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1. Introduction

Non-linear second-order difference equations exhibit an enormous variety of different
dynamical behaviours for which no comprehensive theory appears to be forthcoming
[15,27,33]. This is quite unlike the case of second-order differential equations which are the
subject of a highly developed, classical theory [3,19]. It also contrasts the case of first-order
difference equations where powerful tools from dynamical systems theory (e.g. coding,
renormalization, and transfer operators) can often be applied rather directly [9,10,15]. In
the absence of a coherent theory, studies on second-order difference equations naturally
focus on specific classes of equations that are of intrinsic mathematical interest, motivated
by applications, or both. Although much progress has been achieved for some classes (e.g.
rational equations [6,27,32] and the Hénon family [5,10]), many basic questions remain
open. This state of affairs is well documented, not least through the monograph [27] and
the extensive combined bibliographies of [6,9,15,23,33].

The present article aims to complement the large existing literature (e.g. [1,8,16,17,22,
28,29,37] and references therein) by studying second-order equations

Xn = g(xXn-1,Xp—2), Yn=3, (1.1)
where the non-negative function g, defined in the (closed) first quadrant, belongs to a class

of functions that is sufficiently wide to include interesting examples, but at the same time
sufficiently narrow to allow strong conclusions to be drawn. Specifically, g will be assumed
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to be strictly monotone and convex. Monotone difference equations, and to some extent
convex or concave equations also, feature a rich theory, together with a well-established
range of applications, notably in mathematical biology and economics [21,26,30,34]. While
the monotonicity and convexity assumptions individually impose certain restrictions on
the dynamics of (1.1), it will become clear herein that only when combined do they force
the dynamics to be very simple indeed. Thus the analysis presented here is in the spirit of,
and naturally complementary to, the global results of [8,17,18,22,28,29,32].

With all technical details deferred to subsequent sections, to illustrate the main result
of this article, fix a real parameter o« % —1, and consider the equation

Xy = xrl:‘f —i—xif‘;, Yn >3, (1.2)

which may be thought of as a non-linear analogue of the perennial Fibonacci recursion
Xn = Xp—1 + Xu—2. Variants of (1.2) with & < 0 have been studied extensively; e.g. see [11-
13,36] for examples with o« < —1, and [24-26] for results applicable whenever —1 < & < 0.
Unlike for these variants (and for the Fibonacci recursion itself), however, x,, = 0 is
attracting for (1.2) whenever « > 0, and there exists another constant solution x,, = 271/
which is easily seen to be of saddle-type. For « a positive integer, in particular, (1.2) plays a
prominent role in a variety of counting problems that have so far been considered mainly
from a number theory point of view [2,18,31]; see also A000283 and several related
entries on the database [38]. In dynamical terms, the presence of an attractor and a saddle
naturally raises the question what the global behaviour of (1.2) looks like. This question
is answered completely by Theorem 2.2 below which implies the existence of a (unique)
convex set Ay D [0,2~Y*[2 with smooth boundary for which the trichotomy

0 if (x1,x2) € Ay,
limy— oo Xn = { 2719 if (x1,x2) € Ao,
+00 if (x1,%2) & Ao,

holds for every solution (x,) of (1.2); see also Proposition 4.3. Thus Ay simply is the set of
attraction of x,, = 0, and 90 A represents the stable manifold of x,, = 2~V Asthe proof of
Theorem 2.2 will show, this conclusion hinges on basic structural assumptions regarding
the right-hand side of (1.2), but does not depend on its specific form. For instance, an
analogous trichotomy holds for

xp =acosh(x2 | +1)cosh (x> , +1), Vn=>3,

as well as many other difference equations (1.1); see Proposition 4.5 but cf. also [4].

This article is organized as follows. After introducing and motivating the key assump-
tions regarding (1.1), Section 2 states the main result and illustrates its assertions by means
of a simple example. Section 3 presents an (elementary though somewhat lengthy) proof
of the main result, divided into three steps for the reader’s convenience. Finally, Section 4
considers two classes of examples in detail, and also highlights several questions that arise
naturally from this work.
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2. Main theorem - statement and examples

Throughout, denote by I = R* U {0} the set of all non-negative real numbers, with the
usual topology. As indicated in the Introduction, the purpose of this article is to present a
complete analysis of the second-order difference equation

Xn = g(Xn_1,Xp—2), Yn=3, (1.1)

where (x1,x;) € 12, and g : 1> — T belongs to a reasonably large family G of genuinely
non-linear functions. To motivate the specific form of G to be introduced shortly, first
consider the first-order analogue of (1.1),

Xn :f(xn—l) > VI’Z Z 2a (2].)

where x; € T, and the C'-map f : T — I is assumed to be strictly convex, with f’ > 0.
Henceforth, denote by F the family of all such maps, i.e. let

F={f:1— 1 isC,strictly convex, and f'(x) € I Vx € I} . (2.2)

Simple examples of f € F include f(t) = t!™* with @ > 0, and f(¢) = cosh t. Clearly,
every f € F is one-to-one, and a C!-diffeomorphism of R™. Note that if f;,f> € F then
aifi +azfr € Fandfi(a; - ) € Fforallag,ap > 0,butalso fif, € Faswellasfiof; € F.
Thus for instance f = a cosh ( - 2+ 1) € F foralla > 0.

