(ety/tg) > md ((2 — 8 —1/36)/3 — (1/36) log(72¢))) > md/2,

provided that ¢ is small enough. Therefore Claim 3.10 and (9) imply the desired result. [

Proof of Claim 3.10. Fix By C [t]. Denote ¢y, := |By| and without loss of generality
assume that ¢y > t/2. Let ¢ = [{y/2]. To compare the cardinalities of

=FON N FE

1€ By 1€[t]\Bo

and F(I,V') we construct a relation R between them as follows. Let M € A. We say that
(M,M’") € Rif M' € F(I,V) can be obtained from M in the following way. Choose a
subset By C By of cardinality q. There are

60 2f0
such choices. Let i1 < iy < ... < i, be the elements of B;. Recall that M € F(i,) for

every s < q. Let ji,...,j, be elements of J* such that M has ones on positions (i, j,) for
s < q. Choose a subset By C I"(M) of cardinality q. There are

<|I’"(é\4)l> > (f(l —ja?)mfﬂ)

such choices. Let v < vy < ... <w, be elements of By. Let wy,...,w, be elements of J"
such that M has ones on positions (vs, wy) for s < ¢q. Let M" € F(I,V') be obtained from
M by substituting ones with zeros on places (i, js) and (vs, ws) and substituting zeros
with ones on places (is, ws) and (vs, js) for all s < ¢. By construction we have

20 ([(1 — 4e)md)]
R(A)| > w—o( q )
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Now we estimate the cardinalities of preimages. Let M’ € R(A). Then the set Bs =
By N I"(M’) must have cardinality g. Write Bs = {i1,1a,...17,} with i; < iy < ... < i,
Let wy, ..., w, be elements of J" such that M’ has ones on positions (is,w;) for s < ¢. If
(M, M'") € R, M has to have zeros on those positions. We now compute how many such
matrices M € F(I,V) can be constructed, that is, how many possibilities to have ones in
rows i, s < ¢, exist. Since M’ € R(A), we have

[I'(M')\ Bo| = [I'(M")| — (1By| — q) < md.

Choose By C IY(M’) \ By of cardinality g. Write By = {vy,vq,...,v,} with v; < vy <
... <wg Let ji,...,j, be elements of J" such that M’ has ones on positions (v, js) for
s < q. Then M is obtained from M’ by substituting zeros with ones on places (is, js) and
(vs, ws) and substituting ones with zeros on places (i, ws) and (v, j5) for all s < g. Thus,
|R7!| is bounded above by the number of choices for the set By, that is [R71(A)| < ("Zd).
Using that for every integers N and s with NV — s > ¢ one has

(](V]qu) - g (N mg¥T) < (N]i_—_ﬁﬂ = o <N——iq+1) |

q

that ¢ = [lo/2] <t/2,t <t; —ty < (2 —1/36)md, and Claim 2.3 we observe that

|A| < 2v/4 q4emd V2t 2etmd
< exp < exp
| F(I,V)] 2% (1—4de)md—q+1 2t/2 (1 —4de)ymd —t/2

V2t ( 144et )ge—t/3,

< Y= o
= i P\ T 08s:

provided that ¢ is small enough and d (hence t) is large enough. O

3.6 Proof of Theorem 3.2
We are ready to complete the proof.

Proof of Theorem 3.2. Recall that d is large enough, 9 = /(logd)/d, p = |1/5¢¢], and
let € be a small positive constant from Lemma 3.9. In most formulas below we assume
that ng > 1, otherwise Ty = () and the proof is easier. We make corresponding remarks
in the text. Below we deal with matrices from

r+1 2
QO = ﬂ ij,t‘o N Q/ﬁ,&o N m Q2ni757
=2 i=1

where k; = min{ng, p} and where we do not have the first intersection if n; = ny < p and
we do not have the second term if ny = ng = 1.

If x € To and M € Qg then Lemma 3.7 implies that

pymdl )
8hr+1 >

(M — 21d)a], > mm{ /s,
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We turn now to the case x € T; for i = 1,2. Let

Y Nl

&= {M € M, q: Jz €T, such that ||(M — zId)z|]; < D

where b; = h,1 and by = d*?h,; in the case ng > 1 and by = dv/n in the case ny = 1. By
Lemma 3.5 for 2 € 7; one has ||z|]y < bz;, . Thus, for M € &; there exists v = (M) € T;

with
VvV nzd %
25

(M — 2ld)z||; <

Normalizing x € 7;, so that x;, = 1 (that is, x € T"), we observe that there exists y = y(x)
from the net constructed in Lemma 3.8 with y; > 1—d %2 > 3/4, and y; < 1/4 for
J > n;;+1 and such that

1
o= ylls < Vitlle =yl < 2V < oo Vifd

Therefore, using that || M| = d and |z| < d, we have
(M = 2d)ylls < [[(M = 2d)z[2 + (IM]| + [z)]z = ylla < v/rad/24.

