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Numerical data generated by dynamical processes often obey Benford’s law of
logarithmic mantissa distributions. For non-autonomous difference equations x, =

T,(x,—1), n=1,2, ... thisarticle presents necessary as well as sufficient conditions
for (x,,) to conform with Benford’s law in its strongest form: The proportion of values in
{x0,x1, ...,x,} with base b mantissa less than 7 tends to log; t as n — oo, for all integer

bases b > 1. The assumptions on (7)), viz. asymptotic convexity and eventual
expansivity on average, are very mild and met, e.g. by practically all polynomial,
rational and exponential maps and any combinations thereof. The results complement,
extend and unify previous work.
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1. Introduction

Benford’s law (BL) is the probability distribution for the mantissa with respect to base
b € N\ {1} given by

P(mantissa, = 1) = log,t, Vit €& [1,b][; (D)
the most well-known special case is that
P(first significantdigit, = d) = log,(1 +d~'), Vd=1,...,b— 1.

First recorded by Newcomb [20] and popularized by Benford [1], BL is increasingly
attracting the interest of scientists across a wide range of disciplines [6]. Empirical data
following (1) have been discussed extensively, for instance in real-life data (e.g. physical
constants, stock market indices, tax returns [14,18,23,25]), in stochastic processes (e.g.
sums and products of random variables [12,23]) and in deterministic sequences (e.g. (n!)
and Fibonacci numbers [1,10,11,16]). For dynamical systems, be they autonomous or
non-autonomous, deterministic or stochastic, discrete or continuous, a thorough
mathematical analysis of BL has recently been initiated, and it has been demonstrated
that, in one way or the other, the asymptotic distribution of orbits and trajectories obeys (1)
surprisingly often [3,5,7,8,12,26,27]. Most of these results are rather limited in their scope.
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It is the purpose of the present article to more comprehensively elucidate when, and when
not, dynamical systems should be expected to follow BL.
Concretely, given xy let the sequence (x;) of real numbers be generated iteratively by

Xn = Tn(xn—l)7 n= 1727 sy (2)

with measurable maps 7, : R — R. Assuming that (x,) conforms with a strong form of BL,
can anything interesting at all be said about (7,)? For the autonomous case, that is for 7',
not depending on n, Section 2 provides a complete answer to this question, by way of
Theorems 2.5 and 2.10. Also, it is demonstrated through examples that the conclusions of
both theorems are best possible in general. Section 3 is devoted to the strengthening of
known BL results for (2) by embedding them into a more comprehensive and general
setting. For a concrete example, consider (7,) according to

x+1

e if nis an odd prime number,

T,(x) = x2—2 ifnis even,

x+3 otherwise.

For this system, the results in [4,8] do not apply. However, it follows from the main result
of Section 3, Theorem 3.7, that for Lebesgue almost every xop € R the sequence (x,)
generated by (2) follows BL for every base b. The key ingredients in the proof of the very
general Theorem 3.7 are versatile notions of asymptotic convexity and eventual
expansivity on average for (T,), together with a powerful non-autonomous shadowing
technique that enables the application of standard uniform distribution tools. Simple
examples show how the results presented here extend and unify previous work.
Throughout the article, the following, mostly standard terminology and notation will
be used: The sets of natural, non-negative integer, integer, rational, positive real and real
numbers are symbolized by N, Ny, Z, Q, R, R, respectively. For every a,x € Rt with
a # 1, log, x denotes the base a logarithm of x; if used without a subscript, log is
understood as the natural logarithm. For notational convenience, log,0:= 0 for all
a € RT™\{1}. The integers |x] and [x] denote, respectively, the largest integer not larger,
and the smallest integer not smaller than x € R; the fractional (or non-integer) part of x is
[x] := x — |x}. The cardinality of the finite set A is #4, and A symbolizes Lebesgue measure
on R (or parts thereof). The indicator function of any set B is denoted by 1, that is, 1z(x)
equals 1 or O depending on whether x € B or x € B. If a € R and B C R, then
a+B:={a+b:b & B}. For every a € R, the Dirac measure at a is 8,, hence 8,(B) =
1p(a) for every B C R. The support of any Borel (probability) measure w on R,
symbolized as supp w, by definition is the smallest closed set with full measure. Thus for
example suppd, = {a}. As usual, the terms absolutely continuous and almost
every(where) are abbreviated as a.c. and a.e., respectively, and are understood relative
to some reference measure that usually is clear from the context and not specified
explicitly. If f : X — R is measurable and w is any (probability) measure on X then fu,
defined via fu(A) := ,u( f _l(A)), is a (probability) measure on R. For example, given any
(probability) measure w on R, 2* and |u| are (probability) measures concentrated on,
respectively, Rt and Z. The map T : X — X preserves w, or w is T-invariant, if T = p.

2. Benford sequences: basic properties and examples

Given any natural number b larger than 1, every x € R™ can be written uniquely as
x = {x), b* with 1 = (x),, < b and the appropriate k € Z. The number b is usually referred
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to as a base, and (- ), : R — [1,b[ is the (base b) mantissa function. Note that (x), =
plleerd for all x € RT. Also, [{x),] € {1, ...,b— 1} is called the first significant digit
(base b) of x, henceforth symbolized as fsd,x. For notational convenience, define
(0),, :== 0, and hence fsd, 0 = 0 for every base b.

