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Numerical data generated by dynamical processes often obey Benford’s Law of logarithmic
mantissa distributions. For nonautonomous difference equations x, = Tn(zn—1),n =1,2,...,
this article presents necessary as well as sufficient conditions for () to conform with Ben-
ford’s Law in its strongest form: The proportion of values in {zo,z1,...,Zn} with base b
mantissa less than t tends to log, t as n — oo, for all integer bases b > 1. The assumptions
on (Ty), viz. asymptotic convexity and eventual expansivity on average, are very mild and
met e.g. by practically all polynomial, rational, and exponential maps and any combinations
thereof. The results complement, extend and unify previous work.
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1. Introduction

Benford’s Law (BL) is the probability distribution for the mantissa with respect
to base b € N\ {1} given by

P(mantissa, < t) =log,t, Vte [1,b]; (1)
the most well-known special case is that
P(first significant digit, = d) =log, (1+d™'), Vd=1,...,b—1.

First recorded by Newcomb [20] and popularised by Benford [1], BL is increasingly
attracting the interest of scientists across a wide range of disciplines [7]. Empirical
data following (1) have been discussed extensively, for instance in real-life data (e.g.
physical constants, stock market indices, tax returns [14, 18, 23, 25]), in stochastic
processes (e.g. sums and products of random variables [12, 23]), and in deterministic
sequences (e.g. (n!) and Fibonacci numbers [1, 10, 11, 16]). For dynamical systems,
be they autonomous or nonautonomous, deterministic or stochastic, discrete or
continuous, a thorough mathematical analysis of BL has recently been initiated,
and it has been demonstrated that, in one way or the other, the asymptotic distri-
bution of orbits and trajectories obeys (1) surprisingly often [3, 5, 6, 8, 12, 26, 27].
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Most of these results are rather limited in their scope. It is the purpose of the
present article to more comprehensively elucidate when, and when not, dynamical
systems should be expected to follow BL.

Concretely, given xg let the sequence (z,,) of real numbers be generated iteratively

by
xp =Th(xp-1), n=1,2,..., (2)

with measurable maps T}, : R — R. Assuming that (x,) conforms with a strong
form of BL, can anything interesting at all be said about (7},)? For the autonomous
case, that is, for 7T}, not depending on n, Section 2 provides a complete answer to
this question, by way of Theorems 2.5 and 2.10. Also, it is demonstrated through
examples that the conclusions of both theorems are best possible in general. Section
3 is devoted to the strengthening of known BL results for (2) by embedding them
into a more comprehensive and general setting. For a concrete example, consider
(T},) according to

e+ 1 if nis an odd prime number,

Tn(z) =< 2?2 —2 if n is even,
xr + 3 otherwise.

For this system, the results in [4, 5] do not apply. However, it follows from the
main result of Section 3, Theorem 3.7, that for Lebesgue almost every zg € R the
sequence (z,) generated by (2) follows BL for every base b. The key ingredients
in the proof of the very general Theorem 3.7 are versatile notions of asymptotic
convezity and eventual expansivity on average for (T,,), together with a power-
ful nonautonomous shadowing technique that enables the application of standard
uniform distribution tools. Simple examples show how the results presented here
extend and unify previous work.

Throughout the article, the following, mostly standard terminology and notation
will be used: The sets of natural, non-negative integer, integer, rational, positive
real, and real numbers are symbolised by N, Ny, Z, Q, RT, R, respectively. For
every a,z € RT with a # 1, log, » denotes the base a logarithm of z; if used
without a subscript, log is understood as the natural logarithm. For notational
convenience, log,0 := 0 for all « € RT\{1}. The integers |z| and [z] denote,
respectively, the largest integer not larger, and the smallest integer not smaller
than z € R; the fractional (or non-integer) part of z is [z] := x — |x|. The
cardinality of the finite set A is #A, and A symbolises Lebesgue measure on R
(or parts thereof). The indicator function of any set B is denoted by 1, that is,
1p(x) equals 1 or 0 depending on whether x € Bor x ¢ B.Ifa € R and B C R
then a + B := {a+ b : b € B}. For every a € R, the Dirac measure at a is 04,
hence 0,(B) = 1p(a) for every B C R. The support of any Borel (probability)
measure 4 on R, symbolised as supp u, by definition is the smallest closed set
with full measure. Thus for example supp d, = {a}. As usual, the terms absolutely
continuous and almost every(where) are abbreviated as a.c. and a.e., respectively,
and are understood relative to some reference measure that usually is clear from
the context and not specified explicitly. If f : X — R is measurable and p is
any (probability) measure on X then fu, defined via fu(A) := ,u(f_l(A)), is a
(probability) measure on R. For example, given any (probability) measure p on R,
2# and || are (probability) measures concentrated on, respectively, RT and Z.
The map T : X — X preserves p, or p is T-invariant, if Ty = p.
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2. Benford sequences: basic properties and examples

Given any natural number b larger than one, every x € R can be written uniquely
as x = (x)pb¥ with 1 < (), < b and the appropriate k € Z. The number b is usually
referred to as a base, and (-), : RT — [1,b] is the (base b) mantissa function. Note
that (z), = bll°& 7l for all 2 € R*. Also, [(z)y] € {1,...,b — 1} is called the
first significant digit (base b) of x, henceforth symbolised as fsd,x. For notational
convenience, define (0), := 0, and hence fsd,0 = 0 for every base b.

A most basic way of generating numerical data is through explicitly or recursively
defined sequences. A sequence may conform with BL in a rather strong sense.

DEFINITION 2.1 A sequence (zp)nen, of real numbers is b-Benford if

#{j <n:(xjl)p <t}

n

:logbt, Vte[l,b[,

lim,, 0o

it is (strictly) Benford if it is b-Benford for every b € N\{1}.

The following correspondence between the b-Benford property and uniform dis-
tribution modulo one is well known. The term uniformly distributed modulo one is
henceforth abbreviated as u.d. mod 1.

PROPOSITION 2.2 ([11]) A sequence (xy)nen, of real numbers is b-Benford if and
only if the sequence (logy |Tn|)nen, is u.d. mod 1.

ExaMPLE 2.3 Using Proposition 2.2 and standard results from uniform distribu-
tion theory (as can be found e.g. in [17]), examples of Benford sequences are easily
produced.

(i) The sequence (n!) is Benford, see [5, Exp.5.4(ii)] or [11, Thm.3].

(ii) Let (z,,) be generated by x,, = x5,—1 +xp_2, n > 2. The sequence thus defined
is Benford except for the trivial case (zg,x1) = (0,0). In particular, the sequence
of Fibonacci numbers, corresponding to (xo,z1) = (1, 1), is Benford [3, Exp.3.5(i)].

(iii) Define (x,,) recursively as z,, = #2_; +1, n > 1. For (Lebesgue) almost every
xo € R, the sequence (z,) is Benford. There are, however, also exceptional points:
[5, Exp.4.3] explicitly gives xo such that fsdjgz, = 9 for all n. Another example is

zo = limy 00 \/ .. \/\/ 1052" —1—1...— 1 = 4.53002223124696101566 . . . ,

for which (fsdipz,) = (4,2,4,2,...) is 2-periodic. It is an open problem whether
() is b-Benford for any b if o = 0.

