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Abstract

Let D,, 4 be the set of all d-regular directed graphs on n vertices. Let G' be a graph
chosen uniformly at random from D,, 4 and M be its adjacency matrix. We show that
M is invertible with probability at least 1 — C'In3d/+/d for C < d < en/In®n, where
¢, C are positive absolute constants. To this end, we establish a few properties of
d-regular directed graphs. One of them, a Littlewood—Offord type anti-concentration
property, is of independent interest. Let J be a subset of vertices of G with |J| ~ n/d.
Let ; be the indicator of the event that the vertex i is connected to J and define
d = (01,02, ...,0,) € {0,1}"™. Then for every v € {0,1}" the probability that § = v is
exponentially small. This property holds even if a part of the graph is “frozen.”
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1 Introduction

For 1 < d <n an undirected (resp., directed) graph G is called d-regular if every vertex has
exactly d neighbors (resp., d in-neighbors and d out-neighbors). In this definition we allow
graphs to have loops and, for directed graphs, opposite (anti-parallel) edges, but no multiple
edges. Thus directed graphs (digraphs) can be viewed as bipartite graphs with both parts
of size n. For a digraph G with n vertices its adjacency matriz (y;;); j<n is defined by

1, if there is an edge from ¢ to 7j;
Mij = .
0, otherwise.

For an undirected graph G its adjacency matrix is defined in a similar way (in the latter case
the matrix is symmetric). We denote the sets of all undirected (resp., directed) d-regular
graphs by G, 4 and D,, 4, respectively, and the corresponding sets of adjacency matrices by
Spa and M, 4. Clearly S, 4 C M,, 4 and M,, 4 coincides with the set of n x n matrices with
0/1-entries and such that every row and every column has exactly d ones. By the probability
on Gy 4, Dpa, Spa, and M,, ; we always mean the normalized counting measure.

Spectral properties of adjacency matrices of random d-regular graphs attracted consid-
erable attention of researchers in the recent years. Among others, we refer the reader to [2],
(3], [12], [14], [26], and [35] for results dealing with the eigenvalue distribution. At the same
time, much less is known about the singular values of the matrices.

The present work is motivated by related general questions on singular probability. One
problem was mentioned by Vu in his survey [37, Problem 8.4] (see also 2014 ICM talks by
Frieze and Vu [15, Problem 7], [38, Conjecture 5.8]). It asks if for 3 < d < n — 3 the
probability that a random matrix uniformly distributed on S, 4 is singular goes to zero as
n grows to infinity. Note that in the case d = 1 the matrix is a permutation matrix, hence
non-singular; while in the case d = 2 the conjecture fails (see [37] and, for the directed
case, [9]). Note also that M € M, is singular if and only if the “complementary” matrix
M'" € M,, ,—q obtained by interchanging zeros and ones is singular, thus the cases d = dj
and d = n — dy are essentially the same. The corresponding question for non-symmetric
adjacency matrices is the following (cf., [9, Conjecture 1.5]):

Is it true that for every 3 <d <n —3

Prd = Pu, s {M € Mya: M is singulary) — 0 as n — oo? (%)



The main difficulty in such singularity questions stems from the restrictions on row- and
column-sums, and from possible symmetry constraints for the entries. The question (x)
has been recently studied in [9] by Cook who obtained the bound p, 4 < d~¢ for a small
universal constant ¢ > 0 and d satisfying w(In®n) < d < n — w(In®n), where f > w(a,)
means f/a, — 00 as n — 0o.

The main result of our paper is the following theorem.

Theorem A. There are absolute positive constants ¢, C' such that for C < d < cn/ In?n one
has

- Cln®d
pn,d — \/8 .

Thus we proved that p,, — 0 as d — oo, which in particular verifies (%) whenever d
grows to infinity with n, without any restrictions on the rate of convergence. (Recall that
the proof in [9] requires d > w(In®n).) We would also like to notice that even for the range
w(In®*n) < d < en/In*n, our bound on probability in Theorem A is better than in [9]. Of
course, it would be nice to obtain a bound going to zero with n and not with d for the range
d > 3 as well.

In the remaining part of the introduction we describe methods and techniques used in this
paper. We also explain several novel ideas that allow us to drop the restriction d > w(ln2 n)
and to treat very sparse matrices. In particular, we introduce the notion of almost constant
vectors and show how to eliminate matrices having almost constant null vectors; we show
a new approximation argument dealing with tails of properly rescaled vectors; we prove an
anti-concentration property for graphs, which is of independent interest; and we provide a
more delicate version of the so-called “shuffling” technique.

This paper can be naturally split into two distinct parts. In the first one we establish
certain properties of random d-regular digraphs. In the second part we use them (or to be
more precise, their “matrix” equivalents) to deal with the singularity of adjacency matrices.
However in the introduction we reverse this order and discuss first the “matrix” part as it
provides a general perspective and motivations for graph results.

Singularity of random square matrices is a subject with a long history and many results.
In [21] (see also [22]) Komlés proved that a random n x n matrix with independent +1 entries
( Bernoulli matrix) is singular with probability tending to zero as n — oo. Upper bounds for
the singular probability of random Bernoulli matrices were successively improved to ¢ (for
some ¢ € (0,1)) in [18]; to (3/4+ o(1))" in [34]; and to (1/v/2+ o(1))" in [6]. Recall that
the conjectured bound is (1/2+ 0(1))”. The corresponding problem for symmetric Bernoulli
matrices was considered in [11], [27], [36]. Recently, matrices with independent rows and
with row-sums constrained to be equal to zero were studied in [28].

In all these works, a fundamental role is played by what is nowadays called the Littlewood-
Offord theory. In its classical form, established by Erdés [13], the Littlewood-Offord inequal-
ity states that for every fixed z € R, a fixed vector a = (a1, ay,...,a,) € R” with non-zero
coordinates, and for independent random signs 7, k < n, the probability P{>",_, rrar = z}



is bounded from above by n~'/2. This combinatorial result has been substantially strength-

ened and generalized in subsequent years, leading to a much better understanding of interre-
lationship between the law of the sum > _;_, rxa) and the arithmetic structure of the vector
a. For more information and further references, we refer the reader to [32], [33, Section 3],
and [29, Section 4]. The use of the Littlewood-Offord theory in context of random matrices
can be illustrated as follows. Given an n X n matrix A with i.i.d. elements, A is non-singular
if and only if the inner product of a normal vector to the span of any subset of n —1 columns
of A with the remaining column is non-zero. Thus, knowing the “typical” arithmetic struc-
ture of the random normal vectors and conditioning on their realization, one can estimate
the probability that A is singular. Moreover, a variant of this approach allows us to obtain
sharp quantitative estimates for the smallest singular value of the matrix with independent
subgaussian entries [30].

Similarly to the aforementioned works, the Littlewood-Offord inequality plays a crucial
role in the proof of Theorem A. Note that if M is a random matrix uniformly distributed on
M., 4 then every two entries/rows/columns of M are probabilistically dependent; moreover,
a realization of the first n — 1 columns uniquely defines the last column of M. This makes
a straightforward application of the Littlewood-Offord theory (as illustrated in the previous
paragraph) impossible.

In [9], a sophisticated approach based on the “shuffling” of two rows was developed to
deal with that problem. The shuffling consists in a random perturbation of two rows of a
fixed matrix M € M,, 4 in such a way that the sum of the rows remains unchanged. We
discuss this procedure in more details in Section 4.3. It can be also defined in terms of
“switching” discussed below. The proof in [9] can be divided into two steps: at the first
step, one proves that the event that a random matrix M does not have any (left or right)
null vectors with many (> Cnd =) equal coordinates has probability close to one, provided
that d > w(In’n). Then one shows that conditioned on this event, a random matrix M is
non-singular with large probability.

In our paper, we expand on some of the techniques developed in [9] by adding new crucial
ingredients. On the first step, in Section 4.1, we show that for C' < d < cn, with probability
going to one with n, a random matrix M does not have any null vectors having at least
n(1 —1/Ind) equal coordinates, (we call such vectors almost constant). Note that we rule
out a much smaller set of null vectors. This allows us to drop the lower bound on d, but
requires a delicate adjustment of the second step. Key elements of the first step consists of
a new anti-concentration property of random graphs and their adjacency matrices as well as
of using a special form of an e-net build from the “tails” of appropriately rescaled vectors
x € R™. Then, conditioning on the event that M does not have almost constant null vectors,
we show in Section 4.3 that a random matrix M is non-singular with high probability. This
relies on a somewhat modified and simplified version of the shuffling procedure for the matrix
rows. As the shuffling involves supports of only two rows we get at this step that probability
converges with d and not with n. We would like to emphasize that this is the only step
which does not allow to have the convergence to zero with n.

We now turn our attention to Section 2, which deals with the set D, 4 of d-regular
digraphs. Our analysis is based on an operation called “the simple switching,” which is a



standard tool to work with regular graphs. As an illustration, let G € D, 4 and let i; # 45
and j; # jo be vertices of G such that (i, j;) and (i, j2) are edges of G and (i1, j2), (42, j1) are
not. Then the simple switching consists in replacing the edges (i1, 1), (i2,J2) with (i1, j2)
and (i, j1), while leaving all other edges unchanged. Note that the operation does not
destroy d-regularity of the graph. The simple switching was introduced (for general graphs)
by Senior [31] (in that paper, it was called “transfusion”); in the context of d-regular graphs
it was first applied by McKay [25]. As in [25], we use this operation to compare cardinalities
of certain subsets of D,, ;. We note that one could use the configuration model, introduced by
Bollobas [4] in the context of random regular graphs, to prove our results for sparse graphs.
We prefer to use the switching method in order to have a unified proof for all ranges of d.

As in the matrix counterpart we work with a random graph G uniformly distributed on
D, q. For a finite set S, we denote by |S| its cardinality. For a positive integer n we denote
by [n] the set {1,2,...,n}. For every subset S C [n], let NZ'(S) be the set of all vertices
of G which are in-neighbors to some vertex in S. Further, for every two subsets I, J of [n],
we denote by Eg(I,J) the collection of edges of G starting from a vertex in I and ending
at a vertex from J. In a simplified form, our first statement about graphs (Theorem 2.2 in
Section 2.2) can be formulated as follows:

Let 8 < d <n,e€(0,1), and k > 2. Assume that e* > d ' max{8,Ind} and k < cen/d
for a sufficiently small absolute positive constant c. Then

2
P{3S C [n], |S| = k such that |NZ'(S)| < (1 —¢)d|S|} <exp (_5;1/{ In (36;:;”)) :

Note that |S] < |[NZ(S)| < d|S|. Thus, roughly speaking, our result says that “typi-
cally,” whenever a set S is not too large, the set of all in-neighbors of S has cardinality close
to the maximal possible one. In the case of undirected graphs such results are known (see
e.g. [1] and references therein). We note that in fact we prove a more general statement, in
which we estimate the probability conditioning on a “partial” realization of a random graph
G, when a certain subset of its edges is fixed (see Theorem 2.2).

In our second result, we estimate the probability that Eq(1,.J) is empty for large sets I
and J (see Theorem 2.6 in Section 2.3):

There exist absolute positive constants ¢, C' such that the following holds. Let 2 < d <
n/24 and Cnlnd/d < ¢ <r <n/4. Then

P{E(I,J) =0 for some I, J C [n] with |I| > ¢, |J| > r} < exp(—crld/n).

Note that the first statement can be reformulated in terms of sets Eg(/, J) (however, the
range of cardinalities for I and J will be different compared to the second result). These
statements can be seen as manifestations of a general phenomenon that a random graph
G with a large probability has good regularity properties. Let us also note that analogous
statements for the Erdés—Rényi graphs (in this random model an edge between every two
vertices is included /excluded in a graph independently of other edges) follow from standard
Bernstein-type inequalities. For related results on d-regular random graphs, we refer the
reader to [23] where concentration properties of co-degrees were established in the undirected
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setting, and to [8] for concentration of co-degrees and of the “edge counts” |Es(I,J)| for
digraphs. In paper [8] which serves as a basis for the main theorem of [9] mentioned above,
rather strong concentration properties of |Eq(1,J)| are established; however, the results
provided in that paper are valid only for d > w(Inn). The proof in [9] is based on the method
of exchangeable pairs introduced by Stein and developed for concentration inequalities by
Chatterjee (see survey [7] for more information and references). On the contrary, our proof of
the afore-mentioned statements is simpler, completely self-contained and works for d > C'. As
we mentioned above, we use the following Littlewood-Offord type anti-concentration result
matching anti-concentration properties of a weighted sum of independent random variables
or vectors studied in the Littlewood-Offord theory. This result is of independent interest,
and we formulate it here as a theorem (see also Theorem 2.15 in Section 2.4). For every
J C [n] and i € [n] we define 6/ (G) € {0,1} as the indicator of the event {i € NZ*(J)} and
denote §7(G) = (6{(GQ),...,8/(@)) € {0,1}".

