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ABSTRACT. The Ablowitz—Ladik lattice has a two-parameter family of trav-
elling breathers. We derive a necessary condition for their persistence under
perturbations of the system. From this we deduce non-persistence for a variety
of examples of perturbations. In particular, we show that travelling breathers
do not persist under many reversible perturbations unless an additional sym-
metry is preserved, and we address the case of Hamiltonian perturbations.

1. Introduction. The phenomenon of discrete breathers, i.e. spatially localised
periodic oscillations in nonlinear lattices, has attracted much recent interest (see
e.g. the review articles [2, 4, 6, 8]). One largely unresolved topic in this context is
the rigorous mathematical status of travelling discrete breathers: although such ob-
jects have repeatedly been observed in numerical simulations (e.g. [3, 5, 10]), their
existence has been proved for only a few rather special models ([1, 5]). In search of
a better mathematical understanding, a natural first question is whether the known
travelling breathers persist under certain perturbations of the respective underlying
system. In this note we discuss a necessary condition for smooth persistence of trav-
elling discrete breathers under perturbations of the Ablowitz—Ladik (AL) lattice.
Our condition establishes non-persistence for a variety of types of perturbations,
but it fails to settle the persistence question for some important examples like the
Salerno family, which will require more refined methods of analysis.
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Although our subsequent discussion of the persistence of travelling breathers
applies to a wider class of lattices with hardly any modification, we shall, for the
sake of concreteness, exclusively deal with the AL lattice

Uy, = |uk|2(uk,1 + uk+1) +ug—1 — 2up +ug+1, k€Z. (1)

For ease of notation, let Q = [2(Z;C) denote the Hilbert space of all square-
summable bi-infinite complex-valued sequences; for any u,v €  and A € C we
denote by Au, @, |u|, uv and u + v the sequences (Aug)rez, (Uk)kez, (|ukl)rez,
(ugvk)kez and (uk +vk)kez, respectively. As usual, the norm of u € Q is symbolized
by |Jul|. Also, ¢ and n with {(u) = (ug+1)kez and n(u) = (T_g)kez are continuous
and one-to-one, and they map Q onto itself; the map ¢ is the (left) shift, and n
will be referred to as skew-flip. Finally, Ry : Q — Q with Ry(u) = e"’u denotes
the rotation by ¥ € R. With these notations, (1) may be rewritten as a differential
equation in €,

it = [uf?(¢(u) + ¢ H(w)) + ¢ (u) = 2u+ ¢ u). (2)
Below we shall deal with functions S : @ — C which are (real) differentiable with
respect to the real and imaginary part of up = vy + iwy, for all k € Z. Rather than

Vg, W We use ug, U as coordinates, and also partial derivatives of S with respect
to the latter,

o5 195t 105 05 105 1os
Ouy, 2 vy, 2i Owy, ’ oy, 2 vy, 2i Owy, ’
where S*(vg, wi) = S(vk + iwg). Tt is a well-known fact (see [1]) that (2) admits a

two-parameter family (uq,g) of travelling breathers, i.e. spatially localised solutions
of the form

Uapr(t) =e Uk —ct), ke€Zt>0. (3)
They are given by
. sinh 8
— —1axr R
U(x)=e cosh 5z’ r€E€R,

with frequency and speed according to

oc=o(a,f) =2(cosacoshf—1)+ac, c=c(a,f)=2sina smﬁhﬂ’

respectively. Since Ugt2r g = Ua B, Ua,—8 = —Uqa,g aNd U_q g(—t) = Uq,g(t), We
may assume 0 < a < 7, § > 0 without loss of generality. As can be seen from (3),
Uq,3 Moves with constant velocity ¢ which is nonzero unless a = 0 or & = 7.