Now we use the union bound over vectors in the net together with individual probability
bounds. Lemmas 3.9 and 3.8 imply for ¢ = 1, 2,

P (&N Q) < exp(—nid/4).

Combining all cases we obtain that for z € T one has ||(M — zId)z||s < A||z||, where

. \/C_l V nld \ Tle
A := min , , ,
2v/2n  25b; ° 25by

with probability at most py := P () + exp (—n1d/4) + exp (—nad/4).
We first estimate A. If ng = n; = 1 then Ty = 0, d> > n, and h,,; = v/n. Therefore

md = vd and nd > @
25b, 25y/n 25by — 30d’

which implies that A > ¢/d in this case. If ny > 1 then nyd > aynlogd/d > asn/d = ns.
Therefore, in the case 1 < ng =ny; < p, one has

A > \Jagn/(26d**h,.y1) > Jagn/(40d>\/log d),
while in the case ng > p, using that by (5), n1 < a;v/logdn/5d%?,

asn asn S Jagn d3+3ed/2 V@ d®/*log? d

A> >
= 26d%2h, T 264/3pd3/2nitee T 3 /pd3ain?ted T 3aind e
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We now estimate the probability py using Theorem 2.4. Recall that ¢y, co, ... always
denote (sufficiently small) positive absolute constants. First note that Theorem 2.4 implies

2

p1i= Z (P (€25, ) + exp (—n;d/4))

=1

2 2

E : e-dn; €C 4EN n;d
= 1 ——— ] ) < exp(—crmd).
_i:1 (exp( 1 og( 2dn; ))+exp< 1 ))_exp( cinyd)

In the case n; = ng = 1 we have a;n < d*/logd and hence p; < exp (—cay/n). In the case
ni1 > 1 we have aynlogd > d?, hence

nid > nod > (aynlogd)/d > /ainlogd,
thus again p; < exp (—cay/n).

In the case 1 < ng = ny < p we have ki = nq, ainlogd > d?, and anlog®?d < d*°.
Therefore, by Theorem 2.4,

logd logd
Py = IF’( 21,50) < exp (_m o8 log (BCQ'M o8 )) < exp (—03 log® n) .

8 d3/2n1

Recall that in the definition of )y we do not have the first intersection if n; = ng < p and
we do not have the second term if ny = ng = 1. This implies that in the case n; < p we
have py < p1 + p2 < exp (—cylog®n) .

Finally, in the case ny > p, we have ky = p, r > 1, and, ¢;n > d*?/log®? d. Therefore,
by Theorem 2.4,

r+1 r+1 ;
‘log d
pm P () B (05,.) < D enp (g og (2507 ))
1=2

i=1

1
< exp (_p (;gd log (662;;0n>) < exp (—c5x/dlogd log n) .

Since py < p1 + P2 + p3, the desired estimate follows. [

4 Bounds for essentially non-constant vectors and
completing the proof of the main theorem

In this section, we complete our proof of the lower bound for the smallest singular value
of a random matrix uniformly distributed in M,, 4, shifted by zId for a fixed z € C. To
better separate various techniques used in this paper, we prefer to give an “autonomous”
proof of the result, conditioned on a rather general assumption about the structure of
the kernel of our random matrix. This assumption, for a specific choice of parameters,
is actually proved in Section 3 (see Remark 3.3), so the argument presented here implies
the main result of the paper regarding the magnitude of s,,. We provide the details in
Section 4.4.
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We start by introducing notations. Fix an n x n (complex) matrix W. Further, take
positive parameters x,p € (0,1), and 6 € (0,1) (the parameters may and in fact will
depend on n and d, moreover, we take ¢ very close to zero). Define the subset S(p,d) of
the unit sphere in C" by

S(p,5) == {x €C: |zfa=1 and VYAEC |{i<n: |z —A>p} > §n}.
Note that for 6 = n3/n ~ a3/logd one has
S(p,0) = (C*"\ B(p)) N{z € C": lzfly =1}
Further, define two events

Ex=E(W,k,p,8) :={M € Myq: Yz ecC"with ||z], =1 and
min(||(M + W)z||s, |Z(M 4+ W)||2) < k one has z € S(p,d)},

and
i1 =E1(W,R) = {M € Mya: su(M+W) < /@}.

The parameters W, p, d, k are usually clear from the context, and we will simply write &,
and &£41 to denote the respective events.