To conveniently describe the asymptotic behaviour of (2.1) for arbitrary f : I — 1,
denote by Ag the set of attraction of any & € I U {+o0o} under (2.1), that is,

Ag = {x1 el :limy,_ o0 Xn =§}.

The (possibly empty) set A¢ is f-invariant, i.e. f 7' (Ag) = Ag, and A¢ N A, = @ whenever
& # n. For & e I, clearly f(§) = & implies that Ay # @, and the converse is also
true, provided that f is continuous at &. It is well known that, depending on the specific
properties of f, the sets Az may be complicated whenever non-empty, and so may be
I\ Ug Ag; e.g. see [9,10,15]. It is easy to check, however, that none of this complexity can
occur whenever f € F; see also Figure 1.

Proposition 2.1:  For each f € F precisely one of the following alternatives applies:

(i) There exists a unique § € 1U {4-00} such that Ag =1I;
(ii) There exists a unique & € I such that Ag is a non-empty bounded interval containing
0, andA_g U At = L. Moreover, if x| € 0Ag then f(x1) = x1.

Informally put, Proposition 2.1 asserts that for f € F the entire phase space [ is the
disjoint union of at most two sets (in fact, intervals) A_g and A, o, the former being a
bounded interval containing 0 that can only have a fixed point of f as its boundary. Note
that in order to reach this conclusion, the properties defining F in (2.2) are, in a sense,
minimal: On the one hand, a convex map f : I — I with f’ > 0 yet failing to be strictly
convex may have an interval of fixed points, in which case Az # @ for uncountably many
&. On the other hand, it is well known that a strictly convex map f can generate much
more complicated behaviour of (2.1) when —f’(0) > 0 is sufficiently large and f has two
repelling fixed points [9,10,15].
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Figure 1. Given f € F, either Az = I for a unique £ (left), or else E U Ao = I, and the bounded
interval As may or may not contain the fixed point at its right end; see Proposition 2.1.

The main result of this article, Theorem 2.2 below, asserts that the clear-cut alternatives
appearing in Proposition 2.1 to a large extent persist for (1.1) and the phase space I?
— provided that g belongs to a two-dimensional analogue of (2.2). Concretely, it will
be assumed that the C!-function g : 1> — I is strictly convex, with g, (0,x;) > 0,
8x,(x1,0) > 0 for every x € I2. Throughout, denote by G the family of all such functions,
that is,

g = {g ‘2 > 1isCl, strictly convex, and Vg(x) € I Vx € Hz} . (2.3)

Note that if g € G then g(-,x,),g(x1, -) € F for every x € I. The family G is reasonably
large. For instance, if fi, o € F then f; @ f> € G, where fi @ f2(x) = fi1(x1) + fo(x2) for all
xel?

In analogy to the first-order case, given any g : I> — T and £ € T U {400}, consider
again the set of attraction of £ under (1.1), i.e. let

Ag = {(xl,xz) e ?: limy oo Xn = 5}.

Usage of the same symbol A¢ in connection with both (1.1) and (2.1) should not cause
confusion, since it will always be clear from the context whether Az C I? or A¢ C 1,
respectively. As in the one-dimensional setting, but perhaps more dramatically so, the
sets Ag, as well as T2 \ s A¢ may be very complicated, even for (convex) functions as
innocent-looking as g(x) = a; + x% + axx; with a;,a; € R; see e.g. [5,10]. However,
the following analogue of Proposition 2.1 completely rules out such complexity whenever
g € G,and instead guarantees a neat partition of the phase space I2. (Here and throughout,
all topological terms are understood relative to the product topology of I2.) In some
sense, the result may be considered a counterpart of known results for concave systems, as
established e.g. in [26].

Theorem 2.2: For each g € G precisely one of the following alternatives applies:

(i) There exists a unique § € 1U {400} such that As = 12, i.e. limy,_ o0 Xp = & for every
solution (x,) of (1.1);

(ii) Thereexistsaunique& € lsuchthat A¢ is a non-empty bounded convex set containing
(0,0), andA_g U Ao = I2. Moreover, if (x1,x2) € 0Ag then (x,) is asymptotically
2-periodic, i.e. the sequences (x2,—1) and (x2,) generated by (1.1) both converge.

The following example illustrates the alternatives in Theorem 2.2; a more detailed analysis
is presented in Example 4.1.
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Figure 2. Forg(x) = a+ ‘l‘xf + x22, alternative (i) of Theorem 2.2 applies whenever 0 < a < %, but the

compact convex set A_g as well as the dynamics of (2.4) within it, vary with a; see Examples 2.3 and 4.1.

Example 2.3: For any a > 0, consider the difference equation
_ 1.2 2
Xn=a+ 3%, 1 +x, ,, Yn>3, (2.4)

ie. letg(x) =a+ ix% + x%. Plainly, g € G, so Theorem 2.2 applies, and shows that the
dynamics of (2.4) always is very simple, with the details depending on the value of a as
follows; see also Figure 2.

(i) Ifa> % then A o = I%.