Theorem B. There are two positive absolute constants ¢ and ¢y such that the following
holds. Let 32 < d < cn and I,J be disjoint subsets of [n| such that |I| < d|J|/32 and
8 < |J| < 8cn/d. Let vectors a* € {0,1}", i € I, be such that the event

£ = {NG(i) = suppa’ for alli € I}
has non-zero probability (if I = 0 we set € =Dy, q4). Then for every v € {0,1}" one has

P{67(G) =v | £} < 2exp (—cld|J| In (ﬁ)) :
We note that the probability estimate in the previous statement matches the one for the
corresponding quantity 67 in the Erdés-Rényi model.

The paper is organized as follows. Sections 2 deals with all results related to graphs.
Section 3 provides links between the graph results of Section 2 and the matrix results used
in Section 4. Finally, Section 4 presents the proof of the main theorem, including a number
of auxiliary combinatorial lemmas.

In this paper letters ¢, C, ¢q, Co, ¢1,Cy, ... always denote absolute positive constants (i.e.
independent of any parameters), whose precise value may be different from line to line.

Main results of this paper were announced in [24].

Aknowledgment. This work was conducted while the second named author was a Re-
search Associate at the University of Alberta, the third named author was a graduate student
and held the PIMS Graduate Scholarship, and the last named author was a CNRS/PIMS
PDF at the same university. They all would like to thank the Pacific Institute and the
University of Alberta for the support. A part of this work was also done when the first four
authors took part in activities of the annual program “On Discrete Structures: Analysis and
Applications” at the Institute for Mathematics and its Applications (IMA), Minneapolis,
MN, USA. These authors would like to thank IMA for the support and excellent working
conditions. All authors would like to thank Michael Krivelevich for many helpful comments
on the “graph” part of this paper. We would also like to thank Justin Salez for helpful
comments.



2 Expansion and anti-concentration for random digraphs

2.1 Notation and preliminaries

For a real number x, we denote by |x| the largest integer smaller than or equal to x and by
[x] the smallest integer larger than or equal to z. Further, for every a > 1, we denote by [a]
theset {i e N: 1<i < |a]}.

Let d < n be positive integers. A d-regular directed graph (or d-regular digraph) on n
(labeled) vertices is a graph in which every vertex has exactly d in-neighbors and d out-
neighbors. We allow the graphs to have loops and opposite/anti-parallel edges but do not
allow multiple edges. Thus this set coincides with the set of d-regular bipartite graphs with
both parts of size n. The set of vertices of such graphs is always identified with [n|. The set
of all these graphs is denoted by D,, 5. When n and d are clear from the context, we will use
a one-letter notation D. Note that the set of adjacency matrices for graphs in D coincides
with the set of n x n matrices with 0/1-entries such that every row and every column has
exactly d ones. By a random graph on D we always mean a graph uniformly distributed on
D (that is, with respect to the normalized counting measure).

Let G = ([n], E) be an element of D, where E is the set of its directed edges. Thus
(i,j) € E,i,j < n, means that there is an edge going from vertex i to vertex j. We will denote
the adjacency matrix of G by M = M (G); its rows and columns by R; = R;(M) = R;(G)
and X; = X;(M) = X;(G), i < n, respectively.

Given a graph G € D and a subset S C [n] of its vertices, let

NSy =Ng*(S) =={v<n:F €S (i,v) e E} = UsuppRZ-,

i€s
N™S) =N (S) ={v<n:3JieS (vi)e E} = UsuprZ-.
icS

Similarly, we define the out-edges and the in-edges as follows

EZH(S):={e€ E: e=(i,j) for some i € S and j < n},

EZ(S):={ec FE:e=(ij) for some i <nand je S}.
For one-element subsets of [n] we will use lighter notations N2“ (i), NZ'(i), EZ“(i), E& (i)
instead of N ({i}), NEM({i}), Bg({i}), EE({i).

Given a graph G = (|n], E), for every I, J C [n] the set of all edges departing from I and
landing in J is denoted by
Eg(IxJ)=Eg(I,J)={e€ E: e=(i,j) for somei € I and j € J}.
Further, we let
D°(1,J)={GeD: Eg(I,J) =0}

Note that D°(I, J) is the set of all graphs whose adjacency matrices have zero I x J-minor,
hence the superscript “0”.



Given G € D, for u,v < n the sets of common out-neighbors and common in-neighbors
will be denoted as

C((J}ut(uvv) = {] <n: (u7j)> (U7j) S E} = supp R, Nsupp Ry,
C&(u,v) ={i <n : (i,u), (i,v) € E} = supp X, Nsupp X,.
For every S C [n] and F' C [n] X [n], we define
D(S,F)={G eD: EZ(S)=F}.

Informally speaking, D(S, F') is the subset of d-regular graphs for which the in-edges of S are
“frozen” and, as a set, coincide with F'. Note that a necessary (but not sufficient) condition
for D(S, F) to be non-empty is

Vi<n |[{{en]: (i,0) e F}|<d and VjeS [{€en]: (¢,j)eF} =d.
For every ¢ € (0, 1), denote
D) ={GEeD:Vi#j<n |Cq'(i )| <ed}=()D5(e),
i<j
where

D (e) == {G € D: |C¥"(i, )| < ed}.

Let A, B be sets, and R C A x B be a relation. Given a € A and b € B, the image of a
and preimage of b are defined by

Ra)={yeB: (a,y) €R} and R *'(b)={xcA: (x,b)cR}

We also set R(A) = UgeaR(a). Further in this section, we often define relations between
sets in order to estimate their cardinality, using the following simple claim.

Claim 2.1. Let s,t > 0. Let R be a relation between two finite sets A and B such that for
every a € A and every b € B one has |[R(a)| > s and |[R7*(b)| < t. Then

s|A| < t|B|.

Proof. Without loss of generality we assume that A = [k] and B = [m] for some positive
integers k and m. For ¢ < k and j < m, we set r;; = 1 if (4,7) € R and r;; = 0 otherwise.
Counting the number of ones in every row and every column of the matrix {r;;};; we obtain

k k m k m
SN =Y IR(i)| > sk=s[A] and Y > ry;=>» |R(j)| <tm=1tB]
i=1 j=1 i=1 j=1 i=1 j=1
which implies the desired estimate. ]



2.2 An expansion property of random digraphs

In this section, we establish certain expansion properties of random graphs uniformly dis-
tributed on D, which can roughly be described as follows: given a subset S C [n] of cardi-
nality |S| < en/d, with high probability the number of in-neighbors of S is of order d|S].
Beside its own interest, this result is used in the proof of the anti-concentration property for
graphs which will be given in Section 2.4. In fact we will need a statement where we control
the number of in-neighbors of a subset of vertices while “freezing” (i.e. conditioning on a
realization of) a set of edges inside the graph.

Theorem 2.2. Let 8 < d<n, e € (0,1), and k > 2. Assume that

22max{5;,lnd} and k’ﬁ%

for a sufficiently small absolute positive constant c. Let I C [n] be of cardinality at most

n/8. Define
I,={GeD:3SCI|S|=k, suchthat NG (S)| < (1-e)d|S|}

and

cen/d

I'={GeD:3SCI|S| <cen/d, suchthat |NZ(S)| < (1—e)d|S|} =[] Te
(=2

Then for every F C [n] x [n] with D(I, F) # () we have

2
P (T | D(I,F)) < exp (—5 sk In (3(;;”)) .

In particular,

P (T | D(I,F)) < exp (—%l In <ec§n>) .

Let us describe the idea of the proof of Theorem 2.2. Suppose we are given a set of
vertices S of an appropriate size. Since |[EZ(S)| = d|S|, then we always have

S| < INGH(S)| < dIS].

We want to prove that the number of graphs satisfying |[N&'(S)| < (1 — €)d|S] is rather
small. In order to estimate the number of in-neighbors of S, our strategy is to build S by
adding one vertex at a time and trace how the number of in-neighbors is changing. Namely,
if S = {v;}i<s then to build S we start by setting Sy := {v;} — a set for which we know that it
has exactly d in-neighbors. Now we add the vertex vy to Sy to get Sy := {v,v2}. We need to
trace how the number of in-neighbors to S5 changed compared to that of S;. More precisely,
we need to count the number of graphs for which the number of in-neighbors has increased
by at most (1 —¢/2)d. To this end, we count the number of graphs having the property that

9



the number of common in-neighbors to v; and vy is at least ed/2. We count such graphs
by applying the simple switching. One should be careful here to switch the edges without
interfering with the frozen area of the graph. We continue in a similar manner by adding
one vertex at a time and controlling the number of common in-neighbors between the added
vertex and the existing ones. Now, note that the condition |[NZ(S)| < (1 — €)d|S| implies
that for a large proportion of the vertices added, the number of common in-neighbors with
the existing vertices is at least ed/2. We use this together with the cardinality estimates
obtained via the simple switching at each step to get the required result.

We use the following notation. Given S C [n] and ¢ € (0, 1), we set I'(S,0) = D and for
a non-empty J C [n], let

F(S,J):F(S,J,(S):{GED . Wj e J one has‘ U Cig;(z',j)‘ 25d}

i€8,i<j

(the number ¢ will always be clear from the context). We also use a simplified notation
0(S,j) = I(S, {j}).

Note that I'(S,J) contains all graphs in which every vertex j € J has many common
in-neighbors with the set {i € S : i < j}. In the next lemma, we estimate cardinalities of
['(S, ), conditioning on a “partial” realization of a graph.

Lemma 2.3. Let § € (0,1), 2 < d <n/12, 1 < k < n/(4ded) and F,H C [n] x [n]. For
every I C [k + d|° satisfying
1] <

9

o] 3

one has

IT([k], k+ 1) N D([k], F) N D(I, H)| < w|D([k], F) N D(I, H)|,

[2ekd\™
Tk = o .
Less formally, the above statement asserts that, considering a subset of D with prescribed

(frozen) sets of in-edges for [k] and I, for a vast majority of such graphs the (k+ 1)-th vertex
will have a small number of common in-neighbors with the first £ vertices.

Proof. We assume that the intersection D([k], ') N D(I, H) is non-empty. Then we have
F([n]) = [k] and F~1([k]) = NZ([k]) (recall notation for images and preimages of a relation).
Without loss of generality, N&([k]) = [n]¢ for some n; < n. Note that

where

B < INE(R)] < k.

hencen —kd <n; <n—k.
For 0 < ¢ < d denote

Q(q) == {G e D([k], F)ND(I, H) = |NF([K) "N (k +1)| = g}

10



and
d

Q =Tk, k+1)ND(H, F)NDIH) = |J Qa).
q=[dd]
We proceed by comparing the cardinalities Q(q) and Q(q — 1) for every 1 < ¢ < d. To

this end, we will define a relation R, C Q(¢q) x Q(¢ — 1). Let G € Q(q). Then there exist
ny <41 < ... <14 such that for every ¢ < ¢ we have

i € NG([K]) N NG (k + 1).

For every < g, there are at most d? edges inside Eg([n1], Ng"(i;)). Further, there are
(n1—(d—q))d edges in EZ" ([ni|\NZ"(k-+1)) and at most d|I| edges in Eg ([ni]\N&"(k+1),I).
Therefore, for every ¢ < q, the cardinality of the set

Ey = Eq([n] \ NG (k + 1), 1°\ N&"(ir))
can be estimated as
|Ee| > (n1 = (d—q) — |1])d — d* > (Tn/8 — kd — 2d)d > nd/2

(here, we used the conditions |I| < n/8 and ny > n — kd together with the restrictions on

Now, we turn to constructing the relation R,. We let a pair (G, G”) belong to R, for some
G’ € Q(q—1) if G’ can be obtained from G in the following way. First we choose ¢ < ¢ and
an edge (i,7) € E,. We destroy the edge (i¢, k 4+ 1) to form the edge (i, k + 1), then destroy
the edge (i,7) to form the edge (is, 7) (in other words, we perform the simple switching on
the vertices 4, iy, j, k+1). Note that the conditions i ¢ N&'(k+1) and j ¢ NZ“(i,), which are
implied by the definition of F,, guarantee that the simple switching does not create multiple
edges, and we obtain a valid graph in Q(¢ — 1).

The definition of R, implies that for every G € Q(q) one has

(1)

Now we estimate the cardinalities of preimages. Let G' € R, (Q(q)) In order to recon-
struct a graph G for which (G,G’) € R,, we need to perform a simple switching which

destroys an edge from  Eg ([ni],k + 1) and adds an edge to  Ee ([n]®, k +1).

