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ABSTRACT. An old conjecture states that among all simplices inscribed in
the unit sphere the regular one has the maximal mean width. An equivalent

formulation is that for any centered Gaussian vector (i,...,&n) satisfying
E{%:-u:Efn:l one has
[ n
E max{&1,...,&n} < m]Emax{m,...,nn}7
where 11,72,..., are independent standard Gaussian variables. Using this

probabilistic interpretation we derive an asymptotic version of the conjecture.
We also show that the mean width of the regular simplex with 2n vertices
is remarkably close to the mean width of the regular crosspolytope with the
same number of vertices. Interpreted probabilistically, our result states that

1< E max{‘ﬁl|7~--7\77n|} < min 2n , 1+ C ,
E max{ni,...,m2n} 2n—1 n logn

where C' > 0 is an absolute constant. We also compute the higher moments
of the projection length W of the regular cube, simplex and crosspolytope
onto a line with random direction, thus proving several formulas conjectured
by S. Finch. Finally, we prove distributional limit theorems for the length
of random projection as the dimension goes to co. In the case of the n-
dimensional unit cube @, we prove that

/2 -3
Wao,, — o i> N (0, Ul ) s
T Nn—o0 T

whereas for the simplex and the crosspolytope the limiting distributions are
related to the Gumbel double exponential law.

1. CONJECTURE ON THE MEAN WIDTH

1.1. Introduction. The mean width of a compact convex body K C R™ is the
expected length of a projection of this body onto a line with uniformly chosen,
random direction. That is, the mean width equals E [W]|, where

Wk = Sllp<U, t) <U? t>7
teK

— inf
tek
and U is uniformly distributed on the unit sphere S*~! c R™.
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How should n + 1 points be arranged on the (n — 1)-dimensional unit sphere
So as to maximize the mean width of their convex hull? An old conjecture states
(see [14, Section 9.10.2]) that the arrangement must be regular.

The mean width is just a multiple of the first intrinsic volume V;, namely

(=)

(%)

(1) Vi(K) = V7

E [Wk];

see [20, p. 210]. The first intrinsic volume has the advantage of not depending on
the dimension of the surrounding space. Hence the conjecture can be formulated
as follows:
(2) sup Vi(conv(zy,...,2n41)) = Vi(Th),

L1,y Tpp1 €S
where T}, is a regular simplex with n + 1 vertices inscribed in the sphere S* !, and
conv denotes the convex hull.

This question is surprisingly hard. Several authors [13, 3, 4, 23] assumed the
existence of a proof, but the problem is still open. Besides very natural formulation
in Convex Geometry this problem is very important in Information Theory, as it is
closely related to the the long-standing simplex code conjecture [8].

1.2. Probabilistic statement. The conjecture can be reformulated in terms of
Gaussian processes in the following way. Throughout the paper, n = (m1,...,7,)
denotes a standard Gaussian vector in R™. Consider a compact set K C R™. Using
the fact that the norm and the direction of 7 are independent, it is not difficult to
derive Sudakov’s formula

(3) Vi(conv(K)) = V21 E sg}g(n,x)

(see [21] for details and for a generalization to the infinite-dimensional case, or
Theorem 3.1 in the present paper for a more general result). This probabilistic
interpretation of the first intrinsic volume allows to reformulate the conjecture as
follows.

Proposition 1.1. For every integer n > 2 the following two statements are equiv-
alent:

(i) One has
(4) sup Vi(conv(zy,...,zn)) = Vi(Th-1),

and the equality is attained iff x1,...,x, are vertices of a regular simplex.
(ii) For every centered Gaussian vector (&1,...,&,) satisfying

() Ef = =EG =1,

one has

(6) Emax{fl,...,ﬁn}SM%E max{n1,..., M},

and the equality is attained iff E[£;€,] = —1/(n — 1) for all i # j.
Proof. First of all note that

(7) sup Vi(conv(zy,...,2,)) = sup Vi(conv(yi, ..., yn))
Ty, T €S2 Y1y, Yn €SP
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because there is an (n — 1)-dimensional affine subspace (and hence, an (n — 2)-
dimensional sphere of radius at most 1) containing yi,...,y,. Therefore, we can
restate (i) as follows:

(8) sup Vl (COHV(yh cee 7yn)) = Vl (Tn—l)a

Y1yeeeyYn €SP
and the equality is attained iff yq, .. ., y, are vertices of a regular simplex centered at
the origin. Let {e1,...,e,} be a standard orthonormal basis in R”. As a realization
of such a simplex we can take the convex hull of the points

n < el+...+en) )
v; = e; — , t1=1,...,n.
n—1 n

To see this, note that the (n — 1)-dimensional regular simplex

Sp—1:=conv(ey,...,e,)

can be inscribed in an (n — 2)-dimensional sphere of radius /(n — 1)/n centered
at (e1 + ...+ ey)/n. It follows from (3) applied to K = S,,_; that