(iv) The sequence (2") is b-Benford precisely if logy, 2 is irrational, i.e., if and only
if b is not of the form 27 for some j € N.

(v) For every a € R), the sequence (n%), and similarly the sequence of prime
numbers (py, ), is not b-Benford for any b, see [5]. Note, however, that these sequences
conform with BL in a weaker sense [24].

Some elementary properties of Benford sequences follow directly from Proposi-
tion 2.2.

PROPOSITION 2.4 (cf. [13]) Let (zy,) be a sequence of real numbers, and b € N\{1}.
Then:

(i) If (w,) is b-Benford then so is (o) for every non-zero a € R and j € N.
(ii) If xn # 0 for all n then (xy) is b-Benford if and only if (x,;1) is b-Benford.
(iii) If (xy,) is bV -Benford for some j € N then (xy,) is b-Benford.
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Intuitively, it is plausible that if a sequence is to be Benford then this puts severe
constraints on its distributional behaviour. To make this more formal, denote by
P(R) and P(R) the set of all Borel probability measures on the real line R and the
extended real line R = RU{—o00, +00}, respectively. Recall that P(R) and P(R) are
complete metrizable spaces when endowed with the topology of weak convergence,
and P(R) is compact. Also recall that if (i) is a sequence in P(R) with u,(R) = 1
then g, — g in P(R) means that

/ f i — / f o+ p({—00})f- + p({+oo}) i
R R

holds for every continuous function f : R — R for which the limits f_ :=
lim, o f(z) and fi := lim,_, 4 f(z) exist. Given any real sequence (), con-
sider the empirical averages

1

= ZFO 0z, € P(R).

By compactness, (1,) has a (weak) accumulation point in P(R). Denote by
Al(zy)] € P(R) the (non-empty) set of all accumulation points of (n,). It is
readily confirmed that A[(x,)] is compact and connected (though not necessar-

ily path-connected), with p({z;:j € No} ) =1 for every p € Al(zy,)]. If (z,) is
Benford then each element of A[(z,,)] has a very simple structure.

THEOREM 2.5.  Assume that (x,,) is b-Benford for infinitely many b € N\{1}.
Then for every u € Al(xy,)], there exist numbers p_, po, p+ > 0 with p_+po+p+ =1
such that g = p_9d_oo + Podo + P++oo-

Proof. Assume p € A[(z,,)] and let 1, — p. Given 0 < s < t and 0 < € < 1, choose
b so large that (z,) is b-Benford and also

|log s| + |log t| -
logb

Note that this choice implies s > b~! and t < b. Assume first that s > 1, hence
(x)p = x for every s < z < t, and

bl ) < i ) = ity 57 ()

#{jgnk:s<xj<t}:hm #{J <np s < (x))p <t}
ng + 1 ke ng + 1

=lim;

] log t
!0g81+!0g!<€

=log;t —1 <
ogp 0gp S = log b

Similarly, if ¢ < 1 then (z), = xb for every s < x < t, and

J < e sb < (a0 < th)
ng + 1

pu(]s, t]) < limy, = |logy s| — [logy t| <.
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Finally, if s < 1 < t then by the above

ps: 1) = ps, 1)) + p({1}) + p(1,¢]) < [logy 8| + limg oo N, ({1}) + logy ¢
_ |logs| +logt
N log b

Since € > 0 was arbitrary, u(]s,t[) = 0. Analogously, u(]s,t[) = 0 whenever s <
t < 0. Overall therefore u(R\{0}) = 0, hence p({—00,0,+00}) =1, and the claim
follows. O

REMARK 2.6 In a wider context unrelated to BL, Theorem 2.5 is a consequence
of the following simple observation: Let v be a probability measure on [0, 1] with
v({0,1}) =0, and let £: N\{1} x R™ — R have the property that

limy_, oo ‘E(b, x)‘ =0, locally uniformly on R™ .

Given a real sequence (zy,), assume that ([£(b, |zn|)]) is distributed according to v
for infinitely many b. Then, by an argument very similar to the one above, every
€ Al(xy,)] is a convex combination of §_n, dp, and J 4. Evidently, Theorem 2.5
corresponds to the special case £(b, z) = log, x and v = Afjg 1]

Theorem 2.5 provides a simple necessary condition for (x,) to be Benford. This
condition is clearly not sufficient in general, as can be seen for instance from
(xn) = (n) for which A[(x,)] = {010} vet (x,) is not b-Benford for any b. On
the other hand, every compact and connected subset of P(R) allowed by Theorem
2.5 equals A(x,,)] for some Benford sequence (x,), as demonstrated by Example
2.9 below. Also, contrary to A[(z,)] C P(R), the set of accumulation points of ()
or (%‘Fl > i—oTj) in R may have a less trivial structure, even if (z,) is Benford.
Finally, Example 2.11 shows that Theorem 2.5 may fail if (x,,) is b-Benford only for
finitely many bases b. As a statement about Benford sequences, therefore, Theo-
rem 2.5 is best possible in that in general neither its assumptions can be weakened
nor its conclusions strengthened. In preparation for these examples, a simple fact
about uniform distribution will be formulated. To this end let (IN;), (L;), and (&;)
be sequences of natural, non-negative integer, and real numbers, respectively, and
consider any sequence (x,) with

$n:fj+n€j?9, Vn:1S?’L—(N1+L1+‘..+Nj,1+Lj,1)SN]’ (3)

where ¥ € R, ¢; € {—1,1}, and Ny := Lo := 0. Thus (z,,) consists of arithmetic
progressions of lengths Ny, No, ... with the same increment ¥ (in absolute value)
but possibly different off-sets &;, interspersed with arbitrary segments of lengths
Ly, Lo,..., that is, (x,) has the form

(xn) = ( §1+€119,§1 + 26119, - 751 + N1€119,£CN1+1, ey TN 4Ly s

Ni-term arithmetic progression L, arbitrary terms

S+ (Ni+Li+1)e2?, ..., & + (N1+L1+Na)ead,

Ns-term arithmetic progression

LTNi+Li+Na+1s- -+ 3 TNy+L1+No+Los - - ) .

Lo arbitrary terms

In the special case L; = 0, §; = 0, and €; = 1 the sequence (z,) simply equals
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(n) and hence is u.d. mod 1 if and only if ¥ € R\Q. The following is a mild
generalisation of this familiar fact.

LEMMA 2.7.  Let (Nj), (L), (g5), and (&) be sequences in, respectively, N, Ny,
{—1,1}, and R, with

L1+...+Lj _

— =0.
N1+...—|-Nj

hmjﬂoo

Assume the sequence (xy) obeys (3) with some 9 € R. Then:

(i) If limj_so 14‘]‘1‘] = 400 and ¥ € R\Q then (x,) is u.d. mod 1.

o N,
(i) If limj_,oom > 1 and ¥ € Q then (z,,) is not u.d. mod 1.