There are at most d — ¢ + 1 choices to destroy an edge in EG/<[n1], k + 1), and at most
n —ny < kd possibilities to create an edge connecting [n]® with (k + 1)-st vertex. Assume
that we destroyed an edge (v, k + 1) and added an edge (u,k + 1). The second part of the
simple switching is to destroy an excessive out-edge of u and create a corresponding edge
(with the same end-point) for v. It is easy to see that we have at most d possibilities for the
second part of the switching. Therefore,

|R,N(G)| < kd®.

11



Using this bound, Claim 2.1, and (1), we obtain that

2kd?
qan

1Q(q)| < < ) Qg —1)|

and, applying the estimate successively,

ewl= (%55) 5 oo

Since ¢! > 2(q/e)? and 2ekd/(én) < 1/2, this implies

d

e <2 % (29 el = (29 o

q=[6d] q=[8d]

Using that Q(0) C D([k], F) " D(I, H), we obtain the desired result. O

Now, we iterate the last lemma to obtain the following statement.

Corollary 2.4. Let 6, n, d, k and vy, be as in Lemma 2.3 and let { < k. Further, let I C [n]
satisfy |I| < n/8 and let H C [n] x [n]. Then for every subsets J C S C I¢ such that |S| =k
and |J| = £, one has

IT(S,J)ND(I,H)| < 7' |D(I, H)|.

Proof. Without loss of generality we assume that the intersection I'(S,J) N D(I, H) is
non-empty, that S = [k] and I C [k + d]°. Write J = {jy, ..., j¢} for some j; < ... < j,. For
1 < s < /{denote J, = {ji1,...,Js}, Jo = 0 and let k, = js — 1. Note that for every 1 < s < ¢,
we have

L(S, Jo) = T([ks], J5)-

Note also that
0(S, Js) = T([ks], ks + 1) N T(S, Js—1). (2)

Clearly,

IT(S,J)ND(I, H)| = |D(I, H)| H |}FSSJ‘: 1mmDZ§EIHh)I|)| (3)

For 1 < s </ define
Fs={F Cn]xn]: D(ks, F)NDI,H) CT'(S, Js-1)}.
Then by (2) we have

LS, J)NDI, H) = | | T([k], ks + 1) N D([ki), F) N D(I, H).

12



Applying Lemma 2.3 we obtain

0(S, 7)) DL, H)| = Y |D([k], ks + 1) N D([k,], F) N DI, H)|

FeFs

< w|T(S, Js—1) N DI, H)],

where the last inequality follows from the definition of F; and ks < k. This and (3) imply
the result. O

We are now ready to prove Theorem 2.2. In the proof, we will use Corollary 2.4, together
with an easy observation that the condition |NZ'(S)| < (1 — ¢)d|S] for an (ordered) subset
S of vertices implies that proportionally many vertices in S have at least ed/2 common
in-neighbors with the union of the preceeding vertices.

Proof of Theorem 2.2. Let G € I';, and S be as in the definition of I'y. For j € S consider
A= <)
i€8,i<j

and denote by m; its cardinality. Note that for jo = min{j : j € S} one has A;, = 0 and
mj, = 0. Note also

NE(S)] = (d—my).

jes

Let 6 = ¢/2 and consider J' := {j € S : m; > dd}. Since m;, =0,

(L—e)d[S| = N&(S)] = Y (d—my) > (1-¢/2)d(]S| - |T']),

JjeS\J!

which implies
€ €
J|>—159] > =19].
> 181> 518

Hence, for every G € I'y, there exists S C I¢ with |S| = k, and J C S such that
|J| = [ek/2] :=¢ and m;>dd forall jeJ
Thus

el U 1.

IS|=k JCS,|J|=¢

By Corollary 2.4 we have
n\ [k en\k [ek\’
< ¢ g — ¢ :
\HﬂDUIN_(J(»VMD@FN_<k><€>vkm@Fﬂ
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We assume that ek > 2 (the case ¢k < 2, in which ¢ = 1, is treated similarly). Using
e > max{+/Ind/d, \/8/d}, by direct calculations we observe

<en>k e\ [ dekd\ > - (en)k 2e\ "% [ dekd\ T /A < Cikd s*dk/s

k l en “\k € en ~\en

for a sufficiently large absolute constant C; > 0. Taking ¢ < 1/(3eC), we obtain the desired
estimate for ['y. The second assertion of the theorem regarding I" follows immediately. O

As we have already noted, Theorem 2.2 essentially postulates that a random d-regular
digraph typically has good expansion properties in the sense that every sufficiently small
subset S of its vertices has almost d|S| in-neighbors and d|S| out-neighbors. In the undi-
rected setting, expansion properties of graphs are a subject of very intense research (see, in
particular, [17] and references therein). As the conclusion for this subsection, we would like
to recall some of the known expansion properties of undirected random graphs and compare
them with the main result of this part of our paper.

Let G = (V, E) be an undirected graph on n vertices. Given a subset U C V| by dyU
we denote a set of all vertices adjacent to the set U but not in U, i.e.

U :={igU: FjeU/(i,j) € E}=N2U)\U.

Similarly, let dgU be the set of all edges of G with exactly one endpoint in U. For every
A € (0, 1], we define the \-vertez isoperimetric number

oyU
i)\’v(G) ‘= min | v |

Ul<an U] 7

and, for every A € (0,1/2], the A-edge isoperimetric number

. . 10U |
ire(G) = |5r|1S1&1n T

For A = 1/2, the above quantities are simply called the vertex and the edge isoperimetric
numbers, denoted by iy (G) and ig(G). Since |0y U| < |0gU| < d|0y U], for every A € (0,1/2]
we have

iy (G) < ixp(G) < diyy (G). (4)

Now, let G be a d-regular graph uniformly distributed on the set G, 4. In [5] it was shown
that for large enough fixed d
ip(G)>d/2 —VdIn2, (5)
with probability going to one with n. This result was generalized in [20], where is was shown
that

with probability going to one with n, where o(1) depends on d and can be made arbitrarily
small by increasing d. Note that the relation (4) together with results from [5, 20] immedi-
ately implies

iA,V(G) > 1—X+ 0(1)

14



(where the bound should be interpreted in the same way as before), however the bound is
far from being optimal. An estimate for the second eigenvalue of G proved in [14] implies
that for a fixed d with large probability (going to one with n)

iv(G) >1—8/d+O(1/d%).

Moreover, for every d and 6 > 0 for small enough A\ = A(d,d) > 0 the parameter i,y
(corresponding to expansions of small subsets of V') can be estimated as

iv(G)>d—2-0

(see [17, Theorem 4.16]).

Our main result of this subsection can be interpreted as an expansion property of regular
digraphs for small vertex subsets. We define the vertex isoperimetric number 7, y for digraphs
by the same formula as for undirected graphs. Theorem 2.2 has the following consequence,
which, in particular, provides quantitative estimates of iy v for d growing together with n to
infinity.

Corollary 2.5. Let 8 < d <n and ¢ € (0,1). Assume that

Ind
2> —max{i, = }, d< 05771 and M) := %3.
Further, let G be uniformly distributed on D. Then

iA(s),V(G) 2 (]_ — €)d —1

1 —exp (—%ln (ec;n)) :

2.3 On existence of edges connecting large vertex subsets

with probability at least

In this part, we consider the following problem. Let G be uniformly distributed on D and let
I and J be two (large enough) subsets of [n]. We want to estimate the probability that G has
no edges connecting a vertex from I to a vertex from J. The main result of the subsection
is the following theorem.

Theorem 2.6. There exist absolute constants ¢ > 0 and C,Cy > 1 such that the following
holds. Let Cy < d < mn/24 and let natural numbers ¢ and r satisfy

Ty C’nln(en/r).
Z d

Then
P{UD(L )} <exp (_#) |

where the union is taken over all I,J C [n] with |I| > £ and |J| > 7.
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Remark 2.7. Obviously, the roles of ¢ and r in this theorem are interchangeable and the
assumptions on ¢ and r imply that ¢ > Cn/d and r > Cinlnd/d.

Remark 2.8. We would like to notice that adding an assumption ¢ > 4d? in this theorem,
we could simplify its proof (we would not need quite technical Lemma 2.12 below)

Remark 2.9. The statement of the theorem can be related to known results on the inde-
pendence number of random undirected graphs. Recall that the independence number «(G)
of a graph G is the cardinality of the largest subset of its vertices such that no two vertices
of the subset are adjacent. Suppose now that G is uniformly distributed on G,, 4. For d — oo
with d < nY for some fixed 6 < 1, it was shown in [16] and [10] that, as n goes to infinity,
the ratio «(G)/(2nd " Ind) converges to 1 in probability. Moreover, in [23] it was verified
that in the range n? < d < 0.9n (for a sufficiently large 6 < 1), the asymptotic value of a(G)
is 2Ind/In(n/(n — d)), which is equivalent to 2nlnd/d when d/n is small. Taking I = J
in Theorem 2.6, we observe a bound of the same order for random digraphs, which can be
interpreted as a large deviation estimate for the independence number as follows.

Corollary 2.10. There exist absolute positive constants c¢,C' such that for every 2 < d <
n/24 and a random digraph G uniformly distributed on D one has

2
]P’{(X(G) > C’nlcrlld} < exp (_cnl;l d) :

We first give an idea of the proof of Theorem 2.6. Fix two sets of vertices I and J of
sizes ¢ and r. Our strategy is to start with two small subsets of I, J and to arrive to I, J by
adding one vertex at a time. Suppose that Iy C [ and J; C J and S is a subset of graphs
from D with no edges departing from I; and landing in J;. We add a vertex from J \ J;
to Ji to form a set Jo and check whether the property of having no edges connecting I; to
Jo is preserved, using the simple switching. More precisely, when conditioning on the set of
graphs S, we estimate the proportion of graphs in S such that there are no edges departing
from I; to the vertex added. We perform an analogous procedure by adding a vertex to I
and continue until the whole sets I and J are reconstructed.

Note that a similar argument can be applied in the undirected setting to estimate prob-
ability of large deviation for the independence number (the sets I and J shall be equal in
this situation). We omit the proof of the undirected case as it is a simple adaptation of the
argument of Theorem 2.6 and is not of interest in the present paper.

We start with a lemma which can be described as follows: given two sets of vertices [p]
and [k], among graphs having no edges departing from [p] to [k], we count how many have
no departing edges from [p] to the vertex k + 1. The proof of Theorem 2.6 will then follow
by iterating this lemma.

Lemma 2.11. Let 20 < d < n/24 and 4e*n/d < p,k <n/4. Then

w10+ 1D 190+ 1, )1} < exp (5

) DO, [K]) .

e2n
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To prove this lemma we need the following rather technical statement, which shows that
for most graphs under consideration every two vertices have a relatively small number of
common out-neighbors. For reader’s convenience we postpone its proof to the end of this
section.

Lemma 2.12. Lete € (0,1),0<k<n/4,0<p<n, andd <en/12. Then

9

DL\ < 5 (22) 10 )

- 2 En

where D°([pl, [k]) =D if p=0 or k = 0.

Proof of Lemma 2.11. We prove the bound for D°([p], [k+1]), the other bound is obtained
by passing to the transpose graph.
Fix q := [pd/(2¢*n)]. Denote

Q = D"([p], [k + 1)) N D*(1/2)

and
Qg) == {G € D°([p], [k]) = |Ec([p],k + 1) = q}.

To estimate cardinalities we construct a relation R between @ and ((q). We say that
(G,G") € R for some G € Q and G' € Q(q) if G’ can be obtained from G using the
simple switchings as follows. First choose ¢ vertices 1 < v; < vy < ... < vy, < p. There

are (2) such choices. Then choose ¢ edges in Eq([p|¢,k + 1), say (w;, k + 1), i < ¢, with

p<w <wy<...<w; <n. There are (Z) such choices. Finally for every ¢ < ¢ choose
7(@) € NE"(vi) \ N&™ (wy).