(9) Vvl(Tn—l):\/nﬁl‘/l(sn—l):\/ﬂ " EmaX{Ul,---Jln}-

n—1

To any points y1, . . ., yn € S"~! we associate a centered Gaussian vector (1, ..., &,)
such that E€? = --- = E£2 =1 via
§1 = <777y1>7 vy n = <777yn>
If we agree to identify two Gaussian vectors if they have the same distribution and
two tuples (y1,...,yn) and (yq,...,yy,) if (i, y;) = (yi, y;) for all i, 5 € {1,...,n},
then this correspondence becomes one-to-one because Cov(&;, &) = (i, y;). It
follows from (3) that

V2r E max{&1,...,&. = Vi(conv(yr, ..., yn))-
The Gaussian vector corresponding to the points vy, ..., v, satisfies
E[&i&j]:<Ui?vj>:_1/(n_1)7 7’7&]
Taken together, the above considerations show the equivalence of (i) and (ii). O

1.3. Asymptotic version of the conjecture. We now show that (2) holds asymp-
totically.

Theorem 1.2. For some absolute constant C > 0 and alln € N,

log 1
Wi(T,) < sup Vi(conv(zy, ..., xne1)) < VA(TY) (1 L ols Ogn> .
Ty €571 logn
Proof. The first inequality is trivial because we can take x1,...,z,41 to be the

vertices of T,,. Replacing n by n — 1 and using (7) we can restate that second
inequality as follows: For all n > 2,

log1
sup  Vifconv(zr,....xn)) < Vi(Too) (1 + (;Ogogn>
T1yeeey Ty €S logn
Fix z1,...,7, € S""!. For k = 1,...,n define Gaussian random variables & :=

(xk,n) and note that & has zero mean and unit variance. It is known (see, e.g., [7,
p. 138]) that

(10) E max{&,...,&,} < +/2logn.
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We provide a proof for the sake of completeness. For ¢t > 0 one has

exp (tE max{&,...,&,}) < E exp (tmax{&,...,&})
= E max{e!®, ... e} < ZEetik = net’/2.
k=1

Letting t = v/2logn yields (10).
On the other hand, it is well-known in the theory of extreme values, see [15,
Theorem 1.5.3 on p. 14] and [19], that

logl
(11) IEmax{m,...,nn}:\/210gn—0(\(;g212%>7 n — oo.

Using (3) and (10), we obtain
Vi(conv(zy,...,x,)) = V21 E max{&,..., &} < v/4nlogn.
Combining this with (9) and (11) gives

n—1 loglogn\\ "
Vi(conv(zy,. .., 2n)) < Vi(Th-1) - n <1_O<igi))

= Vi(Thy) - <1 +0 (bglogrL)) ’
logn

as n — o0o. This proves the claim. ([

2. REGULAR SIMPLEX AND REGULAR CROSSPOLYTOPE

In this section we compare the mean width of the regular simplex 75, _1 to the
mean width of the regular n-dimensional crosspolytope defined by

C,, = conv(tey,...,te,).

Note that both T5,—1 and C,, (which can be considered as a degenerate simplex)
have 2n vertices and can be inscribed in S?"~2. We will show that conjecture (2)
is true in this special case, that is V1 (C,) < V1 (Ten—1). Moreover, we will prove a
lower bound which shows that the mean width of 75, _; is remarkably close to the
mean width of C,,.

2.1. Mean width and extreme values. It follows from Sudakov’s formula (3),
see also (9), that

(12) Vi(T_1) = V2r %E max{n, ...} = nﬁ Vi(Sa1),
(13) Vi(Cr) = V27 E max{£n,..., 20, } = V27 E max{|m]|,...,|m.|},
where we recall that S,,_1 = conv(ey,...,e,). It is well-known in the theory of

extreme values [15, Theorem 1.5.3 on p. 14] that

_ a7

(14) lim P [max{m,...,nn} SUTL+\/211‘OW:| =e ,

n—oo

T
15 lim P ) < gy 4 —— | = :
5) i Pl < | =
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. . . 2
where u,, is any sequence satisfying v/2mu,e%»/? ~ n, for example!