2. A necessary condition for persistence. As outlined above, we will discuss
whether some of the travelling breathers may persist (possibly slightly altered) if
the AL lattice (2) is perturbed to

i = Jul* (¢(w) + ¢ () + ((w) = 2u+ ¢ (u) +eX (u), (4)

where e > 0, and X : Q — Q) represents a continuous, shift- and rotation-equivariant
perturbation, i.e. X o( = (o X and X o Ry = Ry o X for all ¥ € R. We restrict
our attention to this class of perturbations, else it does not make sense to look
for solutions of the form (3), and one would have to generalise the definition of a
travelling breather (see [5] for a discussion). Also, we tacitly assume in the sequel
that solutions of (4) exist for all times ¢t > 0.

Fix a function S : Q@ — C which is (real) differentiable with respect to all
coordinates uy,ur. Later we will impose further conditions on S as appropriate.
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Let u = u(t) be any solution of (4). For the rate of change of s : ¢ — S (u(t)) under
(4) we have

§(t) = %S(u(ﬂ) => (a—ﬂkw) + a—ukuk(t)> = (5)

kEZ
OH 0S 0H 9S8 0S — 08
=3 = 77 1 )[?) +1i —Xp——X
ZZ<8’U,k oy, oy, 8’U,k> )( +|Uk( )| )+Z€Z(8ﬂk F Ooup k>
kez keZ
with the Hamiltonian H : @ — R C C for (1) defined as

H(u) =Y (W (ur—1 + up1) — 2log(1 + ug]*)) - (6)
kez

u(t

By means of the (non-standard) Poisson bracket for differentiable functions F, G :
Q—C,

(.6 =i Y (Frte — g ) (o ), )

=t 8—uk8ﬂk B 8—ﬂk8uk

relation (5) can be written as

J , oS — 9S8
7S (w®) = {H, S}uw) + i) <3—ka - 8—uka)
kEZ

(8)

u(t)

In analogy to (3), we ask whether (4) has, for sufficiently small € > 0, any spatially
localised solution of the form

W () = e Uk — cot), kEZ,t>0, (9)
where c. # 0 and the functions U. : R — C satisfy [;|U-(z)[*dz < C with
a constant C' not depending on . We call such a solution u(®) = (u,(f))kez a

continuation of the unperturbed solution wu,, g if lim._o u(®)(t) = w4 (t) holds in
locally uniformly in ¢t. Equivalently, we say that uq g persists for € > 0. It follows
from (9) that for ¢, # 0

u,(:)(t + 6;1) _ e—iaacglu](cszl(t), keZ.t>0,

in other words, ((u®)(t 4+ cZ1)) = R_, = u(®)(t). To utilise (8) we assume more
specifically that the function S is shift- and rotation-invariant, i.e. S o =S, and
So Ry =S for all ¥ € R. Under these assumptions,

'ro9s_  as (“k+De'/ 95 9s
| <a—mxk‘a—m>uw>dt—/kc; <a—aoX0‘aToX°)

for all k € Z. Consequently, the evaluation of (8) along u(®) yields
0= S(u(s)(cs_l)) — S(u(s)(O))

o’ e S~ oS
7/0 {H,S}‘u(a)(t)dt‘f'lg/o Z<8—ﬂ]€Xk_8—uka>

kEZ

cs ' 98 —  dS
— H ) Px,-Lx
/0 { ’S}‘uw(t) d + ze/R (5‘%0 0 Oug O)

To allow the passage to the limit £ — 0 in the last integral (and also to justify
the above interchange of integration and summation) we wish to apply dominated

convergence to (10). To this end, we assume that the quantities g—i, 59_% nd

)

u(®) (1)

u(®) (t)

dt.
u(e) (t)
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X, are bounded and locally dominated in the following sense: with a continuous
function ¢ : R — R and a number N € N chosen appropriately, the estimate

A oS 95 |, oS
Oug

o ——(u)
holds for all w € Q. If S is conserved under the dynamics of the unperturbed
AL lattice, i.e., if {H,S} = 0, then we obtain from (10) the following necessary
condition for the persistence of the travelling breather uq g.