Theorem 4.1. There exist positive absolute constants c, Cy, and C' with the following
property. Let § € (0,1), p € (0,1), k := p*/16, and
cd
C<d< —n.
== log(e/s) "
Further, assume that W is a complex matriz such that the event £y = E4(W, Kk, p,d) has
probability at least 1 — 1/n?. Then

Co/log(e/d) 1

One can describe the structure of the above theorem as follows: provided that for a
random matrix M uniformly distributed in M,, 4, vectors “close” to the kernel of M are
unstructured (i.e., not almost constant), the smallest singular value of M is at least x with
large probability (later we choose k to be a (negative) constant power of n). Theorem 4.1
should be compared with the recent results of [11, 4] discussed in the introduction. The
high-level structure of the theorem is in many respects similar to [11, Lemmas 6.2, 6.3],
where invertibility properties of the random matrix are also derived conditioned on a
“good” event which encapsulates properties of “almost null” vectors of the matrix. In
[11], the linear spans of the matrix rows of M are studied with the help of an auxiliary
collection of random vectors (denoted as u(72)), which are defined on a certain “good”
event, are measurable with respect to the sigma-algebra generated by the submatrix M
and possess several specific structural properties (see [11, Definition 6.1]). Estimates of
the smallest singular value are then reduced to bounding the inner product of w(2)
with the difference of i;-st and iy-nd rows, for all pairs of indices iy,is [11, Lemma 6.2].
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Existence of such random vectors u("+2) is verified in [11] by considering the singular
vectors of matrices M corresponding to their smallest singular value. This creates an
additional level of abstraction, which we avoid in this paper by studying the singular
vectors directly. More specifically, given a class of matrices in M, 4 sharing the same
(n — 2) x n submatrix, we first choose a singular vector corresponding to a matrix with a
small s,,, then we use it for all matrices in the class to study invertibility (see Lemma 4.7).

Our intention was to extract a linear algebraic part of the argument which is indepen-
dent of the particular model of randomness and to present it in a self-contained way (see
Subsection 4.1 below). Estimates for the smallest singular value are connected to distance
estimates involving pairs of rows rather than the distance of a single row to the span of the
remaining rows (see [36, Lemma 3.5]). We expect that those linear-algebraic arguments
may be used in other random models of matrices with fixed row- or columns-sums. The
relations of Subsection 4.1 are not explicitly given in [11], although proofs of our lemmas
use arguments similar to those empoyed in [11, Lemma 6.2], as well as in [36].

4.1 Some relations for random square matrices

In this subsection we present two lemmas — one probabilistic and the other linear alge-
braic — which work for a wide class of square matrices. The next lemma is analogous
to [36, Lemma 3.5]. The proof follows the same lines, and we include it for the sake of
completeness.

Lemma 4.2. Fiz parameters p,0,00,¢ > 0, and assume that 0 < 6y < 6 < 1 — 1/n.
Further, let
Ko CK:={(i,j) : 1<i#j<n}

be such that |Ko| > (1—3dg)n(n—1). Let A be an n xn random matriz on some probability
space such that Y | R;(A) = v a.s. for a fived vector v € C". Then

P{ inf [zAl|; <
1, Juf llzAll2 < ep}

< m Z P{dist(R;(A), span {{ Ri(A)}irij, Ri(A) + R;j(A)}) <e}.
(4.)€Ko

Proof. In this proof for i < n we denote R;(A) just by R;. Without loss of generality we
assume that > " R; = v everywhere on the probability space. For each pair (i,j) € K,
set

Note that d;; = dist (Rl-, span {{Rk}k#’j, v}) Since ZA = S, & Ry, for every (i, j) € K
we have

|ZA||, = H(aj«l —Z)Ri+To+ Y (T — :z-j)RkHQ > |z — Z;]dy;.
ki,

The above relation is the principal point of the proof. Now, if “many” distances d;; are
“large”, then, since the vector x is essentially non-constant, we can find a pair (7, j) such
that both |z; — z;| and d,; are large, and we get a lower bound ||zA|s > ep. Thus, we
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can estimate the probability of the considered event in terms of probability that “not so
many” distances d;; are large which is in turn done via Markov’s inequality. Below is a
rigorous argument.

Let K := {(i,j) € Ko : dij > £}. Denote by & the event that |K;| > (1 — d)n* — n.
Note that if M € £¢, we have

|{(Z,j) € KO : dij < 8}’ > ’K0| — (1 — (5)712 +n > ((5 — 50)”2 + 50n > (5 — 50)712.