1loglogn + log(2y/T)
(16) up, = /2logn N .
Note that (15) (together with (14)) expresses the fact that the minimum and the
maximum of 71, ..., n, become asymptotically independent; see [15, Theorem 1.8.3
on p. 28]. Taking the expectation (which is justified by [19]) and noting that the
expectation of the Gumbel distribution on the right-hand side of (14) and (15) is
the Euler constant v, we obtain the large n asymptotics

a7 ViTyr) = Var (u n }%) . n oo,

(18) Vl(Cn) = m (UQn + ?/é%él’rz) y n — oQ.

These formulas are known; see [2], [11, p. 5], [10, p. 8].

2.2. Comparing V;(T2,-1) and V;(C,). We are going to show that distance be-
tween Vi (Ta,—1) and V4 (Cy) is in fact much smaller than the bound o(1/4/2logn)
implied by (17) and (18). First we state the corresponding probabilistic result.

Theorem 2.1. Ifny,...,n2, are independent standard Gaussian variables, then

2n
2n—1

The left hand-side inequality immediately follows from Slepian’s lemma [15,
Corollary 4.2.3 on p. 84] because the random vector (n1,...,72,) is uncorrelated,
whereas the off-diagonal correlations of (1, =1, ..., Mn, —1n) are non-positive. The
proof of the second estimate will be given in Section 4. Theorem 2.1 together
with (12) and (13) implies the following

E max{ni,...,m2n}t < E max{|m|,..., |n|} < E max{n,...,Nan}-

Corollary 2.2. For everyn € N,
2n —1
2n

We now provide a bound which is asymptotically sharper. Its proof will be given
in Section 5.

Vi(Ton—1) < Vi(Cr) < Vi(Ton—1).

Theorem 2.3. Let 11,12,..., be independent standard Gaussian variables. Then,
as n — 0o, one has
1+ 0(1)
E o ml=l14=——2) E AN
et = (14 ) B s, en)

Combining Theorem 2.3 with (12) and (13) yields the following
Corollary 2.4. Asn — oo,

Vi(Ch) = Vi(Ton 1) (1 _ L4o)

4n

)e TG =it (14 e ).

8nlogn

It is possible to obtain further asymptotic terms in (17) and (18), (see, e.g.,
[15, Eq. (2.4.8) on p. 39]) but it seems that none of these expansions can correctly
capture the very small difference between the expectations in Theorems 2.1 and 2.3.

la, ~ b, means an/bn — 1 as n — co.
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3. HIGHER MOMENTS AND LIMITING DISTRIBUTION OF THE RANDOM WIDTH

3.1. Sudakov’s formula for higher moments. Given a convex compact set K C
R™ we denote by W the length of the projection of K onto a uniformly chosen
direction, that is

(19) Wk = sup(U,t) —

inf (U, ),
teK teK

where U has uniform distribution on the sphere S*~!. In this section we study the
higher moments of the random variable Wi

Recall that 7 = (91,...,7n,) denotes a random vector having standard normal
distribution on R™. The isonormal Gaussian process is defined by

E(t)=(nt), teR™
It is characterized by
(20) E[Z(t)] =0, E[E@W})E(s)] = (t,s), t,se€R"™
For a compact set K C R™ define the range of = over K to be
) €

Range =(t) = sup Z(t) — tinlf( =(2).

teK teK

The next theorem generalizes Sudakov’s formula (3) to higher moments.
Theorem 3.1. If the set K C R" is convex and compact, then

r'(3) ( )
————FE || Range =(t .
NCURIINE

If, moreover, the set K is symmetric with respect to the origin, then

(21) EWE] =27%

teK

e T (2 o\
(22) EWE] = 22F(£H2_Z)E l(sup :(t)) ] .

Tsirelson [22] generalized Sudakov’s formula (3) to all intrinsic volumes. After
the acceptance of this paper we have learned that Paouris and Pivovarov extended
Tsirelson’s formula to higher moments (see [17, Prop. 4.1]) thereby proving a more
general variant of Theorem 3.1.

Proof. The standard Gaussian vector n in R™ can be written as
n< RU,

where U and R? are such that

(1) U is a random vector with uniform distribution on the unit sphere in R";
(2) R? is a random variable having y2-distribution with n degrees of freedom;
(3) U and R? are independent.

It follows that we have the distributional equality

(23) Range E(t) = sup(n, t) —
teK

(n,t) < sup(RU,t) — inf (RU,t) = RWk.
teK teK teK

inf
tek
Taking k-th moments of both parts and noting that R and Wy are independent,

we obtain that
k
(Range E(t))
teK

E = E[RF|E[WE].
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The moments E[R¥] of the x2-distribution are known. Inserting the value of the mo-
ment, we obtain (21) (which holds without the symmetry assumption on K). If the
set K is symmetric with respect to the origin, then Range, . =(t) = 2sup, ¢ =(t)
and we obtain (22). O

Remark 3.2. In particular, taking & = 1 in Theorem 3.1 and noting that the first
intrinsic volume is related to the mean width E [Wg]| by (1), we recover from (21)
Sudakov’s [21] formula

(24) Vi(K) = \/Z E [Rtag}(ge E(t)] = V27 E Lsglg E(t)} .