N

2
,|X0(U)|} < ollull) Y Juxl? (11)

k=—N

Proposition 1. Assume that uq, g persists for 0 < € < €9, and let S and X satisfy
(11). If {H,S} =0, then

®,.5(5;X) ::/ (§X0—£X>
R

Remark 2. The term foca_l{H, S} in (10) can be transformed to

[ (s o os

R Oug Oty Oty Oug
Setting ¢ = 0 in (10) we therefore obtain the interesting fact that (13) vanishes
for all o, 8 and for all shift- and rotation-invariant functions S, even if they are

not conserved under the dynamics of (2). For example, (13) necessarily equals zero
when evaluated for the function

S=S8(u Z ukukuk+1uk+1 Z |Uk|2|uk+1 |4 )
keZ keZ
for which obviously So{ =S and So Ry =5, yet {H,S} #0.

dt=0. (12)

Ua, 5 (1)

o (L o) dt. (13)

Condition (12) may in particular be checked for each of the well-known indepen-
dent first integrals (I, )men, of (1), as worked out in [1]; for m = 0,...,3 these
integrals are

Iy = ) log(1 + |ugl)
kEZ
L= uplipy,
kEZ
1
o= 3 (Trin (14 funf?) + ST, ) (14)
kEZ

I3 = Z(ﬂk—Quk+1(1 + 1 21+ Jugl?) +
kez

_ _ 1 . .
(g + T Ty ) (1 ) + STl )

notice that H = I + I; — 21,.

3. Examples. Both the usefulness and the limitations of the simple necessary
condition (12) can be seen most clearly by means of a few examples. Whenever the
perturbation X (u) is a polynomial in the coordinates u;, T, then the determination
of @4 g(In; X) reduces to the computation of integrals of the form [*_R(e®)dz =
fo y 1 R(y) dy with R denoting a rational function which has no poles on the real
axis; this observation can be helpful for actual computations.
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Example 1. Let Xj(u) = (1 4 |ul?)(uk—1 + ur41), k € Z. It is easily verified
that, for all «, 3,

<I>a75(S;X) = 0,

if S equals any of the integrals (14). Thus no information is gained from (12). This,
however, is not at all surprising because all travelling breathers u g persist under
this particular perturbation: more precisely, U, = U for all ¢, and frequency and
speed are perturbed according to

- inh
O 2((1 + ) cosaccosh 8 1) +oace, ce=2(1+¢)si sinh 3 .
ple 2. For X (u) = —iug, k € Z, a short calculation yields
.8
o I; X) = 2ie"*——
a,8(11; X) i€ - ,

so that no travelling breather persists in this case. Again, this is not surprising as
the system is dissipative in a sense: from (5) we deduce that

%11 (W (t)) = —2eL (w9 (1)), t>0,

implying that Iy (u(s)(t)) =e 2L (u(e) (0)). For travelling breathers of the form
(9) to exist therefore necessarily I3 (u(®)(0)) = 0 for 0 < ¢ < go. If u® is a
continuation of uq,3 then also Iy (uq,(0)) = 0, which obviously contradicts
. sinh?3
I 0)) =e 0.
1(ta,5(0) = Z cosh B8k cosh B(k + 1) 7

kEZ

Example 3. Consider now the family of perturbations

X (u) = diug, — " (up—y — ups )1+ Jug)?), ke,
where ¢ € R. First we calculate @, 5(S; X)) with S = I,
4ig

®a, (IO;XW)) - sin « cosh 3

(sinacosh B cosy) — 2).

Accordingly, no travelling breather persists if cos®¥) = 0. If on the other hand
cos # 0, then u, g may persist if sin a cosh B cos®) = 2. For a further analysis, we
evaluate (12) with S = I; and obtain

D, (Il; X(w)) = 4¢™® cot a (sinh 8 — B cosh B) cos 9 + €' cosh S @, 5 (Io; X(d’)) .