Proof. To prove (i), let ¥ be irrational and assume 1 <n—(Ny+Li+...+ Np—1+
Ly—1) < Ny, for some m € N. Then, for every h € Z\{0},

‘ § :n eQTriha:j
J=1

_ ‘ Zm—l 2mihe; ZNJ' 2tk Ny Lt et Ny 1+ Ly-1)eg9
j=1 k=1

+ m J 627T1h$k+N1+L1+...+Nj,1+Lj,1+Nj+
Zj:l Zk:l
n

+ 627mh§m § : 62mh]€m19
J=14+Ni+Li+..+Np—14+Lpm—1

2m
Sm+Ll++Lm_l

For 1 <n—(Ni+Li+...+ Nm1+ Lin—1 + Nip) < Ly, the same estimate

j .
— = =, it follows that
Ni+...+ Nj

lim,, oot Py e?™hi = 0, and since h was arbitrary, (z,,) is u.d. mod 1.
To verify (ii), assume that ¥ = p/q with (p,q) € Z x N and p, g relatively prime.
For h = ¢, the same explicit computation as before shows that

, —1 . —1 L; .
E " e2miqT; — § m 627”45;']\[]. + E m E I eQﬂquk+N1+L1+...+Nj,1+Lj,1+Nj+
j=1 j=1 j=1 k=1

+ ¢2midem (n —(Ni+Li+...+Np1 + Lm—l)) )

holds with m replaced by m + 1. With lim; .

and consequently, for n = Ny + L1 + ...+ Ny + L,

m 2miqg€; NT.
Zj:l € N

lzn 627Tiqzj B Ii+...+ Ly,
n 7=1 Ni+...+ N,

~ "Ny +...+ N,

The assumption on (NN;) implies

Z;TLZI 627Tiq§j Nj
Ni+...+ Ny,

: 1 n 2mwiqx; .
limy, 00 | = g € 7 2> limy 0o
n J=1

N.
J -—1>0,

> 2lim; oy —t———
- TN+ ...+ N
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showing that (n~! > e e?™4%;) does not converge to 0, and hence (x,,) is not u.d.
mod 1. O

REMARK 2.8 The assumptions in Lemma 2.7(i) are best possible in that the asser-
N1+...+Nj L1+...+Lj>0
] Ni+...+ Nj '
On the other hand, the assumption on (NN;) in (ii) clearly is restrictive and can be

relaxed considerably in special situations, that is, with further conditions imposed
Ni+...+ N f

tion may fail if either lim;

im0 < 400 or lim;

on (g;) and (§;). Note, however, that if merely — 400, i.e. in the

J
setting of (i), the rationality of ¥ does not necessarily rule out uniform distribu-
tion of (z,,). A simple example is (N;) = (j), L; =0, ¢; = 1, & = j& with some
irrational &, and ¥ = 1. In this case

‘Z” 2miha;
j=1

holds for all n € N and h € Z\{0}, and hence (z,,) is u.d. mod 1.

2
< (1+v2n) <1 + |e2mihE _ 1|2>

EXAMPLE 2.9 Given any probability vector p = (p_,po,pr) € R3, that is,
p—,p0,p+ > 0 and p_ + pp + p+ = 1, there exists a sequence (z,) that is
b-Benford for infinitely many but not all bases b, and A[(xy,)] = {v,} where
Vp = P—0—oo + P00 + P+0400. To explicitly define such a sequence, assume w.l.o.g.
P—,po, P+ > 0and let N=J_U JyU J; with

JI=J

J]=

Jo = U;;(Ml +ot Mo+ [p- M)+ (1, [poM;]]) NN,

1(M1+...+Mj_1 + [1, Lp_MjJ]) NN,

Jy=N\(J-UJo),

where (M) is a strictly increasing sequence of natural numbers yet to be specified
further, and My := 0. Thus N is partitioned into |p_M; | elements of J_, followed
by |poM;i] elements of Jy, then My — |[p_M;| — |poM1] elements of J, followed
in turn by |p_Ms] elements of J_ etc. It is easy to check that each J; indeed has
M;
Mi+...+M b
from now on. For the sequence (z,) defined according to

density p;, provided that lim; = (. The latter will be assumed

—2" ifneJ_,
Ty = 27Mfn € Jy,
2" ifne Jy,

it is clear that n, ﬂ{ vp and therefore A[(xy)] = {vp}. For every b not a power of
2, that is, for b € {27 : j € N}, Lemma 2.7(i) with

Nj: \_pOM%J if j € 3Ng + 2, Ej:{
M%—{p,MJ—LpoM%J if j € 3N,

7
3

—1 if j € 3Ny + 2,
1 otherwise,

as well as Lj = 0 and J = log, 2, shows that (z,,) is b-Benford. While Lemma
2.7(ii) does not apply if b = 27 for some j, it is obvious from the definition of (x,)
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that (jlogy, |x,|) is a sequence of integers in this case and hence (log;, x,) cannot
be u.d. mod 1. Thus (z,,) is b-Benford exactly if b ¢ {27 : j € N}.

By applying the above idea repeatedly, it is not hard to show that, given any
compact connected set D C P(R) contained in the convex hull of §_., o, 6100,
a sequence (x,) can be constructed with A[(z,)] = D that is b-Benford unless
be{2/:jeN}

From Example 2.9 it may also be deduced that (x,) being b-Benford for infinitely
many bases b does generally not allow any structural conclusions to be drawn about
the set of accumulation points of (z,) in R or of (d;,) in P(R). Neither, for that

) in R, as the example
n

12 N 1 -2 N, 1 .2 Ny 1
(xn) = (e,€%,...,e e e 2 e 2e,et,. .., e e L)

shows: If Nj — +oo then (z,) is Benford by Lemma 2.7(i). However, given any

(possibly one-point) interval [s,t] C [0,400], the set of accumulation points of

(M) can be made to equal s, ¢] simply by choosing (Nj) appropriately.

On the 7F(L)ther hand and in accordance with Theorem 2.5, every u € Al(x,)] is a
convex combination of §y and d .

As indicated in the introduction, this article focuses on the Benford property of
sequences defined recursively by

v =Tj(rj1), jeEN, (4)

where (T}) is a sequence of measurable maps of the real or extended real line (or
parts thereof) into itself. Relation (4) may be interpreted as a nonautonomous
dynamical system (in discrete time). For every n € N, denote by 7™ the com-
position 7" := T, o ... 0T}, and T? := id. The symbol Op(z), referred to as
the orbit of x under (7j), denominates the sequence generated by (4) subject
to the initial condition xy = z; thus Op(z) = (T"(m))neNo. For any function
f R — R the symbol f(Or(z)) is understood to mean (f(T"(z))); thus for ex-
ample [Or(z)] = ([T™(x)]). Note that the interpretation of Or(xg) as a sequence
differs from terminology sometimes used in dynamical systems theory (e.g. [15])
according to which the orbit of z( is the mere set {z, : n € Ny}.

The remainder of this section is devoted to the autonomous version of (4), i.e.
to T; independent of j. In this case, Theorem 2.5 has a corollary worth noting.

THEOREM 2.10. Let X be a Borel subset of R and assume the map T : X — X
preserves a (Borel) probability measure u, that is Ty = . Then

p({z € X : Op(z)is Benford }) = 0. (5)
Proof. W.l.o.g. assume that X = R. Let B C N\{1} be an infinite set of bases and

Xp = {z € X : Op(z) is b-Benford for all b € B} .

It will now be shown that ©(Xpg) = 0. Clearly this implies (5).