Note that the symmetry assumption on K is not needed in the derivation of (24)
because in the last equality we used only that sup,c; =(t) has the same distribution
as —infie g Z(1).

3.2. Applications to regular polytopes. Theorem 3.1 can be used to prove
several conjectures on projections of regular polytopes which are due to Finch [10,
11, 12].

" be the n-dimensional cube of unit volume. It
=>""_, Ini|. Therefore, by (21),

k
s D (2 -
(25) E[Wgn]:mr(fg“)c)la (Zm)

In particular, taking k¥ = 1 and noting that E|n;| = \/g we obtain that the mean

width is ( )
r(z
EWq,] = == nEin| = =2+,
V2L () vl (557)
or, equivalently, V1(Q,) = n, which is well known. The second moment of the
projection length is given by

T ()

1 9
EW3,]=—E |(Im|+...+ Innlﬂ =El;| + (n— DElpm| =1+ =(n — 1),

where we have used that E|nf| = 1 and E|mng| = (E[m|)? = 2. This formula

has been conjectured by Finch [11, p. 9] who established it for n = 2,3 by purely
geometric arguments [12]. Using (25) it is possible to compute more moments of
W, for example

r(z .

EWg,] =

—_

W (4n3 + (127 — 24)n2 + (44 — 207 + 37T2)n L8r— 24) ’

where we have used that E|n;| = \/g, Elni| =1, Eln| = 24/ 2, Eln{| = 3.

Example 3.4. For the regular crosspolytope C, = conv(zey,...,*e,) we have
Supec, =(t) = max{|n|,...,|n.|} and therefore Theorem 3.1 yields

L)

k
k
E[Wgn] =22 @E [(1?%Xn|m|> ] , keN.
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For k = 2, this formula was conjectured by Finch in [10, p. 3]; see also [11].

Example 3.5. For the regular (n—1)-dimensional simplex S,,_1 = conv(ey,...,e,) C
R™, Theorem 3.1 yields

EWE = 2_%ﬁE max 7; — min 7; '
Sn-1 T ("T“C) 1<i<n ' 1<i<n ’
Note that in this formula, S,,_; is projected onto a random direction in R™, even
though S, is (n — 1)-dimensional.
It is more natural to state the corresponding formula for 7,,_; (which is a reg-

ular simplex with n vertices inscribed in S"=2 C R"~!) projected onto a random
direction in R"~!. As a realization of T},_; we take the points

[ n ( el—i—...—i—en) .
v; = e; — , 1=1,...,n,
n—1 n

in the hyperplane L := {x1 + ...+ x, = 0} C R™ (which can be identified with
R"~1). By (20), the isonormal process = on L satisfies

I a jon (o mt.. A0
Ei))i=1,.n = \/i (T]z n )i_l "

.....

so that for its range on T,,_1 we have

—_ d n .
Range Z(t) = max 7; — min 7; | .
teTy 1 n—1 \1<i<n 1<i<n

Therefore, for the projection length of T,,_1 onto a uniformly chosen random direc-
tion in the hyperplane L we obtain

k F(@) n \"? ;
- 9= 2 - i .
BIWE, ] =27 rrmien (nl) E (m” m”)]

For k = 2, this formula was conjectured by Finch [11, p. 4] who verified it for small
values of n.

ol

3.3. Limit distribution for the random width. What is the asymptotic dis-
tribution of the projection length of a high-dimensional regular polytope onto a
random line? The next two theorems answer this question. The proofs are post-
poned to Section 6.

Theorem 3.6. The random width of the cube Q, = [—%, %]” satisfies the following

central limit theorem:
2 -3
Wo, — 1\ — i>/\/(o,” )
T n—oo e

After the acceptance of this paper we became aware of the reference [18] where
the central limit theorem was established for the volume of the projection of the
cube onto a random linear subspace of any fixed dimension.
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Theorem 3.7. For the random width of the simplex S, —1 = conv(ey,...,e,) and
the crosspolytope C,, = conv(=xey,...,te,) we have

2un d
(26) v/2nlogn <I/Vsn1 - \/ﬁ> = G1+ Go,

2ugn
(27) v 2nlogn (ch - :j% ) nﬁo 2Gy,

where G1, Gy are independent random variables with the Gumbel double exponential
distribution P[G1 < ] =P[Gy < x] =e™® ", 2 € R.