For cosy # 0 therefore @, g (Il; XW’)) vanishes exactly if

a=aqy= gsign(cosw), B8 =By =cosh™* ( 2 ) ,

| cos 9|
and it is easily confirmed that u,, g, indeed persists for € > 0 with U, = U and
inh
0 = qpce — 2+ 4etanyy, c. = 2sinaosmﬁ fo ;
0
here, as usual, sign(0) = 0 and sign(z) = ro7 for & # 0. In this example, the

simple analysis of ®, 3 (Il;X (‘/’)) gives a complete picture of the persistence or
non-persistence of individual travelling breathers.
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Example 4. In general, an answer as satisfactory as in the last example should
not be expected. If, for instance,

4uk
1+ |ug|?
then again one travelling breather survives in its original form (i.e. with U, = U),
namely

X (u) = —|ug* (wpr1 + wn—1 + i(wpr — up—1)) , keZ,

a:aozg, B =y =cosh™tv2

with 0. = 0—4e, c. = ¢, but for reasons explained in Example 7 below, ®, 5(S; X) =
0 for S equal to any of the first integrals (14). In this case, Proposition 1 does not
give any information.

Example 5. Let the perturbation X be (time-)reversible, i.e. X (@) = X (u) for all
u € Q. For example, the perturbation in Example 1 above is reversible whereas
the perturbations in Examples 2, 3 and 4 are not. If X is reversible, and if u is a
solution of (4), then so is @ : t — u(—t). Proposition 1 may or may not give useful
information in the reversible case. Indeed, for the one-parameter family X (%) of
reversible, shift- and rotation-equivariant perturbations

X (u) = uplugl? + Yupsrlugn|?, k€ Z,4 €R,

one obtains through an elementary computation

Y

24 sin o cosh® 3

Q.8 (Il; X(w)) =— (2 sinh®23 + 3e%"(23 —sinh 23 cosh 2ﬁ)) . (15)
Since the bracketed expression does not vanish for > 0, no travelling breather
persists for ¢ # 0. On the other hand, ®, g (S; X(O)) = 0 for S equal to any first
integral (14).

In the light of (15) it is worth recalling that the calculations leading to Propo-
sition 1 make sense only for travelling breathers. Due to the reversibility of X (),
stationary breathers — corresponding to sina = 0 here — may well persist ([9]).

Example 6. We now consider perturbations which preserve the Hamiltonian struc-
ture of (2). More precisely, we assume that the individual equations in (4) can
equivalently be written in the form

Ul = {He,uk}e, ke Z, (16)

where 0 < ¢ < ¢p, and both the Hamiltonian and the Poisson bracket may
(smoothly) depend on ¢; clearly, we require that Hy and {-,-}o equal the unper-
turbed Hamiltonian H and {-,-}, respectively, as given by (6) and (7). We are
going to show that Proposition 1 generally does not yield any information for this
type of perturbation.

We first assume that {-,-}. = {-, }o for 0 < & < &g, whereas the Hamiltonian H
is perturbed according to H. = H+eH® with H® : Q — R being a differentiable

shift- and rotation-invariant function. Consequently, Xy (u) = g%(l)(l—f— |ug|?), and
an evaluation of ®, 3(Ip; X) leads to
OHM oHW
’ﬁ( 0 ) R ( 08u0 0811,0 U, (t)

c(a,)"!
_ /0 $

o™ o™
un om0
kez Uk Uk
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for all a,, B with c(a, B) # 0, because H(") is real-valued and rotation-invariant. In
order to calculate ®, 5(I,,; X) for m > 1 we assume H™) to be locally determined
in the sense that

H(l) qukv"'7uk+N)v U€Q, (17)

keZ

with some N € N and a rotation-invariant function f : CN*! — R. Since f
together with its first derivatives can be uniformly approximated by polynomials
on any compact set in CVN*1, we focus on the special case

_ ,,Po790 PN 49N
Jug, o upyN) = w?uy? . oupY yUEY o+ cce

where p;, ¢; denote nonnegative integers not all of which are zero; to ensure rotation-
invariance, Zl]io(Pl —q) = 0. As an example, we verify that ®, g(I1;X) =0. In
fact, as a result of an elementary calculation,