Since G € D°(1/2), for every i < ¢ there are at least d/2 choices of j(i). For every i < ¢ we
destroy edges (w;, k + 1), (v;,j(i)) and create edges (v;, k + 1), (w;, j(7)). We have

no=(0) () () ()"

Now we estimate the cardinalities of preimages. Let G’ € R(Q). We bound |R7'(G")|
from above. To reconstruct a possible G € @ with (G, G’) € R, we perform simple switchings
as follows. Write Ex([p],k + 1) as (vi,k+1),..., (v, k+1) with 1 < vy < ... < v, <p.
Choose ¢ vertices p < wy < ...w, < n such that

w; € [P\ Nk + 1)

(=)

17
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such choices. For every ¢ < ¢ find
J € (N (wi) N [k +1]°) \ NG (v7)

(there are at most d such choices). For every i < ¢ we destroy edges (v;,k + 1), (w;,j(i))
and create edges (w;, k + 1), (v;,7(7)). We obtain

IR < (ﬂ)q .

q
Claim 2.1 together with the last bound and (6) yields

al < (222) ot

By the choice of ¢, we have !Q‘ < exp(—pd/(2¢*n) ‘Q q | This, together with Lemma 2.12,
implies

(], ()] = Q)] > exp( pd

—exp (o ) (PP 6+ 101 = [P o+ 1)\ D(1/2))

o () (1 (4)") s

which implies the desired result. O

Proof of Theorem 2.6. It is enough to prove the theorem for the union over all |I| = ¢
and |J| = r. By the union bound, we have

' n\ (n\ [P°UA. D] _ renyr [P, 1)
P{UDW)}S@ Q)%S(?) % (7)

Setting D°([0], [0]) = D and using D°([k], [k]) D D°([k + 1], [k + 1]), we get

DO ([k +
o H i

1], [k

= k], [k
o [Pk +1
o(

< 11

k=[¢/2] |

[2°(14, [rD]

H 1D°([¢] k+1])\

e 1D 0] K])|

H \DO [, k+1])\

[k, DO([e], (k)]

Further, we write

[DO([k + 1], [k + 1)) _ D" k+1] [k +1)| [DP°([%] [k+1])\
DO ([K], [k])] | DO([K], [k + 1])] | DO([K], [K])]

18



and applying Lemma 2.11, for every [£/2] < k < ¢ — 1 we observe

IDO([k + 1], [k + 1)) s
DL p( 2e?n> ’

and for every £ < k <r —1,

DAk (td
Do) p( 4n)

Thus (8) implies

}DO([K], [’l”])‘ lrd
D = exp (_862n) '

Combining this bound and (7) and using that ¢ > Cnln(en/r)/d we complete the proof. O

Proof of Lemma 2.12. Clearly,

| D°([p], [K]) \ D= (e)] < Z}DO([p], [K]) \ D55 (e)].

Fix 1 <1< j<n. For 0 < g <d, denote

Q(q) = {G € D([p], [K]) = |C&"(i,5)| = ¢}

and
d

Q =D, I\ D5e) = || Qo).

g=|ed|+1

First, for every 1 < ¢ < d we will compare the cardinalities of Q(¢) and Q(¢—1). To this
end, we will define a relation R, between the sets Q(¢) and Q(q — 1) in the following way.
Let G € Q(q). Then there exist j; < ... < j, such that for every ¢ < ¢

Je € NG" (i) N NE"™ ()

Note that for every ¢ < g, there are d* edges inside EZ"* (N&n(j@D Also, there are at least
(n—k — (2d — q))d edges in EZ([k]°\ N&"({i,j})). Therefore, for ¢ < g, the set

By := Eg([n] \ N&" (o), [K]° \ N&" ({7, j}))
is of cardinality at least
|Eo| > (n—k — (2d — q))d — d* > nd)/2.

We say that (G,G’) € R, for some G' € Q(¢ — 1) if G’ can be obtained from G in the
following way. First we choose ¢ < g and an edge (u,v) € E,. Note v € [k]° and u # i. Since
v & N2"(j) then we can destroy the edge (j, j,) and create the edge (j,v). Since u & NZ'(jo)
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then we can destroy the edge (u,v) and create the edge (u, jy). Thus, we obtain G’ by the
simple switching on vertices u, v, j, 7,. It is not difficult to see that we have not created any
edges between [p| and [k], hence G’ indeed belongs to Q(¢ — 1). Counting the admissible
simple switchings, we get for every G € Q(q),

[Ry(G)] = =~ (9)

Now we estimate the cardinalities of preimages. Let G' € R, (Q(q)) In order to recon-
struct a possible G for which (G, G’) € R,, we need to perform the simple switching which

removes an edge (j,v) with v € N2 (i) and recreates an edge (j,w) for some

w € NG(1) \ NG (5).

There are at most d — g + 1 choices for such v and at most d — ¢+ 1 choices for such w. For
the second part of the switching, we have at most d possible choices. Therefore,

|RNG)| <d(d—q+1) < d.
Using this bound, (9), and Claim 2.1, we obtain that
2d?
< (22). ~1
o] < (%) ot~ 1)

and, applying this successively,

1Q(q)| < (—)q % 1Q(0)].

n
Since ¢! > 2(q/e)? and 2ed/(en) < 1/2, this implies
’ 1 K [2ed) 2ed ) **
o= Y lwl=y X (%) leol< (%) ool
q=|ed]+1 q=|ed]+1

Using that Q(0) C D°([p], [k]) and that there are n(n — 1)/2 pairs i < j, we obtain the
desired result. O

2.4 An anti-concentration property for random digraphs
For every G € D, J C [n] and i € [n], we define 7 € {0,1} by

1 ifi e N&(J),
0 otherwise.

o = 41(6) = {

Denote 67 := (6{,...,87) € {0,1}". The vector §/ can be regarded as an indicator of the
vertices that are connected to J, without specifying how many edges connect a vertex to J.
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Taking v € {0,1}" and conditioning on the realization 67 = v, we obtain a class of
graphs with a particular arrangement of the edges. Namely, if a vertex ¢ of a graph in the
class is not connected to J then all graphs in the class have the same property. In this
section we estimate the cardinalities of such classes generated by vertices of the cube, under
additional assumption that a part of the graph is “frozen.” We show that if the size of the
set J is at most cn/d then a large proportion of such classes are “approximately” of the
same size. In other words, we prove that the distribution of ¢/ is similar to that of a random
vector uniformly distributed on the discrete cube {0,1}" in the sense that for each fixed
v € {0,1}" the probability that 67 = v is exponentially small. This makes a link to the anti-
concentration results in the Littlewood-Offord theory. We start with a simplified version
of this result, when there is no “frozen” part. In this case it is a rather straightforward
consequence of Theorem 2.2.

Proposition 2.13. Let 8 < d <n and J C [n]. Let v € {0,1}" and m := |suppv|. Then

-1
P{6’ = v} < (n) < exp (—mln ﬁ) :
m m
Moreover, if |J| < en/d, then

P{07 = v} <exp (—cd|J\ In %) ,

where ¢ is an absolute positive constant.

Remark 2.14. Note that max{d, |J|} < |suppd’/| < d|J|, therefore P{67 = v} = 0 unless
max{d, |J|} <m <d|J|.

Proof. Without loss of generality we assume that max{d, |J|} < m < d|J|. Consider the
following subset of the discrete cube

T ={w € {0,1}" : |suppw| = m}.

Clearly, every w € T can be obtained by a permutation of the coordinates of v. Since the
distribution of a random graph is invariant under permutations, P{§’ = v} = P{¢’ = w}
for every w € T'. Therefore,

P{6! =0} <|T| ™ = (n) < exp (—mln£> :
m m
which proves the first bound and the “moreover” part in the case m > d|.J|/2.

Suppose now that |J| < cn/d and m < d|.J|/2. Applying Theorem 2.2 with S = J, I = 0,
and € = 1/2, we observe

P{[suppd’| < d|J/2} < exp (—cd|J| ln%) ,
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which completes the proof of the “moreover” part. O

Now we turn to the main theorem of this section, which will play a key role in the
“matrix” part of our paper. We obtain an anti-concentration property for the vector 67 even
under an assumption that a part of edges is “frozen.” It requires a more delicate argument.

Theorem 2.15. There exist two absolute positive constants c, ¢ such that the following holds.
Let 32 < d < cn and let I,J be disjoint subsets of [n] such that
d|J| 8cn

< —-— < < —.
|\_32 and 8 < |J| < 7

Let F C [n] x [n] be such that D(I,F) # 0 and let v € {0,1}". Then

n

P@JZUHXLFﬂSpr<%ﬂﬂm<aﬂ>>.

To prove this theorem we first estimate the size of the class of graphs given by a realization
of a subset of coordinates of 7. More precisely, restricted to a subset of graphs with
predefined out-edges for the first i — 1 vertices of 67, we count the number of graphs for which
the vertex ¢ is connected to J. In other words, conditioning on the realization of the first 1 —1
coordinates of 07, we estimate the probability that 7 = 1. In Lemma 2.16 below we show
that this probability is of the order d|.J|/n for a wide range of i-s. In a sense, this shows that
the sets of out-edges restricted on J for different vertices behave like independent. Indeed,
in the Erdos—Rényi model, when the edges are distributed independently with probability
of having an edge equals d/n, the probability that a vertex i is connected to J is of order
d|J|/n.

We need the following notation. For € € (0,1) and J C [n] let

Ae, J)={GeD: NG| > (1-e)dJ|}.

Lemma 2.16. Let 2 < d < n/32. Let F C [n] x [n] and I,J be disjoint subsets of [n]
satisfying

d|.J
1| < ?%Zl and 8 < L]\g;i%. (10)

Then there exists a permutation o € 11, such that for every
21| <iy <ig < ... <lg/6
every s < d|.J|/16 and H C 2*[ satisfying
T:={GeDU,F)NALJ) : Eg(o(2II)|U {it,... is1}), 1) € H} #0
one has

dlJ
In

—y _ 2d|J]
gP@%Q:uF}SQn.
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As the proof of lemma is rather technical, we postpone it to the end of this section.

Proof of Theorem 2.15. Fix F' C [n] x [n] with D(I, F) # () and v € {0,1}". Let o be
a permutation given by Lemma 2.16.

Denote B :=D(I,F)N A (%, J). Since J C I¢, applying Theorem 2.2 with ¢ = 1/2 and
k =|J|, we get that for some appropriate constant ¢

P{A(L,J) | DI, F)}>1—exp (—5dyJ| In (%)) ,

which in particular implies that B is non-empty.
Using this we have

P{0" =v | DI, F)} <P{6’ =v |[DU,F)NA(3,J)} +P{A°(3,J) | D(I,F)}
<P{6' =v|B} +exp (—6d|J\ In (ﬁ)) :

Therefore, it is enough to estimate the first term in the previous inequality. Note that if
|supp v| < d|J|/2 then
P{¢’ =v|[DU,F)NA(L,J)} =0.

Assume that |[suppv| > d|J|/2 and denote m = d|J|/16. Since 2|I| < m, there exist
21| <ip <ig < ... <lipy

such that for every s < m one has v,(;,) = 1. Let Q1 = [2|I]]. For every 2 < s < m + 1,
define Qs := @y U {iy, ..., 151} and

He={H Co(Qs) xI° : Y € Qs “voy=0" VjeJ (o)) ¢ H"}.

In words, H is the collection of all possible realizations of configurations of edges connecting
o(Qs) to I¢, such that o(¢) is not connected to J C I¢if and only if v, = 0 (£ € Q5). Note
that

A, ={GeD VI eQ, 8y =1o0}={GED: Ex(a(Q.),I°) € H.}.

Denote

Since v,(;,) = 1 for every s < m then A, = ByN Ay and
P{A;1 | B} =P{B;N A, | B} =P{B, | BN A} P{A, | B}.
Therefore,

P{5" =v | B} <P{Ams1 | B} < [[P{B.| BN A.}.

s=1
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By the assumptions of the theorem and Lemma 2.16, for every s < m we have

p(B, | BN A} < 2
n

which implies

P{67 = IB}<(2d7LJ‘) —exp< lglln(zdul))'

This completes the proof.

O

It remains to prove Lemma 2.16. To get the lower bound we employ the simple switching
to graphs whose i-th vertex is not connected to J and transform them into graphs with the
i-th vertex connected to J. To get the upper bound, we do the opposite trick to transform
graphs with only one edge relating vertex i to J to a graph with no connections from i to J.
Then we show that if ¢ is connected to J, it is more likely that the number of corresponding
out-edges is small. This is very natural if we have in mind the result proven in Theorem 2.2.
Indeed, if vertices of a graph had a large number of out-edges connecting them to J, then
the number of in-neighbors to J would be small, while Theorem 2.2 states that NZ'(J) is

rather large.

Proof of Lemma 2.16. Let o be a permutation such that the sequence

{|N5ut (0(6)) an }Zzl

is non-increasing. Note that o depends only on F' when G € D(I, F).
First we note that for every G € D(I, F)

Vi>2I| (NG (o(i) NI > d)2.
Indeed, otherwise there would exist G € D(I, F') and iy > 2|I| such that
NG (o (ig)) NI| > d/2.
Since {|ING"(o(£)) N[}, _, is non-increasing, then for every ¢ <o we would have
NG (o(0) NI| > d/2.

This would imply
|Ec(o([io)), )| > iod/2 > d|I],

which is impossible.
Fix s < d|J|/16. For 0 < k < p :=min{d, |J|} denote

I} = {G e I: |Ec(o(is), J)| = k}.
Clearly, [ = |_|k§p I

24

(11)



The statement of the lemma is equivalent to the following estimate

oI !