Note first that if y is ergodic then A[Op(z)] = {u} for p-almost every x. In this
case, if 1 = p_0_oo+P0odo+P+0+00 then every y € {—00,0, 400} is periodic. Clearly
w(Xp) = 0in this case. If, on the other hand, x is not a convex combination of 0_ o,
30, 04oo then, by Theorem 2.5, (X p) = 0 as well. Thus u(Xpg) = 0 holds whenever
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u is ergodic. In general, let (2, (R, Vw)weq, P) be an ergodic decomposition of p,
see e.g. [19, Sec.I1.6]. Then v,(Xp) = 0 for every w € €, hence

H(Xp) = / Ly, (1) dpu(r) = /Q /R Ly, (r) dv(r) dP(w)

R

_ / V(X5 N Ry dP(w) = 0,
Q

and the proof is complete. O

EXAMPLE 2.11 Let T : [0,1] — [0, 1] be the symmetric tent map T'(z) = 1—|2z—1|.
It is well known (and easy to check) that T is ergodic w.r.t. (g ;). Define two maps
11,72 : [0,1] — [0,1] as

Then T o 1(x) = T o mo(x) = z for all z € [0,1], and 71,72 can be used for a
symbolic description of the dynamics of T in a standard way. To this end, denote
by Y5 the space of all sequences in {1,2}, that is ¥ = {1,2}, which is a compact
metrizable space when endowed with the product topology. The map

' Yo —[0,1]
h.{(

sn) > iMoo Tsy 0 Ts, 0 ... 0T (3)

is well defined, continuous and onto. Every z € [0,1] has at most two pre-images
under h, and in fact #h~'({z}) = 1 unless z is a dyadic rational, i.e., unless 2/x
is an integer for some j € N. Moreover, T o h = h o ¢ holds with o denoting the
standard (left) shift on o given by 0((sn)) = (Sp+1) for every (s,) € Xo.

(i) Since T is ergodic w.r.t. Lebesgue measure, the Birkhoff ergodic theorem
implies that for every base b and almost every z € [0, 1],

. #{j<n: <Tj($)>b <t} . 1 n—1 00 )
hmn_)oo = hmn_wo E Zj:(] Zk:l ]]-[b*k,tb*k] (TJ (ZII))

n
1
. 00 . 00 B _k
_/0 E kzl]l[b—kﬂ,—k](a?)dm— E k*l(t 1)b

t-1
o b—1"

For almost every , therefore, ((T™(z))y) is uniformly rather than logarithmically
distributed, and hence a typical orbit (in the sense of Lebesgue measure) is not
b-Benford for any b. It will now be shown that given any finite set B of bases,
the map T is conjugate and isomorphic (i.e., dynamically equivalent both in a
topological and measure-theoretic sense) to a continuous map S : [0,1] — [0, 1]
preserving a probability measure equivalent to )\|[071] such that Og(x) is b-Benford
for all b € B and almost all z € [0, 1].

To construct S, first choose an a.c. probability measure p with supp u = [0, 1]
such that [logy p] is uniform for all b € B. Such a measure is easily found as follows.
For every a < 0, denote by U, ¢y the uniform distribution on [a, 0]. Recall that the
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Fourier transform of Uy, o) is

_— ) 1 [0 . in(1 L
U(a,O) (ZL‘) — / eztac dU(a,O) (t) — _/ ettt — SIH(QCL.T) ezlar
R aJq a

Also, let v, be the negative exponential distribution, i.e. Voo (] —00, 2]) = min(e”, 1)
for all z € R, the Fourier transform of which is

0 itx _t 1
Voo(2) /OO © 1+ iz

Let 8 := min B > 2 and consider the convolution of the #B uniform distributions
U(—logﬁ b,0); b € B and v, Le.

V= *bEBU(—logB b,0) * Voo ;

here * denotes the usual convolution of probabilities on the real line. Clearly, v is
a.c. w.r.t. A, and suppv =] — 00, 0]. The Fourier transform of v is

(1
Pla) = 3o Thealonst LT Snlarlogsd)
1 + Zl‘ beB %x 1Og/3 b .

Since vV(2kmlog, ) = 0 for all k € Z\{0} and b € B, the probability measure
[(logy, B)v] equals Ajg 1) for every b € B. (This uses the readily confirmed fact that
p € P(R) satisfies [u] = Aljp,1) if and only if zi(2wk) = 0 for all k& € Z\{0}.) Define
now p := (Y, that is

Fu(x) :== p([0,2]) = v(] — o0,logg z]), Vo >0.

From the above it is clear that the measure p thus constructed has all the desired
properties: It is equivalent to A[j ), and [log, u] = [(log, B)v] = Aljp,1) for all
b € B. The distribution function F), of  maps [0, 1] homeomorphically onto itself,
with F,(0) = 0 and F,(1) = 1. Since 0 < F(x) < +oo for all 0 <z < 1, Fljg 1 is
a diffeomorphism. With these preparations, define S : [0,1] — [0, 1] as

1
S.—FH oTokFy.

It is easy to see that S is a continuous, tent-like map with S(0) = S(1) = 0 and
S(F " I %)) = 1. By construction, (S, u) is topologically conjugate and isomorphic
to (T, \). Hence dynamically T and S are identical, up to the change of variables
brought about by the homeomorphism F),. Moreover, [2, Lem.4.10] shows that S is
ergodic w.r.t. u. For Lebesgue almost every x, therefore, Og(z) is b-Benford for all
b € B. Thus Theorem 2.5 and 2.10 may fail if the b-Benford property is stipulated
only for finitely many bases b.

A similar approach can be carried out whenever T is ergodic w.r.t. a probability
measure equivalent to A\. A popular example in this regard is the logistic map
Q4 : x — 4x(1 — z). Almost no orbit of such a map typically is b-Benford for
any b, but given any finite set B of bases, there exists a dynamically equivalent
map S such that Og(z) is b-Benford for every b € B and Lebesgue almost all z.
One may conclude that for an autonomous system the b-Benford property of most
of its orbits and finitely many b does not have much dynamical significance. As
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evidenced through Theorem 2.5 and 2.10, the situation is completely different if
infinitely many bases are considered.

(ii) It was explained above why in the case of the symmetric tent map the orbit
Or(z) is, for almost every = € [0,1], not b-Benford for any b. Thus it is natural
to ask whether Or(x) is b-Benford at all for some x and b. This question will now
be answered in the affirmative. For this purpose, pick a sequence (N;) in N with
N; — 400 and consider the symbolic sequence

s =(sp)=(1,...,1,2,1,...,1,2,1,...,1,2,1...) € £y. (6)
N7 times N times N3 times

Define z* := h(s*) € [0,1]. With I; = [0, 3], I = [3,1], note that T"(z*) € I, for
all n € Ny. Consequently, Or(z*) stays in I for the first N steps, then makes a
one-step excursion to Iz, then remains in I; for Ny steps etc. Since for all x € I,

log, T'(z) = log,(2x) = log, 2 + logy, z,

Lemma 2.7(i) applies whenever log,, 2 is irrational, and consequently Or(z*) is b-
Benford for every b ¢ {27 : j € N}. As (6) provides uncountably many different
points z*, the set

{z €[0,1] : Op(z)isb-Benford for all b € N\{27 : j € N}}

is uncountable; clearly it is also dense in [0, 1]. Under the appropriate additional
assumption on (INj), however, Or(z*) is not 27-Benford for any j € N. If for
instance

N; 1
—_ > = 7
N1+...+Nj 2 ()

lim;j o

then this follows directly from Lemma 2.7(ii). On the other hand, if

|N2—N1‘+...—|—|Nj—Nj,1| _
N1+...+Nj

hmjﬂoo

0, (8)

then Or(z*) cannot be 2/-Benford either. This will be shown for j = 1 here; the
case j > 1 can be dealt with similarly. (Note that the conditions (7) and (8) are
mutually exclusive, postulating a fairly rapid and a rather slow, uniform growth of
(N;), respectively. Either condition allows for uncountably many different choices
in (6).)