Remark 3.8. Tt is easy to check that the density of G1 + G2 equals 26‘”K0(2e_x/2),
r € R, where

Ky(z) :/ e zeoshiqr 2 >0,
0

is the modified Bessel function of the second kind.

4. PROOF OF THEOREM 2.1

As already mentioned, the first estimate in Theorem 2.1 is a consequence of the
Slepian lemma. Therefore, we concentrate on proving the inequality

2n
2n—1

For n = 1 the inequality follows by direct calculations, thus we assume that
n > 2.

The idea of the proof of goes back to the work of Chatterjee (see [6] or [1, p. 50]).
For ¢ € [0, 1] consider a centered Gaussian vector

() = (&1(1),- -, &2n(D))

E max{|ml,....[m|} < E max{n,...,nan}.

with correlations defined by
2n

2 _ S
E[gz(t)]*t+2n_17 ? 1,...,27L,
2nt
El6aia (€t = — 5 = =T,

and E [§(t)€;(t)] = 0 otherwise. We have

d | 2n d
£(0) = m(nlv""UQH)v €)= (M, =m1,m2, =2, - -+ s Ny — ).

Hence it is sufficient to show that the function

o(t) := E max{& (t),...,&n(t)}

is non-increasing on [0,1]. Consider the function

1 2n
Fg(xy1,...,%0,) i= Blog <Zeﬁxi> .
i=1

It is immediate that

max{zy,...,ZTan} < Fg(x1,...,22,) <
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Therefore we only need to show that for any 8 > 0 the function

pp(t) == EFp(£(t))
is non-increasing on [0, 1].
In what follows, x stands for (z1,...,x2,). Set 0;;(t) := E[&(t)&;(t)] and let
us denote by f(t,x) the probability density function of £(¢). It is a well-known
property of f that

of _1&  of _ & .
ani ) 85637 3sz'j - 8I16Ij7 vFEJ.
Therefore,
dpp / af / of 9oy
- = Fg(x)—=(x)dx = Fa(x dx
ot R2" e R2n B )1§igzjg2n 8%( T
We have
00y 2n
ot~ oy b
002i-1,2i 2n(2n — 1) )
— == , 1=1,...,n,
ot (t+2n—1)2
and 0o;; /0t = 0 otherwise. Thus we obtain
Ops n - 9%f o2 f
o (t +2n = 1) Jgen ol ; [ 23 1 )+ 2(n 1)81:2@—131:% () + ox3, ()] dx
0 Fg 32F5 32F5
= 2(2n — 1 d
t+2n (t+2m—1p Z/RQ" { 0x3; 1(X) + 2z )5$2i—153€2i (o) + ox3,; G]

_ 6F/3 32F5 82F[3
- <t+2n_122 00 20n ) + )

It is easy to check that

il 206) = ) — ). aigjj )

where 5 s
(%) - F/B (S7 Ti
pl( ) ' 8951 ( ) k e:@ﬂ%
Thus
(t+2n — 1)2 Ovg .

(28) - np ot

Skl ZIE PED)] — 220 = 1) Y E [pai1 (€0 €(0)

=1- Z]E [P} (£(t))] — 2(2n — 1) ZE [p2i—1(£(t))p2:i(£(2))]-
i=1 i=1

As we already mentioned, we assume that n > 2. For ¢ = 1,...,n we have

E [y (¢ (0)pa(e(®)], j = 2i
B lpai-1 (€(Dp; (€0D] = { E [py 00, J £ 2% 1,2
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Therefore,

(t+2n—1)> Ops _
np ot

1-E [Zm(f(ﬂ)] = 2n(2n — 2)E [p1 (£(£))p2(£(t))] 4 2n(2n — 2)E [p1(£(2))ps(£(2))]
i=1

= —2n(2n — 2)E [p1 (£(£))p2(£ ()] + 2n(2n — 2)E [p1 (£(2))ps (£(2))]-

Thus, to show that 88% < 0 and to complete the proof it is sufficient to prove that

E [pr(€(8)p2(€(1)] < E [p1(£(2))ps(£(1))],

which is equivalent to

2n )
(7, e

Since the vectors (61 (t)v 52 (t)a 53 (t)v 54 (t)) and (64 (t)7 63 (t)a 62 (t)7 51 (t)) are eqUidiS_
tributed and independent from (&5(t), ..., &, (t)), the last inequality is equivalent
to

BE1(1) (oBE2(t) _ oBEs ()
[el(e2 e3)]<0.

eB8a(t) (eﬁfzs(t) _ 6552(75)) <0
(S efe@) [ 7

Since the left hand sides of two last inequalities are equal, summing them up, we
observe that it is enough to prove

(29) <0.