<[P\ To| €« =—= (12)
We first show that

ITo| < (13)

r
< d| 7] ©T.
Note that (13) implies the left hand side of (12). Indeed, since Iy C '\ T, then (13) yields
that

[Fo] < - [P\ T,

le |
Adding !f \ fo‘ to both sides we obtain the left hand side of (12).

In order to prove (13), we define a relation R between the sets Ty and I'y. Let G € Iy.
Since G € A(3,J) and 2|I| + s < d|J|/8, then

3dl.J|

VG D\ (R0 {ir, - iaa D] > =5 (14)

Denote
= (Né"(J) \ o([211]] U {iy, ... ,i5_1})) X (N(O;“t (0(@'5)) NI°).

Since G € fo, that is ‘Eg(d(is), J)‘ =0, we have

|E(T)| < (d—1)|Ng™ (a(iy)) N I°.

This together with (11), (14), and |J| > 8 implies that the set S : =T \ Eg(T) satisfies

d2|J\ (15)

’S‘ > <3d|‘]‘ d—|— 1) ‘Nout( m[c} >

We say that (G, G') € R for some G’ € T'; if G’ can be obtained from G in the following

way. First choose (v,j) € S. Since j € N2 (o(is)) N I¢ and (v, j) & Eq(T) then we can

destroy the edge (o(is), j) and create the edge (v, 7). Since v € NZ'(J), there is j/ € J such

that (v,') is an edge in G. Since G € Ty, (0(is), ') € G. Thus we can destroy the edge
(v,7') and create the edge (o (is), j'), completing the simple switching. By (15) we get

1]
RG)| =

Note that the above transformation of G does not decrease |N&'(.J)| which guarantees that
G'e A3, J).

Now we estimate the cardinalities of preimages. Let G’ € R(Iy). In order to reconstruct a
possible G for which (G, G’) € R, destroy the only edge (o (is), j') in Eq (o(is), J) and create
an edge (¢,j") for ¢ & o([2|]] U {i1,...,i5-1}). There are at most n — 2|I| — (s — 1) < n
possible choices at this step. To complete the simple switching, we destroy one of the edges
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in Eg/ (¢, J°N1°) and create an edge connecting o(is) to J°N1¢. There are at most d possible
choices here. Therefore,

IR"Y(G")] < nd.

By Claim 2.1, this implies the inequality (13).
We now show that for every k € {1,...,p}, one has

2N,

Ty < (16)
Note that (16) implies the right hand side of (12). Indeed, by (16),
~ 2d|J
fu < (240 1w,
n
hence
- dlJIN\ ~
I = 1T +Z|Fk| <exp (2271) o,
which implies
-~ ~ 2d|J 2d|J| =
F\Fo| < [T _exp( | ') 7| < 290,
In order to prove (16) for every k € {1,...,p}, we construct a relation Ry between the
sets Fk and Fk 1.
Let G € I‘k Note that
. . m 9d|J\
‘a([2[[|]u{zl,...,zs})uj\/' ’ <2+ s+d|lJ| < (17)
By (10), we get
: dJ| n 27n  d|J|
c c out > e >
1N J\NG (o(i)| = n 37 1 d> 57 " 33 (18)
Denote
Sk = EG(U([2|IHC \{i1,...,0s}) \Né"(J), °nJe \Ng“t(a(is))).
Using (17), (18) we observe that
27n d|J|  9d|J| nd
> d — — > . 1
15kl 2 (32 32 8 )~ 2 (19)

We say that (G, G') € Ry, for some (' € T, if G’ can be obtained from @ in the following
way. Let (0(is), j1) be one of the k edges in Eg(o(is),J). Destroy an edge (v, j) € Sk. Since
j & N&“(o(is)), then we can create the edge (o(i,),j). Since v & NZ(j1), then we can
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destroy the edge (o (is), j1) and create the edge (v, j;), thus completing the simple switching.

Therefore by (19) we get

@) > ¢

Note that the above transformation of G does not decrease |N&'(.J)| which guarantees that
G' e A(3,J).

Now we estimate the cardinalities of preimages. Let G' € Ry(I';). In order to recon-
struct a possible G for which (G,G’) € Ry, destroy an edge (v,ji) from Eg (o([2|1]]¢\
{i1,...,is}),J) to create the edge (o (is), j1) for j; € J. There are at most d|.J| such choices.
To complete the simple switching, we destroy an edge (o(is), jo) in Fg (o(is), [°N J°) and
create the edge (v, j2). There are at most d possible choices here. Therefore

RG] < .

Claim 2.1 implies the inequality (16), and completes the proof. O

3 Adjacency matrices of random digraphs

In this section we continue to study density properties of random d-regular directed (rrd)
graphs. We interpret results obtained in the previous section in terms of adjacency matri-
ces and provide consequences of the anti-concentration property, Theorem 2.15, needed to
investigate the invertibility of adjacency matrices.

3.1 Notation

For 1 < d < n we denote by M,, 4 the set of n x n matrices with 0/1-entries and such that
every row and every column has exactly d ones. By a random matrix on M,, ;4 we understand
a matrix uniformly distributed on M,, 4, in other words the probability on M,, 4 is given by
the normalized counting measure. Whenever it is clear from the context, we usually use the
same letter M for an element of M,, 4 and for a random matrix.

For I C [n] by P; we denote the orthogonal projection on the coordinate subspace R’
and ¢ := [n] \ /. For a matrix M € M, 4 we say that a non-zero vector x is a null-vector
of M if either Mz = 0 (a right null-vector) or z7 M = 0 (a left null vector).

Let M = {p;;} € M, 4. The i’th row of M is denoted by R, = R;(M) and the i’th
column by X; = X;(M), respectively. For j < n, we denote supp X; = {i <n : p;; = 1}
and for every subset J C [n] we let

Sy = U supp X;,
jed

Clearly, ] < |Sy] < d|J] and n — d|.J| < |(S,)] <n— ||
For # € R™ we denote its coordinates by x;, i < n, its lo-norm by ||z||.c = max; |z;| and
for a linear operator U from X to Y by ||U : X — Y|| we denote its operator norm.
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3.2 Maximizing columns support

In this section we reformulate Theorem 2.2 in terms of adjacency matrices. It corresponds
to bounding from below the number of rows which are non-zero on a given set of columns.
More precisely, for every subset J C [n] we have |S;| < d|J|. We prove that for almost all
matrices in M,, 4, this inequality is close to being sharp whenever J is of the appropriate
size (less than some proportion of n/d). This means that S is of almost maximal size.

Theorem 3.1. Let 8 < d <n and ¢ € (0,1) satisfy
2 max{8, In d}.
- d
Define

Q. = {M € My : VJ C [0, 7] < %, one has |S,| > (1 —s)d|J|},

where cq 1s a sufficiently small absolute positive constant. Then

2
P(Q.) > 1—exp (—%iln (eq;n)) :

Remark 3.2. In fact Theorem 2.2 gives slightly more, namely the corresponding estimates
when |J| = k for a fixed k < cyen/d. However we don’t use it below.

The following proposition is a direct consequence of Lemma 2.12 (applied with 2¢ instead
of ¢ and with p = k = 0). It shows that for a big proportion of matrices in M,, 4, every two
rows have almost disjoint supports.

Proposition 3.3. Let ¢ € (0,1) and 8 < d < en/6. Define
02 = {M € Mpq: Vi,j€[n] |[supp(R;+ R;)| > 2(1— 5)d}.

Then

3.3 Large zero minors

In this section we reformulate Theorem 2.6 in terms of adjacency matrices. It states that
almost all matrices in M,, 4 do not contain large zero minors.
Given 0 < o, 8 < 1 we define

O, 8) ={M € M, 4 :31,J C[n] suchthat |I|>an, |]|> Bn,
and VielIVjeJ p; =0} (20)

In other terms, the elements of Q%«, 3) are the matrices in M,, 4 having a zero submatrix
of size at least an x fn. Theorem 2.6, reformulated below, shows that this set is small
whenever a and (3 are not very small.
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Theorem 3.4. There exist absolute positive constants ¢, C' such that the following holds. Let
2<d<n/24 and 0 < a < B < 1/4. Assume that

0> Cln(e/ﬁ).
- d

Then
P (Qo(a, 6)) < exp (—cafdn).

Remark 3.5. We usually apply this theorem with the following choice of parameters: a =
p/(2q), B = p/2, where q = ¢;p?d for a sufficiently small absolute positive constant ¢;. Then

we have
P <Q0 (2%1, g)) < exp(—caon). (21)

We will also need the following simple lemma.

Lemma 3.6. Let 1 <d<nand0 <o, <1. Let
Qap = {M € Myq: YJ, |J| > pn, onehas [{i : |[supp R;NJ| > (/2a}| > (1 — oz)n}.
Then provided that an is an integer, we have

(2, 8/2))" C Qap.

Proof. Let M € Q, 5. Then there exist J C [n] with |J| > n and I C [n] with [I| = an
such that
Viel |supp R;NJ| < (/2.

This shows that the minor {u;; : ¢ € I, j € J} has strictly less than Sn/2 ones, which
means that at least Sn/2 columns of this minor are zero-columns. Thus

i1 C [n], |I| =an, 3JyC [n], |J0| Zﬁn/?, Viel, VjeJy: Hij =0.

In other words, there is a zero minor of size an x n/2. This proves the lemma. O

3.4 An anti-concentration property for adjacency matrices
For every F' C [n] x [n] and I C [n], let
ML, F)={M ={u;j} € Mypgq : p;j =1 ifand only if j eI, (i,j) € F}.

Thus matrices in M,, 4(I, F') have the same columns indexed by I and the places of ones in
these columns are given by F'N ([n] x I). Of course this set can be empty.
For every M € M, 4, J C [n] and i < n, we define §7 € {0,1} as follows

1 ifsuppR;NJ #0,

v ¢ 0 otherwise.

57 = 57(M) = {
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We also denote §7 := (6{,...,67) € {0,1}*. The quantity §7 indicates the rows whose
supports intersect with J, i.e. the rows that have at least one 1 in columns indexed by J.
The following is a reformulation of Theorem 2.15, concerning the anti-concentration property
of graphs, in terms of adjacency matrices.

Theorem 3.7. There are absolute positive constants c, ¢ such that the following holds. Let
32 <d<cn and I, J be disjoint subsets of [n] such that

dlJ| 8cn
d < < —. 22
L << (22)

Let F C [n] x [n] be such that M, 4(1,F) # 0 and v € {0,1}". Then

] < —

P{67 = v | M,q(I,F)} < 2exp( cd|J| In (d\nj|>)

This theorem has the following consequence.

Proposition 3.8. There are absolute positive constants ¢, such that the following holds.
Let32<d<cn, \€ R, a >0, and I, J, Jy be a partition of [n] satisfying (22). Let g < n/2

be such that
9itl < 'd|J|1 2
_exp( |J|n(d|J|)) (23)

and y be a vector in R™ satisfying
Veeldy yy=X and VjeJ y;—A>2a. (24)

Then for every S C [n] with |S| > n —q, one has

P{I Pyl < 0} < exp (i (). (25)

Remark 3.9. The above statement with essentially the same proof holds when (24) is
replaced by
VieJy yy=XA and VjeJ A—y; > 2a.

To prove Proposition 3.8 we need the following lemma.

Lemma 3.10. Let A € R, a > 0, and I, J, Jy be a partition of [n| satisfying (22). Let y be
a vector in R™ satisfying (24). Then for every i < n and every F' C [n| X [n] there exists
v; € {0,1} such that

{M € Moo(I,F) | §/(M) = v} C{M € M, (I, F) | |(My);] > a}.

Proof. Fix i € [n] and F C [n] x [n]. We argue by contradiction. Assume that the
above inclusion is violated in both cases, v; = 0 and v; = 1. Then there exist two matrices
My, My € M, 4(1, F) such that

Ay :=supp R} NJ#0, supp Rf NJ =0, |(My)|<a and |(Myy) < a,
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where Rg = R;(M’) denotes the i-th row of M;, j = 1,2. Note that since M, My €
M,,.q(1, F) then
supp Ri NI =supp R N[ := A,.

Let s1 := |A;] and sy := | As|. Using (24), we observe

(Myy); Zy]+2y]+)\ — s —5) and (Myy); Zyj—i-)\ — $9).

JEAL JEAs jEA
Therefore,
(Myy)i — (May)i = Y (y; — ) = 2510 > 2a,
JjEAL
which is impossible as |(Myy);| < a and |(May);| < a. O

Proof of Proposition 3.8. Since (24) and (25) are homogeneous in y, without loss of
generality we assume that a = 1.