To show that Or(z*) cannot be 2-Benford whenever (8) holds, first define S :
RT - R as

_ y—1—logy(2¥—-1) if 0 <y <1,
S(y) == —logy T'(2 y)—{y_l >,
so that S™(—logyzg) = —logy T"(x) for every zo € ]0,1[\ UjeNT_j({O}) and
n € N, and hence Or(xg) is 2-Benford if and only if Og(— logy z¢) is u.d. mod 1. The
map S is ergodic w.r.t. the probability measure with density 27%(log 2)1p 40((%)-
Denote by S the map induced by S on ]0,1[, that is S(y) = [S(y)] for all
0 < y < 1. The map S is ergodic w.r.t. the induced measure on ]0,1[, which
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has 21 7¥(log 2)1,1((y) as its density. Also, let y* := —logy 2* as well as y* := [y*].
The orbit modulo one of y* under S and the orbit of y* under S are related in that

[0s)] = (T .7 8F ). S@) (G, -, (T, )

N, times Ny times N3 times

Suppose now that Op(z*) was 2-Benford. Then Og(y*) would be u.d. mod 1, that
is n, = Alo,1], where 1, := n%rl Z;:U d[si(y)]- In particular, therefore,

NNy +..+ N, — N 1IN, Z] . dg,- L) = Alp,;] asn — oo.
For every continuous function f :[0,1] — R,
’(Nl e +Nn)/fd(§77N1+...+an)_
—(Ni+...+ Np1+ 2Nn)/fan1+...+Nn_1+2Nn1
< [N F(S™T)) — Nuf ()] +Z VN - Nl £ (ST @) |+

N,
+Zj:1

n—1
< (N1 + 2N, +Zj:1 |Nj+1 - N]D ”f”007

FAISN A+ ()]

which, together with (8), shows that
limy, o0 ‘/fd(gan—i-...—an—l) - /deIN1+...+N,L1+2N,L—1 =0,

and hence §77N1+_.+Nn_1 = )\\[071] as well. As a consequence, /\][0,1] would be S-
invariant. (Note that S is not continuous but its points of discontinuity form a
sequence converging to 0.) This however is impossible because S is ergodic w.r.t.
a measure equivalent to, yet different from A|( ;). Thus Or(z*) cannot possibly be
2-Benford. At the time of writing, the author does not know whether there exists
any x € [0, 1] at all for which Or(x) is 2-Benford.

As was the case with (i), the argument above carries over to other maps. The
same strategy can for instance be used to demonstrate the existence of uncountably
many points z € [0, 1] for which Og, () is b-Benford for every b not a power of 2.
Note, however, that unlike the tent map considered above, Q4 is not linear near 0,
which makes the analysis slightly more involved as a shadowing argument has to
be employed before Lemma 2.7 can be applied, see Example 2.12 below for some
details in an essentially equivalent context.

EXAMPLE 2.12 A tacit but important assumption in Theorem 2.10 is that u be
finite. To see how that theorem may fail if T preserves an infinite measure, consider
the C'*° unimodal map Ty, : [0, 1] — [0, 1] defined according to

{ 1—ei®1-Qe=1)™) jp g2 L

1 ifo=1,

To(z) =
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where a > 6 is a parameter. A characteristic feature of T, is its flat critical point,
ie. To(én)(%) = 0 for all n € N. In [28] the ergodic theory of such maps is developed
in detail. In particular, it is shown that T, is conservative and ergodic w.r.t. an
infinite but o-finite measure p equivalent to A|j ;). Moreover,

1 n w
T 2 O = 00 9)

holds for almost every z € [0,1]. Note that 7). (0) = a. It will now be shown that
Or, (x) is Benford for almost every x, provided that logy « is irrational for all bases
b. (The latter condition is satisfied for all but countably many «; one may e.g.
choose a = €2.) To prepare for the argument, fix an o with the latter property
and let 7, : [0,1] — [0, %[ be the smooth map with 7,(0) = 0 and Tj, o 74(x) = .
Clearly, 7o(z) = z/a(1 + f(z)) for some smooth f with f(0) = 0. It is readily
confirmed that

h(z) = limy, oo o710 () = @ H;io(l +fo Tgé(x))

defines a smooth function h : [0,1[ — R with h(0) = 0, A'(0) = 1, and h(z) > x for
all 0 < z < 1. Also, h o7, = a~'h and hence

hoT}(x) =a"h(x)

holds for all z and n, provided that {z, T,
b and € > 0, pick NV € N so large that, wit

T2 (z)} C [0, 3[. Given any base
7a' (

(x),..
hé=

)

[N
N—

h(z)

logb‘ <e, Vxe]0,d],
x

and consequently

hoTX(x)

[e]

Inlogy a + logy, h(x) — logy, T (x)| = W

log;, <e, (10)

whenever {z,...,T3(2)} C]0,d[. For every = € [0,1]\ U2, To?({1}) the point
T (x) lies, for each n € N, in exactly one of the two intervals I; = [0,4] and
I, = [6,1]. Associate with each such z two integer sequences (N;(z)) and (L;(x))
such that

z, To(z),..., TN Yz) eIy,
Y (@), Ta Y (a) € I, (11)

TN L), TN gy e 1) ete,

where all numbers N;, L; are positive, except perhaps N1 = 0. The sequences
(Nj(z)), (Lj(z)) are uniquely determined by (11). It follows from the Hopf ratio
ergodic theorem that

lim, o 1(z) + TR j(x):+oo, i, o =0, (12)
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holds for almost every x. Let (y,) be any sequence with

yn:(n — (N1 + L1 + ...+ Nj—l + Lj—l)) logb o+ logb h(TéVl+L1+"'+N"71+Lj71(.’E))

VTL:OSn*(N1+L1+...+Nj,1+L]’,1)<Nj.

By (12) and Lemma 2.7(i), (yy,) is u.d. mod 1 for almost every x. Moreover, it follows
from (10) that |y, — log, T (z)| < & whenever n € Jf := {j € N: Ti(z) € [0,4]}.
According to (9), for almost every x, J§ has density one, that is lim, .« n~l4(J $n
{1,2,...,n}) = 1. Overall, for some set A. C [0,1] with \(A;) = 1, and every
z € A., the sequence (log, T7(x)) differs, on a set of density one, by less than
e from the uniformly distributed sequence (yy). It follows from [3, Lem.2.3] that
for every z € Ag := (e A1/, the sequence (log, T (x)) is u.d. mod 1. Clearly,
A(Ap) = 1. Finally, taking the (countable) intersection over all Ay corresponding
to all b € N\{1} shows that Or, () is Benford for p-almost every = € [0,1]. Thus
Theorem 2.10 may fail drastically if u is not finite.

