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Abstract

A necessary and sufficient condition (“nonresonance”) is established for
every solution of an autonomous linear difference equation, or more generally
for every sequence (z ' A™y) with z,y € R? and A € R¥?, to be either trivial
or else conform to a strong form of Benford’s Law (logarithmic distribution of
significands). This condition contains all pertinent results in the literature as
special cases. Its number-theoretical implications are discussed in the context

of specific examples, and so are its possible extensions and modifications.
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1 Introduction

The study of digits generated by dynamical processes is a classical subject that
continues to attract interest from many disciplines, including ergodic and number
theory [1, 13, 14, 23, 27|, analysis [11, 29] and statistics [16, 20, 30]. A recurring
theme across the disciplines is the surprising ubiquity of a logarithmic distribution
of digits often referred to as Benford’s Law (BL). The most well-known special case
of BL is the so-called (decimal) first-digit law which asserts that

P(leading digit,, = d1) =logyy (1 +di"), Vdi=1,...,9, (1.1)

where leading digit1o refers to the leading (or first significant) decimal digit, and
log, is the base-10 logarithm (see Section 2 for rigorous definitions); for example,
the leading decimal digit of e = 2.718 is 2, whereas the leading digit of —e¢ = —15.15
is 1. Note that (1.1) is heavily skewed towards the smaller digits: For instance,



the leading decimal digit is almost seven times as likely to equal 1 (probability
log,y2 = 30.10%) as it is to equal 9 (probability 1 —log,( 9 = 4.57%).

Ever since first recorded by Newcomb [33] in 1881 and re-discovered by Benford
[2] in 1938, examples of data and systems conforming to (1.1) in one form or an-
other have been discussed extensively, for instance in real-life data (e.g. [17, 35]),
stochastic processes (e.g. [37]) and deterministic sequences (e.g. (n!) and the prime
numbers [15]). There now exists a large body of literature devoted to the mecha-
nisms whereby mathematical objects, such as e.g. sequences or random variables,
do or do not satisfy (1.1) or variants thereof. As of this writing, an online database
[3] devoted exclusively to BL lists more than 800 references.

Due to their important role as elementary models throughout science, linear
difference equations have, from very early on, been studied for their conformance to
(1.1). A simple but prominent case in point is the sequence (z,) = (1,1,2,3,5,...)
of Fibonacci numbers, which has long been known [10, 19, 25, 39] to conform to
(1.1) in the sense that

#{n < N : leading digit,y(zy,) = d1}
N

My — o0 =log,o(1+di"), Vdi=1,...9.
(1.2)
Recall that (z,,) is a solution of a (very simple) autonomous linear difference equa-
tion, namely x,, = x,_1 4+ x,_o for all n > 3. This article provides a comprehensive
theory of BL for such equations. Specifically, the central question addressed (and
answered) herein is this: Given d € N and real numbers ay,as,...,aq—1,aq with

aq # 0, consider the (autonomous, d-th order) linear difference equation
Ty = @1Tp-1+ @2Tp—o+ ...+ A4-1Tpn—g+1 + 04Tp—q, Yn>d+1. (1.3)

Under which conditions on a1, as,...,aq—1,aq, and presumably also on the initial
values 1, ..., xq, does the solution (z,) of (1.3) satisfy (1.2)?7 There already exists
a sizeable literature addressing this question; see e.g. [4, 22, 32, 36]. All previous
work, however, seems to have led merely to sufficient conditions that are either
restrictive or difficult to state. By contrast, the main result in this paper (Theorem
3.16) provides an easy-to-state, necessary and sufficient condition for every non-
trivial solution of (1.3) to satisfy (1.2), and in fact to conform to (1.1) in an even
stronger sense. The classical results in the literature are then but simple corollaries.
To illustrate the main result, consider specifically the second-order difference

equation
Ty = 29Tp_1 — DTp_o, VN >3, (1.4)

where 7 is a real parameter with |y| < /5. Given any initial values 1, zo € R, does
the solution (z,,) of (1.4) satisfy (1.2)? Theorem 3.16 asserts that the answer to this
question is positive provided that the set Z, = {2% = 2yz — 5} = {y £ 1/5 — 72}
has a certain number-theoretical property (“nonresonance”). For example, if v =
V5 cos(m/v/8) = 0.9928 then Z, turns out to be nonresonant, and (1.2) holds for
every solution (x,) of (1.4), unless x; = xo = 0, in which case x,, = 0. On the



other hand, if v = \/gcos(%wloglo 5) = 1.018 then Z, fails to be nonresonant, and
correspondingly (1.2) does not hold for any solution of (1.4). Finally, if v = 1 then
(x,) either satisfies (1.2) for all initial values z1,x2 (unless z; = x2 = 0) or for
none at all, and experimental evidence seems to support the former alternative; see
Figure 1 and also Example 3.18 below.

=1 29.99 | 17.23 | 12.78| 9.51| 7.92| 6.61| 6.01| 5.19| 4.76

exact BLL 30.10 | 17.60 | 12.49| 9.69| 791| 6.69| 5.79| 5.11| 4.57

Figure 1: Relative frequencies (in percent) of the leading decimal digits for the first
10000 terms of the solution () of (1.4) with 21 = xo = 1, for different values of the
parameter ~; the bottom row shows the exact BL probabilities 100 - log;o (1 +d; ).

This article is organized as follows. Section 2 introduces the formal definitions
and analytic tools required for the analysis. In Section 3, the main results are
stated and proved, based upon a tailor-made notion of nonresonance (Definition
3.1). Several examples are presented in order to illustrate this notion as well as the
main results. Finally, Section 4 briefly discusses possible extensions and modifica-
tions of the latter. Given the widespread usage of discrete-time linear systems and
linear difference equations as models throughout the sciences, the results of this
article may contribute to a better understanding of, and appreciation for BL and
its applications in many disciplines. For the reader’s convenience, several analytical
facts of an auxiliary nature are deferred to an appendix, including the plausible but

lengthy-to-prove Theorem A.4 which in turn implies the crucial Lemma 2.7.

2 Basic definitions and tools

Throughout this article, the following, mostly standard notation and terminology
is used. The symbols N, Ny, Z, @, RT, R and C denote the sets of, respectively,
positive integer, nonnegative integer, integer, rational, positive real, real and com-
plex numbers, and @ is the empty set. For every integer b > 2. the logarithm base
b of x € RT is denoted log, x, and Inz is the natural logarithm (base €) of z; for
convenience, let log, 0 := 0 for every b, and In0 := 0. Given any = € R, the largest
integer not larger than x is symbolized by |z]. The real part, imaginary part, com-
plex conjugate and absolute value (modulus) of any z € C is Rz, Sz, Z and |z],

respectively. For every z € C\ {0} there exists a unique number —7 < argz < 7



with z = |z]e*?8*. Given any w € Cand Z C C, define w+ Z:={w+z:2€ Z}
and wZ := {wz : z € Z}. Thus with the unit circle S := {z € C: |z| = 1}, for
example, w+S ={2€ C: |z —w| = 1} and wS = {2 € C: |z] = |w|} for every
w € C. The cardinality (number of elements) of any finite set Z C C is #2Z.

The symbol d throughout denotes a positive integer, usually unspecified or clear
from the context. The d-dimensional torus R?/Z? is symbolized by T¢, its elements
being represented as (r) = x + Z¢ with € R% for simplicity write T instead
of T'. The compact Abelian group T? can be identified with the d-fold product
S x ... x S, via the identification (z) = ((x1,...,2q)) < (€21 ... 2™} which
is both a homeomorphism (of compact spaces) and an isomorphism (of groups).
Denote the Haar (probability) measure on T? by Ara. Call a set J C T an arc if
J = (I) := {(z) : © € I} for some interval Z C R. With this, a sequence (z,) of
real numbers is uniformly distributed modulo one, henceforth abbreviated as w.d.
mod 1, if
#{n<N:(x,)eT}

N

Mr(J)  for every arc J C T.

limy oo

Equivalently, limy .o Zi\;l f((xn)) = J; fdAr holds for every continuous (or
merely Riemann integrable) function f: T — C.

Recall that throughout b is an integer with b > 2, informally referred to as a
base. Given a base b and any x # 0, there exists a unique real number 1 < Sp(x) < b
and a unique integer k such that |z| = Sy(2)b*. The number Sy(x), referred to as

the (base-b) significand (or mantissa) of x, can be written explicitly as
Sy() = plos lel=Liogy a1

in addition, let Sp(0) := 0 for every base b. The integer | Sp(x)] is the first significant
digit (base b) of x; note that |Sy(z)] € {1,...,b— 1} whenever z # 0.
In this article, conformance to BL for sequences of real numbers is studied via

the following basic definition.

Definition 2.1. A sequence (x,) in R is a b-Benford sequence, or b-Benford for

short, with b € N\ {1}, if

#{n < N : Sp(zy) < s}
N

The sequence () is a Benford sequence, or simply Benford, if it is b-Benford for

every b € N\ {1}.

limpy— o0 =log,s, Vsel[l,b).

Specifically, note that (1.2) holds whenever (z,) is 10-Benford, whereas the
converse is not true in general since, for instance, the sequence of first significant
digits of (2"), i.e. (L510(2")J) =(2,4,8,1,3,...), is clearly not 10-Benford yet can
easily be shown to satisfy (1.2).

Though very simple, the following observation is fundamental for the purpose
of this work because it enables the application of a host of tools from the theory of

uniform distribution.



Proposition 2.2.[15, Thm.1] Let b € N\ {1}. A sequence (x,,) in R is b-Benford
if and only if the sequence (logy |xy|) is u.d. mod 1.

To prepare for the application of Proposition 2.2, several basic facts from the
theory of uniform distribution are reviewed here for the convenience of the reader
who, for an authoritative account on the theory in general, may also wish to consult
[18, 26].

Lemma 2.3. The following are equivalent for every sequence () in R:
(i) (xy,) is u.d. mod 1;
(ii) For every e > 0 there exists a uniformly distributed sequence (T,,) with

#{n < N:|z, —T,| > e}
N

th—>oo <e€ ;

(iii) Whenever (yy) converges in R then (x, + y,) is u.d. mod 1;
(iv) (kxy) is u.d. mod 1 for every k € Z.\ {0};
(v) (zp, +alnn) is u.d. mod 1 for every a € R.

Proof. Clearly (i)=-(ii), and the converse is analogous to [4, Lem.2.3]. Also, each of
the statements (iii), (iv), and (v) trivially implies (i), while the reverse implication
is [26, Thm.I.1.2], [26, Exc.1.2.4], and [4, Lem.2.8], respectively. O

Lemma 2.4. Let (zy,) be a sequence in R, and L € N. If (xy,14+¢) is u.d. mod 1
for every € € {1,...,L} then (zy,) is u.d. mod 1 as well.

Proof. This follows directly from Weyl’s criterion [26, Thm.I.2.1]: For every k €
7\ {0},

N

N LLN/LJ
- 2wk, 2wk, - 2mikxy,
‘N n=1 ’N ¢ N Zn:LLN/LJ-H
[N/L]-1 p2mik L
< TURLn L+e —
< ]Nze 12 'y
[N/L]-1 2 k L N —oco
< — TURLn L+¢ _ 0
=T Ze 1 N/LJ Z + N
because lim s ZM ' e?mkeni+e — () for every £, by assumption O
—00 M y .

When combined with the well-known fact that (nd) is u.d. mod 1 precisely if
¥ € R is irrational [26, Exp.1.2.1], Lemma 2.3 and 2.4 immediately yield

Lemma 2.5. Let o, € R, L € N, and assume the sequence (y,) in R has the
property that (Ynr+¢) converges for every £ € {1,...,L}. Then (nd + alnn + y,)
is u.d. mod 1 if and only if 9 € R\ Q.



The remaining two results in this section deal with sequences of a particular
form that are going to appear naturally in later sections. For a concise formulation,
given any Z C C, denote by spangZ the smallest subspace of C (over Q) contain-
ing Z; equivalently, if Z # @ then spangZ is the set of all finite rational linear
combinations of elements of Z, i.e.

spanQZ: {plzl—l—...—i—pnzn:nGN,pl,...,pn 6(@,21,...,zn62};
note that spang@ = {0}. With this terminology, recall that zi,...,2, € C are

Q-independent (or rationally independent) if spang{z1,..., z,} is n-dimensional, or
equivalently if 2?21 kjz; = 0 with integers k1, ..., k, implies ky = ... =k, = 0.
The following result is a generalization of [4, Lem.2.9].

Lemma 2.6. Let d € N, ¥g,91,...,94 € R, and assume f : T — C is continuous,
and non-zero Aypa-almost everywhere. If the d + 2 numbers 1,799,791, ...,94 are Q-
independent then the sequence

<m90 +alnn+ fln |f(<(m91, .,ndq))) + zn|)
is u.d. mod 1 for every a, B € R and every sequence (zy,) in C with lim,_ . 2, = 0.

Proof. For convenience, let
T, = ndy +a1nn+5ln‘f(<(m91,...,m?d)>) —|—zn‘ , VneN.