Fix S C [n] with |S| > n —¢. Let F be the set of all F' C [n] x [n] such that M,, 4(1, F)
is not empty. Note that {M,, 4(I, F')} per form a partition of M,, 4. Therefore it is enough
to prove that for every F' € F,

= PPl < 1 Mol P} < exp (—cliin (7)),
Fix FF € F. Let vy,...,v, € {0,1} be given by Lemma 3.10. Note that
| PsMylloo <1 iff VieS |(My)| <1,
therefore if ||PsMy|lo < 1 then {i : 6/(M) = v;} C S¢. Thus
po <P{{i: & (M) =wvi} €S| Mya(l, F)}.
Now for every K C [n], define v& € {0,1}" by

. [vu HiEK,
i ] 1—wv; otherwise.

Since m := |S¢| < ¢, by Theorem 3.7 we obtain

ZP{HK C S¢: |K|=(and 6’ (M) =0 | M, q(I,F)}

gi( )%%P{&]( ) = " | Mua(I, F)} < 27 exp (—cdwlm(df},))

Taking ¢ = ¢/2 and using (23) we complete the proof. O
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4 Invertibility of adjacency matrices

In this section we investigate the invertibility of adjacency matrices M € M,, 4 of random
d-regular directed graphs and prove Theorem A.

4.1 Almost constant null-vectors

We say that a non-zero vector is “almost constant” if for some 0 < p < 1/2 at least (1 —p)n
of its coordinates are equal to each other. Formally, for 0 < p < 1/2 consider the following
set of vectors

AC(p) ={z e R"\ {0} : IN, eR |{i : z; =N} > (1 —p)n}. (26)
In this section we estimate the probability of the event
EA%p) i ={M € M, q : Yo € AC(p) Mz #0 and z"M # 0}, (27)

which relates almost constant vectors to null vectors of M. We show that that this probability
is close to one, in other words we show that with high probability a matrix M € M,, 4 cannot
have almost constant null vectors. This will be used in the proof of the main theorem allowing
one to restrict the proof to the event £4¢(p). More precisely, we prove the following theorem.

Theorem 4.1. There are absolute positive constants C,c such that for C < d < cn and

p <c¢/Ind one has

n

B(EAC() 21— (@) (28)

We start with some comments on the structure of almost constant vectors. Since p < 1/2,
if v € AC(p) then only one real number \, satisfies (26). For every x € AC(p) we fix such
Az € R. We set

ACT(p) ={z € AC(p) : \; > 0}.

Note that A_, = —\,, therefore
EX¥p) ={M € My : Yo € ACT(p) Mz #0 and "M #0}.
Moreover, since (z7 M)T = M*z and M7 has the same distribution as M then
P({M € M, q : Yo € ACT(p) Mz #0})=P{M € M, 4 : Yz € ACT(p) "M #0}).
Therefore it is enough to consider the event

EAT(p) ={M € M4 : Yo € ACT(p) Mz # 0}

and to prove that

P(E4"(p) 21~ % (%)d
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To this end we split ACT(p) into two complementary sets and treat them separately in two
lemmas.

For a vector x = (x;) € R" we define the rearrangement z* = (z7); as follows: x} = 2.4,
where 7 : [n] — [n] is a permutation of [n] such that (|z}|); is a decreasing sequence, that is,
|Tzy| > |Tr2)| = ... > [Zr@m)|- Contrary to the usual decreasing rearrangement of absolute
values of a sequence, here values z} can be negative.

In the proof, we choose appropriately a positive integer m( and consider a certain subset
of ACT(p). For a vector z in this subset we “ignore” its first mg coordinates z}, i.e. we
consider Prz* with I = [mg]°. Then we show that this vector can be split into a sum of two
vectors with disjoint supports and such that the second vector has equal coordinates on its
support. To approximate such vectors in ¢,.-metric we construct a net in the following way.

Let n > 0 be a reciprocal of an integer. For every H C [n] of cardinality k; := pn — mg
(we choose p so that pn is an integer) fix an n-net Ay in the cube Py ([—1,1]"). Such Ay
can be chosen with |Ay| < (1/n)%. Given L C [n] of cardinality ks := (1 — p)n, consider
the one-dimensional space generated by the vector v, with suppwv, = L and all coordinates
on L equal to one. Fix an n-net Ay in the segment [—vy, vy]. Clearly, Ay can be chosen
with |Az| = 1/n. Note also that for every z € Ay one has supp z = L and z; = z; whenever
i,j € L, that is z € AC(p) and z; = A, for i € A. Given disjoint subsets H, L of [n]| of
cardinalities k; and ks respectively, consider Ay @ A = {w+ 2 : w € Ay, z € Ap}. Then

Ag &AL CAC(p)  and  [Ag @ Ag] < (1/p)MH < (1/n)

Finally we observe that the vector Pyz* can be approximated by the vectors in the union of
A ® A; over all such choices of H and L.

In fact we will use only a subset of this union. Fix a parameter a > 0 and a positive
integer r. For H, L as above consider

I'H,L)=T.,(H,L):={ye Ag®A, : 3J C H, |J| =r, suchthat Vie J y,—\, > 2a}.
Clearly, |I'(H, L)| < (1/n)P". Finally, set

N=N,= |J TIW@HL),

|L|=ka,|H|=k1

where the union is taken over all disjoints subsets H and L of [n] of cardinalities k; and ko
correspondingly. Then

_ pn pn pn
=) () G =G G G =G e
ko ky n pn mo n np
We are ready now to prove two lemmas needed for Theorem 4.1. In both of them we use
the following set associated with x € AC*(p) and a given my,

Jo = Ju(mo) :={i >mg @ |27 — | > 1/(2d)}.
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Lemma 4.2. There are absolute positive constants ¢ and ¢, such that the following holds. Let
32<d<cen, my>1, andr > 8 be integers such that 1 < 2cyrin(n/(dr)). Let p € (0,1/2)
be such that pn is an integer. Assume that

n cn dr cpdr n
< - < = < — 2)) « Q97 _
mo < 2c¢irln <dr> , r< T p < 300 and p (ln(e/p) + In(18d )) " In <dr(>30)

Consider the following subset of almost constant vectors
Ty ={x € AC*(p) : |z}, | =1 and |J | >2r}
and the corresponding event
En={MeM,,:Veely, Mz+#0}.

Then
P(&r,) > 1—2exp (—cldr In (%)) .

Remark 4.3. We apply this lemma with r = con/d, my = c3n/d, so that the probability is
exponentially (in n) close to one.

Remark 4.4. In fact we show a stronger estimate which could be of independent interest,
namely

P({M € Myq: Fv €Ty such that [|Mall < 1/(8)}) < 2exp (—cidrin (dﬁ)) .

r

Proof of Lemma 4.2. We prove a stronger bound from Remark 4.4. We start by
few general comments on the strategy behind the proof. By the construction of Tj, for
x = (x;); € T} we have

max{|{i >mg o oxp — N > 1/}, i >mo 2 Ao —af > 1/(2d)}|} > .
Therefore denoting
T ={xeT : {i>my:xf =X >1/(2d)}| >r}

and
Tl_ = {.CE € Tl : ’{7/ >myg : )\x —33: Z 1/(2(1)}‘ Z 7’},

we have Ty C T;F U T, . Thus it is sufficient to show that

po=P{M e M,y :3xeTly |[Mz|o<1/(8d)}) <exp (—cldr In (dﬁ)) (31)

r

and similarly for 7. Below we prove (31) only. Its counterpart for 77 follows the same lines,
one just needs to apply Proposition 3.8 with Remark 3.9 below (with a slight modification
of the net constructed above).
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To prove (31) we first approximate vectors in T} by elements of the net A/ constructed
above. By the union bound, this will reduce (31) to estimates on the net. Then, applying
Proposition 3.8, we obtain a probability bound for a fixed vector from the net. As usual,
the balance between the probability bound and the size of the net plays the crucial role.

Fix two parameters n := 1/(9d%) and a = 1/(4d) — 7, and take k; = pn — mg, ky =
(1 — p)n as in the construction of the net N above. We start by showing how an element
of T} is approximated by an element from N. Let z € T;" and assume for simplicity that
|z1| > |xo| > ... > |x,| (that is, z = 2*). Recall that A, is the unique real number satisfying
(26). By the definition of T}" it is easy to see that there exists a partition J, Jo, I of [n] such
that

|J =7, |Jo| =k, |I|=n—1—ky,
ViedJ j>mg and z; >\, +1/(2d).

Since |z,,| = 1 and there is i > mg such that z; > A\, + 1/(2d), we observe that A, < 1.
Since for i < mg we have either z; > 1 or x; < —1, then Jy N Iy = 0, where Iy = [mg]. Note
also that JN Iy = (), hence Iy C I. Set H = JU(I\Iy) and L = Jy. Then |H| = ky, |L| = ko,
and A := I§ = H U L. By the definition of Ay and Ay there exist ' € Ay and y” € AL
such that

1Prz — Pyl <n  and  [[Prz — Pry’[l <.

Therefore y := 3/ +y" € Ag@® Ay satisfies | Pax — Pay||ooc < 1. Moreover, by the construction
of the net y € AC(p),

VieL y =y =\ and Vied yi— A >ai— X — 21> (2d)7" — 2 = 2a.

Thus we showed that for every x € T} there exist H, L C [n] with |H| = pn — my, |L| =
(1—=p)n,and y € I'(H,L) =T,,.(H, L) such that ||Psz — Pay|| <. Note also, that given
H and L one can “reconstruct” Iy as Iy = [n] \ (H U L).

Moreover, denoting

S := S}, = [n]\ supp ZXZ"

i€lp

and observing that PsM Py, = 0 (indeed, for every ¢ € S and j € I, one has p;; = 0), we get

|PsMylloo = [[PsMz + PsM(y — z)|loo = ||PsMx + PsMPa(y — )|
< ||PsMz||oo + [|[PsMPs(y — ) |loo < [|M2||oo + ([ M : loo — Lol n
<1/(8d) +nd < a,

provided that ||Mz|« < 1/(8d). Thus, by the union bound, we obtain

P <D P({M €M,y : |[PsMy|s < a}),
yeN

where S = S(y) = S5, Io = Io(y) = [n] \ (H U L) whenever y € I'(H, L).
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Finally we estimate the probabilities in the sum. Let H,L C [n] be such that |H| =
pn —mg, |L| = (1 —p)n, and y € I'(H,L), J be from the definition I'(H, L) and S be
as above. Let I = [n]\ (JUL). Then I, J, L form a partition of [n] with |J| = r and
|I| = pn — r. By assumptions of the lemma, this partition satisfies (22). Note also that
assumptions on mg and r imply med < n, hence |S| > n — moed > 0, and (23) is satisfied
with ¢ := mod (with ¢; = ¢//2). By the definition of I'(H, L) the vector y satisfies

Vie L y; =2\, and VielJ y;— A, > 2a.

Applying Proposition 3.8 with the partition {/, J, L}, the vector y, and the set S, we obtain

P({M € M, 4 : |PsMylls < a}) <exp (—2cldr In (d£>> :

r

Since n = 1/(9d?), by (29) and (30), this implies

<o (~2urin (7)) < (M) e (<20 () < o (-ewarn ().

which completes the proof. O

In the next lemma we prove an analogous statement for the set which is complementary
to T7. Recall that 2. was introduced in Theorem 3.1 and let ¢y be the same constant as in
that theorem.

Lemma 4.5. Let € € (0,1/4). Let mg, my,r be positive integers such that
my = mg + 2r < min{mg/(2¢), coen/d}.
Consider the following subset of almost constant vectors
T, = {x € ACT(p) : either |z, |=0 or (lz; =1 and |J,|<2r)}.

Then
Qe C5T2 = {M EMmd Ve ey MSL‘#O}

To prove the lemma we need the following simple observation.

Claim 4.6. Lete € (0,1/2), 1 <d <n, and 1 <m < coen/d, where ¢y is the constant from
the definition of Q.. Let M € Q). and I be the set of indices corresponding to rows having
exactly one 1 in columns indexed by [m], i.e.

I={i€ Sy : [supp R; N [m]| = 1}.

Then |I| > (1 —2e)dm > 0.
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Proof. Since M € ().,
‘S[m]‘ > (1 — e)dm.

Since rows R;, i € I, have exactly one 1 on [m], while other rows indexed by Sj, have at
least two ones on [m], we observe

1]+ 2(Spm| = [1]) < dm.
This implies the desired result. O

Proof of Lemma 4.5. Let M € (), and x € T,. For simplicity assume that z = z*, so
that |z1| > |xe| > ... > |2,|. Our proof consists of the following three cases.