3. An application of nonautonomous shadowing

The goal of this section is to provide mild conditions on the sequence of maps (77)
such that (4) generates many Benford sequences. For this, eventual expansivity of
(T;) is a crucial property and will be formalised using the following tailor-made
terminology.

DEFINITION 3.1 A sequence (ay,) of real numbers is eventually positive on average,
abbreviated henceforth as eposa, if

1 n
lim — g am+i > 0.
=S=mn—o0 j=1 m+j

Thus (a,) is eposa if and only if there exists & > 0 and Ny € N such that
n-! > i—1 @m+j > afor allm,n > Ny. Clearly, (ay) is eposa whenever lim,, ., a, >
0, but neither does a,, > 0 for all n imply that (a,) is eposa, nor does lim,,_, a, =
—oo rule this out. For example, (n™!) is not eposa while ((—1)"n + 1) is. If (ay)
is eposa then lim, . n~" 37 a; > 0. On the other hand, even if (n™" }77_, a;)
converges to a positive limit, (a,) may not be eposa.

To identify b-Benford sequences generated by (4), define the maps S; : y —
log, Tj(bY) so that log, T (x) = S™(logy =) holds whenever both sides are defined.
It is natural, therefore, to first seek conditions ensuring that Og(y) is u.d. mod
1. Recall that if a map S : Rt — R is convex then it is a.c., and its right-hand
derivative S’ exists everywhere and is non-decreasing.

LEMMA 3.2. Assume the maps Sj : Rt — RT satisfy, for some yo > 0 and all
j €N, the following conditions:

(i) Sj is convex on [yg,+o00[;
(ii) S;(y()) > 0.
If (log 5’; (yo)) is eposa then there exists y1 > yo such that Og(y) is u.d. mod 1 for

(Lebesgue) almost every y > y1. However, the set {y > y1 : Og(y)is u.d. mod 1} 18
meagre (i.e., a countable union of nowhere dense sets) and hence its complement
is uncountable and dense in [y1,+00]).

Proof. Let (3; := S}(yo) and note first that, as (log ;) is eposa, there exist v > 0
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and No € N such that 3,41 ...  Bnin = €7 holds whenever m,n > Ny. Since S;
is a.c.,

Yy
sj<y>—sj<yo>=/ Si(u)du > Bi(y — o), Yy > yo.jEN.
Yo

In particular, therefore, if y > yo(1 + 51_1) then Si(y) > yo, but also
S%(y) = S20 S1(y) = S2(S1(yo) + Bi1(y — 1)) = S20S1(yo) + B2B1(y — wo) -

Let y1 = yo(1 + By + B 6By + ...). By induction, if y > y; then S™(y) >
B1-... By —yo) and S™(y) > yo for all n € N. Define the measurable functions
fu+ [y1,+00]— R as fuly) = S"(y) and note that f4(y) = Bi-...-B, for all y > y.
Moreover, for n > m > Ny and n — m > Ny,

(8,057 (g) .. Shyyy 0 S™(y) = 1)}, 0 S™L(y) .. Sho S1(1)SL(y)
>Bn e Bt1 — D) B

(X _1)ermeNogy L By

(@0 1)eme s 0,

with some positive constant C. Since f,, — f,, has an increasing derivative, given
any h € Z\{0} and s,t € R with y; < s <,

e min(m,n)

t
2mih(fu (V)= Fm(¥) Q| <
/S € y‘ ~ |h|(erln=ml —1)C

holds, see [17, Lem.2.1]. Consequently, the exponential sum
(V)= — 3 AT~ ) gy
N2 m;n=1 J
can, for all N > Ny, be bounded below and above as

t
0< N2,(N) <23 / 627fih(fn(y)—fm(y))dy‘
o s

2 N e m
< _
S A= s)NNo + Z";vﬁ:f;?vgl ern=m) _ |
< N (4(t —s)No + 2
J— S .
= O T IR|C(exNo —1)(e7 — 1)

Hence Y-%_; In(IN)/N converges, and by [17, Thm.4.2] the sequence (f,,(y)) is u.d.
mod 1 for almost every y € [s, t], that is, A([s,t]\U) = 0 where

U={y >y :0s(y)isud mod1}.

Thus [y1, +oo[\U = UjeN([yl +j —1,y1 + j]\U) has measure zero as well.
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It remains to show that U, though of full measure in [y;, +00[, is nevertheless
meagre. To this end, choose 0 < § < % so small that

vy 1
S < —,
2y —logd Ny

60 <

and let My := [~y 'logé] + 1. Given any y > y; and 0 < ¢ < min(1,y — u1),
eNve > 1
holds for N, := [y !loge] + 1, showing that there exists an interval Iy C [y —
g,y + €] such that SN=(Iy) = [m1,m1 + 1] for some m; € N. Within Iy, an interval
I can be found with
SN (L) = [m1 + 3 — 6,m1 + 5 + 4],
but also
SN5+M5 (Il) D) [mg,mg + 1]
for some mo € N. Hence there exists I C I; with
SNE(IQ) (@ [m1 + % —4d,mq —‘,—%—1—6] and SNE_'_M‘S(IQ) = [m2+ % —5,77’L2+%+(5] .
Continuing this process yields a sequence of nested non-empty compact intervals
Iy D I D Ir D ... and therefore the existence of a point y* € [y — &,y + €] with
the property that
SNAGDMs (y#) € [mj + 1 —§,m; + 3 +8], VjeN,

holds with the appropriate sequence (m;) of natural numbers. It follows that

lim #{j<ni[[Sj(y*)]]e[%—&%Jr(s]}>L>+>
e n ~ My~ 2y —logé

66,

which in turn shows that Og(y*) is not u.d. mod 1. Let ¢ : [0,1] — [0,1] be a

continuous, piecewise linear function with ¢(y) = 0 whenever |y — 1| > 24, and

2
¢(y) =1on [% -9, % + 0]. Since

- Z;_; @([[Sj(y*)]])—/lw(y) ay> U< ISGINEG 6540} 5o o
n = 0

n

for all sufficiently large n, it follows that

i [3 37 o100 -

For every m € N define

1
o(y) dy‘ > 2.

U= {r 2w [E 57 el - [ ot

<9 Van}.
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Note that Uy C Uy C .... If Og(y) is u.d. mod 1 then y € U, for all sufficiently
large m, hence U C |J,,,cry Um- By the continuity of ¢ and 57, every set U, is closed
and, by the argument above, has empty interior. Overall, therefore U C |J,,cn Um
where U,, = U,, and int U, = (. O

Lemma 3.2 directly implies a result on Benford sequences generated by (4) which
significantly extends [5, Thm.5.5].

THEOREM 3.3. Assume the maps Tj : Rt — RY satisfy, for some xg > 0 and
all j € N, the following conditions:

(i) x +— logTj(e") is convex on [xg, +00[;
(i) «T}(z)/Tj(x) > B; > 0 for all x > xo.

If (log ;) is eposa then there exists x1 > xo such that Or(x) is Benford for almost
every x > x1. However, the set {x > x1 : Op(x)is b-Benford for some b} 18 meagre.