The function g := Sln|f| is continuous on a set of full Ape-measure, and so [4,
Cor.2.6] together with Lemma 2.3(v) shows that the sequence (Z,,) with

In:=n+alnn+ Bln|f(((nd1,...,nd4)))|, VneN,

is w.d. mod 1 for every o, 8 € R. Given 0 < e < 1, choose 0 < § < 3¢/(1+8]) so
small that Apa({t € T : |f(¢)] < 6}) < e. There exists 7 C T such that 7 is a
finite union of open balls, 7 D {t € T¢ : |f(¢)| < §}, and A\ (7) < e. Observe now
that if ((nd1,...,n94)) € T and |z,| < §? then

F({(nd1,...,nda))) ’

By the Q-independence of 1,14, ...,194, the sequence ((m?l, e ,m9d)) is u.d. mod
1in R, see e.g. [26, Exp.1.6.1], and so
#{n < N :{((ndy,...,ndq)) € T}
N
With this and lim,, . 2z, = 0, it follows that
#{n < N: |z, — T, > ¢}
N
#{n < N :{((nd1,...,n9,)) € T or |z,| > §?}
N

#n <N (0, ,n0)) €T}  «—  #{n<N:l|z| >0%)
N +hm]\]~>oo N

1+

In

|2 — Zn| = |B] <2Bl6 <e.

= /\Td(T) <e€.

= Ma(T)+0<e,



and an application of Lemma 2.3(ii) completes the proof. O

The assertion of the next, final lemma is very plausible indeed. Its proof, how-
ever, is somewhat technical and hence deferred to an appendix for the reader’s

convenience.

Lemma 2.7. Letd €N, p1,...,pq € Z, and 3 € R\ {0}. Then there exists u € R?

such that the sequence
(p1m91 + ...+ pgnidg + Bln ‘ul cos(2mnidy) + ... + ug cos(27rm9d)|)

is not u.d. mod 1 whenever ¥1,...,9%43 € R and the d + 1 numbers 1,91,...,94 are
Q-independent.

Proof. See Appendix A. O

3 A Characterization of Benford’s Law

Given a positive integer d and real numbers ay, as, ..., aq—1, aq with ag # 0, consider

the autonomous, d-th order linear difference equation (or recursion)
Ty = @1Tp-1 + @2Tp—2o+ ...+ A4-1Tpn—g+1 + 04Tp—q, Yn>d+1. (1.3)

The goal of this section is to provide a necessary and sufficient condition on the
coefficients a1, as, ..., a4—1,aq guaranteeing that every solution (z,,) of (1.3) is ei-
ther Benford or trivial (identically zero); see Theorem 3.16 below. To make the
analysis as transparent as possible, a standard matrix-vector approach is utilized.

Thus associate with (1.3) the matrix

ai  ap aq—1 aq
1 0 0 0
A= 0 1 0 0 | erixd, (3.1)
0 0 1 0
which is invertible since aq # 0, and recall that, given initial values z1,...,z4 € R,

the solution (x,,) of (1.3) can be expressed in the form

Zq
T = (eNTAY | where y=A"1| e R¢; (3.2)
Z1
here eM ..., el represent the standard basis of R%; A” is the n-th power of A, i.e.

A" = AA™ ! for n > 1 and A° = I, the d x d-identity matrix; and 2" denotes the
transpose of 2 € R?, with z Ty being understood as the real number 2?21 zjy;. As

suggested by (3.2), in what follows, conditions are studied under which (z" A™y)



is b-Benford, where z,y € R? and A is any given real d x d-matrix. Towards the
end of this section, these conditions are, via (3.1) and (3.2), specialized to solutions
() of the linear difference equation (1.3). Note that with A given by (3.1), the
sequence (x| A"y) is a solution of (1.3) for every x,y € R? see also the proof of
Lemma 3.6 below.

As throughout the entire article, in the subsequent analysis of powers of matrices,
d always denotes a fixed but otherwise unspecified positive integer. For every z €
R?, the number |z| > 0 is the Buclidean norm of z, ie. |z| = VaTa = 1/2?:1 a:?
A vector € R? is a unit vector if |z| = 1. For every matrix A € R¥*?  its
spectrum, i.e. the set of its eigenvalues, is denoted by o(A). Thus o(4) C C
is non-empty, contains at most d numbers and is symmetric w.r.t. the real axis,
i.e., all non-real elements of o(A) come in complex-conjugate pairs. The number
ro(A) := max{|\| : A € 0(A)} > 0 is the spectral radius of A. Note that r,(A4) > 0
unless A is nilpotent, i.e. unless AN = 0 for some N € N; in the latter case A% =0
as well. For every A € R4*? the number |A] is the (spectral) norm of A as induced
by | - |, i.e. |A| = max{|Az| : || = 1}. Tt is well-known that |A| = \/r, (AT A) >
o (A) = lim, o |[A™ [}/

As will become clear shortly, some Benford properties related to linear difference
equations can be characterized in terms of the spectrum of an associated matrix.
The following terminology turns out to be useful in this context.

Definition 3.1. Let b € N\ {1}. A non-empty set Z C C with |z| = r for some

r>0andall z € Z,ie. Z CrS, is b-nonresonant if the associated set

arg z — argw

Az =<1
z{—i— o

:z,wEZ}CR (3.3)

satisfies both of the following conditions:
(i) AznQ= {1}
(ii) log, r ¢ spangAz.

An arbitrary set Z C C is b-nonresonant if, for every r > 0, the set Z N 7S is either

b-nonresonant or empty; otherwise, Z is b-resonant.

Note that the set Az in (3.3) automatically satisfies 1 € Az C (0,2) and is
symmetric w.r.t. the point 1, i.e. Az = 2— Az. The empty set @ and the singleton
{0} are b-nonresonant for every b € N\ {1}. Also, if Z is b-nonresonant then so
is every W C Z. On the other hand, Z C C is certainly b-resonant for every b if
either #(ZNrSNR) = 2 for some r > 0, in which case (i) is violated, or ZNS # @,

which causes (ii) to fail.

Example 3.2. The singleton {z} with z € C is b-nonresonant if and only if either
z = 0 or logy |2| ¢ Q. Similarly, any set {z,Z} with z € C\ R is b-nonresonant if
and only if 1, log; |2| and % arg z are Q-independent.



Remark 3.3. (i) If Z C rS then, for every z € Z,

spangAz = spang ({1} U {w tw € Z}) ,

which shows that the dimension of spangA z as a linear space over Q is at most #2.
Also, if Z C S is (non-empty and) symmetric w.r.t. the real axis, i.e. if Z = Z # @,
then condition (ii) in Definition 3.1 is equivalent to log, r & spang ({1} U {5- arg z :
z € Z}); cf. [4, Def.3.1].

(ii) The number 1 in (3.3) and part (i) of Definition 3.1 has been chosen for
convenience only; for the purpose of this work, it could be replaced by any non-zero

rational number.

Recall that for the sequence (za™y) with any z,y € R and a € R\{0} to be either
b-Benford (if xy # 0) or trivial (if zy = 0) it is necessary and sufficient that log, |a|
be irrational. (This follows immediately e.g. from Proposition 2.2 and Lemma 2.5.)
The following theorem, the first main result of this article, extends this simple fact
to arbitrary (finite) dimension by characterizing the b-Benford property of (z T A™y)
for any =,y € R? and A € R¥*?. To concisely formulate this and subsequent results,
call (T A"y) and (JA"z|) with z,y € R? and A € R¥*? terminating if, respectively,
xT A"y = 0 or A"z = 0 for all n > d; similarly, (|A"|) is terminating if A" = 0
for all n > d. Also, recall that the asymptotic behaviour of (A™) is completely
determined by the eigenvalues of A, together with the corresponding (generalized)
eigenvectors. As far as Benford’s Law base b is concerned, the key question turns out
to be whether or not the set o(A) is b-nonresonant. Notice that for A = [a] € R?*!

with a # 0 the set 0(A) = {a} is b-nonresonant if and only if log, |a| is irrational.

Theorem 3.4. Let A € R™ and b € N\ {1}. Then the following are equivalent:
(i) For every z,y € R? the sequence (xT A™y) is either b-Benford or terminating;
(ii) The set o(A) is b-nonresonant.

The proof of Theorem 3.4 is facilitated by two simple observations, the first of

which is an elementary fact from linear algebra.

Lemma 3.5. Let L € {1,...,d} and assume yV, ...,y € R? are linearly inde-
pendent. Then, given any u € RL, there exists & € R% such that x"y¥) = uy for
every 1 </ < L.

Proof. The function

o RS — RL,
e e (@ Ty9)el®,

is linear, and since the (Gram) determinant
det[@(y™M),.... 2y ")) = det[(y')) Ty ]f iy

is non-zero, ® is also onto. O



A second observation clarifies the role of condition (i) in Definition 3.1 and may
also be of independent interest. Recall that a set N' C N has density if

#{n<N:neN}
N
exists. In this case, p(N) is called the density of N. Clearly, 0 < p(N) < 1

whenever NV has density. Not all subsets of N have density, but those most relevant
for Theorem 3.4 do.

p(./\f) = thHoo

Lemma 3.6. For every A € R¥™? and 2,y € R?, let
Nazy ={neN:z" A" =0}. (3.4)
Then Na 5y has density, and p(Na ) € QN [0, 1].

Proof. By the Cayley—Hamilton Theorem, there exist a1, as,...,aq—1,aq € R such
that
At = (LlAd_l +agAg_o+...tag_1A+agly.

Thus, for every n € N and z,y € RY,
xTAn—i-dy _ xT(alAn—i-d—l + agA""'d_Q NI ad_lAn—i-l 4 adAn)y
= aleA”er*ly + angA”er*zy +...+ ad,leA”“y + adeA"y,
showing that (z T A™y) satisfies a linear d-step recursion relation with constant co-
efficients. By the Skolem—Mahler—Lech Theorem [31, Thm.A], the set N4 , , is the

union of a finite (possibly empty) set Ny and a finite (possibly zero) number of
lattices, i.e.

L
Ny =NoUlJ,_ {nNe+Mg:n €N}, (3.5)

where L is a nonnegative integer, and My, Ny € N for 1 < ¢ < L. From (3.5)
it is clear that N4 ., has density, and p(Na,) is a rational number, in fact
pP(NAgy) - lem{Ny,..., N} is a (nonnegative) integer. O

By using information about o(A), more can be said about the possible values of
p(N4 zy) in Lemma 3.6. In order to concisely state the following observation, call
aset N C N co-finite if N\ N is finite. With this, (zT A™y) is terminating precisely
if Na z,y is co-finite.

Lemma 3.7. For every A € R¥? the following three statements are equivalent:
(1) For every x,y € R? the set N'az, in (3.4) is either finite or co-finite;
(ii) p(Nazy) € {0,1} for every x,y € R%;

iii) For every r > 0 either Agyiaynrs NQ ={1} or o(A)NrS = @.
(4)

10



Proof. Clearly (i)=(ii), because p(N) = 0 or p(N) = 1 whenever N is finite or
co-finite, respectively.

Next, to establish the implication (ii)=-(iii), assume (ii) but suppose (iii) did
not hold. (Note that this is possible only if d > 2.) Thus #(As(a)nrs N Q) > 2 for
some 7 > 0, which in turn entails one of the following three possibilities: Either

both —r and r are eigenvalues of A, (3.6)

or
A has an eigenvalue A € C\ R with [A\| = r and 5= arg A > 0 rational, (3.7)

or

A has two eigenvalues Aj, Ao € C\ R with |A;| = |A2| = r and arg Ay > arg Ay >0

such that at least one of the two numbers 5-(arg A + arg Az) is rational. (3.8)

Note that these cases are not mutually exclusive, and (3.8) can occur only for d > 4.

In case (3.6), let u,v € R? be eigenvectors of A corresponding to the eigenvalues

—r,r, respectively. Pick z € R? such that 2"u = 2"v = 1. This is possible because

u, v are linearly independent; see Lemma 3.5. Then, with y := u + v,
z Aty = xT((—r)"u + r"v) = 7""((—1)" + 1) , VneN,

showing that Nz y = {2n—1:n € N}. Thus p(Na, ) = 3 € {0, 1}, contradicting
(ii).
In case (3.7), let w € C? be an eigenvector of A corresponding to the eigenvalue

A, and observe that, for every n € N|

A"Rw = 7" (cos(narg \)Rw — sin(n arg A\)Sw) , (39)
3.9
Sw) .

A"Sw = r™(sin(narg \)Rw + cos(n arg \) Sw)

Again, since Rw, Sw € R? are linearly independent, it is possible to choose = € R?
such that 2" Rw = 1 and 2" Sw = 0. With y := Sw, therefore,

x! A"y = r"sin(narg\), VneN.

Since % arg \ is rational and strictly between 0 and 1, the set N , , equals NN for
some integer N > 2. Thus 0 < p(Naz,y) = 7 < 1, again contradicting (ii).
Lastly, in case (3.8) let w™),w(® € C¢ be eigenvectors of A corresponding to

the eigenvalues A1, A2, respectively. As seen in (3.9) above, for every n € N,

AR +w®) = (cos(narg M)Rw® — sin(narg A\)Sw® +

+ cos(narg Ay )Rw® — sin(n arg Ag)%w(z)) .

11



Again, RwM, Ju™ Rw@ Sw? e R? are linearly independent, and so by Lemma
3.5 it is possible to choose z € R? such that " Rw® = —1, 2TSwM = 2T Sw® =
0, and z"Rw® = 1. Then, with y := R(w® 4+ w?),

!l Ay =" (cos(narg Az) — cos(narg A1)

. arg\; —arg s\ . arg \1 + arg Ao
= 27" sm | Tn————m sm | Tn————— .
2 2

Since both numbers %(arg A1 £ arg \y) are strictly between 0 and 1 and at least
one of them is rational, the set . A,z,y once more has a rational density that equals
neither 0 nor 1: From Ny ., = N1NU NoN with two (not necessarily different)

integers N1, No > 2, it follows that

1 1
(NA7m7y) <1

- 1.
S (N, Vo) 7 =T lem{N, o) S

Once again this contradicts (ii) and hence completes the proof that indeed (ii)=-(iii).
Finally, to show that (iii)=-(i), denote the “upper half” of o(A) by

ot (A):={\€a(A):3A>0}\{0}.