Case 1: |z,,,| = 0. Let m, > 1 be the largest integer such that |z, | # 0. Clearly
mg < myg. Let I, be the set of indices corresponding to rows having exactly one 1 in columns
indexed by [m,]. By Claim 4.6, I, # (). Thus there exists a row R;, i € I, and a unique
j € [my] such that p;; = 1. This implies

Case 2: |z,,| =1, |J.| <2r, and A\, < 1/(2d). In this case the cardinality of the set

is less than 2r. Since m; — mg = 2r, we have |z,,,| < A\, +1/(2d) < 1/d.
Let J; = [m;], j = 0,1. We first show that there is a row R; such that

lsupp R, N Jo| =1 and |supp R; N (J1\ Jo)| =0. (32)

Let I be the set of indices corresponding to rows having exactly one 1 in J;. By Claim 4.6,
|I| > (1 — 2¢)dmy. Since the number of nonzero rows on Ji \ Jy is at most d|.J; \ Jo|, the
number of rows satisfying (32) is at least

(1 — 25)dm1 — d(m1 — mo) = d(mo — 25m1) > 0,

that is there exists a row R; satisfying (32). Denote jo € Jy the only coordinate of Py R;
which is equal to one, i.e. g, = 1 and for every j € Jy \ {jo}, wi; = 0. Therefore if
j € supp R; and j # jo then j > my and |z;| < |z, |. Since |z, | < 1/d, we observe

d—1
(Ma) = (R @) = lojol = D gl = [omg] = (d = Dl | 21 = ——= > 0.
Jjé€supp Ri;
J#31
Case 3: |z, =1, |J:| <2r, and A, > 1/(2d). Consider the set

J={i<n :0<z <\ +1/(2d)}.
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Then A := J¢ C [mg] U J,. Thus |Sa| < (my + 2r)d < n. Therefore, there exists a row Rj,
jJ ¢ Sa, such that supp R; C J. This implies

(Mz); = (R;,x) = ij > 0.

Thus in all cases Mx # 0, which completes the proof. O

Proof of Theorem 4.1. Recall that as we mentioned after the theorem it is enough to
bound the probability of the event £4¢+.

Let ¢, ¢g, ¢1 be constants from Lemmas 4.2 and 4.5. We choose £ > 0 to be small enough
constant (¢ = min{1/8, c1cq/4,32¢c/co} would work), mg = |2coe®n/d| and r = |mg/(8¢)]| ~
coen/(4d), so that assumptions of Lemmas 4.2 and 4.5 on mg and r are satisfied. Finally,
for a sufficiently small absolute positive constant ¢; we choose the biggest p < ¢3/Ind such
that pn is an integer. Then assumptions of Lemma 4.2 on p are also satisfied (note that it is
enough to prove the theorem with the biggest possible p). Therefore, applying these lemmas
together with Theorem 3.1, we have

P(€r,) > 1 - 2exp(—cn) and B(€n) > B(Q) > 1 —exp (—adln (2F)).

where T3, Ty are events from the lemmas and ¢;’s are absolute positive constants. Since
EACT D &r, N Er, we obtain the desired result by adjusting absolute constants. O

4.2 Auxiliary results
4.2.1 Simple facts

We will need the two following simple facts.

Claim 4.7. Let p € (0,1/3] and x € R™. Assume that
VAeR [{i:z; =2} <(1-p)n.
Then there exists J C [n] such that
pmm<|J|<(1—pn and VieJVj¢J z;#uzx,.
Remark 4.8. We apply this claim twice, once in the following form. Let m < n and
¢ <m/3. Let S C [n], |S| =m, and let v € R™ satisfy VA e R |{i € S : z; # A\}| > (.
Then there exists J C .S such that

(<|J|<m—+{ and VieJVjeS\J v #v,.
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Proof of Claim 4.7. Let {)\,..., A} be the set of all distinct values of coordinates of .
For j <k, let I; = {i : z; = \;} and m; = |[;]. Clearly, m; < (1 — p)n for every j. By
relabeling assume that m; > mgy > ... > my. If my > pn, choose J = [;. Otherwise set
J =1 U..UI, where ¢ is the smallest number satisfying m := [J| = my + ... + my > pn.
Since m; < my < pn for j <k, then m < 2pn, and this implies

pn < |J] <2pn < (1= p)n.

O

Let A, Ay, ..., A,, be sets such that every x € A belong to at least k of sets A;’s. Then
we say that {4;}; forms a k-fold covering of A.

The proof of the following fact uses a standard argument in measure theory, so we omit
it.

Claim 4.9. Let (X,u) be a measure space. Let A, Ay, ..., A, be subsets of X such that
{A;}; forms a k-fold covering of A. Then

ku(A) < 3 p(Ay).

4.2.2 Combinatorial results

In this section we prove a Littlewood-Offord type result, which will be one of key steps in
the shuffling procedure.
Consider a probability space

Qo= {B C[2d] : |B| = d}

with the probability given by the normalized counting measure. For a vector v € R?? and
B € Qg denote
vB = Z (U

i€B

Proposition 4.10. Let 1 < k < d. Let v € R* and a € R. Assume there exists J C [2d]
such that |J| = k and for every i € J and every j & J one has v; # v;. Then

To prove Proposition 4.10 we need two combinatorial lemmas. We start with so-called
anti-concentration Littlewood-Offord type lemma ([13], see also [19]). Usually it is stated
for +1 Bernoulli random variables, but by shifting and rescaling it holds for any two-valued
random variables, where by a two-valued random variable we mean a variable that takes two
different values, each with probability half.
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Lemma 4.11. Let &, &, ..., &, be independent two-valued random variables. Let x € R™.
Then

SUPP’(ZSm = a> < |supp z|~/*.
=1

a€R

Let IIy4 be the permutation group with a probability given by the normalized counting
measure and denoted by Pp,,. By m we denote a random permutation. The proof of the
next lemma is rather straightforward, we postpone it to the end of the section.

Lemma 4.12. Let 1 <k <d. Let x € R* and J C [2d] be such that |J| = k and for every
i€ J and every j & J one has x; # xj. For m € llyq let

E = E(r) = {(Tr@), Tr(ita)) : @ < d, Tri) 7 Tr(itd) }-

k B\
< — ) < | — .
P, (|E| = 50) = (1.1d>

Proof of Proposition 4.10. Let B be a (set-valued) random variable on €g. Let
0 = (01,...,04) be a vector of independent Bernoulli random 0/1 variables (P(¢; = 1) = 1/2
for i < d), and Q denote the corresponding probability space. Consider a random (on
[Ty x 2) set of indexes

Ao, m) =A{r(i) : 0; =1} U{m(i+d) : 6; =0} C [2d].

Then

Note that |A(d, 7)| = d. It is not difficult to see that for every fixed §, A(d, 7) has the same
distribution as B. Therefore, A(d,7) on Iy x  has the same distribution as B on .
Thus, given v € R??, the random variable v has the same distribution as v A@,m)- Now we
introduce the following random variables on Ils; x €Q:

& =& = 6@ + (1 = 05)Vn(ita)-
Note that P(&; = vr@)) = P(& = vr(iva)) = 1/2 and that
d
vam = Y, ui=) &
i€ A(5,m) i—1

Moreover, if we condition on 7, the random variables & = &|, are independent, hence we
can apply Lemma 4.11. Denote by m(7) the number of two-valued ¢;’s. Then

Pﬂ(if_i = CL) <

Finally, we note that by Lemma 4.12 we have many permutations with large m(7), namely

m(r)

P, (m(r) < k/30) < (ﬁ)/
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Thus . o3
50 k
P(L6=a)< ?*(m) -

This implies the desired result. O

Proof of Lemma 4.12. Without loss of generality we can assume that x; =1 for i < k
and z; = 0 for 7+ > k. Let m be a random permutation uniformly distributed over Ily4. The
basic idea of the proof is to condition on a realization of a set {i < d : ;) = 1} and
show that the conditional probability of the event |F| < k/50 is small regardless of that
realization.

Let A= {i <d: x4 = 1} be arandom subset of [d]. Fix a subset Ay C [d] with |Ao| <k
(then the event A = Ay has a non-zero probability). Denote m := |Ay|. Further, define a
random subset Ey = {i € Ay : Tr(i1q) = 1}. Clearly, we have |E| = m—|Ey|+(k—m—|Ey|) =
k — 2| Ey| everywhere on the event {A = Ag}. Let a parameter 3; € (0,0.1) be chosen later.
Consider three cases.

Case 1: m < (1—(1)k/2.  Then clearly we have |E| > k — 2m > 1k everywhere on the
event {A = Ap}.

Case 2: m > (14 1)k/2. Since |Ey|+m < k (deterministically), we have |E| > 2m —k >
Bk everywhere on {A = Ap}.

Case 3: (1—1)k/2<m < (1+ 1)k/2. Note that the set {r(d+1),7(d+2),...,7(2d)}
contains £ — m ones and d — k 4+ m zeros. Thus, for every ¢ < k —m we have

pei=BllE] = 4= a0 = 5 (7) (0 )= mtd = k.

where the second factor is the number of choices of subsets E of Aj of cardinality ¢, the third
factor is the number of possible choices of the set {d+1 < i < 2d : Trey = 1 and q_q) = 0}
provided that |Ey| = ¢, and the factors (k — m)! and (d — k + m)! are the numbers of all
permutations of ones and zeros in the last d positions. Therefore,

A\ (k—m\ [(d—k+m
be= m 14 m—
We choose 3 > 3/4 from (1 —3)(1—/1)/2 = 4, and set f; = 1 — . Using Chernoff bounds,

we observe
st m— /¢ i 14 - Bom — \ fam

Since k < 2m/(1 — ;) and 2/(1 — 31) — 1 — § = 2035, then for £ > m,

() () ()= ()
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Therefore we have
Bm

S ()" ()75 0 (27 (5 )

ezﬁmm ~\d 20, Bamn T \d Ba B 2d Ba '

Choosing 1 = 1/50 we obtain

PN
< | — .
2 ;< (1.1d)

>06m
On the event {A = Ay} we have |E| > m — | Ep|, hence
P(E[ < (1-B)m|A=A) < Y p
£>PBm

Using that m > (1 — 81)k/2 and that (1 — 3)(1 — 31)/2 = 1 we obtain

B\ /3
P(|E| < A=A) < |—
(el <mi | A=< ({h)

which completes the proof. O

4.3 Proof of the main theorem

In this section, we complete the proof of the main result for adjacency matrices. The general
scheme is similar to the one in [9, Section 4]. The main idea of the proof of Theorem A can
be roughly described as follows: after throwing away all small “bad” events (namely, the
existence of almost constant null vectors, big zero minors, and rows with largely overlapping
supports) we split the remaining singular matrices from M,, 4 into two sets

Ey={MeM,,:tkM=n—-1} and Ey={MecM,,: kM <n-—2}.

Then, combining linear-algebraic arguments (Lemmas 4.16 and 4.17) with the shuffling pro-
cedure (Lemma 4.14), we show that E; and FE; have a small proportion inside the sets
Mg and {M € M, 4: tkM < n — 1}, respectively. This implies that £y U E5 has small
probability.

The argument is rather technical and involves various events and “linear-algebraic” ob-
jects. To make the reading more convenient, we first group the notation used in this section.

4.3.1 Notation

For every k < n, let
EL = {M € Mn,d stk M < k}

Our purpose is to estimate the probability of the event &,,_1.
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Let M be a matrix from M,, 4 with rows R;, i < n. For every i € [n], we denote by
M the (n — 1) x n minor of M obtained by removing the row R;. Further, take a pair of
distinct indices (7,7), i # j < n. By M* we denote the (n — 2) x n minor of M obtained by
removing the rows R;, R;. Additionally, define

‘/z',j = ‘/z,](M> = span{Rk, k 7é Z,j} and E,j = FZJ<M) = span{V,-,j, RZ + Rj}

In what follows, we write simply V; ; and F; ; instead of V; ;(M) and F; ;(M) as the matrix
M will always be clear from the context. Note that the random vector R; + R; and the
random subspaces V; ; and F; ; are fully determined by the (n — 2) X n matrix M*.

As we see later, to be able to successfully apply the aforementioned shuffling to a pair
of rows R;, R;, we will need at our disposal a vector orthogonal to the subspace F;; such
that its restriction to the union of the supports of R; and R; has many pairs of distinct
coordinates. Of course, such a vector may not exist for some matrices M € M,, ;. We start
by defining for every ¢ € [n] and i # j < n a “good” subset of M,, 4 as follows:

EY(q)={M € M, 4: v L F;; such that (33)

VAER [{k €supp (Ri+ R;): v # A} > g}
For a matrix in this set we fix one vector satisfying (33), in fact we define it as a function
of the matrix. The crucial fact for our proof is that since F;; and R; + R; are uniquely

determined by M*%, we can fix such a vector for the class of matrices “sharing” the same
minor M*".