(i) Ifa= % then Ay;s UA o = 1% where A, /5 is a compact convex neighbourhood
of (0,0) with C*°-boundary. Note that although it resembles a quarter-disc, the set
Ay /s is not symmetric w.r.t. the line x; = x,.

(ili) Ifa < & then Af U Ao = I?, where & = £(1 — /T —5a), and Ag is open and
convex, again resembling a quarter-disc. The precise nature of points (x1, x5) in dA¢
depends on the value of a.

Ifa > %then simply 0Ag = A, withn = %—5 > &.Inother words, lim,, o0 X, = 1
whenever (x1,x,) € 0Ag. For instance, for a = % one finds & = %, n = %, hence
m UAje = I? and 3A3/10 = A1/2-

If, however, a < é then every (x1,x;) € 0Ag different from (n,7) yields an
asymptotically 2-periodic solution. For instance, fora = 0 one finds £ =0, n = %,
and for every solution (x,) of (2.4) with (x;,x2) € A and x; # %,

lim,,— 00 X291 = %(5 + «/g) and  limy_ o0 X2y = %(5 — «/g) ,

or vice versa, depending on whether x; > % orxy < %.

3. Main theorem - proof

This section provides a Proof of Theorem 2.2. For the reader’s convenience, the argument
is divided into three main steps; throughout, let g € G be a given function.
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Step I: monotone maps G and fy associated with (1.1)

Denote by < the standard partial order on R?, that is, x < y for x,y € R? if and only if
y — x € I?. As usual, write x < y whenever x < y yet x # y, and write x << y if both
x1 < y1 and x2 < . Denote (1,1) € I? simply by 1, and observe that min{x;,x,} 1 < x <
max{x;, x,} 1 for every x € 2

For any g € G, rewrite (1.1) in the form

(Xn—1-%n) = (Xn—1,8Xn—1,%1-2)) = G(Xn—2,Xn—1), VYn=>3,

with the map G : I — T2 given by G(x) = (xz, g(xz,xl)) for all x € I2. Note that G is a
homeomorphism of I?, and a diffeomorphism of (R)2. If x < y then

G() — Gx) = (2 — x2,8(r2, 1) — g(x2,x1)) = 01,

from which it is clear that G(x) < G(y) whenever x < y. Thus G is strictly order-preserving
[20, p. 9]. Moreover, if x < y then, with G?:= GoG,

Gz(y) —G*x) = (g()’Z’)’l) —g(X2,X1),g(g(yz,y1),yz) —g(g(xz,xl),x2)> =01,

and so, unlike G, the homeomorphism G? has the even stronger property of being strongly
order-preserving, that is, G*(x) << G*(y) whenever x < y. Though strict and strong order-
preservation are important properties, recall that they per se do not preclude non-trivial
long-time behaviour of difference equations, in stark contrast to their continuous-time
counterparts [20,21,34,35]

Next, associate with ¢ € G the map_]fg I =1, wherefg(t) =g(t,t) forall t € 1. Note
thatfe € F,and hence Proposition 2.1 applies. In particular, the setJ := {t > 0 : fo(¢) < t}
is a closed subinterval of I, and so, with the appropriate £, € I with & < n,

J=o, or J=[§+oco[, or J=I[&n]. (3.1)

The first two cases in (3.1) are easily analyzed, via a standard argument (see e.g. [7,20,25])
that is recalled here briefly for the reader’s convenience. For instance, if J = [&, 4+o0[
with & € T then fo(t) > t forall t < &, and fo(¢t) < t for all t > &. Given x € 12, let
£~ = min{xy,x,£&} and £T = max{xy, x, £}, and observe that

fPEN1= 60 < fHED T, ynz1; (32)

here, [s| denotes the largest integer not larger than s € R. Since lim,—, o f;'(f) = § for
all t > 0, it follows from (3.2) that lim,_ s X, = lim,— 00 G 1(x1,x2)1 = & for every
solution (x,) of (1.1), i.e. A = I%. The case of ] = @ can be dealt with in a completely
analogous manner, yielding A, = I2. Thus the first two cases in (3.1) both correspond
to alternative (i) of Theorem 2.2. In Steps II and III below it will be shown that the third
case corresponds to alternative (ii) of that theorem.
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Step ll: existence of invariant graphs

Consider the remaining case J = [§, 7] in (3.1), with0 < & < n.1f n = 0 then fo(¢) > t for
all £ > 0. In this case, for every x € 12\ {(0,0)} clearly G*(x) > t 1 with the appropriate
t > 0, and consequently G"2(x) >~ ]?"/ 2l (t) 1 for every n > 0. This shows that A, =
12\ {(0,0)} and Ay = {(0,0)}. Quite trivially, therefore, all assertions of Theorem 2.2(ii)
are correct whenever n = 0.

For the remainder of the proof, assume that J = [§,n] with > 0, and define three
associated ‘rectangles’ in I2,

B=1[0,7]*, C¢=1[0,n]xIn,+ool, C, =1In,+oo[x[0,7].