Therefore, using Markov’s inequality,

o E{(i,j) e Ko s diy<e}]) 1
P(E) < n2(5 — &) T n2(6 — &) (z‘,ge:KOP{dij < e}

Now, we condition on the event £. Fix a vector z € S(p,d). By the definition the set
Ky = Ky(x) :={(1,)) € [n] x [n] : |Ti — ;] > p}
contains at least dn? elements. Clearly, K, C K. Thus we have K; U Ky, C K and
|K1| + |Ks| > on? —n+n*(1—6)=n(n—-1)=|K|.
Hence K7 N Ky # (). Choose (ig, jo) € K1 N Ky. Then
[ZAll2 = |Zi — Tjy|digjo > pe-

Summarizing, we have shown that

1
P{ inf [[FAl»<ep) <P(E) < —— P{d;; < <}.
{ nf lI7All < ep} < < 555 > P{dy <<}

(i,5)€Ko

]

The above lemma will be used to reduce the question of bounding the smallest singular
value to estimating distances between rows or columns of our random matrix and certain
linear subspaces of C". In order to estimate the distance between the first row R; and
span {R; + Ra, R3, Ry, ..., R,} of a random matrix, we will need the following lemma.
Its proof uses similar linear algebraic arguments as an earlier work [11] (see Lemma 6.2
there). However Lemma 4.3 significantly differs from [11, Lemma 6.2 there| and works for

a general square matrix. We apply it later with v being the vector at which s, (A) attains
(see the definition of f(A) below).

Lemma 4.3. Let A be an n x n complex matriz (either deterministic or random) and
denote R; := R;(A), i < n. Further, let A%? be the (n—2) x n matriz obtained by removing
the first two rows of A, and let Y C C" be the linear span of Ry + Ra, Rs, Ry, ..., R,.
Then for every unit complex vector v € C™ we have

. sn(A) (R, v)|
dist(Ry,Y) > Ry + Ry, v)|
SY) 2 Ay T TA R+ [ + o)
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In particular, if a unit complex vector v € C" satisfies
|AYv]ls < 5,(A)  and  |(Ry + Ra,v)| < 25,(A)

then B
diSt(Rl, Y) > |<R1, U>|/4

Proof. Let x be a vector from Y, i.e. z = b(Ry+R2)+) . 5 a;R; for some b, ag, ay, . .., a, €
C. Fix a unit vector v € C". We clearly have

Ry — zll2 = [(R1 — z,0)| = [(R1,0)| — [z, )] (10)
Consider the vector y := (1 — b, —b, —as, ..., —a,). Then, R, — 2 = ATy, whence
|1Ry = ll2 > su(AT)[lyll2 = su(A)[[yllo-

Therefore, using the Cauchy—Schwarz inequality, we obtain

a0 < IR + B+ (3 o) (S0

< llyllz (I{R1 + Ra, 0)] + [[A"20]2)

1 _
si(A) IRy — x|z (|(R1 + Re, 0)| + |[AM?v]l2) .

This, together with (10), implies that

IN

sn(A) [(R1,0)]

R — > .
1R =wlle = S o R + R 0] + A0

The lemma follows by taking the infimum over x € Y. ]

We would like to note that for a unit vector vy, orthogonal to the span of Ry + Ry, R3,
Ry, ..., R,, we have AM?5y = 0 and (R; + Ry, v9) = 0, so the lemma applied to 7y gives a
trivial bound dist(Ry,Y") > |(R1,vp)|. Thus Lemma 4.3 can be viewed as a “continuous”
version of this trivial estimate.

4.2 Proof of Theorem 4.1

For the rest of the section, we fix a function f on the set of n X n complex matrices, which
associates with every matrix A a complex vector f(A) such that ||Af(A)|l2 = sn(A). Note
that in general the corresponding singular vector is not uniquely defined, so we fix some
vector f(A) satisfying the above condition. Since we work with shifted matrices, we also
adopt another notation: given a (fixed) complex matrix W, by fir we denote the function
on the set of n x n matrices defined by fi (A) := f(A+W).

Fix parameters x,p > 0, 6 € (1/v/d,1) and a complex matrix W (note that for
s<1/ V/d the bound for probability in Theorem 4.1 becomes greater than one, hence the
theorem holds automatically). For the rest of the section, we assume that the parameters
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are given, and will specify each time what restrictions on the numbers x, p,d,d and the
matrix W we impose. Further, define

g1 = 81(5) = (S/(Cl 10g(2€/5),

where (' is a sufficiently large absolute constant (it is enough to take the constant from
Proposition 2.6 multiplied by 9). Set a:= ¢/(9¢1d) and 3 := 6 /2. Note that with such a
choice of a, B we have a > (C'log(e/f))/d and, using that § > 1/4/d and that d is large
enough, we also have & < min(, 1/4). In other words the conditions of Proposition 2.6 are
satisfied. Let Qo = Qo(c, ) and 24 (g1) be the events defined in and after Proposition 2.5.
Define the event

50 = g()(W, R, P, 5) = QS N 91(51) N 54.