Note that 07 (A) = @ if and only if A is nilpotent, in which case clearly Na  , is
co-finite for all z,y, € R?. From now on, therefore, assume that o (A) # @. Recall
that A™ can be written in the form

A" =R (ZA@W‘) P,\(n))\"> . Yn>d, (3.10)

where P, is, for every A € o7 (A), a (possibly non-real) matrix-valued polynomial of
degree at most d — 1, i.e. Py € C*? and for all j,k € {1,...,d} the entry [P\];x =
(e(j))TPAe(k) is a complex polynomial in n of degree at most d — 1. Moreover, Py is
real, i.e. Py € R™4 whenever A € R. The representation (3.10) follows for instance
from the Jordan Normal Form Theorem. Deduce from (3.10) that

zl Ay =R <Z)\E(T+(A) xTP)\(n)y)\"> =R (ZAea+(A) px(n))\"> , VYn>d,
(3.11)
with py = T Pyy being, for every A € o+ (A), a (possibly non-real) polynomial in
n of degree at most d — 1. Clearly, if py = 0 for every A € o1 (A) then N, is
co-finite. From now on, therefore, assume that py # 0 for at least one A\ € o (A),
ie.

r:=max{|\ : A € T (A),pr #0} > 0.

Denote by k € Ny the maximal degree of the polynomials py for which || = r, i.e.,
let & = max{degpy : A € ot (A),|\| = r}, and consider the (non-empty) subset
oTT of ot (A) given by

ottt ={Ne€ot(A): |\ =r,degpy =k}.

12



Note that ¢y := lim, o pa(n)/nF exists for every A € o™+ and is non-zero. With
this, it follows from (3.11) that

Tan,, _ n_k p)\(n) é " _.n k ( marg A )
x' A"y =1r"n %(ZAEGHA) - (7" =7r"n"R ZAEG++ cre +zn ),
(3.12)
where (nz,) is a bounded sequence in C. Assume now that (iii) holds but suppose

N4 ., was infinite. Then, by (3.5),

Nagy D{nN+ M :n e N}, (3.13)

with the appropriate M, N € N. Since lim,,_,o 2, = 0, it follows from (3.12) and
(3.13) that
hm”_}(x) R (Z)\EG_H— c}\ezM arg A (ezN arg )\)n) —0. (314)

Since cye!M @8A =L () for every A € o1, Lemma A.3 implies that either e*Vars M —
ettNarg A2 for some A, Ay € o7 with A; # Ag, or else eV @8N = 41 for some
A1 € o1, In the former case, at least one of the two numbers %(arg A1 £ argAo)
is a non-zero integer, which in turn shows that #(Asa)n,s N Q) > 2 and hence
contradicts the assumed validity of (iii). In the latter case, note first that #o++ > 2
because otherwise either ¢y, = 0 (if ™" = {A\1} C R), which is impossible by the
very definition of o+, or else & arg \; is a non-zero integer (if o ¥+ = {\;} C C\R),
which again contradicts (iii). But e"V®&* = +1, together with #o++ > 2 and

(3.14), leads to

. tMarg X (,2eNarg \\™ | _ 1M arg A1
limy, 0o R < E A€o+ D cae (e ) = - (cAle ) ,

and hence by Lemma A.3 either eV ar8A2 — t2Nargds for some \g, A3 € o1\
{1} with Ay # A3, or else €2V @822 = +1 for some Ay € 071\ {\1}. As before,

in the former case at least one of the two numbers & (arg Ay & arg \3) is a non-

zero integer, contradicting (iii) again. Similarly, in the latter case, % arg A1 and
2N
s

and this once more violates (iii). In summary, if (iii) holds then the set Na , , is

arg \o are both integers, hence %(arg A1 — arg \2) is rational and non-zero,

necessarily finite whenever py # 0 for at least one A € 07 (A), and, as seen earlier,

it is co-finite otherwise. Thus (iii)=-(i), and the proof is complete. O

Proof of Theorem 3.4: To prove (i)=-(ii), assume o(A) is b-resonant. Then, for some
r > 0, either #(A,(4)nrsNQ) > 2 or logy, r € spangA,(a)nyrs, or both. In the former
case, Lemma 3.7 guarantees the existence of x,y € R? for which 0 < p(Na z4) < 1
and hence (z " A™y) is neither b-Benford nor terminating. As this clearly contradicts
(i), it only remains to consider the case where #(A,(4)nrs NQ) < 1 for every r > 0
yet log, o € spangAg(a)nr,s for some rg > 0. Label the elements of o(A4) N7oS as
A, ..., AL. Since 0(A) = o(4),

arg Ay
logy, o € spangA,(a)nr,s = spang ({1} U { o 1<1< L}) ;
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see Remark 3.3(i). Let Lo + 1 be the dimension (over Q) of spangA,(a)nr,s- Hence
Lo < L, and Ly € N unless % arg \¢ is rational for every 1 < ¢ < L, in which case
Lo = 0. (For instance, the latter inevitably occurs if d = 1.)

First consider the case of Ly = 0. Here, log, 7o and % arg \1 are both rational,
and in fact A\; € R because otherwise #(Aq(a)nr,s N Q) > 2. But then taking z to

be any eigenvector of A corresponding to the eigenvalue \; yields
logy, |27 A"z| = logy (ri|z|*) = nlog, 7o + 2log, |z,

which is periodic modulo one. Hence (2" A"x) is neither b-Benford nor terminating,
a fact obviously contradicting (i).

Assume from now on that Lo > 1. In this case, by re-labelling the eigenvalues
A,..., AL, it can be assumed that 1, % arg Aq, ..., % arg A\r, are Q-independent,

and so

po | pLarg A1 n n PL, arg ALo

I = — 3.15
08, 70 P + 7 2 q o ( )

with the appropriate pg,p1,...,pr, € Z and ¢ € N. Let w®, .. wke) e C? be
eigenvectors of A corresponding to the eigenvalues A1, ..., Ar,, respectively. Note
that A1,..., Az, are all non-real, and consequently the 2Ly vectors R, Sw®)

.., RwTo) Fwlo) are linearly independent. Lemma 3.5 guarantees that, given
any u € R0 it is possible to pick z € R% such that 2 Rw® = uy and 27 Sw® =0
forall 1 < /¢ < Lo. With y := §R(w(1) +...+ w(LO)), therefore,

et Aty =1l (uycos(narg A1) + ...+ ur, cos(nargAr,)), VneN.

As (xT A"y) is not terminating whenever u # 0 € R0 Lemma 3.7 shows that
x T A"y # 0 for all sufficiently large n, and (3.15) leads to

arg A are \
qlogy, |xTAny|:Pon+p1n B + ...+ DpL,n & L0_|_
2m om
A A
+ 4y U1 COS 2 LB + ...+ ur, cos orn M8 ALo |
Inb or
Since 1, 5= arg A1, ..., 5= arg Az, are Q-independent, by Lemma 2.7 one can specif-

ically choose u € R° such that (¢qlog, |z A"y|) is not u.d. mod 1, and hence
(log, |# T A™y|) is not u.d. mod 1 either, by Lemma 2.3(iv). Thus (2" A™y) is nei-
ther Benford nor terminating, a fact once again contradicting (i). Overall, therefore,
(i)=(ii), as claimed.

To prove the reverse implication (ii)=(i), let o(A) be b-nonresonant. Given
z,y € R?, deduce from (3.11) that (z " A™y) is either terminating, or else

xTAny _ |)\1|nnk% (Clemarg A1 +.. Fepenaes AL + Zn) , VneN, (3.16)

where k € Ny and L € N; the numbers A1, ..., Ar, are appropriate (different) eigen-
values of A with |A\1|=...=|\g| > 0 and S\ > 0 for all 1 < ¢ < L; the numbers
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c1,...,c, € C are all non-zero; and (nz,) is a bounded sequence in C. By the

assumption of o(A) being b-nonresonant,

arg Ay
logy, [A\1| € spangA,(a)nja,js D spang <{1} U { 2g7r 1< < L}) .
As before, let Lo+ 1 be the dimension of spang ({1} U {s-argA;:1 < €< L}), and
consider first the case of Ly = 0, that is, % arg A\ is rational for every 1 < ¢ < L.
As 0(A) would be b-resonant otherwise, this implies that L = 1 and \; € R. Since

A1 is real, so is ¢1, and for all n € N|
lzT Ay| = |\ |"n® IR (cre™ ™8 My )| = IA1]"nF|e] |1+ ey temmare Rzn| .
For all sufficiently large n, therefore,

k — —1n ar,
log, |z " A™y| = nlog, |\1| + b Inn + log, |c1| + logy, |1+ ¢; le— gAl@?zn|

and since log, |\1| is irrational, Lemmas 2.3 and 2.5 imply that (T A"y) is b-
Benford.

It remains to consider the case of Ly > 1. In this case, assume w.l.o.g. that

1, % arg A, ..., % arg Az, are Q-independent. Hence there exists ¢ € N and, for

every £ € {Lo+1,...,L}, an integer po, as well as a vector p(¥) € ZF0 such that

A ©) arg A ©) arg A
e _ Dot Py MM PLMEMe v (fo41,.., L}, (3.07)
2m q q 2r q 2m

Note that p() = 0 € Z%0 for at most one £, and the 2L — Ly vectors
qe(l), ey qe(LO), :I:p(LOH), ceey :l:p(L) € 7to

are all different because otherwise o(A4) would be b-resonant. As a consequence, for
every w € CY the multi-variate trigonometric polynomial f,, : T** — R given by
Lo

L T ()
2mqt 2mat
t)="x g wpe ™ E wye p
Ful?) =1 " (=Lot1 "

is non-constant, and so f,, () # 0 for Apr,-almost all t € TX0, provided that at least
one of the Ly numbers wy, ..., wr, is non-zero.
Fix now any m € {1,..., ¢} and deduce from (3.16) and (3.17) that

L
xTAnq-l—my _ |/\1|nq+m(nq + m)k% <Ze_1 céez(nq-i-m) arg Ay + an+m>

k L
m 0
|/\1|nan|/\1|m (q - ) R <§ :e X Cgelm arg )\eemq arg A¢

L imarg \g Lo znp(e) arg \i
+ Ze Lot cee ‘ Hk L€ k + Zng+m
=Lo =

k A A
= M|k g (H%) <fw (narg Lo nw) +3?znq+m) ,

2 7 2
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where w € CF is given by wy = ¢8> £ 0 for all £ € {1,...,L}. Recall

that by assumption the Ly + 2 numbers 1, glog;, |\1], % arg Ay, ..., %

Q-independent. Since limy,— oo 2ng+m = 0 as well, Lemma 2.3 and 2.6 applied to

arg A\, are

k
log, |xTA”q+my| = nglogy | M| + ™ Inn 4+ mlogy, |A1| + klog, (q + %) +

A A
fw <7’larg L A narg LO) + %an—i-m

1
+ —1In

Inb o 2

show that (log, |xT A"9+™y|) is u.d. mod 1. As m € {1,...,q} was arbitrary,
(logy |# T A™y|) is u.d. mod 1, by Lemma 2.4, i.e., (x| A™y) is b-Benford. In summary,
therefore, (ii)=-(i), and the proof is complete. O

Remark 3.8. For invertible A the important formula (3.10) holds for all n € N.
In this case, “terminating” in Theorem 3.4(i) can be replaced by “identically zero”;

see also Corollary 3.12 below.

Example 3.9. (i) The spectrum of A =

(1) ] is 0(A) = {p,—¢ 1} with

¢ = 1(1++/5). Since 4 is invertible and log, ¢ is irrational (in fact, transcendental)
for every b € N\ {1}, the sequence (" A™y) is, for every z,y € R?, either Benford
or identically zero. The latter alternative occurs if and only if x and y are multiples
of the (orthogonal) eigenvectors corresponding, respectively, to the eigenvalues ¢

1

and —p ™, or vice versa.

(ii) Consider the (integer) 3 x 3-matrix

|
O = W
=
S = O

the characteristic polynomial of which is
xB(A) = det(B — AI3) = =A% +3X% + 20\ — 3.

Since B is symmetric, all three eigenvalues of B are real, and from yp(0) < 0 <
x5(1) it is clear that they are all different. They also have different absolute values.
To show that ¢(B) is b-nonresonant for every b € N\ {1}, assume that |\| = b?/9
for some X € o(B) and relatively prime p € Z \ {0}, ¢ € N. If p > 0 then b” is an
eigenvalue of B? or —BY and hence divides | det BY| = 39. This is only possible if
b= 3" for some N € N. Similarly, if p < 0 then 39b/P! is an eigenvalue of one of the
two integer matrices +(3B71)? and hence divides | det(3B~1)9| = 324. Again, this
leaves only the possibility of b = 3" for some N € N. To analyse the latter, assume
now that |A\| = 37/9 with relatively prime p € Z \ {0}, ¢ € N, possibly different
from before. Consider first the case of p > 0. In this case, A is a root of one of the
two irreducible polynomials A\? 4+ 3P which in turn is a factor of xyp. Thus q < 3,

and since 37 is an eigenvalue of one of the two matrices +B9, it follows that p < gq.
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It can now be checked easily, e.g. by computing x gz and yps, or by means of row
reductions, that none of the four numbers 43, £32 is an eigenvalue of any of the
three matrices B, B2, B3. The possibility of |\| = 3?/9 with p < 0 is ruled out in
a completely similar manner. In summary, log, |A| is irrational for every A\ € o(B)
and every b € N\ {1}, and o(B) is b-nonresonant. (Note that in order to draw this
conclusion, it is not necessary to explicitly know any eigenvalue of B.) By Theorem
3.4 and Remark 3.8, the sequence (z " B"y) is, for every z,y € R?, either Benford or
identically zero. As in (i), the latter case occurs precisely if 2 and y (or vice versa)
are, respectively, proportional and orthogonal to the same eigenvector of B.