Note that B = {x € I? : x < n 1}. The rectangles B, C,, C; are disjoint and, together with
the ‘infinite square’

>\ (BUC,UC,) =1n,+ool’={x e > : x > n1},

they form a partition of I?; see also Figure 3. Recall that &£ and 7 are fixed by f;, and
hence £ 1 and 51 are fixed points of G. If x € B then G(x) < G(n1) = n1, and so
G~Y(B) D B. Similarly, G"'(BU C, U C,) C BU C; U C,. With B, := G "(B) and
B} := G™(BU Cy UC,) for every n > 0, therefore, B = B, C B C B C --- and
BUC,UC, = Bg ) BT ) B; D ---,butalso B, C B;lF for all m, n. Note that the setBi|r is
bounded. Moreover, observe that G(x) € C, requires x, > 1 as well as g(x2,x;) < 1, hence
x1 < 1, and so x € Cy. In other words, G~1(C,) C Cy, and analogously G 1(Cy) C C,.
Assume now that, for some n > 0,

B;, is convex, and if x € B, then {y € I?: y < x} C B,,. (3.3)
Given any x,X € B, ; and 0 < t < 1, it follows from (3.3) and the convexity of g that
G((1 = tHx+1X) < (1 — )G(x) + IG(X) € B, ,and so (1 — H)x + {X € B, ie B,
is convex. Also, ify < x € B, then G(y) < G(x) € B/, hencey € B, by (3.3). The
latter thus holds with 7 replaced by n + 1, and in fact for all n > 0, since trivially it holds
for n = 0. In particular, for every n the set B,y D B is bounded and convex, contains the
point 7 1 but is disjoint from I2\ (BUC,UCGC,). Clearly, the set B, N (BU Cy) has all these
properties as well. In fact, since x ¢ By whenever x > 11, except for the point 7 1 the
set B, , and also B, N (B U Cy), is contained in the interior of BU C; U C,. It is possible,
therefore, to write B,, N (BU Cy) as

B,NBUC)={xelP:0=<x <n0<x <¢, ()},

with a unique function ¢, : [0,7] — R that is continuous, concave, non-increasing,
with ¢, (n) = n. Since B, C B, |, the sequence ((p; (s)) is non-decreasing for every
0 < s < n. Recall that B; is bounded, and B, C B2+, so each function ¢, is bounded
above, independently of n. It follows that ¢~ (s) := lim,_. o ¢, (s) defines a concave, non-
increasing function on [0, n], with ¢~ (1) = 7. Clearly, ¢~ is continuous, and hence ¢,, —
¢~ uniformly on [0, n], by Dini’s Theorem [14]. Picking any point x = (s, (pn_+2(s)) €

0B, N (B U Cy), recall that, by construction,
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GA(¥) = (260742998812, 9, 07129) )
and consequently, for all n > 0,

0 (800712(9,9) = 8(8(0,,15(9:9),9,,,(5)), Vs €[0,n]. (3.4)

Letting n — 00 in (3.4), it follows from the uniform convergence ¢, — ¢~ that

9 (g9 (5),9) = g(gle™(5),9), 0 (), Vsel[0n],

which simply says that graph g™ = {(s,(p’(s)) :s e [0, n]} C I? is forward invariant
under G?. When restricted to graph ¢, the map G? induces the continuous map h~ :
[0, n] — [0, n] given by h™(s) = g(¢~(s),s), that is,

G (5,07 () = (h™ ()9~ oh™(s)), Vse[0,n].

Note that h~ (1) = 1, and since G? is one-to-one, so is h~. Thus k™ is increasing.
A completely analogous analysis confirms that, for every n > 1,

BfNBUC)={xe:0<x <n0<x<g¢ ()},

with a unique continuous, concave and non-increasing function ¢; : [0, 7] — R satisfying
@, (n) = . Since B D B, the sequence (¢, (s)) is non-increasing, and just as before,
@,F(s) = limy— o0 7 (s) =: @™ (s) uniformly on [0,7n]. From B;, C B} it is clear that
@, < @, for all m,n, and consequently ¢~ < ¢T. Again, graph ¢ is forward invariant
under G2, and the latter induces an increasing continuous map h™ : [0, ] — [0, 1] with
ht(n) = n; explicitly, h* = g(p*( - ), -),andso h™ > h™.

To relate the above considerations to the asymptotic behaviour of (1.1), note on the one
hand that if x € BU C; and x; < ¢~ (x;) then G?N (x) € B\ {5 1} for some integer N > 1,
hence s~ 1 < G*N*2(x) < st 1forsome 0 < s~ < sT < 5, and

J}Ln/zj (s7) 1 < GENF2Hn(y) 5fgLn/ZJ (sH1, Vn=>o0,

from which itis clear thatlim,_, o x, = &, i.e. x € A¢.If, on the other hand, x € BUC but
x2 > @1 (x1) then G2V (x) € I\ (BUC,UC,) forsome N > 1, which implies lim,_, o x, =
+00, i.e. X € Ajoo. A similar analysis applies to the sets G~ (graph ¢*) C C, which can
be written as