In words, & corresponds to the set of matrices in M,, 4 without large zero submatrices,
with almost no overlap between supports of any two rows or columns, and with the
structural assumption on vectors “close” to the kernel of the respective shifted matrix.
Note that under assumptions of Theorem 4.1, by Propositions 2.5 and 2.6 we have

P(ES) < 2n 2 (11)

(the assumption on d in Theorem 4.1 comes from d < £n/6 needed in Propositions 2.5).

The next lemma shows, roughly speaking, that there are relatively few matrices M €
M.,,.q such that the corresponding singular vector fy (M) is “almost constant” when
restricted to supports of a large number of rows of M. It is similar to Lemmas 4.15 and
4.16 in [24] and to Lemma 6.2 in [11].

Lemma 4.4. Assume that d is large enough. For every pair of indices ¢ # i define the
event

44 '—{M € &,1NE : AN € C such that
1{j € supp(Re(M) + Ri(M)) = [(fw(M)); — Al < p/4}| > 2(1 — 2e1)d}.

Then for every (fixred) ¢ < n one has

on
Z |5ﬁ4| = 0~ J ‘Mn,d‘-
1:1£0

Proof. Without loss of generality, we can assume that ¢ = 1. Let £ denote the event

{M €& ﬁé’o : dX € C with
[{j € suppRi (M) : |(fw(M)); — Al < p/2}| > (1 — de1)d}.

Note that £,7% C & for every i > 2. Indeed if M € &,7; for some i > 2, then there exists
A € C such that

1{j € supp(Ry(M) + R;(M)) : |(fw(M)); — Al < p/4}] > 2(1 — 2&1)d.
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Therefore

{5 € suppRi(M) : [(fw(M)); — Al < p/2}] = |{j € suppRi(M) « |(fw(M)); — Al < p/4}|

> {5 € supp(Ry(M) + Ry(M)) : [(fw (M)); = Al < p/4}| — |supp(12:(M))]
> (1 - 4€1>d,

which means that M belongs to €. For every M € &, fix a number A\g = A\o(M) € C such
that
117 € suppRi (M) = |(fiw(M)); = do| < p/2}] > (1 — 4dey)d. (12)
Now, take any M € £ and let
Ju i ={j <n: |(fw(M)); — Xo| < p}-

Since M € & C &4 (i.e., all vectors “close” to the kernel of M + W are essentially
non-constant) and ||(M + W) fu (M)||2 < k, we have |Jy| < (1 —)n. Let also

Ly = {i <n: [suppRi(M) N Jg| > (1 — der)d}.

We first show that |I,| < 0n/(921d). Assume the opposite. Choose a set I C Iy, with
|| = [6n/(9e1d)]. Clearly,

V(i,j) € I x (U7 suppRi(M))°  one has  pu;; = 0,
and

}(UieffsuppRl-(M))C’ >n — [Ju| = | UjepsuppRi(M) \ Ju| = 0n — 4eqd)| 1| > én/2.

This contradicts the assumption M € Qf (no large zero-submatrices).

By the definition of Iy, for every i € I§,,
{5 € suppRi(M) = |(fw(M)); = Ao| > p}| = 4erd.
This implies for every i € I§, and for every A satisfying |\ — Ao| < 3p/4,
{7 € supp(By (M) + Ri(M)) = |(fw(M)); = Al > p/4}| = 4erd.

Using the triangle inequality together with (12), we also observe that for every A satisfying
A — ol > 3p/4,

[{J € supp(Ra(M) + Ri(M)) = [(fw (M)); — Al > p/4}]

{j € supp(Ri(M) + R;(M)) = [(fw(M)); — Xo| < p/2}|

{7 € suppR (M) = |[(fw (M)); — No| < p/2}]

> |
> |
> (1 — 451)d > 4€1d.

Thus for every i € I§, and every A € C we obtain

[{Jj € supp(Ry(M) + Ri(M)) = |(fw(M)); — Al < p/4}| < 2d — derd.
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This proves that for every M € € and i € I§; one has M € £ \ &,’;. Therefore,

n

ol - on €]
; €031 = D D Xoweeriy = D D Xpeeriy < D Ml < 97;(1 :

i=2 Me& Me€& i=2 Me€&

[

Remark 4.5. Note that by Proposition 2.5 for every i # { and every matriz M € &
one has |suppR;(M) N suppRy(M)| < 2e1d. Therefore, for every i # £ and every matriz
M e (Ex1N&)\EN, one has

VA€ C |{j €suppR(M) AsuppRi(M) : |(fw(M)); — Al > p/4}|
> |suppR;(M) A suppRy(M)| — 2d + 4e1d > 2¢e1d,

where /A denotes the symmetric difference of sets.