(iii) For the (invertible) matrix C' = 1 bm L=m the spectrum o(C) =

l—m 147

{1,7} is b-resonant for every b € N\ {1}. By Theorem 3.4, there exist z,y € R?
for which (z7C"y) is neither b-Benford nor identically zero. Indeed, with x =
y = e + @ for instance, z' C"y = 2. Similarly, |C"z| = V2, so (|C"z|) as
well is neither b-Benford nor trivial. On the other hand, (|C™|) = (™) is Benford.
Theorems 3.10 and 3.11 below relate these two simple observations to the fact that
o(C™) = {1,7"} is b-resonant for every n € N, whereas o(C) N7, (C)S = {r} is not.

In addition to sequences of the form (zT A™y) in Theorem 3.4(i), which may be
thought of as linear observables of the process (A™), some non-linear observables
may also be of interest. The next theorem establishes the Benford property specifi-
cally for (JA"z|) with = € R?. For the formulation of the result, note that if Z C C is
b-nonresonant then so is 2" := {2" : z € Z} for every n € N. The converse does not
hold in general (unless #Z < 1), as the example of the b-resonant set Z = {—x, 7}
shows, for which 22 = {72} is b-nonresonant. Furthermore, this example illustrates
the easily established fact that Z C rS satisfies (ii) of Definition 3.1 if and only if
ZN is b-nonresonant for some N € N. Also, recall that o(A") = o(A)" for every
AcR¥> and n € N.

Theorem 3.10. Let A € R¥*? and b € N\ {1}. If o(A"N) is b-nonresonant for
some N € N then, for every x € R, the sequence (|A"x|) is either b-Benford or

terminating.

Proof. Assume that o(A") is b-nonresonant and, as in the proof of Lemma 3.7,
consider the set ot (A) = {\ € o(4) : SA > 0} \ {0}. If 67 (A) = @ then A
is nilpotent, A"x = 0 for all n > d, and (|A™x|) is terminating. From now on,

therefore, assume that o+ (A) # @, and hence also o7 (AY) # @. Fix any m €
{1,...,N}. Given z € R?, deduce from (3.10) with A replaced by AN that

AnNHm e — R (ZAGU+(AN) PA(n)Amx/\") =R (ZAGU+(AN) QA(TZ))\"> ,
(3.18)
for all n > d, where each ¢, now is a (possibly non-real) vector-valued polynomial
of degree at most d —1, i.e., gx(n) € C?, and every component of ¢y is a polynomial

in n of degree no larger than d — 1. By the identical reasoning as in the proof of the
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(iii)=-(i) part in Lemma 3.7, deduce from (3.18) that either A"N*™z = 0 for all
n > d, in which case (|A™z|) is terminating, or else, with the appropriate non-empty
set o7t C ot (AN) and ¢y € C4\ {0} for every A € o+,

AnN+mx _ Tn'nk (% (Z}\EG++ cre e A) + Un) , (3.19)

where » > 0, k € Ny, and (u,) is a sequence in R? for which (n|u,|) is bounded.
(Note that o™, and hence 7, k, ¢y and (u,) as well, may depend on z and m.)

Since o(A") is b-nonresonant,

A
log,, 7 & spangA,(4nynys D spang ({1} U {a;i A E 0’++}) .

The argument now proceeds as in the proof of Theorem 3.4: Let Lo + 1 be the
dimension of spang ({1} U {z=argA: A€ot F}). If Ly = 0 then o = {A} for
some A\; € R\ {0}. (Otherwise o(A") would be b-resonant.) In this case, c,, is real

as well, i.e. ¢y, € R% and (3.19) implies

k
log, |A"N* ™y = nlog, r + — Inn + log, |ex, + e 88 My, |, Yn>d.

Inb
Since log, r is irrational, (log, |A"V*™z|) is u.d. mod 1 by Lemma 2.5. The same
argument can be applied for every m € {1,..., N}, and so (log, |A"z|) is u.d. mod
1 as well, by Lemma 2.4. In other words, (|A"z|) is b-Benford.
Consider in turn the case of Ly > 1. Label the elements of o™ as A1, ..., Ay, and

€
’ 2T

notation as in (3.17), and given any vectors wW, . w) e C4 the vector-valued

assume w.l.o.g. that 1, % arg Ay, ... arg Az, are Q-independent. With the same

trigonometric polynomial f : T#0 — R? given by

Lo L T, (@)
— £) 2miqty (0) 2mat ' p
t)="R E w®e + E w\e
f111(1)7,,,,u)(L)( ) £:1 Z:L[)Jrl

is non-constant, provided that w(*) # 0 for at least one £ € {1,..., Ly}. In this case,
fu . w () # 0, and hence also | f,,a). ., (t)| # 0 for Apre-almost all ¢ € TEo.
Note that |f,a) ]| T* — R is continuous. Fix now any [ € {1,...,¢}, and
deduce from (3.19) that

=1 "*

L Lo )
+ § A C)\Eell arg \p HV X enpy, arg Av + Ungri
=Lo =

ng. k1 \" arg \q arg Az,
=r-nr q+g fw(l)’,,,,u)(L) n o yeees TV o +unq+l ’

with w®) = ¢y, e?a8re ¢ C4\ {0} for every £ € {1,...,L}. Tt follows that

A A
o, w@ narg ! e ,narg Lo + 2z,
o 27 2w

k
Aa+)N+m . _ ng kL <q " %) <§R (ZLO ey, €8N T A

)

k
|A("q+l)N+mx| =yl <q + %)
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where the (real) sequence (z,,) is given by

arg Aq arg \r,
Zn = (1) @ | n oo,n——— | +u 1
n fw yeees W ( ot ) ) ot nq+
arg \q arg \r,
- fw(l)....w(L) n yeeey M .
e 27 27

Clearly, |z,| < |tung+i], and so lim, oo 2z, = 0. Lemmas 2.3 and 2.6 now show that
(logy, |AmatON+m 4y is u.d. mod 1. Since the number I € {1,...q} was arbitrary,
(log, |A"N+™x]) is u.d. mod 1 as well, by Lemma 2.4. Moreover, the same argument
can be applied for every m € {1,..., N}, hence (log, |A™z|), too, is u.d. mod 1, i.e.,
(|A™z|) is b-Benford. O

In analogy to Theorem 3.10, the next result adresses the b-Benford property of
the sequence (]A™]). For a concise statement, the following terminology is useful.
Given any eigenvalue \ of A € R¥*? let k()\) € {0,...,d— 1} be the largest integer
for which

rank(A — M)F ™ < rank(A — M\p)* if A € R,

and
rank(A? — 2RAA + [\? 1) < rank(A% — 2RAA + [\?1;)* if A€ C\R.

Equivalently, k(A)+1 is the size of the largest block associated with the eigenvalue A
in the Jordan Normal Form (over C) of A. With this, define the extremal peripheral
spectrum of A, henceforth denoted ogp(A), to be the set

opp(A) = {\ € 0(A) N 74 (A)S : k(A) = kimax (3.20)

where kmax = kmax(A) = max{k(N) : A € 0(A) Nr,(A)S}. Clearly opp(A) C o(A),
and just as o(A), the set cpp(A) is non-empty and symmetric w.r.t. the real axis.
Also, ogp(A™) = opp(A)" for every n € N.

Theorem 3.11. Let A € R and b € N\ {1}. If ogp(AN) is b-nonresonant for
some N € N then either (|A™|) is b-Benford or A is nilpotent.

Proof. Clearly, (JA™|) is terminating if and only if A is nilpotent. Assume henceforth
that A is not nilpotent, thus r,(A4) > 0, and let opp(A”Y) be b-nonresonant. Fix
any m € {1,...,N} and recall from (3.10) that, in analogy to (3.18) and (3.19)

above,
nN+m __ mayn
A =R ( E A€o+ (AN) Py (n)A™ A )

_.n_k inarg \
=1r"n (3% (ZAEU+(AN)OTS Che )+Dn) . Vn>d,  (3.21)

where 0 < 7 < 7,(AY) = r,(A)N and k € {0,...,d — 1} with k < kpax(A4) =
Emax(AN) =t kmax, Cx € C¥? and (D,) is a sequence in R¥*? for which (n|D,,|)

19



is bounded. (As in (3.19) the quantities r, k, C and (D)) may all depend on m.)
From (3.21), it follows that

|AMNF™ < ppka o Wn e N, (3.22)

with the appropriate a > 0. On the other hand, there exist x,y € R¢ for which

TAnN-l—m

: |z yl
lims >1. 3.23
1M sup,, ., ~ TU(A)nNJFm (TLN ¥ m)ktnax = ( )
Combining (3.22) and (3.23) yields
|xTAnN+my|

1 <limsup,,_,

7o (A)PN+M(nN + m)kmax

|2|yla . r Yok
< — 7 ] 3 _ max
= o (A)m Nbmax 0 WPn—oo \ 7N )T '

which in turn shows that r = 7,(4)Y and k = kpayx. With O'EP(AN) ={\ €
opp(AN) : S\ > 0}, therefore, (3.21) can be re-written as

(3.24)
where Cy # 0 for some A € 0,5(AN), and (n|E,|) is bounded. Using (3.24) and
the b-nonresonance of o p(A”Y), completely analogous arguments as in the proof of
Theorem 3.10 show that (log, |A"N+™|) is u.d. mod 1. Since m € {1,..., N} was
arbitrary, (log, |[A™|) is u.d. mod 1 as well, i.e., (|A"|) is b-Benford. O

Corollary 3.12. Let A € R¥? and b € N\ {1}. Assume that A is invertible and

o(A) is b-nonresonant. Then:
(i) For every x,y € R? the sequence (x7 A™y) is b-Benford or identically zero;
(ii) For every x € R\ {0} the sequence (|A™z|) is b-Benford;

(iii) The sequence (|A™]|) is b-Benford.

hold similarly with | - | replaced by any norm on R¢ and R%*4, respectively.

(ii) When comparing Theorems 3.10 and 3.11 to Theorem 3.4, the reader may
wonder what would happen to the latter if in its statement (ii) b-nonresonance was
assumed merely for o(AY) with some N > 2, rather than for o(A). The answer is
simple: With (ii) thus modified, (i)=-(ii) of Theorem 3.4 would remain unchanged
whereas the converse (ii)=(i) would fail because unlike its analogues (3.19) and
(3.24), the representation (3.16) with A" replaced by A™V*™ may no longer be
valid. Note that this is in perfect agreement with the fact, following from Lemma
3.7, that if 0(AY) is nonresonant for some N > 2 yet o(A) is resonant then there
exist 7,y € R? with 0 < p(Nazy) < 1.
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The converses of Theorems 3.10 and 3.11 do not hold in general: Even if o(A™)
and opp(A™), respectively, are b-resonant for all n € N, the sequence (|A"z|) nev-
ertheless may, for every x € R%, be b-Benford or terminating, and (|A"|) may be
b-Benford. In fact, as the next example shows, it is impossible to characterize
the b-Benford property of (|A™x|) and (|A™|) solely in terms of o(A) and ogp(A),

respectively — except, of course, for the trivial case of d = 1.

Example 3.14. For convenience, fix b = 10 and consider the (invertible) 2 x 2-

matrix

2y i (2
A= 107 cos () sin(7)
sin(7?)  cos(m?)

The set 0(A™) = ogp(A™) = {10”"ei”2m} is b-resonant for every n € N because
mn = logyn 10™ € spangA,(an) = spang{l,7}.

Nevertheless, 107" A" is simply a rotation, hence |A"z| = 10™"|z| for every x €

R?, and since log;, 10" = 7 is irrational, (|A"z|) is 10-Benford whenever x # 0.

Similarly, (JA™|) = (10™) is 10-Benford. Thus the nonresonance assumptions in

Theorems 3.10 and 3.11, respectively, are not necessary for the conclusion.
Consider now also the (invertible) matrix

B

_ o7 l V3cos(n?)  —3sin(r?) ]
V3 sin(7?) /3 cos(n?) ’

for which ¢(B) = opp(B) = {107e*™"*} = ¢(A), and so o(B") = opp(B") =
opp(A™) is b-resonant for every n € N. As far as spectral data are concerned,
therefore, the matrices A and B are indistinguishable. (In fact, they are similar.)

However, from

10 [ V3cos(n?n)  —3sin(n?n)

B" = , VneNp,
V3 sin(72n) \/§COS(7T2’H,)‘| ’

it follows for instance that

|B"e?| = 10™ /2 — cos(272n), Vn e Ny,
and consequently
(log |B"e(2)|> = (mn + 3logy(2 — cos(27r2n))> = f((nm)),
with the smooth function f: T — T given by
f(t) =t+ Llog (2 — cos(2mt)).