G N(graphg®) = [x € ?:0 < xp < 1,0 < x1 < Yy F ()}

with continuous, concave and non-increasing functions . (Explicitly, 1= (s) is given by
g(s, )7 lo @t (s)forall 0 < s < n; here and below, expressions containing the symbol & or
F are to be read as two separate expressions containing only the upper and only the lower
signs, respectively.) If x € BU C, and x; < ¥~ (x2) then x € Ag, whereasif x € BU C,
and x; > ¥ (x;) then x € A oo. From this, it is evident that the only points (x,x;) € I?
whose ultimate fate under (1.1) is as yet undecided are precisely the ones with

0<x1<ne (x)<x<¢ (x) or 0<x<n¥ (x2) <x1 <Y (x2); (3.5)
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Cy 2\ (BUC,UC,)

Figure 3. lllustrating Step Il in the proof of Theorem 2.2 (schematic); the white areas marked ??? indicate
the set of points specified by (3.5).

see also Figure 3. Step III below will demonstrate that the assumption ¢ € G entails
¢~ = ¢T (and hence also ¥~ = 1), which in turn implies that in fact the set of points
specified by (3.5) is but a single curve.

Step llI: detailed dynamical analysis

With the functions ¢ constructed in Step II, consider the set
Ui={0<s<n:¢ () <ot ()} C[0,n[.
If s € U then

et oh () =0T (8@~ (5),9)) = 0T (g0 T (5),9)
=g(h" (), (5) >g(h (),907 () =9~ 0 h™(s),

which in turn shows that h=(s) € U, i.e. i~ (U) C U. Conversely, if s ¢ U then h™(s) =
h*(s), and hence

(h™ ()¢~ 0 h™(5)) = G*(5,9™(5)) = (W™ (), 9T 0 h™(5)),

showing that i~ (s) & U, i.e. (h")"1(U) C U. In summary, the set U is invariant under
h~. Similarly, U is invariant under ht.

As all assertions in Theorem 2.2(ii) will follow easily afterwards, the main goal of this
step is to show that in fact U = @. For a preparatory consideration towards this goal,
assume i~ (s) = s for some 0 < s < 1. Then x = (s, <p_(s)) e I? is a fixed point of G2.
By the construction of ¢, every point y < x is contained in Ag, and hence the derivative
DG?|, cannot have two eigenvalues with modulus less than one. Observe that
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2, = | 8eoCW & 0G(x) _.| o4 a3
DG*|y = |:gx1 (%)gx, 0G(x) gy, (X)gx, 0G(x) +ng(x)] = [a1a4 o0t +O‘2i| (3.6)

is a positive matrix, with eigenvalues X; > A, > 0, and as stated above, A; > 1. The
eigenspace corresponding to A is spanned by some z = (z1,22) with z;,z2 > 0. Next,
observe that, for every t > 0,

GH(x + t2) = (g(¢™(5) + tza,s + t21),8(g (9~ (5) + tza,5 + t21), 9 () + t22))
S (5 + togzy + tozza, g(s + taszy + tazza, @ (s) + tzz))
> (s 4 tagz) + tazz, @ (s) + tajogz) + gz +@2)zp) = x+ t)»%z,

where both inequalities are due to the strict convexity of g. Suppose now that ¢~ (s) <
@1 (s). Since t > @~ (s) + tz5 is increasing while t — ot (s + tz1) is non-increasing
(and both functions are continuous), there exists 0 < t < (n — s)z, ! with ©(s) +tzp =
@1 (s + tz1). But then

(Wt +tz), 0t ohT (s +tz1)) = G2 (s + tz1, 9T (s + tz1)) = G*(x + t2)
S x4 tAlz > (s+tzi 0t (s + t21),

which is impossible since ¢t is non-increasing. In summary, if x = (5,9~ (s)) is a fixed
point of G? then necessarily ¢~ (s) = @7 (s).

Using this preparatory step, it will now be shown that indeed U = &, as claimed earlier.
Suppose by way of contradiction that s € U # @. As seen above, the point x = (s, 0~ (5))
cannot be fixed by G?, and hence either h=(s) > s or h™(s) < s.

Assume first that A= (s) > s,and let V = {s < t < n : h™(t) < t}. Note that
V is compact, n € V, and s < v := min V. By the monotonicity and continuity of
h™, limy—oo (h7)"(s) = vand h™(v) = v. Thus y := (v,gof(v)) is fixed by G2, and
consequently ¢~ (v) = ¢ (v) as well as h* (v) = v. Since (s, (5)) < (s, ¢ (5)),

((h)™(),90™ o (h7)'(5)) = G (5,907 (5)) =< G (5,07 (5))
= (W), 0T o (hD)'(5)),

and so (h™)"(s) < (hMH)"(s) < (h")*(v) = v, which shows that lim,_ o (h7)"(s) = v
also. Recall now that the fixed point y of the diffeomorphism G* cannot be a sink (because
G*"(z) — &1 for some points z arbitrarily close to y) but, as just seen, has at least one
(possibly only weakly) attracting direction. In terms of the two eigenvalues A1, of DG?|,
this means that necessarily A; > 1 and 0 < A, < 1. (Note that «p > 0 in (3.6), and so it
is impossible to have A; = A, = 1.) If X, < 1 then y has a unique one-dimensional local
stable manifold whereas if A, = 1 (and hence A; > 1) then y has a (not necessarily unique)
one-dimensional local centre manifold. In either case, by (a hyperbolic or a non-hyperbolic
version, respectively, of) the Hartman-Grobman Theorem [19], it is clear that, with the
appropriate ¢ > 0, ¢~ (t) = ¢t (t) forally — e < t < v. Butsince v — ¢ < (hH)"(s) < v
for all sufficiently large n, clearly (W) (s) € U, thatis,s & (h*)™"(U) = U, contradicting
the initial assumption s € U. Thus, if s € U then h™(s) > s is impossible.