The next observation is a direct consequence of Lemma 4.2 and Lemma 4.4.

Corollary 4.6. Assume that0 < 6 < 1, and that d satisfies the assumptions of Lemma 4.4.
Then there exists a pair (£,7) € [n] X [n] with £ # j such that

. 1
LI < = I M, 4l 13
Eqa] < 4€1d\M dl (13)

Moreover, setting R = RV (M) := Ri(M + W) for alli <n and M € M, 4, we have
for any e > 0,

’{ME(&;JQE@ : (M‘FW)HQSé,O}l

inf ||z
z€S(p,0)
< 2|{M €& NE& : dist(RZV,span {{R]I?/}k¢g7j, R)Y + R]W}) < 5}!/5.
Proof. Denote K := {({,5) : 1 < £ # j <n}. Set 0y = §/2. Lemma 4.4 implies that

for every fixed ¢ < n there are at least (1 — dy)(n — 1) choices of j # ¢ satisfying (13).
Therefore, the subset

Ko:={((,j) € K : ({,j) satisfies (13)}
has cardinality at least (1 — dg)n(n — 1). Choosing a pair (¢, j) € K, with maximal
|{M c&aiNE - dist(RZV,span {{R,Zv}k#d, RE/ + R}’V}) < €}|

and applying Lemma 4.2 to the random matrix A = M + W, where M is uniformly
distributed in £41 N &y, we obtain the desired result. O

Corollary 4.6 reduces the question of bounding the infimum over “non-constant” vec-
tors to calculating the distance between a particular matrix row and corresponding linear
span, and additionally makes sure that the singular vector fy (M) is essentially non-
constant when restricted to the union of the supports of j-th and /-th rows. The latter
allows to apply Littlewood—Offord—type anti-concentration statements. Note that, instead
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of bounding the cardinality of the event &, ; directly, we will bound the cardinality of the
intersection of £4; with a “good” event &, and then use the fact that £ is small (under
the assumptions of the theorem).

We are now ready to describe a partition of the event Q§ N4 (e;), which will be used
in the proof of Theorem 4.1. Fix d, parameters p,d and complex matrix W. Let x be
defined as in Theorem 4.1 and assume that all the conditions of the theorem (including
assumptions on the parameters) are satisfied. Let the pair (¢, j) be given by Corollary 4.6.
From now on, to simplify notation, we will assume that (¢, 7) = (1,2). We would like to
emphasize that the proof below can be carried for any admissible pair (¢, ) by simply
adjusting indices.

Consider a set of (n — 2) x n matrices

H = {M1’2 M e Qg N Ql<€1)}-

For every H € H, let C'y be the equivalence class of matrices sharing the same (n—2) xn
submatrix, that is
Cry:={M e Q5N (ey) : M"? = H}.

Note that for My, My € Cy one has Rl(Ml) + RQ(Ml) = Rl(Mg) + RQ(MQ), that is the
intersection and the union of the supports of the first two rows is the same for all matrices
in the class:

S1 = S1(H) = suppR1(My) N suppRa(My) = supp R (Ma) N suppRa(Ma)
and
Sy = Sa(H) = suppRi(M;) UsuppRy(My) = suppRi (M) U suppRa(My).

In particular, |C| = (*), where m = m(H) = [S,\ 1] is the cardinality of the symmetric
difference of the supports of the first two rows for any matrix in C'y. Observe that, because
our matrices belong to Q;(e1), we have m(H) > 2(1 —&1)d. In every class Cp, fix a subset
Ci C Cy of matrices satisfying

1 < Cr| < 1
2vVerd ~ |Cu| ~ Ved

Thus, Oy is the set of matrices M delivering a “small” minimal singular value of M + W,
compared to other matrices in Cp. Denote £, 4 := &i.’f and define

VME@H‘V’MEC’H\GH: sn(MqLW)Ssn(M—i—W) and

Hy={HeM: Cyn&,#0}, Ho:={HeEH: Cy CEUELY, Hy:=HS\ Ho.