Recall that (nm) is u.d. mod 1. Since f is a diffeomorphism of T with non-constant
derivative, it follows that (f((n7))) is not u.d. mod 1, basically because Aro f~! #
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Ar (cf. Appendix A). Thus (|B"e®)]), and in fact (|B"z|) for every x € R?\ {0}, is

neither 10-Benford nor identically zero. Similarly,

071"”,
4 — cos(2m2n) + | sin(m2n)|y/14 — 2 cos(272n), Vn € Ng,
V4~ cos(zn) o |sin(an) (@) !

and a completely analogous argument shows that (]B™|) is not 10-Benford either.

w1
|B"| =

Example 3.15. Let again b = 10 for convenience and consider the 6 x 6-matrix

, 2 1 -2 1 2 | V3cos(rlogyy2) —3sin(rlog,2)
A = diag ) y = . 3
0 2 0 -2 ['V3 sin(mlog;p2) /3 cos(mlog;,2)

for which o(A) = {42, 2eF™18102} C 2S. Since

log;( 2" = nlogy 2 € spang{l,log;;2} C spangQA,(an),

the set o(A™) is b-resonant for every n € N. Correspondingly, there exist x,y € R®
for which the sequence (x " A™y), and in fact (|A™z|) as well, is neither 10-Benford
nor terminating. Essentially the same calculation as in Example 3.14 shows that
one can take for instance z = 3 = ¢(®). Note, however, that (2" A™y) is 10-Benford
whenever |x1ys| # |z3y4|, hence for most z,y € RY; see also Theorem 4.1 below.
On the other hand, since k(£2) = 2 and k(2e*™1°8102) = 1, the set opp(A)
equals {£2} which is also b-resonant, yet ogp(A4%) = {4} is b-nonresonant. By
Theorem 3.11, therefore, the sequence (JA™|) is 10-Benford. This could also have

been demonstrated by means of Lemma 2.5 and an explicit calculation yielding
A" =2" " 'n(14+ o), VneN,
where (a,) is a sequence in R with lim,, . n?a, = 4.

The final theorem in this section characterizes the b-Benford property of solu-
tions (x,,) to linear difference equations (1.3). The result, which has informally been
mentioned already in the Introduction, follows directly from Theorem 3.4.

Theorem 3.16. Let ay,aqo,...,a4-1,aq be real numbers with ag # 0, and b €
N\ {1}. Then the following are equivalent:
(i) Ewvery solution (xy) of (1.3) is b-Benford unless x1 =z = ... =24 =0;

d—1 d—2

(i) With the polynomial p(z) = 2% — a1297" — a2292 — ... —aq_12 — aq, the set

{z € C:p(z) =0} is b-nonresonant.

Proof. For convenience, let Z := {z € C: p(z) = 0}. Note that Z = o(A) for the

matrix A associated with (1.3) via (3.1) because

xA(z) =det(A — zIy) = (—1D)4 2% —a1297t — 2972 — .. —ag_12 — aq)
= (=1)p(2).
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To prove (i)=>(ii), assume Z is b-resonant. By Theorem 3.4 there exist z,y € R?
for which (T A™y) is neither b-Benford nor terminating. Recall (e.g. from the proof
of Lemma 3.6) that (x,) with =, :== 2" A"y for all n € N is a solution of (1.3). By
the choice of z,y, the sequence (z,,) is neither b-Benford nor terminating, let alone
identically zero. Hence (i) fails whenever (ii) fails, that is, (i)=-(ii).

To establish the reverse implication (ii)=(i), recall from (3.2) that

2 = (D) TA" 1y VYneN,

where y = Z?:l Tar1-je). As A is invertible, if Z = o(A) is b-nonresonant then,
by Corollary 3.12, (x,,) is either b-Benford or identically zero. O

Example 3.17. The set associated, via Theorem 3.16, with the familiar difference
equation
Tp = Tp_1 + Tp_o, Vn >3, (3.25)

ie. {z€C:2%2—2-1=0}={p,—¢ '}, is b-nonresonant for every b € N\ {1},
see Example 3.9(i). Except for the trivial solution x,, = 0, therefore, every solution
() of (3.25) is Benford. This contains as special cases the well-known sequences
of Fibonacci and Lucas numbers corresponding to the initial values 1 = 2o = 1

and x7 = 2, x5 = 1, respectively.

Example 3.18. This example reviews, in the light of Theorem 3.16, the second-
order difference equation (1.4) for the three specific values of the parameter v € R
already considered in the Introduction (recall Figure 1). For convenience, let b = 10
throughout. Note that the set associated with (1.4) is Z = Z, = {z € C: 2? =
27z — 5} = {y £ 1/5 — 2}, and so for |y| < v/5 equals {VBe***8*} C /5S with
arg z = arccos(y/v/5) € (0, 7).

(i) Let v = v/5cos(n/v/8) = 0.9928. Then arg z = 7/+/8, and since

log 5 & spangAz, = spang{l, V2},

the set Z, is b-nonresonant. By Theorem 3.16, except for x,, = 0, every solution
() of (1.4) is 10-Benford.
(ii) Next, consider the case of v = v/5cos(imlog,y5) = 1.018. Now argz =

%Wlogm 5, and since obviously
log;o 5 € spangAz, = spang{1,logy 5},

the set Z, is b-resonant. It is clear that no solution of (1.4) is 10-Benford in this
case.

(iii) Finally, let 4 = 1. Here arg z = arccos(1/y/5) = arctan2. It is not hard to
see that T arctan? is irrational (as is, of course, log,, 5). Thus, the b-nonresonance
of Z, is equivalent to log;y5 ¢ spanQ{l, % arctan2}. It appears to be unknown,
however, whether the three numbers 1, log,, 5, %arctan2 are Q-independent. If

they are, then every non-trivial solution of (1.4) is 10-Benford; otherwise none is. As
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seen in Figure 2, numerical evidence seems to be in support of the former alternative.
(Rational independence of 1, log;, 5, and %arctan 2, and thus 10-nonresonance of
Z, for v = 1 would follow immediately from Schanuel’s conjecture, a prominent

but as yet unproven assertion in number theory [38, Sec.1.4].)

log Bn Ty = 29Tp—1 —5Tp—2, VN >3
1 = X9 =1

v =1.018
not Benford

0 t t
10 100
v = 0.9928 J N=1
Benford unknown

#{n < N : leading digit,,(zn) = d1}

N —10g10(1+df1)

By = max),

Figure 2: For different values of the parameter «, the solutions (z,,) of (1.4) may

or may not be 10-Benford; see Example 3.18 and also Figure 1.

Remark 3.19. Earlier, weaker forms and variants of the implication (ii)=(i) in
Theorems 3.4 and 3.16, or special cases thereof, can be traced back at least to [32]
and may also be found in [4, 6, 9, 22, 36]. The reverse implication (i)=-(ii) seems
to have been addressed previously only for d < 4; see [6, Thm.5.37]. For the special
case of b = 10, partial proofs of Theorems 3.4 and 3.16 have been presented in [5, 7].

4 Further examples and concluding remarks

This final section illustrates how key results of this article (Theorems 3.4 and 3.16)
may take a significantly different (and arguably simpler) form if either their con-
clusion is weakened slightly or one additional assumption is imposed. Concretely,
Theorem 3.4 for instance may be weakened in that its b-Benford-or-terminating
dichotomy (i) is assumed to hold only for (Lebesgue) almost all (x,y) € R? x R%.
Alternatively, it may be assumed that the matrix AV is positive for some N € N.
As detailed below, either of these modifications gives rise to new forms of the results

that may be of independent interest.
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As throughout, b > 2 is a positive integer, and given any A € R?*¢, let
By(A) = {(z,y) € R? x RY: (" A™y)is b-Benford} .

Denote Lebesgue measure on R? x R? by Lebg 4. Also recall from (3.20) the defini-
tion of the extremal peripheral spectrum ogp(A). Although ogp(A) may constitute
only a small part of o(A), it nevertheless controls the Benford property of most se-

quence (z " A™y). More precisely, the following variant of Theorem 3.4 holds.

Theorem 4.1. Let A € R4 and b € N\ {1}. Assume A is not nilpotent. Then

the following are equivalent:

(i) For almost every (z,y) € R x R? the sequence (x7 A™y) is b-Benford, i.e.,
RY x RY\ By(A) is a Lebg g-nullset;

(ii) The set opp(AYN) is b-nonresonant for some N € N.

Proof. To demonstrate (i)=(ii), assume that cpp(A™) = cpp(A)"™ is b-resonant for

every n € N, and hence log, 7, (A4) € spangA, (4. In analogy to (3.24), write

n __ n, Kmax wn arg A
A" =r,(A)"n <8? (ZAGU;P(A) Che ) + En) , VneN, (4.1)

where Cy € C¥4 for every A € 01 p(A), and (E,) is a sequence in R?™? for which
(n|Ey|) is bounded. If Cy = 0 for all A € 0,5 (A), then (4.1) would imply that

A"

[ )
T (A)nnkmax ’

hmn—>oo

whereas on the other hand there always exist 2,y € R? with

[z T Ay
Ty (A)rmfmax

A"

< fa Iyl limsupy oo
g

1 <limsup,,_,
This contradiction shows that Cy # 0 for some \ € o, (A).

Similarly to the proofs in the previous section, let Ly + 1 be the dimension of
spangA,,,(4) and consider first the case of Ly = 0. Here, with the appropriate
q € N, the numbers ¢log, r,(A) and q% arg A for all A € o} ,(A) are integers, and
so (4.1) takes the form

A" = TU(A)nnkmax (Bn + En) R Vn € N7 (42)

where the sequence (B,) in R?*? is g-periodic, i.e. By, = B, for all n € N.
Suppose that By = 0 for some £ € {1,...,q}. Then

) | Anq+€|
lim,, o0 e — =0,
T (A) q (nq + e) max
whereas similarly as before,
TAnq-I—é
lim sup,, _, @ yl >1

T'o (A)nQ+‘€ (nq —+ g)kn\ax -
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with the appropriate z,y € R?. This contradiction shows that By # 0 for every
£e{1,...,q}. Consequently, for each ¢ the set

Ry := {(x,y) eR'xR?: 2 By = O}

is a Lebg g-nullset, and so is R := (J{_, R¢. Whenever (z,y) ¢ R, it follows from
(4.2) that

log, |xTA"y| =nlogy, ro(A) + kmax log, n + log, |xTBny + xTEny|

for all sufficiently large n, and since log; r,(A) is rational and (" B,y) is periodic,
Lemma 2.5 shows that (x” A™y) is not b-Benford. In other words, B,(A4) C R, so
in particular R? x R?\ B,(A) is not a nullset, i.e., (i) fails.

It remains to consider the case of Ly > 1. In this case, label the elements of
UEP(A) as Ai,...,Ap with L > Lo and assume w.l.o.g. that the Ly + 1 numbers
1,%arg)\1,...,%

Loy Yo € R? such that

arg Az, are Q-independent. Given any u € RF°, there exist

Lo

T An _ N, kmax
2y Ay = 1:(A)"n (g "
L
= r[,(A)”nk‘“ax (8? < E ’ upe" 28 ’\@> + zn) , VneN, (4.3)

{=1

| e cos(narg A¢) + zn>

where (nz,) is a bounded sequence in R. On the other hand, (4.1) implies

T gn _ n, Kmax T wn arg A T
xy A"y = 10(A)"n (8? <ZA€U;P<A> Ty Cryue > +x, Enyu) , YneN.
(4.4)
Comparing (4.3) and (4.4) yields

Lo
R § uéezn arg Ay § . xIc}\yuezn arg A n—oo 0.
£=1 Xeofp(A)

Lemma A.2 shows that x] Cy,y., = u, for every £ € {1,... Lo}, and z] Cy,y, = 0
for every £ € {Lo+1,...,L}. Recall now that log, 754y € spanQAUEP(A). Lemma
2.7 guarantees that it is possible to choose v € R0 in such a way that the sequence

(z] A™y,) in (4.3) is neither b-Benford nor terminating. The continuity of the map

R¢xR? — CL
{ (x,y) = (xTCAIy,...,xTCALy)
implies that (zT A™y) is not b-Benford whenever = and y are sufficiently close to x,,
and v, respectively. Thus R? x R?\ B, (A) contains a non-empty open set, and so
again (i) fails. This completes the proof of (i)=-(ii).
To establish the reverse implication (ii)=(i), let czp (A" ) be b-nonresonant and
fix any m € {1,...,N}. It follows from (4.1) that

AnNer _ ’I“G(A)nNnkmax <§R (ZAEU++ CA@”L arg )\) + En) , Vn € N,
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where ot C o ,(AY) is non-empty, Cy € C4*?\ {0} for every A € o™+, and
(n|E,]) is bounded. (Once again it should be noted that the set o, the matrices

C) and the sequence (E,,) may all vary with m.) The set
Ry = {(x,y) eRIxRY: 2" Chy = ()}

is a Lebg g-nullset, and so is R := UTanl Useot+ Rma- Whenever (z,y) € R,
an argument completely analogous to the one establishing (ii)=-(i) in Theorem 3.4
shows that (zT A"y) is b-Benford. Thus R? x R%\ B,(4) C R, and the proof is
complete. O

147 1—-m
l—7 147
has o(A) = {1, 7} b-resonant for every b. However, cgp(A) = {7} is b-nonresonant,

Example 4.2. (i) As seen in Example 3.9(iii) the matrix 4 =

and since "
T

A’n, —

(A—L)+ p ! (mly — A) (4.5)

-1

T—1

for all n € N, it is clear that

R? x R*\ By(A) = {(z,y) e R”Z xR* : 2T (A — L)y = 0}
={(z,y) € R* x R?: (x1 — x2)(y1 — y2) = 0}

is a nullset. Also, (|A™z|) is Benford unless Az = x.