Assume in turn that s € U but h™(s) < s, and similarly to before, consider the set
W :={0 <t <s:h (t) > t}. Notice that W # &, as 0 € W, and the argument
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is now analogous to the case of h7(s) > s considered earlier: Let w = max W. Then
limy,_ 00 (h7)"(s) = wand h~ (w) = w. Since (w, h_(w)) is fixed by G% o~ (w) = ot (w),
and itis readily deduced from the strict order preservation of G* thatlim,,_, o (A1)"(s) = w
as well. The fixed point (W, h~ (w)) of G2 is not a sink, which, in complete analogy to
before, implies that ¢~ (t) = ¢T(¢) forall w < t < w + ¢ with the appropriate ¢ > 0.
Since w < (h*)"(s) < w + ¢ for all sufficiently large #, it follows that (h*)"(s) € U, hence
s ¢ (hWH™U) =U, again contradicting the initial assumption s € U.

In summary, it has now been proved that if J = [£, n] with n > 0 then the functions ¢~
and ¢ constructed in Step II coincide, and so do ¥~ and ¥ *. From this, the assertions
of Theorem 2.2(ii) are deduced easily: First recall from Step II that (., B, C Ag U {n1}
and I \ Atoo C [N,20 B Since ¢~ = ¢ and ¥~ = ¥, it follows that | J,-, By =
M,~0 B = Ag. Hence Ag is a compact convex set, and dA; = dA¢ consists precisely of
the points x € I? specified by (3.5). In particular, Ag is non-empty, bounded, and convex,
with (0,0) € Ag. Moreover, if (x1,x2) € dAg then, as also seen in Step II, the sequences
given by

Xn—1 = (G M, x)1 and x, = (G (x1,x0)2, VA >1,

converge (to the first and second component, respectively, of a fixed point of G), due to

the continuity and monotonicity of A~ = h™. In other words, the solution (x,) of (1.1) is
asymptotically 2-periodic whenever (x1, x;) € dAg. O
Remark 3.1:  Since the functions ¢~ = ¢ and ¢~ = ¢ are concave, the curve dA; =

graph ¢~ U graph ¢~ is Lipschitz continuous. From Step III above, it is evident that 9 A
is a C!-submanifold of I which in fact may be as smooth as g.

4. Concluding examples and remarks

This final section illustrates Theorem 2.2 in the context of two specific families of recur-
sions. It also hints at possible follow-up questions for subsequent studies.

Example 4.1: Given real numbers a > 0 and by, b, > 0, consider the recursion
X, =a-+ blxﬁ_l + bzxﬁ_z, Vn >3, (4.1)

thus g(x) = a + blx% + bzxg. Clearly, ¢ € G, and (4.1) contains (2.4) as the special case
b = %, b, = 1. For convenience, let a* = zl;(bl +by)"Landa, = }l(bz —3b)(by — b)) 2
whenever by > 3b;. With fo(t) = a + (b1 + by)t?, it is readily seen that f; has no fixed
pointif a > a*, whereas

2a x "
§=1+1——a/a*’ n=2a*(1+/1—a/a*),

are fixed points of f; whenever a < a*. As a consequence of Theorem 2.2, Ao = I?
if a > a*, and Ag UA o = [? ifa < a*. These two cases are indicated in Figure 4 by
a white and a grey region, respectively. Note that if a = a* then £ = n = 2a*, and A;
is closed. On the other hand, if a < a* then A¢ is open (in I?), and (,7) € 9A¢. To
understand the dynamics of (4.1) for (x;,x2) € 9Ag in this case, observe that the two
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a4 = Qx

0 ba(bs —Lbz)_l 1

Figure 4. Visualizing the parameter space of (4.1); if a > a* then A1~ = 12 (white region), whereas if
a<a* thenE UAioo = 12 (grey regions). Parameter values for which (4.1) has a pair of non-constant
2-periodic solutions correspond to the dark-grey region, and a dashed line indicates the special case of
(2.4), for which a,. = %and a* = %

equations g(x1,x2) = x2,¢(x2,x1) = x1 have no solution at all for a > a*, have only the
obvious solutions x; = x; = £ and x; = x; = 7 for a, < a < a*, but have two additional
solutions (n*, nT) with

Nt = 3(b— b)) £2va" a, —a,

whenever 0 < a < a,. Thus 0Ag = A, for a, < a < a*, whereas 0A; # A, = {(n,n)}
whenever a < a,. In the latter case, represented by a dark-grey region in Figure 4, for every
solution (x,) of (4.1) with (x1,x2) € 0Ag and x1 # 7,

. —+ . —
limy, 00 X20—1 =1 and  lim, 00 x20 =1

orvice versa, depending on whether x; > norx; < n.Inparticular, (x,) = (ni, nt, ni, nt,
...) are the only two non-constant periodic solutions of (4.1); though unstable, they are
conditionally attracting, i.e. attracting within dAg.