Proof. Fix any base b and let S;(y) := log, T;(bY) for every j € N, so that S"(y) =
log, T™(bY) for all n. The maps (.5;) satisfy all the assumptions of Lemma 3.2 with
yo = o/ logb, and hence Og(y) is u.d. mod 1 for almost every y > y; for some
y1 > yo. Note that y; may depend on b. However, an inspection of the proof of
Lemma 3.2 shows that one can simply take y; = xo(1 +ﬂf1 +ﬁflﬂgl +...)/logb.
With this, Or(z) is b-Benford for almost every z > (8 +6" 0 +) = g
Note that x; is independent of b. Since the countable union of null-sets is a null-set,
Or(z) is Benford for almost all z > x;. As y — bY maps [y1, +0o[ homeomorphically
onto [z1,400[, the set X, := {z > z1 : Op(x) is b-Benford} is meagre, and so is
Ub Xp. O

REMARK 3.4 (i) Unlike [5, Thm.5.5] neither does Theorem 3.3 require z —
z! log Tj(e*) to be non-decreasing, nor does it stipulate that inf; 3; > 1. Note
that (8; — 1) is eposa whenever (log §;) is. In view of [5, Thm.5.5] one might sus-
pect that the assumption that (log ;) be eposa could be weakened to (3; —1) being
eposa. This, however, is not the case: Theorem 3.3 may fail with this latter assump-
tion, as can be seen from the simple example Tj(z) = 2% with 8; = 2= for
which (3; — 1) is eposa yet Op(z) is 2-periodic for every x > 0.

(ii) It is readily confirmed that Theorem 3.3 also implies (the reciprocal version
of) [5, Thm.4.4].

EXAMPLE 3.5 (i) Let Tj(x) = aP where p; > 0 for all j € N. If (logp;) is eposa
then Op(x) is Benford for almost all z > 0. In [5, Exp.5.9] the latter was proved
only under the stronger assumption inf; p; > 1. Thus for example, if p; is chosen
according to

- J 1 if j is a prime number,
Pi=12 otherwise,

then Theorem 3.3 applies whereas [5, Thm.5.5] does not. On the other hand, for

- J 2 if j is a prime number,
Pi=191 otherwise,

(logpj) is not eposa, and hence Theorem 3.3 does not apply. That Or(x) is nev-
ertheless Benford for a.e. x for this system as well follows from [4, Thm.3.1]. The
latter result is tailor-made for the power-like setting and contains an assumption
on (f;) that is less restrictive than the requirement that (log 8;) be eposa. What
makes Theorem 3.3 interesting in comparison is that unlike [4, Thm.3.1] it does
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not contain any structural assumptions on (7)) beyond convexity and expansivity
on average.

(ii) For Tj(x) = 2% +1, Theorem 3.3 implies that Op(z) is Benford for almost ev-
ery z € R. Note that [5, Thm.5.5] does not apply in this case as z — 27! log Tj(e®)
is decreasing.

(iii) If (7}) is chosen as Tj(z) = 2% + (—1)7 then Theorem 3.3 does not apply
because z — log T} (e”) is not convex for odd j. In this example one is tempted to
expect that Orp(z) is nevertheless Benford for a.e. large « because T); does not differ
too much from fj(m) = 22 to which Theorem 3.3 applies. This line of argument
will be made rigorous by Theorem 3.7 below.

As Example 3.5(iii) shows, it is mainly the convexity assumption (i) that may
restrict the practical applicability of Theorem 3.3. Fortunately, this assumption
can be weakened considerably by what is essentially a nonautonomous shadowing
argument. Again, the result will first be stated in uniform distribution terms. To
this end, assume that (.5;) satisfies assumptions (i) and (ii) of Lemma 3.2, and that
in addition

Si(y+p)

S;(y) -1<Cp (13)

holds for all j € N, y > yo and 0 < p < pg, where C, py are positive constants.
Furthermore, let S; : RT — RT be a.c. maps that differ from S; by little in the
sense that, for a.e. y > 1o

1S; () — S;()| + |Sj(y) — Sj(w)] < BT(y), VjeN, (14)

with some non-increasing function I' : R — R*. Under mild conditions the uni-
form distribution of Og(y) for a.e. sufficiently large y carries over to Oz(y).

LEMMA 3.6. Let (S;) satisfy assumptions (i) and (ii) of Lemma 3.2, as well as
(13). Also, assume that (S;) satisfies (14) with B; := S (yo). If (log ;) is eposa,

. o

inf; 3, >0 and ZFI L(Bj-...- A1) < +oo, (15)
then there exists y1 > yo such that {y > y1 : Og(y) is u.d. mod 1} has full measure
in [y1, +0o| yet is meagre.

Proof. Note first that, as (log 8;) is eposa, inf; 5; > 0 implies that
o -1 -1 -1 —1 p—1 p—1
1< Cy = sup, <1+/3j + OB+ BB +> < +oo.

Using this and (14) together with the convexity of S}, it is readily confirmed that

Sj+m71 ©0...0 §J(y) > max(Sjer,l c...0 Sj(yO)yﬁjerfl et ﬂjyo,yo)

holds for all j,m € N, provided that y > y; := C} (2y0 + F(yg)). Moreover, the
function g, ,, with

gim(y) = Sj_l 0...0 S]-_Jrlmil 08jtm-10...08;(y)
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is well-defined for y > 1, and

m Fo§j+ko...o§j(y)

g5m(®) — 9 <T@+ < (o).

For M > m, it follows from

195,01 (Y) — gim(y)] <

—1 —1 o o . o
<‘Sj+mo...on+M_lo j+M—10...0 j+m—1d’o j4m—10...085;(y)

Bivm—1---- B
<Fo§j+m—1o...o§j(y) ZM_mFo§j+m+ko---O§j(y)
o P h=0 Bjsmk - B

I'(yo) o By
S/gj+mflﬁj <1+ZkZOBJ+M+kﬂ] )
< G |

ﬁj-{—m—l'...-ﬁj

where (U5 is a positive constant not depending on j, m, M or y, that (gj,m(y))
is, for every j and y, a Cauchy sequence. Hence for each j, the function

meN

gj,OO(y) = limy,— 00 gj,m(y)

is well-defined and continuous on [y;, +oo[, and

00 Fo§j+ko...o§j(y)
e -

9joc W) —yl ST(@W) + ) VieNy>y.

Note that S o gjm = gj+1,m—10 §j and thus also S 0 gj o0 = gj+1,00 © §j for all j.
In particular, therefore, S™ 0 g1 00 = gn+1,005" and

o ToSntlth(y)
k=0 Bpiitk o Brt1

|5 (y)—S"0g1,00(4)| = |id—gn41,00/05" (y) < ToS™(y)+>

which in turn implies that lim;, .o ‘gn(y) — 5™ 0 g1,00(y)| = 0 holds whenever
y > y1. Thus Og(y) is u.d. mod 1 if and only if Og(g1,00(¥)) is, and the proof will
be complete once it has been verified that g; o is a homeomorphism on [y, +o0],
and g éo is a.c. To show this, explicitly compute g'Lm as

5

% o)) =TT (1 +tas b i1
o1 T o gy 05 W IL_ (1 aim) +bimw) o5 ),

Si(y) — Si(y)

B Si(y)
S% 0 gjm+1-5(y)

- 1.
S% 0 gjm+1-5(y)

and  bjm(y)

aj,m(y)
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It follows from
lajm ()] < B;[S(y) — Sj(w)| < T(y)
and gj(y) > Bj ... Biyo as well as (15) that
m o9 m—1 0o
ijl‘aj,mOSJ_l(y)‘ < F(y)+zj:1 F(ﬁ] . .-ﬁlyo) < Z]‘:or(ﬁj" . -'513/0) < 400

holds for all m € N and y > y;. Similarly, (13) implies that

|bj.m(y)| < max < 55 Si(y + 195m+1-5(y) — y!)) .