(ii) Let B := A~!. Then o(B) = {7~ 1,1}, so ogp(B") = {1} is b-resonant for
every b and n € N. Since (4.5) actually holds for all n € Z, the sequence (z " B™y)
can only be b-Benford if 2 (7ly — A)y = 0, i.e.

By(B) C {(z,y) e R x R? : 2" (n], — A)y = 0}
= {(z,y) e R* x R?: (w1 + 22)(y1 +y2) = 0},

showing that B, (B) is a nullset in this case. Similarly, (|[B"z|) can only be Benford
if By =nla.

Remark 4.3. Recall from Theorem 3.10 that (|A"z|) is b-Benford provided that
o(AN) is b-nonresonant for some N € N. If A is not nilpotent then (|A"x|) is
terminating only if z is an element of the proper subspace (and hence nullset)
kerA?. For almost all x € RY, therefore, (JA"x|) is b-Benford. As it turns out, a
much weaker assumption suffices to guarantee the latter conclusion: Similarly to
Theorem 4.1, it can be shown that b-nonresonance of ogp (AN ) for some N implies
that (|A™z|) is b-Benford for almost all 2 € R?. Unlike in Theorem 4.1 (yet much like
in Theorem 3.10), the converse does not hold in general. In fact, as demonstrated
already by Example 3.14, it is impossible to characterize the b-Benford property of
(JA"z|) for almost all z € R? using only o(A), let alone orp(A).

The following variant of Theorem 3.16 is motivated by Theorem 4.1. Recall that
Zr={z":z¢€ Z} for any Z C C. If p = p(z) is a non-constant polynomial and
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Z ={z¢€C:p(z) =0}, let ¢ := max,ez |z| and, for each z € Z, let k(z) be the
multiplicity of z as a root of p, that is, k(z) = min{n € N : p(")(2) # 0}. In analogy

to the extremal peripheral spectrum, define
Zpp:={2€C:p(z) =0}gp :={2€ ZN(S: k(2) = kmax} ,
where kmax := max{k(z) : z € ZN(S}.

Theorem 4.4. Letay,az,...,aq—1,aq be real numbers with aq # 0, and b € N\ {1}.
Then the following are equivalent:

(i) The solution (x,,) of (1.3) is b-Benford for almost all (x1,...,x4) € R%;

d—1 d—2

(i) With the polynomial p(z) = 2% — a1297" — a2292 — ... —aq_12 — aq, the set

{2 € C:p(2) = 0} is b-nonresonant for some N € N.

Proof. As seen in the proof of Theorem 3.16, for the matrix A associated with (1.3)
via (3.1), 0(A) = {# € C: p(z) =0}, and in fact opp(4A") ={z € C: p(z) =0}}p
for every n € N. With this as well as (3.2) and (4.1), the argument is completely

analogous to the proof of Theorem 4.1; details are left to the reader. O
Example 4.5. (i) For convenience let b = 10 and consider the third-order equation
Ty =bTp_1 — 1lxy_o+ 152,353, Vn>4. (4.6)
With the associated set
Z={2€C:2%-524+112—-15=0} = {2 € C: (2 — 3)(2* — 22 + 5) = 0},

clearly ¢ = 3, and Zgp = {3} is b-nonresonant. For almost all (z1,z2,23) € R?,

therefore, the solution (z,) of (4.6) is 10-Benford. In fact, since lim, 37"

Ty =
i(xg — 2x9 + bx1), the sequence (z,,) is 10-Benford unless x5 = 2x2 — 5x1. Note
that in the latter case, (z,) solves the second-order equation x,, = 2,1 — 5x,_2,
ie. (1.4) with v = 1, and as seen in Example 3.18, except for the trivial case of
Zn, = 0 it is not known whether (x,,) is 10-Benford.

(ii) The set Z associated with the second-order equation
Ty =T 2Ty, Yn>3, (4.7)

i.e. Z = {£mr 1} is b-resonant for all b € N\ {1}. However, with ¢ = 7~!, the set
Z? = ZZ, = {72} is b-nonresonant. Hence the solution (z,) of (4.7) is Benford
for almost all (z1,72) € R%. Again, it is easy to check that in fact (z,,) is Benford
if and only if z124 # 0.

(iii) As a variant of (4.7), consider the recursion

Tn = (1— 71'72)%”71 + 7 22,0, VYn>3. (4.8)

Now Z = {—772,1}, hence ( = 1, and Z%, = {1} is b-resonant for every n € N.
By Theorem 4.4, the solution () of (4.8) is not Benford for almost all (z1,x2) €
R2. In fact, (z,) can only be Benford if x1 + m%z2 = 0, hence {(z1,72) € R? :

(xy,) is Benford} is a nullset.
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Remark 4.6. In light of the above examples, it may be conjectured that in the
context of Theorem 4.1, B, (A) is actually a nullset if ogp(A™) is b-resonant for all
n € N. Similarly, the solution (z,,) of (1.3) may for almost all (z1,...,24) € R? not
be b-Benford whenever {z € C : p(z) = 0}%p is b-resonant for every n. Using Lem-
mas A.8 and A.10, it is not hard to verify this conjecture for d € {1,2,3}. However,
the authors do not know of any proof of, or counter-example to the conjecture for
d > 4; cf. Remark A.12(i).

Clearly, if o(A") is b-nonresonant for some N € N then so is ogp(A”Y), and
unless A is nilpotent, this in turn implies that log, r,(A) is irrational. As the next
result shows, even the latter, seemingly much weaker condition alone suffices to
recover a strong form of Theorem 3.4 — provided that some power of A is positive.
Recall that A € R¥*? is positive (nonnegative), in symbols A > 0 (A > 0), if
[Aljx > 0 ([Aljx > 0) for all j,k € {1,...,d}; here [A];, denotes the entry of A at
position (4, k), i.e. in the j-th row and k-th column, thus [A];; = (e))T Ae®). For
convenience, write x > 0 (z > 0) for v € R4 if 2; > 0 (z; > 0) for all j € {1,...,d}.
A proof of the following result can be found in [5, Sec.3] for b = 10, but the argument
given there immediately carries over to arbitrary base b.

Proposition 4.7. Let A € R¥*? and b € N\ {1}. Assume that AN > 0 for some

N € N. Then the following four statements are equivalent:
(i) For every z,y € R¥\{0} withz > 0, y > 0 the sequence (" A™y) is b-Benford;
(ii) For every x € R%\ {0} with x > 0 the sequence (|A™z|) is b-Benford;
(iii) The sequence (|A™|) is b-Benford;
(iv) log, rs(A) is irrational.

Example 4.8. (i) For the matrix

01 0
A=10 0 1|,
6 1 0

one finds o(A) = {—141/2,2}, and so (A) is b-resonant whenever b € {27, 3" :
n € N}. For any other base b, and similarly to Example 3.18(iii), it is apparently
unknown whether o(A) is b-resonant. Note, however, that A > 0 and A% > 0,
hence Proposition 4.7 applies with r,(A) = 2. For every b not an integer power
of 2, therefore, and for all z,3y € R?\ {0} with z,y > 0, the sequences (z " A™y)
and (|A™z|) are b-Benford. This nicely complements the fact that (z" A™y) and
(|A™z]) are b-Benford in this case for almost all (x,y) € R? x R® (by Theorem 4.1)
and almost all € R3 (by Remark 4.3), respectively. Also, (|A"|) is b-Benford by
Theorem 3.11.
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(ii) For the matrix

|
wo

B =

S =
=
o = O

it is easily checked that B® > 0. An argument similar to, but simpler than the one in
Example 3.9(ii) shows that log;, r,(B) is irrational for every b. Hence again Propo-
sition 4.7 applies. Note that in order to reach this conclusion it is not necessary to
explicitly determine the value of r,(B).

Remark 4.9. For nonnegative A € R¥? it is well-known that AV > 0 for some
N €N (if and) only if A”~24+2 > 0; see e.g. [21, Prop.8.5]. On the other hand, for
d > 3 and arbitrary A € R4*?, the minmal number N for which AN > 0, if at all

existant, may be arbitrarily large; see [5, Sec.3].

Proposition 4.7 has a counterpart for difference equations which is a variant of
Theorem 3.16 under the assumption of positivity, both for the coefficients and the

initial data; for a proof the reader is again referred to [5].

Proposition 4.10. Letay,as,...,aq4—1,aq be positive real numbers, and b € N\{1}.

Then the following are equivalent:

(i) Every solution (x,) of (1.3) with x1,...,24 > 0 and mau(?:1 x; > 0 is b-
Benford;

(i) logy, ¢ is irrational where z = ¢ is the right-most root of p(z) = 0 with the

d d—1 d-2

polynomial p(z) = z* — a1 2 — a9z . — Qg_17 — Q.

To finally put Theorems 3.4 and 4.1 as well as Corollary 3.12 in perspective,
recall that, informally put, b-Benford sequences are prevalent among the sequences
(xT A™y), (|JA™z]), and (]A™|) derived from (A™) whenever o(A") is b-nonresonant
for some N € N. For most matrices A € R?4 the set o(A) is b-nonresonant for
every b, as are 0(A™) and ogp(A™) for all n € N, and log, r,(A) is irrational. More
formally, let

Gap = {A € R™%: Ais invertible and o(A) is b-nonresonant } .

With this, it can be shown that while the set R¥*¢ \ Gap is dense in R4*%4 it never-
theless is a first-category set (i.e. a countable union of nowhere dense sets) and has
(Lebesgue) measure zero. The same, therefore, is true for UbeN\{l}(RdXd \ Gap)-
In other words, most real d x d-matrices, both in a topological and measure-
theoretical sense, belong to ﬂbeN\{l} Ga,p, and thus are invertible with their spec-
trum b-nonresonant for every b; see e.g. [4, 8, 6] for details. This observation may
help explain the conformance to BL often observed empirically across a wide range
of scientific disciplines.
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A Some auxiliary results

The purpose of this appendix is to provide proofs for several analytical facts that
have been used in establishing the main results of this article. Throughout, let d

be a fixed positive integer.

Lemma A.l. Given any z1,...,29 € S = {2z € C : |z| = 1}, the following are

equivalent:

(i) Ifer,...,cqa € Candlim, o (c127 +...+cazl) exists thenc1 = ... =cq = 0;

(i) z; {1} U{zr : k# 5} for every 1 <j <d.

Proof. Clearly (i)=-(ii) because if z; = 1 for some j simply let ¢; = 1 and ¢, = 0
for all ¢ # j, whereas if z; = z, for some j # k take ¢; = 1, ¢4, = —1, and
ce =0 forall ¢ e {1,...,d}\ {j,k}. To show that (ii)=-(i) as well, proceed by
induction. Trivially, if d = 1 then (c;2}") with z; € S converges only if ¢; = 0 or
z1 = 1. Assume now that (ii)=-(i) has been established already for some d € N, let
21,2441 € S, and assume that z; & {1} U {zp : k # j} for every 1 < j < d+1.
If limy, oo (c127 + ... + cap12y, ) exists then, as 2441 # 1,

n n
21 z1—1 Zd zqg— 1 } n
c1 +...+¢y + Cgy1 0 2 Zdg+1 — 1
{ (Zd+1> Zat1 — 1 <Zd+1> Zap— 1T drilzar = 1)

= clz?’(zl — 1) + ...+ cd+1zg+1(zd+1 — 1)

+1 +1 n— 00
:clz?"’ —|—...—|—cd+1zgil —(clz?+...+cd+1zf1‘+1) — 0,

which in turn yields

n n
. z1—1 21 zg— 1 24
lim, o0 { C1———— 4. eg—— = —Cdt1-
Za+1 — 1 \ za41 Za+1 — 1 \ zg41

Note that —2 ¢ {1} U {Z—k ck £ j} for every 1 < j < d. By the induction
Zd+1 Zd+1
assumption, c¢; 2 1= 0forall 1 <j<d. Hencecs =...=cq=0,and clearly
2d+1 —
cqg+1 = 0 as well. O

Two simple consequences of Lemma A.1 have been used repeatedly.
Lemma A.2. Let 0=ty <t1 <...<tg<tgy1 =7 and co,c1...,¢d,cq+1 € C. If
lim,, oo R(coe™™® + cre™ + ...+ cge™ + cgpe™i1) =0,

then Reg = Reger =0 and ey = ... =cq = 0.
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Proof. For every j € {1,...,2d+ 1} let

et ifl1<j<d+1,
Za =
! e~trata-i  ifd4+2<j<2d+1,

and note that z; ¢ {1} U {2k : k # j}. Since

21im,, o R (coemto Foee™ 4 gt 4 cd+1emtd“) — 2Rcy

= 2hmn~>oo R (Clezntl NI Cdezntd + Cd+167'ntd+1)

= limy,— oo (Z:_l ¢z 4 2(Reas) 2y + Zj:; Wg_jz?)
exists by assumption, Lemma A.l shows that ¢; = ... = ¢4 = 0 and Reg41 = 0,
and so clearly Rcg = 0 as well. O
Lemma A.3. Gwen any z1,...,2zq €S, the following are equivalent:
(i) Ifer,...,cq € Candlim, o R(c127+. . .4cqz]) exists thenci = ... =cq = 0;

(i) zj € {-1,1} U{zk,Z5 : k # j} for every 1 < j <d.