Example 4.2: As a generalization of (1.2), consider the difference equation

X, = blx,ﬁf‘fl + bzx::gz , Vn>3, (4.2)
where by, by, a1, € RY. Thus g(x) = b1x11+°“ + bzszaz and g € G, so Theorem 2.2
applies. The associated map fy (t) = by t! 7@ + b, %2 has the fixed points § = 0and 7 > 0,
with 7 being uniquely determined by b1n®! + byn® = 1. It follows that Ag U Ao = I2.
To study the dynamics of (4.2) on dAy, consider the two equations

glx,x2) = blleal + bzszaz =x3, gx2,x1)= blxiwl + blelmz =x1. (43)
Note that (4.3) is invariant under an interchange of x; and x;, and x;x; = 0 entails

x = (0,0). To find all solutions x € I? of (4.3) with x; # x,, therefore, it suffices to
consider the case x, = tx; > 0 with ¢ > 1. This yields

t(t% —1) AL

o] xOlz _
L7 p2teater — 1) 71 T py(p2Aate — 1)
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and consequently

12 (192 — 1)%2
(t2+“1 — 1)a1(t2+a1+a2 — -

b2y = =: hgy o, (1) - (4.4)

The auxiliary function hy, 4, : 11, +00[ = RT is C*, with

a
)

_ /
ey (1) = Q4+ a2+ ay +ay)®2’ Lo

(1+) =0,

and lim;—, 40 Mgy 0, (1) = 0. Thus, assuming that hg, , is decreasing, either b7?b,*' >
ha,a, (1), in which case dAg = A}, or else b‘fz bz_o” < hg,a, (1%), in which case 0A¢ # A,
and each solution (x,) of (4.2) with (x1,x2) € 9A¢ \ {(n,n)} is attracted to one of two
non-constant 2-periodic solutions. If hy, o, is decreasing, therefore, (4.2) exhibits exactly
the two dynamical scenarios observed previously for (4.1) with a < a*.

While it may be tedious to identify all a1, 02 > 0 for which hy, 4, is decreasing, some
special cases are easy to analyze. For instance, if ; = «, the function

t1+011 —t

1
ey (01 = S

is readily seen to be decreasing on ]1, 4-o0[, with hoél,o{l(H)l/"‘1 = o1 (2 + ;)" L. In case
a1 = ay, therefore, each solution of (4.2) with (x1,x2) € dAg and x; # n either converges
to n, or else is attracted to a non-constant 2-periodic solution, depending on whether
b1b2_1 > a1(2 4+ «;)”! or not. Note that for «; = a, = 1 the condition b1b2_1 >
a4 = % is equivalent to by (b; + by) 7! < %, which was encountered already in
Example 4.1 for a = 0; see also Figure 4.

It is important to notice, however, that the function kg, o, may not be decreasing for all
ay, ;. To see this, choose for example «; = 10 and o, = 4, and hence

tA(t* + DO + 1)°

hioa(t) = E LD

Note that hyg4(1) = 2!2 . 3710, Wo4(1) = 0, and lim;—, 1 t*h104(t) = 1. The function
hio,4 is not decreasing on [1, +o0[; in fact, with t* = (2 + «/5)1/4 > 1, it is increasing on
[1, t*], decreasing on [t*, +o0o[, and hyo4(t*) = 21° - 3% . 5710 5 By 4(1). Tt follows that
for hjpa(1) < b‘llbz_ 10 o h10,4(t%), the left equality in (4.4) holds with two different values
of t > 1. Correspondingly, the difference equation

Xy = blxrl,l_1 + bzxi_z, Vn >3, (4.5)

has four different non-constant 2-periodic solutions in this case. In total, (4.5) admits
the following possible dynamical scenarios for (x1,x2) € dA, depending on the value of
B = b‘libz_lo > 0; see also Figure 5.
(i) If B > hioa(t*) then simply 0A¢ = A,,.
(i) If B = h1p4(t*) then (4.5) has two conditionally semi-attracting non-constant 2-
periodic solutions.
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B <hioa(1) h1o,4(1) < B <hig,a(t*) B =h1o,4(t*) B >h1o4(t")
A A
Ao Ao
(7,m) (7,m)
Y ¥ Y ¥
Ay = | Ay = |

Figure 5. Depending on the value of g = b‘l‘b;m > 0, the solutions of (4.5) exhibit four different
dynamical scenarios on dAy; see Example 4.2.

(ili) As seen above, if hjg4(1) < B < hjo4(t*) then (4.5) has four non-constant 2-
periodic solutions of which two are conditionally attracting and two are repelling.
Also, the constant solution x,, = 1 of (4.5) is conditionally attracting in this case.

(iv) Finally,if B < hjp4(1) then only two (conditionally attracting) 2-periodic solutions
exist, and the constant solution x,, = 7 is repelling.