Si(y = 19jm+1-5(y) —yl)’ Si(y)
< Colgjmr1-i(y) —yl,

showing that the estimate

o I'o § 0...0 §
bjm(y)| < C2 (F(y) + Zkzo ﬁ]:’; . -ﬂjj (y))
ik

is valid for all j,m € N, y > y;. Consequently,
m ~ m ~ 0o F0§j+k(?/)
) j—1 j—1 Lo YY)
ijl |bjm 0 ST y)| < Cy ijl (ros W+, Born B

< (o Z:O:OF o S¥(y) (1 + Zj:l Bt ﬂj‘l)
<Gy T(Be .. Biyo) < +oc,

with some C5 > 0 independent of m and y. Overall, therefore, there exists a positive
constant Cy such that

Cil < glm(y) <Ci, YmeNy>y.

Thus g1, is @ homeomorphism on [y;, +00[, and both g1 o and giio are a.c. O

As was the case with Lemma 3.2, it is straightforward to translate Lemma 3.6
into a statement about the generation of nonautonomous Benford orbits.

THEOREM 3.7.  Let the maps Tj : Rt — R* satisfy the assumptions (i) and (ii)
of Theorem 3.3 and, in addition, for all 0 < p < pog,

T;(x(1+p))/Tj(z(1+ p))

Ti(w)/T;() !

<Cp, VjeNjz2>ux, (16)

with positive constants C, pg. Assume that the maps fj : RT — R are a.c. on
[z0, +00[ and that

T:(z T(z) Tz
log ggl“; +x fégl’; - T‘;Exi < BiA(z), VjeNax>uxg, (17)
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holds with some non-increasing function A : Rt — R*. If (log3;) is eposa,
inf; B; >0 and 3772, A(ePrPr) < 400 then there exists x1 > xg such that Oz(z)
is Benford for a.e. x > x1, yet the set {x > x; : Of(x) is b-Benford for some b} is
meagre.

Proof. It is immediate to check that, given any base b, the maps S;(y) = log;, T;(bY)
and gj(y) = log, T(bY) satisfy all the assumptions of Lemma 3.6 with I'(y) =
A(WW)/log2 and yo = xo/logb. Thus there exists x1; > xg and N, C [x1, +00]
with A(Ny) = 0 such that Oz(z) is b-Benford whenever x € [z, +00[\ V. Since
A(z) — 0 as z — +o00, it is possible to choose 1 > max(zg, x1,2) such that f’]’(x) >
0 for all j € N and z > z1. Note that x; is independent of b. Thus for every j the
map 7} is non-singular on [z1, 4+00], see e.g. [9, Prop.2.3.2]. From lim,, .o, T"(z) =
+o0 for all z > 1, it follows that [z, +o00[C (U, T="(Ny) N [z1, 400, and Oz(x)
is b-Benford unless =z € J,, T="(N,) N &1, +0o]. By non-singularity, the latter
set has measure zero. Consequently, X3 := {x > z1 : Op(z) is b-Benford } has full
measure in [z1, +00[, and the remaining argument is identical with the one proving
Theorem 3.3. O

ExaMPLE 3.8 The assumptions of Theorem 3.7 may appear somewhat technical.
They are, however, naturally satisfied by a wide variety of examples for which
Benford behaviour has hitherto been established only in special cases.

(i) As observed in Example 3.5(iii), Theorem 3.3 does not apply to Tj(z) =
2% + (—1)7. However, letting Tj(z) = 2? and f}(w) = 22 + (=1)/, Theorem 3.7
applies with g = 2, C = 1, pp = 1, and A(z) = 2/z, showing that Oz(z) is
Benford for a.e. sufficiently large x. B

To see that this approach works in much greater generality, let each map 7} be
a polynomial of degree m; € N, i.e.

f’](x) = Qjm, " + ajmj_la:m-?’_l +...+aj1x+a;0, jEN, (18)

with a; € Rfor all j and 0 < k& < my;, and a;,,, # 0. To avoid obvious pathologies,
it is natural to assume that

sup; (lajm,| ™" + max? |a;x|) < +o0. (19)

Also, let Tj(x) = ajm,2™ and assume w.l.o.g. that a;,, > 0. Clearly, (T}) satisfies
all assumptions of Theorem 3.3 with 3; = m; as well as (16) with C' =1 and py = 1.
Moreover, (17) holds with A(z) = D/x for any sufficiently large constant D. Note
that inf; 3; > 1 > 0, and the condition ), A(eBiPr) < 4oo is trivially met,
provided that (logm;) is eposa. Whenever the latter is the case, therefore, for any
sequence of polynomials (18) satisfying (19) the nonautonomous orbit Oz(z) is
Benford for a.e. sufficiently large x. This fact has been proved in [4] merely under
the additional assumption that m; > 2 for all j, and with a weaker conclusion
concerning the exceptional points. B

(ii) Assume that each T} is of the form Tj(x) = e Pj(z) where P; is a poly-
nomial of degree m; € Ny satisfying (19). Under the additional assumption that
sup; m; < +o0 this system has been analysed in [4] by means of an ad-hoc shadow-
ing argument. The results of the present article enable a more systematic treatment
without this additional assumption. On the one hand, it is easily confirmed that
with Tj(z) = exzajmja:mj all the conditions of Theorem 3.7 are met. Still easier,
however, is noting that Theorem 3.3 applies directly. Indeed, with Tj(z) = e*” P;(x)
condition (i) of Theorem 3.3 is satisfied for every sufficiently large xo, independent
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of j, and so is (ii) with 8; = 2+ m;. Hence (log §;) is eposa, and Or(z) is Benford
for a.e. sufficiently large x. Note that this argument does require neither m; > 1
nor sup,; m; < +00.

REMARK 3.9 (i) If (S;) and (7)) do not satisfy (13) and (16), respectively, then
Lemma 3.6 and Theorem 3.7 do not apply. (For example, (13) does not hold for
S;(y) = €".) In concrete cases, however, the underlying shadowing idea may well
be salvaged as it merely requires that ZTzl ‘bj’m 0 S *1(y)| remain bounded uni-
formly in m and y, which can be guaranteed by imposing more restrictive conditions
on the decay of T'.

(ii) Theorem 3.7 specifies conditions under which the nonautonomous orbit Oz(x)
is Benford for a.e. sufficiently large z, that is,

. 1 ~
limy, oo — ijl 1 g ((T9(2))s) = logyt, WYbe N\{1},1<t<b. (20)

It is natural ask for a finer analysis of the convergence in (20). Analogously to
well-known results on almost sure behaviour of ergodic sums [21, Thm.3.2.3], this
convergence can be arbitrarily slow. It seems plausible, however, that in the setting
of Theorem 3.7 a better quantitative description of (20) can be achieved by means

of a (nonautonomous) almost sure invariance principle for ((T7);), cf. [22]. No
pertinent results in this regard are known to the author.
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