Roughly speaking, the set #H; is the collection of all (n—2) x n submatrix such that a vast
majority of the corresponding shifted matrices have “large” smallest singular value. The
set Ho is the set of all submatrices not in H; such that the corresponding shifted matrices
have “bad” characteristics in regard to their “almost null” vectors as well as the vectors
delivering the smallest singular value. Finally, H3 is all the remaining submatrices. It is
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the third category which is the most interesting for us and which will require Littlewood—
Offord type anti-concentration arguments.
Consider the partition

Qne) = J cuu |J cwu | Cn (14)

HeH, HeHo HeHs

We will analyze separately each of the sets (Jyey. Cn, @ < 3. First we show that for
1 = 1,2 the respective unions have a small cardinality. N

By the definition of &1, for every H € H, there exists a matrix M € Cg with
sp(M + W) > k. Hence, by the definition of Cy,

|{M e Cy: Sn(M—i-W) < |OH|,

1
B VE 1d
which implies

’Hg{ CuNésa| < \/—|Mnd|

Further, by the definitions of Cy and Ho, the assumptions of Theorem 4.1, and Corol-
lary 4.6, we have

| U cn| <2v2d 3 18l < 2vEdlE Ul < 2vVEd (0 + )Mo, (16)

HeHo HeHo

(15)

Regarding the set H3, we prove the following lemma.

Lemma 4.7. Denoting R} = R (M) := R;(M+W), fori <n and M € M,, 4, we have
HM € U Cy : dist(RY, span {{R} }r>2, R + R} }) < p/lﬁ}‘ < Cleyd) ™2 Mol

HeHs
where C > 0 1s a universal constant.

Proof. The set H3 can be equivalently written as
{HeH : CypC &y and Cpn&NE,+#0}.
Fix any H € Hs and a matrix M € Cy N & N &¢,. For every M € Cp \ Cyr we have
1A+ W)™ fi (D)l = 1M + W) fir QD)2 < (M + W) < s, (M + W)
and
((Ra(M + W) + (Ba(M + W), fir (M)
< 2/|(M + W) fi (M) |2 = 25,(M + W) < 25,(M +W).
This and Lemma 4.3 applied to the matrix M + W imply that for at least
Cal = |Cl = (1-1/Ved)|Cnl
matrices M € Cy, one has
dist (R (M), span {{BY (M) oo, BY (M) + BY (M)}) = [(By(M + W), fur (M))]/4.

The following claim, whose proof we postpone, completes the proof of the lemma. ]
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Claim 4.8. With the above notation, for every H € Hs and M € Cy N ExN &5, we have
{M € Cu = [(RU(M + W), fw(M))| < p/4}] < e(e2d) ™ |Cl

for some universal constant ¢ > 0.

Proof of Theorem /j.1. Recall that & = Q5N Q;(e1) N &,y and that k = p?/16. By (11) we
have
|(94,1’ S ‘54_1 N 50’ + ’(98’ S ’54,1 N (90| -+ 2n_2|/\/ln7d\.

Next, using the definitions of the events &1, &, and &, we observe that

2’{M€g4.10502 (M+W)||2§p2/16}’

inf ||z
z€S(p,0)

Recall that we agreed to assume that the pair of indices (1,2) satisfies the conditions in
Corollary 4.6. In particular, this implies for R}V := R;(M + W), i < n,

|(€4,1 N g()| S (2//5) }{M € 54.1 N g() . dist(RijV,span {{RZV}}CZQ, Ri/v + R;/V}) < p/lﬁ}‘
Finally estimates (14)—(16) and Lemma 4.7 imply that

C" Mol
0+/e1d

for a universal constant C' > 0. Since ; = §/(C;log(e/d)), this implies the desired
result. O

|E41 N & <

4.3 Proof of Claim 4.8

We will use the notations from Lemma 4.7 of the previous subsection. Recall that
MeCyNENES, CENELNES,
and that
S1(H) = suppRi (M) NsuppRe(M),  S3(H) = suppR:i(M) U suppRy(M)
do not depend on the choice of M € C'y. Denote
Sz := S5\ S1 = suppR; (M) A suppRy(M).

—~

Take y := fw(M). Using Remark 4.5 and applying Lemma 2.2 to the vector {y;},ecs, we
find two disjoint sets Aj, Ay C S3 with cardinalities |A;]|, |As| > ¢ := [e1d/2] and such
that for all i € A; and j € Ay one has |y; — y;| > p/(4v/2). For the rest of the proof,
we fix ¢ couples of distinct indices (i1, j1), (2, J2), - - -, (ig, jo) € A1 X Ay. Next, we define
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auxiliary subsets of Cy as follows: for any subset I C [¢] and any S C S5\ Uy {ik Jr}
we set

epl(l,S) == {M € Oy : {k : |[suppRi(M) N {ig, ju}| =1} = I and
suppRy (M) \ (51 U U{ik,jk}) = S}-

kel

Roughly speaking, each subclass cpl(7,.S) is obtained by picking a subset of the couples
(i, jx) on which the first row of a matrix is “allowed to vary” while fixing all other
coordinates of R;. Note that subclasses cpl(/,S) can be empty for some [, S and that
the collection {cpl(Z, S)}; s (taking all admissible 7, S) forms a partition of the class Cp.
Observe that )