In the above examples, note that if b = b, (and o) = «; in Example 4.2) then the
recursions (4.1) and (4.2) do not have any non-constant 2-periodic solutions. These are
special instances of a more general observation that follows directly from the proof of
Theorem 2.2, together with the fact that f @ f € G for every f € F.

Proposition 4.3: Let f € F. Then for each solution (x,) of
Xn :f(xnfl) +f(xn72) , Vn>3,

either x, — & € L with 2f (§) = &, or else x, — +00.

An inspection of the arguments in Section 3 shows that parts of the conclusion of
Theorem 2.2 remain intact if the C!-function g : 1> — T has the property that

g(-,x2), gx1,-) e F, Vxe 2. (4.6)

Clearly, every g € G satisfies (4.6), but the converse is not true. For instance, if f;, o € F
and £1(0),£2(0) > 0 then (4.6) holds for ¢ = f1 © f, defined as fi © f2(x) = fi(x1)fa(x2)
for all x € I2, and yet fj ® f may not belong to G. (Recall that, by contrast, fy ® f, € G
whenever f,f, € F.)

Example4.4: Letf(t) =a+ t2, with a > 0, and consider
g =fOfx)=@+x)@a+x3), Vxel’.

Clearly, f € F, yet g ¢ G, and hence Theorem 2.2 does not apply. Still, the asymptotic
behaviour of (1.1) is much aligned with that theorem. Specifically, it is straightforward to
identify a number 0 < a* < 3 - 278/3 such that for a > a* all conclusions of Theorem 2.2
remain correct: If @ > 3 - 2783 then simply A4 = 12, whereas if a* < a < 3-278/3
then there exists a unique £ > 0, depending on a, with A¢ U Ayoo = I2, where Ag is
a non-empty bounded convex neighbourhood of (0,0). In fact, if a = 3 - 278/3 then
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£ =2"%3and Ag = Ag, whereasifa < 3 - 278/3 then 0Ag = A, for a unique n > &. For
0 < a < a* this partition of I? persists, however A¢ no longer is convex. Finally, if a = 0
then g(-,0) = g(0, -) = 0 ¢ F, and thus even (4.6) fails. Nonetheless Ag U A = I2,
with Ag = {x el?: xfﬁ_lxz < 1}, and 049 = A;. Though still a neighbourhood of (0, 0),
the set Ay is neither bounded nor convex.

Difference equations of ‘product-type’ have been studied e.g. in [4,17,28], though with
somewhat different objective. Note that, unlike in the previous example, g = fi © f, may
belongto G for some f1, f, € F,in which case Theorem 2.2 does apply directly. For instance,
itis easily checked that f; © f, € G provided that the (almost everywhere defined) functions
(f{/f1) and (f; /f>)’ both are positive. For example, cosh ( - 2 + a;) ® cosh ( - ? 4+ a,) €
G for all aj,a; > 0. The following analogue of Proposition 4.3, then, is an immediate
consequence of the proof of Theorem 2.2.

Proposition 4.5: Let f € F, and assume that (f'/f) > 0. Then for each solution (x,) of
Xn :f(xn—l)f(xn—Z) , Yn>3,

either x, — & € T with f(§)? = &, or else x,, — +00.

Remark 4.6: If ¢ € G is real-analytic on (RT)? then (1.1) can have at most finitely
many 2-periodic solutions. (All functions g considered as examples in this article are real-
analytic.) It seems plausible that the assumption g € G does not in general restrict the
number of such solutions any further, i.e. in Theorem 2.2(ii) the curve dAs may contain
any (even) number of non-constant 2-periodic solutions of (1.1). At the time of writing,
the authors are not aware of a concrete example where this number is larger than four, the
latter having been observed in (4.5).

Itis natural to ask whether an analogue of Theorem 2.2 holds for higher-order difference
equations

Xn =gXn—1,Xn—2, .- > Xp—q), Yn>d+1, (4.7)

with an integer d > 3. For instance, an ad-hoc analysis along the lines of Section 3 shows
that for every a > 0, the set Ay C I3 associated with the third-order equation

2
n—1

Xp=x2_ +axi ,+x 5, Vn=>a4, (4.8)
is a bounded convex neighbourhood of (0,0, 0), and AyUA, o = I Fora < 6, each
solution of (4.8) with (x1,x2,x3) € A converges to (a + 2)~!, whereas for a > 6, most
such solutions are attracted to one of two non-constant 2-periodic solutions; the latter are
(conditional) sinks for (4.8) within the surface dA¢. In general, it is conceivable that the
dynamics of (4.7) may allow for more alternatives than Theorem 2.2, even when d = 3.

More generally still, one may consider difference equations
Xn = §(Xn—Ny>Xn—Ny>- - > Xn—N;)» Yn>Ng+1, (4.9)

with fixed positive integers Ny < N < --- < Ny (assumed w.l.o.g. to not have a common
factor), of which

2 2
Xp=X,_3+X%X,_ 7, Vn>38,
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would be a simple example. While the definition of the family G in (2.3) can be adapted to
(4.7) without difficulty, doing the same for (4.9) in a fruitful way seems less straightforward
if ¢ is understood as a function on IN¢ rather than on I¢,
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