Definition 4.13. Given M € £%(q), consider the equivalence class
Hijla) = {M € £(q) + M = M7},
For every equivalence class H}j(q) fix one vector v =v(M,q,1,j) satisfying
vl F; and VAeR |{kesupp(R;+ R;): vy # A} > q. (34)

Whenever ¢ and the indices 7, j are clear from context, we write v(M) instead of v(M, q, i, 7).
One of the key ideas of the proof of Theorem A is to show that for most matrices M in H}\’f(q),
the vector v(M) does not belong to the kernel of M. To this end we introduce a subset of

£4(q)
K2 (q) = {M € £"*(q) : v(M) € ker M }.

In Lemma 4.14 below we will show that the ratio |K'?(q)|/|M,.a| goes to zero as d — oo.

As we mentioned above, in the proof we essentially restrict ourselves to the set of matrices,
which have no almost constant null-vectors, no big zero minors, and no rows with largely
overlapping supports. To define this set formally, let 0 < p < 1/3, 2 < ¢ < d/2, and
e € (0,1). Denote

0 =0O(p,q,¢) ==& (p) N2\ Q°(p/2q,p/2),
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where Q2. Q%(p/2q,p/2), and £4°(p) were introduced in Proposition 3.3, (20), and (27),
respectively. By Proposition 3.3, Theorem 4.1 , and (21) we have

2 d ed d cd d ed d ed/2
<5 (&) () oo () ()
2 \en n en en

provided that p < ¢;/Ind, ¢ = cp?d, c3/e* < d < en/6 and ¢ is small enough.

Further we will need two more auxiliary events dealing with the (n —2) x n minors M/
of M. For i # j, introduce

Si’jz ={MeM,,: tk M =n —2 and R+ R; ¢V},

n—

and

EV={M e M,q: Ri,R; €V}

Note that for every M € £ we have rk M = rk M*/. In the next section we prove several
statements involving events &7 ,, €7, and K'?(q).

4.3.2 Proof of Theorem A

The next lemma encapsulates the shuffling procedure. Recall that 22 was defined in Propo-
sition 3.3.

Lemma 4.14. Let € € (0,1) and 2ed < q < 2d/3. Then

P (K" (q) | €M (q) N Q2) < N

Proof. Note that
K (q) ={M € £%(q) : (v(M), Ry) = 0}.

Let M € £'%(q) N Q2. Denote
S12 = S12(M) = supp Ry Usupp Ry,  S1,2 = s1,2(M) = supp Ry Nsupp Ry
and set
S=S(M)=>512\512 mi=|S12], ma=]s12|, and m=]|S|.
Note that m; = 2d — my and m = m; — my = 2(d — my). By the definition of Q2 we have
my >2(1—¢e)d and my < 2ed.

By (34), the vector v := v(M) satisfies VA € R |[{i € S : x; # A}| > ¢ — my. Since
q —mg <m/3, by Claim 4.7 (see Remark 4.8) there exists J C S such that

g—me < |J|<m—(qg—mg) and Vie J Vje S\J v #vj. (36)
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We compute the desired probability as follows. For every (fixed) M € £%2(q) N Q? consider
the equivalence class

Far = HY2 ()N Q2 = {MEELQ(({)HQE MM = M“}

Note that by construction S; Q(N) = 512(M) = S12, 51 2(]\7) = 512(M) = 512 and U(N) =
v(M) = v for every matrix Min F M- Therefore it is enough to show that the proportion of
matrices M € Fy satisfying (v, Ry(M)) = 0 is small. Every matrix M € F; is determined
by its minor M2 (which is fixed on Fy;) and its first row R;(M). Thus to determine a
matrix in Fj, it is enough to choose a support of the first row, which is a subset of S s.
Since my elements in supp R, are fixed (as sy is fixed) then we have to calculate how many
(d — my)-element subsets B of m-element set S exist so that

URl Z UZ_7

ZEBUSl 2

Zvi:a::—Zvi.

i€EB 1€51,2

that is

For vectors v = v(M) satisfying (36) this was calculated in Proposition 4.10 (note that
m = 2(d — ms), a is independent of B C S and apply the proposition with ¢ — my and m/2
instead of k and d). Applying this for all classes Fj;, we obtain the desired bound. O

In what follows, we will show that, up to intersection with © N EV2(q) N €2, (resp.,
O NEY2(q) NEL), the event By = &, 1 \ E_a (tesp., By = &, 9) is a subset of K£?(q),
hence has a small probability. Our treatment of singular matrices M with tk M =n — 1
and tk M < n — 2 is slightly different, although the general idea is the same — at the first
step, given a singular matrix M, we fix a left null vector y = y(M) and a right null-vector
x = 2(M) and choose a row R; such that rk M* = rk M and  has many distinct coordinates
on R;. On the next step, we choose a second row R; so that the minor M* is of maximal
rank, that is tk M/ = n — 2 in the case tk M = n — 1 and tk M/ = 1tk M in the case
rk M < n — 2. We also show that there are many choices for such 7 and j. Finally, using
the shuffling, we show, in a sense, that we can increase the rank of a matrix by “playing”
with rows ¢ and j only, i.e. that the events &,_5 and &,,_; are small inside &,_; and M,, 4
respectively. The next lemma describes the set of “good” i’s for the first step.

Lemma 4.15. Let 0 < p < 1/3, and q > 2 be such that pn/2q is an integer. Further, let
M€ &1 NEY(p)\ Q2 (p/2q,p/2)
and x € ker M \ {0}, y € ker MT \ {0}. Consider the set of indices
In(z,y) ={i €suppy: VAER [{j €supp R; : z; # A} > ¢}
Then
| Tae (2, )| = pn/2.
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Note that for y € ker M* we have >, y;R;, = 0 and Ip(x,y) C suppy. Therefore
removing the row R;, i € Ip(z,y), we do not decrease the rank of M, that is rk M = rk M.

Proof of Lemma 4.15. Since x ¢ AC(p) and p < 1/3, by Claim 4.7 there exists a subset
J, C [n] such that

m<|J ] <A—pn and Vie J,Vj&J, x; #ux,.

Now we compute how many rows have more than ¢ ones in .J, and more than ¢ ones in J¢.
Since M & Q°(p/2q, p/2) then applying Lemma 3.6 with a = p/(2¢) and 3 = p, we get

{i : |suppRiNJ| > q} > (1 —p/2¢)n and [{i : |supp R; N JS| > q}| > (1 — p/2q)n.
Therefore
[{¢ : |supp RiNJz| = ¢ and  |supp Ri N J7| = ¢} = (1 —p/q)n.
By the construction of the set J, this implies that the set
I'={i : YAeR |{jesuppR; : z; # A} >¢q}

has cardinality at least (1 — p/q)n. Finally, since y ¢ AC(p), we have that |suppy| > pn,
which implies

[In(z,y)| = [I Nsuppy| > pn — pn/q = pn/2,
and completes the proof. O

Now we consider the set of matrices M € © with tk M <n — 2.

Lemma 4.16. Let p,q salisfy the assumptions of Lemma 4.15, ¢ € (0,1), and let € =
En—2NO with ©® = O(p,q,c). Then

P(E) <2p 2 P(E7NEY(q) N E).
Proof. Fix M € €. There exist x € ker M \ {0} and y € ker MT \ {0}, that is

Vi<nzl R, and Z yiR; = 0.

1ESUpp Y

Note that by the definition of © we have z,y ¢ AC(p). We compute how many ordered
pairs (i, ), i # j, satisfy

R,R;€V;; and VAXeR|{kesupp(R;+R;): x# A} >q.

By Lemma 4.15, the set Ip(x,y) satisfies |Ip(x,y)| > pn/2, and for every i € Iy (z,y) we
have rk M* = rk M. Next, since rk M < n — 1, the set ker(M*)T \ {0} is non-empty, i.e.

Fy € R"\ {0} such that y” =0, > y'R;=0.
j=1
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Clearly y¥ € ker M7\ {0}, and, since M € £4¢(p), y has at least pn non-zero coordinates;
moreover, '
Vj <n such that yj(-z) #0 onehas R;€V;;.

This shows that for every M € £ there are at least (pn)?/4 pairs (i, ) with ¢ < j satisfying
R;,R; € V; ;. Obviously x L F; ; for every ¢,j < n. Hence for each pair (7, ) we have

Ri,R;j€V,j, x L F,; and VA€R [{k esupp (R;+ R;): zx # A} > g,

implying that M belongs to at least (pn)?/4 distinct subsets among {E€% N EY(q) N E}iey.
Thus, {7 NEY(q) N E}ic; forms a ((pn)?/4)-fold covering for €. Since

P(ETNEY()NE) =P (EFNEY (g NE)
then applying Claim 4.9, we obtain

(pn)2 n

=P < Y P(EINEI(QNE) = M P(EZNE(QNE).

1<j

This completes the proof of the lemma.

Now we treat the case when a matrix has rank n — 1.

Lemma 4.17. Let p,q satisfy the conditions of Lemma 4.15, € € (0,1), and let £ = (E,-1 \
En—2) N O with ©® = O(p,q,e). Then

P(&) <2p 2 P(E,%NEM (g NE).

Proof. Repeating the first step of the proof of Lemma 4.16, we fix M € &, x € ker M \ {0},
y € ker MT\{0}. Then by Lemma 4.15 the set of indices Ij;(x,y) has cardinality | I/ (z,y)| >
pn/2 and for every i € Iy (x,y) the (n — 1) X n minor M* satisfies rk M* = rk M.

Now, we calculate how many ordered pairs (7, j), i # j, exist such that

rkMi’j:n—Q and RZ+R]¢‘/17]

Let i € Ip(x,y). Since y ¢ AC(p), there are at least pn choices of j such that y; # y;. Fix
such a j. We claim that then R; + R; ¢ V; ;. Indeed, otherwise

Ri+R;=) zk
04£ij

for some z, € R, hence there exists w € ker M7\ {0} such that w; = w;. Since the dimension
of ker M7 is one, we have y = Aw for some A € R, which contradicts the condition y; # y;.
Therefore, there are at least (pn)?/2 pairs (i, ) with ¢ # j satisfying

rkMi’j:n—Q, Ri+Rj¢‘/i,ja
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and
r L Fj, VAeR |{kesupp(Ri+ Rj) : x # N} > q.
In other words, the matrix M belongs to at least (pn)?/2 events £7, N EY(¢) N E. Thus,
we proved that {€,7, N E(q) N E}ic; forms a ((pn)?/4)-fold covering of €. Since for every
1 <7, N .
P(E7,NEY(q)NE) =P (£2,NEY(q)NE),
then applying Claim 4.9, we obtain

)l pe) < YR (e, neigne) = Ve ey nezgne).

1<j

and the proof is complete. O

We now can finish Theorem A.

Proof of Theorem A. Let p, g, € be chosen later to satisfy assumptions in the correspond-
ing statements. By Lemmas 4.16, 4.17 and (35) we obtain

ed/2
P(E, 1) < P(E,-51O) + P((Ens \ Ers) N O) + (g)

ed

<2p*(P(A) +P(B)) + (g)sdﬂ,

where
A=E7NEY()NE, 2NO and B=E2NEY Q)N (Er\Ea)NO.

We show now that
AUB C K" (q)nEY(q) N Q2.

In other words, we verify that for a matrix M € AU B the vector v(M) € Fi', (see Defini-
tion 4.13) belongs to ker M.

Indeed, if M € A, then Ry, Ry € Vi5. Using the condition v(M) € Flf2 we immediately
get v(M) € ker M.

If M e Bthentk M =n—1,tk M" =n—2 and R, + R, ¢ Vi2. Therefore dim [y 5 =
n — 1. Since ker M C FfQ and dimker M = dim FfQ = 1 we infer ker M = FfQ and thus
v(M) € ker M.

Finally note that A and B are disjoint, so P(A) +P(B) = P(AU B). Applying Lemma
4.14 we obtain

d ed/2 20 ed ed/2
P(E,_1) < 2p7 2P (K (q) N EM2(q) N Q2 e = — .
E) <2 R nEH ) + (5) = 2 (4

Finally we choose the parameters. Let ¢y, co be sufficiently small positive absolute constants.
Choose p = ¢;/Ind and q to be the largest integer not exceeding cop?d = cycod/Ind (we
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slightly adjust ¢y, ¢y so that pn/2q is also an integer). Let ¢ = ¢/(4d) ~ 1/In*d (note that
then the condition c3/e? < d < en/6 needed in (35) is also satisfied). Then we obtain the

desired bound.

Remark 4.18. We could choose ¢ = —cdp/Inp ~ d/((Inlnd)Ind), then ¢ = ¢/(4d)
1/((Inlnd)Ind). This would lead to the restriction d < en/((Inlnn)lnn) instead of d
cn/In*n in Theorem A.
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