[(eﬁ&(w — ePEat))(ePE(t) eﬁ&s(t))]
2n )
(S, oal0)2
By the construction of vector £(t), we have

E[&(8)2(1)]
VE[EG®)]E[& ()]

= —t

and

2
o? =E[§1)] = 754—2%

Denote by h(z1, 2, 3, 24) the probability density function of (&1 (t), &2(t), &5(¢), £a(t)):
(30)
1

h($1,$2,$3,$4) = TS a7 o XP|—

- 47'['20'4(1 — t2) (‘T% + CU% + x% —+ 1'421 + Qt(mlxg + x3x4)) .

202(1 — t2)
Consider subsets A, B C R* defined as

A ={(z1, 12, 23,24) €ER* : (27 — 24) (22 — x3) > 0},

B = {(z1, 22, 23,24) € R? : (1 — z4)(z2 — 23) < 0}.
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We have
l(eﬁsl(t) — ePEa (1)) (ePEa(t) _ BEa())

(et
/ (ef71 — efiTa)(ef2 — eBT3)
A

eBT1  eBez 4 Bs | eBaa 4 302 oBEi(1))2

h(zy1, x2, 3, m4)dx1dx2dx3dx41

+E

/ (e,@l’l _ eﬁim)(eﬂwz _ 65903)
B (

h(x1,xo, 23, x4)dr1daodrsdr, | .
eBT1 4 efm2 4 B3 4 efTa 4 21225 eﬁ§i(t))2 ( e )

Interchanging x2 and x3 in the second term, we get

Bxy _ Pxy Br2 _ oBxs
E / (e ) (e ° Qn) h(z1, 29, 23, 24)dr1dwod23dry
B (ef71 4 efrz 4 efes 4 efra 4 570 efli(1))2

Bx1 _ oBTa)(pBr2 _ oBzs
=K l/ (e © )(e ° 2n) 2]’1,(1‘1,],‘3,332,I4)d$1d$2d$3dl‘4] s
A (eP71 4 eBr2 4 efrs 4 efra 4 H T eBLi(1))

which yields

[(eﬁsl(t) — P (1)) (eB2(t) _ BEa ()
2n )
(2L, efeilt))?

/ (eﬂwl — 653”4)(@5””2 - eMS)(h(acl, Xo, T3, Tq) — h(x1, 23,2, 24))
A

=E
(eﬁzl + eBz2 + eBzs + eBza + 22225 eB&i (t))2

d:vldxgdxgdm} .

Since the exponent is increasing function and 8 > 0, we have for (z1, z2, 23, 24) € A
(6511 _ 65954)(63962 _ eﬁl’s) > 0.
Thus, to get (29) it is enough to show that for (z1,x2,z3,24) € A
h(zxy,zo, 23, 24) — h(z1, 23, 22, 24) < 0.
Indeed, using (30) we obtain that for (z1, s, x3,24) € A
h(z1, 23,2, 24) t ( N )
— 2 2 —exp | ——5——5 (L1723 + Loy — T1X2 — T3T

— exp [U(f_”@ — )2 — m} =1

which completes the proof.

5. PROOF OF THEOREM 2.3

Recall that both A, := E maxi<;<y || and B,, := E maxj<;<a, 1; are asymp-
totically equivalent to y/2logn. Therefore, in order to prove the theorem, we need
to show that

(31) lim 4n+/2logn (E Jmax [7:] — E max 771') =1.

n— 00 1<i<2n

Denote the tail function of the standard normal distribution by

— o0 2 ds
d(t) = ems /2 2
(1) / =
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It is well known [1, p. 9] or [7, p. 137] that for ¢ > 0 one has

1 1 1 2 _ 1 2
32 — (=) et P<d) < e t/2,
(32) V2T (t t3> s o) < Vot

The distribution functions of the maxima we are interested in are given by

(33) Fo(t) =P [maxn|m| < t} . (/tt o2 ds>n — (1 - 2B, >0,

1<i< V2T
t ds \ "
. ) _ —5%/2 _ & 2n
(34) Gu(t) =P [lgfgnm < t} = (/_ e m) =(1-2@1)™", teR.

It follows that

oo
A, =E max |7 :/ (1= F,(t))dt,
0

1<i<n

B, =E max nz-:/000(1—Gn(t))dt—/ooo(@(t))%dt.

1<i<2n

To prove the second equality, note that for M := max;<;<2,n; We have M =
My — M_ with My = max(M,0), M_ = max(—M,0), and

P[My >t =1-Gn(t), t>0,
PM_>t]=P[M < —t] = (1 — &(—1))*" = (®(t))**, t>0.