(1 + [ua,so(t)[) dt

oH® oW
Do p5(I1;X) = Ugo— — Ui
aﬂ( 1;X) /]R< 1311{) 1(9U() Ua,g(t)

_ ietw) /Z( s ®| |ua,ﬁ;z<t>||)q,(t)dt+

o, g1 (2)] [Ua,6;1+1(t)
Ue,p:1(t)] [ta, ;1 (1)
+ etoll= ‘“/ ( [tas: - oL W(t)dt
Z Tiapi O~ LTumpaa@]) T

where ¢ := leol(pl —q) and ¥ := leo [t 3:1|P' T . Scrutinising for example
the integral multiplied by e?*1T%) we see that it is the sum of the two expressions,

/sziqz ( [wagt (] |tapa(®)] )fo(t)dt,
R

= uagi-1(t)]  [ta,pat1 (D)

which have to be read, respectively, with upper and lower signs only. As a matter
of fact, both expressions vanish:

/sz+qz ( [tasa®l _ _[uapa(t)] )‘I/(t)dtz
R

= [wa,pi-1()]  |ua,pit1(t)]

|a,Bl| 1 / ’
——U(t)dt = — U(t)dt =
ZSlna/Zp +a) ®) 2sina Jp ®) 0,

|ua, sl
- «,3; t a,3; t
/sz q ( [tapa®O]  |uapa(®)] >\I/(t)dt—
R 5 luagi-1(B)]  [ta,paa(D)]

N
/Z pr— q) cosh 5 W(t )dtzcoshﬁZ(pl —ql)/ U(t)dt =0.
R —0 R

1=0

As can be seen clearly, the reason for the first equality to hold is the algebraic rela-
tions among the individual components of 1, g and their derivatives, whereas the
second equality follows from Zl]io(Pl —q) = 0, i.e., from the rotation-invariance of
f. An analogous yet increasingly laborious computation shows that @, g(In; X) =
0 for all first integrals (14). Since |uk(t)| < sinh g3 for all k € Z, t > 0, the afore-
mentioned approximation argument shows that @, g(I,; X) = 0 for all m € Ny
whenever the perturbation X is derived from the Hamiltonian (17).
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A well-known Hamiltonian perturbation of the AL lattice is the so-called Salerno
family
Xi(u) = —|ug|*(ur—1 — 2up, +up+1), k€Z,

introduced in [11]; with 0 < e < 1 and

_ 2 9 2e 9
H.(u) = k% <uk(uk1 i) = oyg loa(l+ (L= e)usl®) + g [us > :

2\ Bug o5~ e D

{F,G}g—z‘Z@F oG or 8G>(1+<1—e)|uk|2),

the individual equations in (4) are indeed equivalent to (16). This perturbation is
more general than the ones studied above because the Poisson bracket also depends
on €. However, it is readily confirmed that this variation of the Poisson bracket can
be compensated for by a modification of the Hamiltonian function. More precisely,
one has

i, = {He,up}e = {He,ur}o, kE€Z, (18)
where the modified Hamiltonian I;'E is given by

H.(u) = Ho(u) + & Y T (we—1 — 2up, + upsr)h(juel?) =t Ho(u) +eHD (u),
kEZ

with the C*° function h defined as

x llog(1+x) — 1 ife>-1,z#0,
h(z) = e
0 ifz=0.

Evidently, H® ig of the form (17), and consequently Proposition 1 does not give
any information for the Salerno family: ®, 3(S;X) = 0 for all first integrals (14).

In general, it may not be possible to represent a Hamiltonian perturbation
through a perturbation of the Hamiltonian function alone as in (18), even up to
O(g?) terms. However, the prospects of fruitfully applying Proposition 1 are, as a
rule, not improved by this generalisation. Specifically, let

He = HO + EH(I) + 0(52) ) {'a '}6 = {'7 '}0 + E['7 ] + 0(52) .
Comparing (4) and (16) yields, for all k € Z,

oHW ) 1 5
Xp(u) = — (1 + |ux|?) +i[Ho, ux] + ic[HD, up] + O(?)