U enll.9)] < = Il (17)

11<e/4,8

where the union is taken over all subsets I C [{] of cardinality at most ¢/4 and all
admissible sets S, and where d is large enough. Indeed, recall that the class C'y can be
identified via a natural bijection with the collection of all m-element subsets of [2m], where
m := |S3]/2. With such an identification and by choosing an appropriate permutation
of [2m], the set of matrices on the left hand side of (17) corresponds to the collection of
m-~element subsets B of [2m| such that |[{k < ¢ : |BN{k,k+ (}| =1}| < {/4, where

(> e1d/2 = 6d/(2C; log(2¢/68)) > Vd/(elog(30d)).

Then a direct calculation shows that for large d the number of such subsets B is much
less than (£1d)=2 (*7).

As the final step in the proof of the claim, we fix a non-empty subclass cpl(Z, S) with
|I| > £/4 and observe that |cpl(Z,S)| = 2/fl. In fact, each matrix M in cpl(I,S) can be
uniquely determined by picking either iy, or j; for every k € I and then defining the support
of the first row of M as the union of the chosen indices, the set S and the intersection
part S;. Moreover, for each M € cpl(Z, S) the inner product ((Ry(M + W)), y) can be
written as

(Bi(M +W)), y) = (Ri(M), y) + (Ra(W), y) = U + > &(M) (G, — ),

kel

where U is a complex number which is the same for all M € cpl(1,5), and &.(M), k € I,
are 0/1-valued functions of M defined as (M) := [suppR; (M) N {ix}|. In other words,
&x(M) is the indicator of the event that the support of the first row of M contains i) and
not jy. It is not difficult to see that the functions (M), k € I, considered as random
variables uniformly distributed on cpl(/, S), are jointly independent; and that for each
k € I one has

{M € cpl(I,S) : &(M) =1} = [epl([, S)|/2 = 2",

Further, by our choice of the pairs (iy, ji), we have |5, — U] = v, — vj.| = p/(4V/2)
for all k € I. Note that n, = 2§,(M) — 1, k € I, are independent +1 Bernoulli random
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variables and that for every v € C/,

ka( Uk*Zﬁk Uk/2+zvk/2

kel kel kel

Therefore, applying Proposition 2.1, we obtain
[{M € cepl(L, ) = [{(Ru(M + W), y)| < p/4}] < clepl(Z, S)|/v/ ]|
for some universal constant ¢ > 0. Taking the union over all |I| > £/4, we get
(e U el s): KR(M + W), )] < p/a}| < 26 Cu| V2.
|[I|>£/4,S

Together with (17), this proves the claim.

4.4 Proof of the main theorem

Here we explain how Theorems 3.1, 3.2, and 4.1 imply our main result, Theorem 1.1. Fix
p = 1/(d*?b7), Kk = p?/16, and § = nz/n > az/logd. Then the condition on d means
d < cn/((logd)(loglogd)). Fix z € C with |z| <d/6 and W = —zId. Recall that

S(p,6) = (C"\ B(p)) n{z € C": ||lzf = 1} .

As it was mentioned in Remark 3.3, Theorems 3.1 and 3.2 (applied twice for matrices
and for their conjugates) imply that P(£;) > 1 — 1/n%. Thus, applying Theorem 4.1, we

obtain
C, log? d\/loglog d
\/E 9

P(&41) <
which implies the probability bound. Next,
k= p*/16 = 1/(16d°b1?),
where by = 4d%/?h,, in the case ng > 1 and by = d\/n if ng = 1. This implies

c/(pd°n 4+2ad) if ng > p,
$p > ¢ (clogd)/(d?) if 1<mny<p,
c/(d°n) if ng=1,
If 1 < ng <p, then d> < ainlogd and d*® > a1n10g1'5 d, therefore
d’/logd < Cin*® log®® n.

If ng > p, then, using the definition of oy, we observe s, > d*/?log*® d/Con*t?*¢. This
implies the estimate in Theorem 1.1. O]

Remark 4.9. In fact we proved that there exists absolute positive constants ¢, Cy, and
Cy such that

cd¥?log*® d n~*2a if d < en?log®’n

s> < en*logn if n2Plog’’n<d< 02\/nlogn
c/(d°n) if cav/nlogn < d < Gorsioaion

with probability at least (Cy log®? d \/loglog d)/V/d.
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