In fact, the second integral in the formula for B, is negligible. Indeed, noting
that ®(0) = 1/2 and using (32) we obtain

| ewras@ors [Ceomasrs [ en et
0 1 1
<272 4 (27e) " <27

In view of the above considerations, in order to prove (31) it suffices to show
that

lim 4m/210gn/ (G t) — Fu(t)) dt = 1.
n o0 0

After a change of variable ¢ := ¢, + ~, a € R, where t,, ~ y/2logn is the solution
to the equation

(35) B(t,) = —

our task reduces to proving that

(36) lim in (Gn (tn + a) ~F, (tn + “>> da =1.
n— 00 2 tn tn

First we prove the pointwise convergence of the function under the integral sign.
If a € R is fixed and n — oo, then by (32) and (35),

_ a 1 1 a \2 1 1,2 e @
37 =0 (t,+— | ~ e~ 3(tntis)" o e 2thg™a ~ )
(37 < tn) V27 t, V2rt, 2n
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Recalling the formulas for F,, and G,,, see (33), (34), we can write

Fy (tn + ta) = (1 —2ry,)" = 1ol =2m),

n

Gn (t" + ta> - (1 - Tn)Qn = eanOg(l_T").

n

Using (37) and the Taylor series for the logarithm and the exponent, we obtain

1 1
F, (tn + a) = exp {—n (27‘n + 27“2 +o0 <2>) } = e 2n7Tn (1 — 2nr721 +o0 (>> ,
tn n n
2 1 1
G, tn—&—i =expq —2n T,L+T—"—|—0 — = 2nn l—nrfb—ko — .
tn 2 n2 n

Subtracting both expansions and using (37) twice, we obtain

1 —a
In G, | t, + i F, t,+ & = 4pe~ 2 nrfl +ol| — — e7¢ "e7 2,
tn tn n n—o0o

If we allow for a moment interchanging the limit and the integral, the limit in (36)

equals
—+oo

LHS of (36) = /

—0o0

o0
e ¢ "e 2 da = / e Yydy =1,
0

where we used the change of variable y = e™¢.

To complete the proof we need to justify the use of the Lebesgue dominated
convergence theorem. It suffices to show that for some integrable function g(a),

1
(33) 0<n (Gn (tn + ta) - F, (tn + :)) <g(a), a> _Zti’ n €N,

n n

and

/4 a a
(39) lim n/ (Gn (tn + > — F, <tn + )) da = 0.
n—00 2 tn tn

The non-negativity of G,, — F}, is a consequence of the inequality (1—2)2 > 1—2z;
see (33), (34). Now we prove the upper bound in (38). Using the inequality
y" —a" <n(y — )y
for 0 < z <y, we obtain that
(40) Gp(t) — F(t) = (1 —2®() + @)™ — (1 — 20(¢))™ < nd?(£)(1 — &(t))* 2.

In the following, C,C1,... > 0 denote absolute constants. Let first a > _iti SO
that ¢, + = > 3t,. By (32) and (35),

(41) o (t,+ @ < Le—%(trﬁﬁf < ﬁefétiew < @efa,
tn t, + & 3t,, n

On the other hand, if a € [-$¢2,0], then again using (32) and (35) we obtain

= C a2 CF —az (!
(42) 3 (¢, + 2 > 71(16*%(757L+m) > Slo-dihemag 5T > Z20-Fa
tn tn + i thn n
where in the last estimate we used that f% > %a.
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Note that because of —a < %t2 ~ Llogn, the right hand-side of (41) can be
estimated above by Cn~1/%. Using the inequality 1 — z < e~ 3 (which is valid for

sufficiently small 2 > 0) together with (42), we obtain that for a € [—1¢2,0],

2n—2 ,
n

It follows from this and (40), (41) that for all a > —2¢2,

2n—2
n(G, — Fy) (tn + ta) < n2d? (tn + ta) (1 -9 <tn + :))

1"_—2a 7C'c7%a
< (e "%

)

where in the case a > 0 we used the trivial estimate 1 — ®(¢) < 1. The function on
the right-hand side is integrable in a, thus completing the proof of (38).

We turn now to (39). Using again (40), the trivial estimate ®(¢) < 1, and the
increasing property of 1 — ®(t), we obtain that

,ti/4 a B 3 2n—2
I, = n/ (G, — F,) (tn + > da < n?t? (1 ) (ti)) )
,t% tn 4

Recall now that t2 ~ 2logn and use (42) which implies that for some ¢ € (0, 1),

@ (iti) >Cn™¢, but lim & (iti) =0.

n-=co
Again using inequality 1 —x < e~ 3 (valid for small z > 0), we obtain
I, < Cn?(logn)e~ ¢ "(n=1) =0,
thus proving (39). O
6. PROOFS OF THEOREMS 3.6 AND 3.7

Both proofs rely on the observation that a random vector U distributed uniformly
on S"~! can be represented as

(43)

Ui Ui "n
ViE+ .2 V2

Proof of Theorem 3.6. It follows from the definition of Wy, , see (19), and from the
central symmetry of the cube that

(44) W, =2 sup (t, ) £ Ml 1]

teQn \/77%+~--+777%,.