= XPw) + XP () +eXxP(u) + 0(e?),

so that X}, itself depends on €. As explained above, ®, g (Im; X(l)) = 0 holds for
all m € Ny under fairly mild assumptions. If in addition ®, g (Im; X(Q)) =0, then
the e-dependence of X rules out any conclusion in the spirit of Proposition 1 to be
drawn from (10), because the different orders of £ may no longer be distinguished
clearly. To make use of (10) one would have to independently evaluate

0 0S8  — —= oS
il e ) @) ) _ 92 (v (2)
ae/R (aﬂo(X o+ X 0) duo (XO + Xo )



NON-PERSISTENCE OF TRAVELLING BREATHERS FOR ABLOWITZ-LADIK LATTICE 9

at ¢ = 0, which clearly is impossible without further information about u(®). For
the concrete example of the Salerno family,

2ug]® 4 Jug]*
HY(u) = -4 log(1 2
kZog +lug?) +2) T T T
€7 kEZ
OF 0G oF 0G
Gl = —; = 27 _ 2 P\ | 27
] % <8uk Oy, ouy, 8uk) | k'
and thus
OH, oW
XPw) =~ L2, XxOw) = -2 2, kez.

ouy, ouy,
It is easy to check that @, 3 (Im;X(z)) =0 for all m € Ny. Even if ®, g (Il;X(?’))
did not vanish, this fact could not be used to deduce non-persistence of any trav-
elling breather.

Thus to pursue the question of persistence of travelling breathers under Hamil-
tonian perturbations one will need to use another method. Probably results can
be obtained by considering the existence problem as one of homoclinic orbits to
a saddle-centre equilibrium for an associated advance-delay differential equation,
as proposed by the second author several years ago. Such an approach has been
implemented by looss and Kirchgéssner for small amplitude travelling solutions of
a Klein—Gordon chain, but the analysis presented in [7] does not reach far enough
to obtain conditions for solutions that go to zero at plus and minus infinity. The
expected conditions are that certain quantities which describe the interaction with
phonons travelling at the same phase velocity must all vanish.

Example 7. It is an all-important property of the breather solutions uq, g of (1)
that they are invariant under the skew-flip combined with a time-reversal, that is,

Ua,3(t) = Nuia,s(—1)
holds for all «, 8 and t € R. Also, if S equals any of the first integrals (14) then
S on=.S. This latter property implies that

aS aS oS oS
FON=—, —on= 7
8uk 8u,k 8uk 8u,k

Assume now that the perturbation X satisfies X o =no X. In this case

o= (e} )

as a8
. Dug A X0lug g(—t) — . Dug 2 X0luq g0t =0

keZ.

Ua,g (1)

for all «, 3, provided that S on = 5. Therefore7 if the function S and the per-
turbation X are, respectively, invariant and equivariant under the skew-flip, then
Proposition 1 does not provide any information. It is easily checked that in this
case, with u being a solution of (4), the Q-valued function

w:t— nu(—t)
defines a solution of (4), too. To any travelling breather thus corresponds a breather
of skew-flipped shape which travels into the opposite direction with the same speed.
These two solutions cannot be distinguished by means of @, 5(S5; X). As in the case

of Hamiltonian perturbations, ruling out the persistence of travelling breathers in
this more symmetric (and hence more degenerate) situation will require additional
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tools. This observation pertains to Examples 1, 4, the ¥» = 0 case in Example 5 as
well as the Salerno family.

Remark 3. For the perturbations studied in this article, ®, 5(S;X) vanishes
identically for any first integral S from (14) only if either X is Hamiltonian or
X on=mnoX. (Both properties hold simultaneously for the Salerno family.) Thus
besides Hamiltonian perturbations of (2) skew-flip equivariant perturbations ap-
parently play a very special role for the AL lattice. In this context it is interesting
to note that skew-flip symmetry is analogous to CPT symmetry in quantum field
theory (see [13]), believed to be an inviolable symmetry of nature.
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