Proof. Clearly (i)=(ii) because if z; € {—1,1} for some 1 < j < d simply let ¢; =1
and ¢, = 0 for all ¢ # j, whereas if z; € {z,Z} for some j # k, take ¢; = 1,
e, =—1,and ¢g =0 forall £ € {1,...,d} \ {j,k}. Conversely, if

limy oo R(c12] + ... + ca2l) = $limp_oo(c12] + T 7" + ... + caz) +CaZd")

exists then, by Lemma A.1, ¢; = ... = ¢4 = 0 unless either z; = 1 or 2z; = Z;
(and hence z; € {—1,1}) for some j, or else z; € {zx,Zx} for some j # k. Overall,
1 =...=cq =0 unless z; € {—1,1,2x, %5} for some j # k. Thus (ii)=(i), as
claimed. O

Let ¥q,...,94 and 3 # 0 be real numbers, and p1, ..., pg integers. With these

ingredients, consider the sequence (x,) of real numbers given by

Ty =pintdy + ... +pgnidyg + Fln |u1 cos(2mniy) + ... + ug cos(2ﬂ'm9d)| , VneN,
(A1)
where u € R?. Recall that Lemma 2.7, which has been instrumental in the proof of
Theorem 3.4, asserts that it is possible to choose u € R? in such a way that (z,,) is
not u.d. mod 1 whenever the d + 1 numbers 1,94, ...,9; are Q-independent. The
remainder of this appendix is devoted to providing a rigorous proof of Lemma 2.7.
To prepare for the argument, recall that T¢ denotes the d-dimensional torus
R?/74, together with the o-algebra B(T?) of its Borel sets. Let P(T?) be the set of
all probability measures on (Td,B(']I‘d)), and given any u € P(T9), associate with
it the family (,L/Z(kj))kezd of its Fourier coefficients, defined as

k) = / 2T (1) = / e2milkititthats) g 1) Wk e 74
T4 T4
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Recall that p — (ﬁ(k))ke
uniquely. Arguably the most prominent element in P(T%) is the Haar measure Apa
for which, with d\r«(¢) abbreviated d¢ as usual,

_ d 1 if k=0¢ 74
)\’]I‘d (k) — / 627T7,(klt1+...+kdtd) dt — H - / 627T7,kjtdt _ ? S )
- =1 0 ifk£0.

,a 18 one-to-one, i.e., the Fourier coefficients determine

Given p € P(T?), therefore, to show that p # Aqa it is (necessary and) sufficient to
find at least one k € Z?\ {0} for which fi(k) # 0. Recall also that, given any (Borel)
measurable map 7' : T? — T, each p € P(T?) induces a unique o T~t € P(T), via

poT ' (B)=pu(T~"(B)), VBeBT).

Note that the Fourier coefficients of o T—! are simply

M?l(k) _ / GQWlktd(M ° T_l)(t) _ / eQ-rrsz(t)dM(t)7 Le7.
T Td
If in particular d = 1 and p o T~! = y then p is said to be T-invariant (and T is
U-preserving).
With a view towards Lemma 2.7, for any p1,...,pq € Z and 8 € R consider the

map

A T — T,
“ t <p1t1 + ...+ pgtg+ Bln ‘ul cos(27mty) + ... + ug cos(27t,) > ;
(A.2)

here u € R? may be thought of as a parameter. (Recall the convention, adhered to

throughout, that In0 = 0.) Note that each map A, is (Borel) measurable, in fact
differentiable outside a set of Apa-measure zero. For every p € P(T9), therefore, the
measure p o At is a well-defined element of P(T). Lemma 2.7 is a consequence of

the following fact which may also be of independent interest.

Theorem A.4. For every pi,...,pq € Z and 3 € R\ {0}, there exists u € R? such
that Apa o A1 # Ar, with A, given by (A.2).

To see that Theorem A.4 does indeed imply Lemma 2.7, let p1,...,pq € Z and
B € R\ {0} be given, and pick u € R? such that Apa o A;' # Ar. Consequently,
there exists a continuous function f : T — C for which [ f d(Apao Ay ") # [1 fdAr.
Note that foA, : T — C is continuous Apa-almost everywhere as well as bounded,
hence Riemann integrable. Also recall that the sequence ((m?l, . ,m?,i)) is u.d.
mod 1 in R? whenever 1,7, ..., are Q-independent [26, Exp.1.6.1]. In the latter

case, therefore,

limy oo % Z:;l f({zy)) = limy oo % Z:;l foAu({(ndy,...,ndq)))

= o 4 = 4 O -1
= Tdf Ay d)p /de()\qr A, )#/qrfd)\qr,
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showing that (z,) is not u.d. mod 1.

Thus it remains to prove Theorem A.4. Though the assertion of the latter
is quite plausible intuitively, the authors do not know of any simple but rigorous
justification. The proof presented here is computational and proceeds in essentially
two steps: First the case of d = 1 is analyzed in detail. Specifically, it is shown
that At o A1 # Ap unless p; # 0 and Bu; = 0. For itself, this could be seen
directly by noticing that the map A, : T — T has a non-degenerate critical point
whenever fu; # 0, and hence cannot possibly preserve Ar, see e.g. [5, Lem.2.6] or
[6, Ex.5.27(iii)]. The more elaborate calculation given here, however, is useful also
in the second step of the proof, i.e. the analysis for d > 2. As it turns out, the case
of d > 2 can, in essence, be reduced to calculations already done for d = 1.

To concisely formulate the subsequent results, recall that the Euler Gamma
function, denoted I' = I'(z) as usual, is a meromorphic function with poles precisely
at z € =Ny = {0,—-1,-2,...}, and I'(z + 1) = 2I'(z) # 0 for every z € C\
(—Np). Also, for convenience every “empty sum” is understood to equal zero, e.g.
22§j§1j2 = 0, whereas every “empty product” is understood to equal 1, e.g.
[Tocj<i j2 = 1. Finally, the standard (ascending) Pochhammer symbol (z),, will be

used where, given any z € C,

n—1
() i=2(z+1)...(z4+4n—1) :HH(,ZM), ¥neN,
and (2)o := 1, in accordance with the convention on empty products. Note that

(2)n =T(2 4+ n)/I'(z) whenever z ¢ C\ (—Np).
For every p € Z and 3 € R, consider now the integral

Ip,ﬁ — / e47rzpt+216 In | cos(27t)| dt. (A3)
T

The specific form of I, 5 is suggested by the Fourier coefficients of Ar o A ! in the
case of d = 1; see the proof of Lemma A.6 below. Not surprisingly, the value of I, 3

can be expressed explicitly by means of special functions.
Lemma A.5. For everyp € Z and § € R\ {0},

Pefl,@ In4 QZﬂF(QZﬂ) (_Zﬁ)kﬂ (A4)

(zﬁf(zﬁ))z (L+28)p

Ipg=(-1)

and hence in particular

2 = S tanh(m3)
m(p? + 5?)

Proof. Substituting —¢ for ¢ in (A.3) shows that I, 3 = I}, g, and a straightforward

L5 > 0. (A.5)
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calculation, with 7, denoting the ¢-th Chebyshev polynomial (¢ € Ny), yields

1
Ly = /T etmlplt+ 2B In | cos2mb)] qp — /0 2milple+28In | cos(na)] 4,

2 2
/ 2 cos(27r|p|x)62l’81n leos(ma)l gz = 2/ To)p| (cos(mv))e%ﬁ In[cos(ma)] 4y
0 0

2 LT 9 [t 1 —1B81In(1+22)
_ o)p| (T )teﬁlnw de — _/ Ty, < > e e
V1—a2 T Jo V1422 1+

As the polynomial Ty can, for every p € Z and y # 0, be written as

Pl 2|p _
Ty ) = 2 (") e

it follows that

B Ipl 2|p| oo x2t

=23, <% | w—
_ 1 lel 2|p| /+°° al2 de
a 20 | Jo  (1+a)tFlpls

- m DN (Z'i') (4 +OT( + [p| — £ +08).

Note that I" is finite and non-zero for each argument appearing in this sum. Recall

that '
POCING

I( 022

% Vvl € Ny,

and so
B (—1)P(2|p|)! Ip| 2T (3 4+ 0 41P)
Tps = VT22PIT(1 + [p| + ) Ze:o {(_N (20)!(|p| — £)! }

_ (—DPT(G + [p)T(5 +18) =7 P\ ¢ 2k —1+28
a m'(1+ |p| +13) ZH {(_N( ¢ ) szl 2k — 1 }
(TG4

VRIBII( + [pl +19)

S {(_1%('7;') I e-1r2]] ‘Z 2k~ 1)}

_ (=DPr(5 +1P)
- Vm2PID(1+ [p| +8)

where, for every m € Ny, the polynomial R,, is given by

R(2) = ZZO {(_1)€ <TZ> HZ:1(2I<; —1+2) Hkm poy (26— 1)} (A.6)

Ry (2:0),
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Thus for example Ro(2) = 1, R1(z) = —z, Ra(2) = —2z + 22. Note that the degree
of Ry, equals m, and for every m € N and j € {0,1,...,m — 1},

R (2j) = ZZO {(—1)@(’;) Hizl(% —1+2§) H:;e+1(2’“ —~ 1)}
- ZZO {(—1)4(’;) H::j+1(2k; —1) HZZH(?’C —~ 1)}
_ {H::m(%— 1)}27:0 {(—m(’;) HZ:1(2€+2I€— 1)} ~0.

Here the elementary fact has been used that >,° (—1)* TZ Q(¢) = 0 holds for
every polynomial @ of degree less than m. As the polynomial R,, has degree m, it
cannot have any further roots besides 0,2,4,...,2m — 2, and so
m—1
Rn(2) =cm He:o (z —20), (A7)

with a constant ¢, yet to be determined. The correct value of ¢,, is readily found
by observing that (A.7) yields

R(—1) = cm HZ)l(—l —20) = e (—1)™ 13- ... (2m — 1),

whereas, by the very definition (A.6) of Ry,

m m 4 m m
Rn(—1) = ZH{HV( , )Hk_l(Qk —2) HHH(% - 1)} = szl(Qk—l) :

Thus ¢, = (—1)™, and overall

Ru(z) = ()" [ =20 =[] @t~ =) =2"(~42),.-

With this, one obtains

(=DPT(5 +8) ) " =29

I =
PP m2ID(1 4 [p| +28) LLe=o

_2(=1)prle Bt D(28) yylel £ —
; lp| — 8 T(1p)> Hf:l L+

(—1)pefInd 20T (208)  (—18) )

(80Ga)° (Lt b))

where the so-called Legendre duplication formula for the I'-function has been used

in the form

LB)D(S +15) = 220/ T(26), V6 eR\{0}.
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Thus (A.4) has been established, and together with the standard fact

IT(B)[2 = 7ﬁsin§(ﬁﬂ) , VBeR\{0},
this immediately yields
17 = 4 [P@pPP 4t sinh®(73) _ [tanh(np)
’ p2+ 32 LB 28sinh(278) m2(p2+62)  w(p2+B2)°
i.e., (A.5) holds as claimed. O

An immediate consequence of Lemma A.5 is that for d = 1 the map A, does
typically not preserve Ar. Notice that the following result is much stronger than

(and hence obviously proves) Theorem A.4 for d = 1.

Lemma A.6. Let p; € Z, 3 € R and uy € R. Then Ay o At = Ar, where A, is
given by (A.2) with d =1, if and only if p1 # 0 and Pu; = 0.
Proof. Simply note that for fu; = 0 and every k € Z,
— 1 if kpp =0,
Mo AT (k) = o
0 if kp1 #0,

and hence Ay o A1 = A precisely if p1 # 0. On the other hand, for Bu; # 0,
AroAyl(2) = /

T
4 1
= etmAmlnlr s #0,

etmit d(>\’11‘ ° A;l)(t) _ / e47rz(p1t+ﬂ In |uq cos(27t)|) dt
T

showing that A o A;l # Ar in this case. O

As indicated earlier, the case of d > 2 of Theorem A.4 is now going to be studied
and, in a way, reduced to the case of d = 1. To this end, let again p € Z and § € R
be given, and consider the function i, 5 : R — C with

ip,ﬁ(x) _ ‘/ﬂ‘e47rzpt+2151n |z+cos(2mt)| dt, Ve eR. (AS)

A few elementary properties of i), 3 are contained in

Lemma A.7. For everyp € Z and 3 € R, the function iy g is continuous and even,
with |ip (z)| < 1 for all x € R. Moreover, i, 5(0) = I, 5 and i, (1) = ePM4y, 55;
in particular, i, 5(0) # i, 3(1) whenever 3 # 0.

Proof. Since for every = € R,
limy, . In|y + cos(27t)| = In |z + cos(2mt)|

holds for all but (at most) two ¢ € T, the continuity of i, s follows from the Domi-
nated Convergence Theorem. Clearly, i, g is even, with i, g(z)| < [ 1dAr =1 for
every « € R, and iy, 3(0) = I, g. Finally, it follows from

Zpﬁ(l) _ evﬂ In4 / e47rv,pt+47ﬂ In| cos(nt)| dt = evﬂ 1n412p,26 ,
T
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and (A.5) that, for every p € Z and 3 € R\ {0},

ips(D|* _ [ap2sl® _ 28tanh(2n8)  p?+p52 1 . 1 )
ip,(0) |1, 5]? 4p2 + 4432  Btanh(r3) 2 cosh(273) ’

and hence ip, 5(1) # i, 5(0). O

The subsequent analysis crucially depends on the fact that i, g is actually much
smoother than Lemma A.7 seems to suggest. Recall that a function f : R™ — C
is real-analytic on an open set Y C R™ if f can, in a neighbourhood of each point
in U, be represented as a convergent power series. As will become clear soon, the
ultimate proof of Theorem A.4 relies heavily on the following refinement of Lemma
A.T.