Consider a random vector (X,,Y;) with

il el = np m+.+ns—n

(45) X, = o , Y= o/ )
where

(46) p=Elm| = /2/x,

(47) 0% := Var 1| = E[n?] — (Elm|)* = (7 - 2)/m,

(48) v? := Var(nf) = E[n{] — (E[3])* = 2.
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Note that EX,, = EY,, = 0 and Var X,, = VarY,, = 1, while
nCov(lml,nf) 1
oun VT =2’
where we used that E|nf| = 21/2/7. By the bivariate central limit theorem,

(50) (X, V) -5 (X,Y),

n—oo

(49) r:= Cov(X,,Y,) =

where (X,Y) is a bivariate Gaussian vector with standard margins and covariance
r. It follows from (45) that

o X,
daml+...+1ne| _ pn+oynX, _un(1+wﬁ)
ToVm A2 ntoyny, Jn 1+%

Wq

Letting n — oo, expanding into a Taylor series around 0 and noting that X, =
Op(1), Y, = Op(1), we get

i | (0X, oY, 1
Mzu\/ﬁ 1+ (222 ) 4o (2)), 7o .
Vi \ p n

w42 2
It follows that
Im|+ ...+ |l 1 1
—_— " un=0X,— Y, +0p|—=], n— oo
”+...+n2 2 vn

Note that by the bivariate central limit theorem (50), the sequence o X, — % wYy,
has limiting normal distribution with mean zero and variance

1 1 -3
Var |0X,, — —pvY, | = 0% + —pv? — opor = L,
2 4 s

where we used (46), (47), (48), (49). Recalling (44) we obtain

/2 n -3
m nt oo i

which proves the claim. ([

Remark 6.1. Self-normalized or studentized sums of the form

R G+t T . G+ o+
n — 2—2 or n = — — 27
V<1++Cn \/(Cl*é'n) ++(<n7<'n)
where (1,2, ... are i.i.d. random variables and ¢, = +((1 + ...+ (), have been

extensively studied in the literature; see, e.g., [9], with main emphasis on the central
case E[(;] = 0. The non-central case E[(;] # 0 has been analyzed by Bentkus et al.
[5] (who studied 7},) and by Omey and Van Gulck [16] (who studied 1/R2 and
related quantities). After some calculations, our central limit theorem for Wy,
could be deduced from [16, Theorem 3.1(v)], but since these authors studied 1/R2
instead of R,, it was easier to provide a direct proof.

Proof of Theorem 3.7. We prove (26). Using representation (43), we obtain
4 MaXi<i<n i — ming<;<n 7

.. 2

(51) Wsn—l
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It is known from extreme-value theory that the range of the standard normal sample
satisfies

(52) Ly i = U (max 7; — min 17; — 2un) 4, G1 + G,
1<i<n 1<i<n n—00

where u, ~ 1/2logn is as in (16). In fact, this follows from the asymptotic in-
dependence [15, Theorem 1.8.3 on p. 28] of maxi<i<p 7; and — min;<;<y 7; which
both have limiting Gumbel distribution as in (14). Define Y,, as in (45) and observe
that Y, has limiting standard normal distribution by the central limit theorem. We

have

. Zn Zn
maxi<i<n M — Mij<i<p 7, 2Un + 3% 2u, LT a2

N vVn+vanY, Vn 14+ /Z/nYn.

Noting that both Z, and Y,, are Op(1) and expanding into a Taylor series, we

obtain g
maxi<i<p 7 — MiN1<i<p 7 2Up n 1
s B %o, (1))
NG Vi un
where we have used that u,, ~ v/2logn and hence, the term with Y,, is negligible.
It follows from (52) that

. o mi . . 2
" maX1§z§n2771 Migisn i 2Un ) 4 0L q,,
ny+...+ 77% \/ﬁ e

which, in view of (51), implies (26).
The proof of (27) is analogous but instead of (44) it uses the representation

n

(53) w. & 2maxi<i<n |7
Cn = 2 2
n+...+n

together with the limit relation

(54) Zl = uy (max In:] — U2n> e
n—oo

1<i<n
following from the asymptotic independence of the maximum and the minimum. O
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