Lemma A.8. For every p € Z and 3 € R, the function iy g is real-analytic on
(—1,1).

Proof. As i, is constant, and thus trivially real-analytic, henceforth assume 3 # 0.
By Lemma A.7, the function f : T — C with f(t) = iy g(cos(nt)) is well-defined

and continuous. Hence it can be represented, at least in the L?(\r)-sense, as a

2mikt

Fourier series f(t) ~ >, cke where, for every k € Z,

Cp = / f(t)e—%mkt dt = / 6—27rzkt1+47m|p|t2+27ﬂln\cos(wt1)+cos(27rtg)\ dt
T T2

_ / e47rz\p\ (t1—t2)—4mik(t1+t2)+2:161n |2 cos(2mty) cos(27mt2)| dt
T2
_ ez,@]n4 / e47rz(|p|7k)t+2l,8 In | cos(2mt)| dt/ e47rz(\p\+k)t+2l,8 In | cos(27t)| dt
T T

3 1n 4
=M g g i ks -

Since c_ = ¢, the Fourier series of f is

co+2 ZneN cn cos(2mnt) = ¢o + 2 Zzozl cnTon, (cos(wt)) ,

and since furthermore

S tanh(rw3)

cnl| = | Loip 815 = =0(n?), asn— oo,
len| = | [pl.3 +\P\,ﬁ| 7T\/(TL2 +p2+ﬂ2)2—4"2102 ( )

and hence Y07 | |e,| < 400, this series converges uniformly on T, by the Weierstrass
M-test. It follows that iy g(z) = co + 2 o | ¢nTon(x) uniformly in z € [-1,1].
For every y € (—1, 1), consider now the auxiliary function

h(z,y) =2 Zn:H‘p‘ cnTon(z)y™ .

Note that i, g(z) = co + 2 Z‘p‘ cnTon(x) + limy1q A(z,y) uniformly in x € [-1,1].

n=1

In addition, introduce an analytic function on the open unit disc as

H(z):= Zn:HIpI 2", VzeC:lzl <1, (A.9)
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and observe that
_ 1+ ° _ _1B1In4 1+ n
z) = 2t Zn Cng1pppz" =€ i Z Ing1,81n4112p),8%

—1BIn4 1+|p| \ZPZEP)) (Z’ﬁr 2’@)2 ZOO (=2B)n+1(=18)nt1120p| n
(28T ( 25))4 n=0 (1 +18)n+1(1 +18)nt142pp|

—zﬁln4zl+\p\ (27’61_‘ 27’6))2 (16)2 . (]‘ — Zﬂ)2|1f’| .
(28T ( zﬂ))4 (182 2+ 13)2p|

o (1=18)u(1+2lp| —8)n .,
P 2+ 10)n 2+ 2lp| +18)n

eI D(26)° (1 18))
T (L448)20(1B8)4(2 + 18) )|
o Fy(1— 18,1+ 2|p| —18,1;2 4 16,2 + 2|p| +13; 2) 21 TPl

=€

=€

here the standard notation for (generalized) hypergeometric functions has been

used, see e.g. [28, Ch.II] or [34, Ch.16]. Recall that 5F, is an analytic function on

C\ [1,4+0c0), that is, on the entire complex plane minus a cut from 1 to oo along

the positive real axis. Hence H as given by (A.9) can be extended analytically to
C\ [1,400) as well. Observe now that

2mat —2mat o

H(E™y) + (e 2y) =23

= h(cos(nt),y), VteT,ye(-1,1).

cnTon (cos(mf)) y"

It follows that, for all x € [—1, 1],

ipp(x) =co+2 Z‘:‘:l cnTon(z) +
+ limypy {H((2x2 —1+2wv1—22)y) + H((22° — 1 — 2wx\/1 — x2)y)}
=co+ 2 Zfil CnTQn(x) +
+H(22® — 1+ 2wyV/1—22) + H (22" — 1 — 2u\/1 — 2?).

Note now that 222 — 1 4+ 2124/1 — 22 ¢ [1, +00) whenever |z| < 1. The function

2z cmugzlpli1 enTon(2)+ H (22" =14 202/ 1 — 22 ) + H(22° — 1 = 212\/1 — 22,

therefore, is analytic on the open unit disc and coincides with i, 3 on {z : |z] <
1} NR = (-1,1). Thus i,z is real-analytic on (—1,1), and in fact i, g(z) =
S ;"ﬂ)( Ja"/n! for all z € (—1,1). O

Remark A.9. Since t — x + cos(27t) does not change sign on T whenever |z| > 1,

it is clear from (A.8) that the function i, g is real-analytic on R\ [—1, 1] as well.

For every d € N, define a non-empty open subset of R? as

4= {u €R':3j € {1, d}with fuy > |uk|} .

39



Geometrically, £y is the disjoint union of 2d open cones. For example, & =R\ {0}
and & = {u € R? : |uy| # |ua|}, hence &, is also dense in R? for d = 1,2. For d >3
this is no longer the case. In fact, a simple calculation shows that
Leb(EN[-1,1])  24/T(d) 1
Leb([-1,1]4) 24 T(d)’

VdeN,

and so the (relative) portion of R? taken up by &€; decays rapidly with growing d.
In order to utilize Lemma A.8 for a proof of Theorem A.4, given any p1,...,pq €
Z and ( € R, recall the map A, from (A.2) and consider the integral

—

J = J(u) = s 0 ATL(2) = /T e d(ga 0 A1) (1)

— / e47rz(p1t1+...pdtd+ﬁ In |uy cos(2mt1)+...4uq cos(2mtq)|) dt. (AlO)
Td

An important consequence of Lemma A.8 is

Lemma A.10. For every p1,...,pq € Z and § € R\ {0}, the function u — J(u)
given by (A.10) is real-analytic and non-constant on each connected component of

Ea.

Proof. If d =1 then, as seen in essence already in the proof of Lemma A.6,
ug — J(Ul) _ /Te47rzp1t+47rz/3 In |uy cos(27t)| dt = e4ﬂ'lﬂ lnlul‘IPhQﬂ'B

is real-analytic and non-constant on each of the two connected parts of R\ {0} = &;.
Assume in turn that d > 2. As the roles of t1,...,t; can be interchanged in
(A.10), assume w.l.o.g. that ug # 0. Since J(Fu,...,+uq) = J(u1,...,uq) for all

u € R? and every possible combination of + and — signs, and since also

J(u) _ e47ri,81n\ud\J <ﬂ’“'7ud1’1) 7

%} Uq
it suffices to show that J = J(u) := J(uy,...,ug_1,1) is real-analytic and non-
constant on g1 := {u € R¥~1: Zj;ll |uj| < 1}. To this end note first that

J(u) = / 64”"(”1"‘1"’"""”‘1*1“*1)z'pdgﬁg (u1 cos(2mty) + ...+ ug—1 cos(27rtd_1)) dt.
Td—1

With Lemma A.7 and the Dominated Convergence Theorem, it is clear that J
is continuous on R%~!. Recall from the proof of Lemma A.8 that ip,3 can be
represented by a power series, namely iy g(z) = >, igg(O)x"/n! for all p € Z,
8 € Rand |z| < 1. For every u € £;_1, therefore,

Z( ) d—1

- - .(n (0)
7 _ Ami(prti+...+pa—1ta—1) pa,2nBA
(u) /qu € Zn:o n! Zj:l
S ) A Al
= Zn:() 22n Z‘ld:n Hj:l (2I/j)' ’ ( . )

u;j cos(27rtj)>

vi+|pjl
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where the standard notation for multi-indices v = (v1,...,v4-1) € (Ng)?~! has been
used, see e.g. [24, pp.25-29]. Thus J is real-analytic on £;_1, by [24, Prop.2.2.7].

It remains to show that .J is non-constant on gd_l. Consider first the case of
d = 2, for which (A.11) takes the form

7

Ju)=S" ipaors0) (2n ) uf Vuy € & = (—1,1 A12
(Ul)—znzlpl\ 22n n+lp:| ) (2n)! wes =LY (A

Recall that uy — J(uq) is continuous. If p; # 0 then J(0) = 0 whereas

J(].) _ / 64771(p1t1+p2t2+ﬁ In | cos(2mt1)+cos(27t2)|) dt
T2

— / 6471'1,(;01 (t1—t2)+p2(t1+t2)+B1n |2 cos(27ty) cos(2nt2)|) dt
T2

_ _4AmfBIn2
=e I:D1+;D2,27Tﬁlpl —p2,2mf3 #0,

since f # 0. If, on the other hand, py = 0 then J(0) = I,, 23, while J(1) =

e4mﬁln2]’52727rﬂ £ j(()) In either case, therefore, u; j(ul) is non-constant on

& = (—1,1). This concludes the proof for d = 2.
Finally, to deal with the case of d > 3, note first that the above argument for

d = 2 really shows that, given any p € Z and § € R\ {0}, the number 15)2;35(0) is

non-zero for infinitely many n € Ny. (Otherwise, by (A.12), the function u; — J(u1)
would be constant for |p1| sufficiently large, which has just been shown not to be
the case.) But then

Fw =3~ iynear () a1 (o,
w = Zn:|p1\+...+|pd_1| 22n Z\Vlzn Hj:1 (2v;)! vi+|p;l
is obviously non-constant on gd_l. O

Given p1,...,pq € Z and 3 € R, denote by Dy the set of all w € R? for which
Apa oAt coincides with Ar, i.e., let Dy = {u € R : Apao Al = Ar}. An immediate

consequence of Lemma A.10 is

Lemma A.11. For every pi,...,pqa € Z and 3 € R\ {0} the set DgNEq C RY is
nowhere dense and has Lebesgue measure zero.

Proof. This is clear from the fact that DyN&q C {u € Eq: J(u) =0}. Asu— J(u)
is real-analytic and non-constant on each component of &£y, the zero-locus of J on
&4 is nowhere dense and has Lebesgue measure zero; see e.g. [8, Lem.19] or [24,
Sec.4.1]. O

At long last, the Proof of Theorem A.4 has become very simple: Since Dy N &y
is nowhere dense, £; \ Dy # @, and Apa o A1 # Ap for every u € £, \ Dy, by the
definition of Dy. O
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Remark A.12. (i) Since & and & are dense in R and R?, respectively, the set Dy
is nowhere dense in R? for d = 1,2 whenever 3 # 0. It may be conjectured that Dy
is nowhere dense (and has Lebesgue measure zero) for d > 3 also; no proof of, or
counter-example to this conjecture is known to the authors.
(ii) Note that Apa o Ayt = Ar if, for some j € {1,...,d}, both p; # 0 and
Bu; = 0. Thus
Uj:pﬁéo {ueR?: Bu; =0} C Dy, (A.13)

and hence for 5 # 0 the set Dy contains the union of at most d coordinate hyper-
planes. Beyond the conjecture formulated in (i), it is tempting to speculate whether
in fact equality holds in (A.13) always, i.e. for any p1,...,pq € Z and f € R — as
it does for 8 = 0 (trivial) and d = 1 (Lemma A.6). Obviously, equality in (A.13)
would establish a much stronger version of Theorem A.4.

(iii) Even if the set Dy C R is indeed nowhere dense and has Lebesgue measure
zero for every d € N, as conjectured in (i), for large values of d the equality Apa o
A;! = A, though generically false, is nevertheless often true approximately — in
some sense, and quite independently of the specific values of pi,...,pq € Z and
B € R\ {0}. Under mild conditions on these parameters, this observation can easily
be made rigorous as follows: Assume, for instance, that the integer sequence (p;)

is not identically zero, say p; # 0 for convenience, and 3 # 0. Also assume that
. . . o 2
(un) is a bounded sequence in R with g L Un = +00. (A.14)
n=

If uy = 0 then Apa o A1 = Ay for all d € N. On the other hand, if u; # 0, let
oq:=14/1+ 2?22 u? and observe that, for every k € Z\ {0},

)\Td o Aal(k) — 6271'sz Inog

. / 627rlk(p1t1 +Z?:2 pit;+06 ln|u1 /oa cos(27rt1)+z_?:2 uj/oq Cos(27rtj)|) dt
Td

Since o4 — 400 as d — o0 yet (uy) is bounded, it follows from the Central Limit
Theorem (see e.g. [12, Sec.9.1]) that limg )\Tmfl(k) = 0. Under the mild
assumption (A.14), therefore, limy oo Adpa © A1 = Ar in P(T) in the sense of
weak convergence of probability measures. Informally put, the probability measure
Ara o Ay typically differs but little from A whenever d is large.

(iv) The above proof of Theorem A.4 relies heavily on specific properties of the
logarithm, notably on the fact that In|xy| = In|z| + In|y| whenever zy # 0. Tt
seems plausible, however, that the conclusion of that theorem may remain valid if
the function In| - | in (A.2) is replaced by virtually any non-constant function that
is real-analytic on R\ {0} and has 0 as a mild singularity. Establishing such a much
more general version of Theorem A.4 will likely require a conceptual approach quite

different from the rather computational strategy pursued herein.
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