A most basic way of generating numerical data is through explicitly or recursively
defined sequences. A sequence may conform with BL in a rather strong sense.

DEFINITION 2.1. A sequence (x,),en, of real numbers is b-Benford if

#{j<n:{xh, =t}

it is (strictly) Benford if it is b-Benford for every b € N\{1}.

lim,,

=log,t, Vrel[l,b[;

The following correspondence between the h-Benford property and uniform distribution
modulo 1 is well known. The term uniformly distributed modulo 1 is henceforth abbreviated
as u.d. mod 1.

PropoOSITION 2.2. ([11]). A sequence (x,),en, of real numbers is b-Benford if and only if
the sequence (logy|x,|),en, is u.d. mod 1.

Example 2.3. Using Proposition 2.2 and standard results from uniform distribution theory
(as can be found e.g. in [17]), examples of Benford sequences are easily produced.

(1) The sequence (n!) is Benford, see [8] (Exp. 5.4(ii)) or [11] (Thm. 3).

(i1) Let (x,) be generated by x, = x,—; + x,—2, n = 2. The sequence thus defined is
Benford except for the trivial case (xg,x;) = (0,0). In particular, the sequence of
Fibonacci numbers, corresponding to (xg,x;) = (1, 1), is Benford [3] (Exp. 3.5(1)).

(iii) Define (x,) recursively as x, = xﬁ_ , +1, n=1. For (Lebesgue) almost every
xo € R, the sequence (x,) is Benford. There are, however, also exceptional points:
[8] (Exp. 4.3) explicitly gives xg such that fsdjg x, = 9 for all n. Another example is

2 .9n
xo = lim—e \/ . \/\/ 103 2 1—1---—1=4.53002223124696101566.. .,

for which (fsdgx,) = (4,2,4,2, ...) is 2-periodic. It is an open problem whether
(x,,) is b-Benford for any b if xy = 0.

(iv) The sequence (2") is b-Benford precisely if log;, 2 is irrational, i.e. if and only if b is
not of the form 2/ for some j € N.

(v) For every a € R™, the sequence (n%), and similarly the sequence of prime numbers
(pn), 1s not b-Benford for any b, see [8]. Note, however, that these sequences conform
with BL in a weaker sense [24].

Some elementary properties of Benford sequences follow directly from Proposition 2.2.

PROPOSITION 2.4 (CF. [13].) Let (x,,) be a sequence of real numbers, and b € N\{1}. Then
() If (x,) is b-Benford then so is (ax}) for every non-zero a € R and j € N.

(i1) If x,, # O for all n then (x,) is b-Benford if and only if (x, 1Y is b-Benford.
(iii) If (x,) is b/-Benford for some j € N then (x,) is b-Benford.
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Intuitively, it is plausible that if a sequence is to be Benford then this puts severe
constraints on its distributional behaviour. To make this more formal, denote by P(R)
and P(R) the set of all Borel probability measures on the real line R and the extended
real line R =R U {—o0, +00}, respectively. Recall that P(R) and P(R) are complete
metrizable spaces when endowed with the topology of weak convergence, and P(R) is
compact. Also recall that if (u,) is a sequence in P(R) with u,(R) = 1, then u, = W in
P(R) means that

JRfdMn - JRfdM+ p({—ooPf - + u({+oo})f ¢

holds for every continuous function f : R— R for which the limits f_ := lim,—,_f(x)
and f; = lim,— ;. f(x) exist. Given any real sequence (x,), consider the empirical
averages

1 n
M=y ijo 8, € P(R).

By compactness, (7,) has a (weak) accumulation point in P(R). Denote by Al(x,)] C
P(R) the (non-empty) set of all accumulation points of (7). It is readily confirmed that
Al(x,)] is compact and connected (though not necessarily path connected), with
p,({xj JE NO}) =1 for every w € A[(x,)]. If (x,) is Benford then each element of
Al[(x,)] has a very simple structure.

THEOREM 2.5. Assume that (x,) is b-Benford for infinitely many b € N\{1}. Then for
every u € Al(x,)], there exist numbers p—,py, p+ = 0 with p— 4+ pg + p+ = 1 such that
M= P-8-c0 + P00 + P18

Proof. Assume u € A[(x,)] and let nnk—ww. Given 0 < s <tand 0 < & < 1, choose b so
large that (x,) is b-Benford and also

[log s| + [log ¢|
— = <
logb

Note that this choice implies s > b~ and t < b. Assume first that s = 1, hence {x), = x
for every s < x < t, and

1 e
p(ls, 1) = hmy_ oMy (Is, 2[) = limy_, mzj':o oy, (Is, 1D

#Hi=n s <x <t}

ng+1

[log s| + [log 7] .
loghb

#j=m s < (), <t}

Ao ne+1

= lim;_,,

= logyt — logps =

Similarly, if ¢ = 1 then (x), = xb for every s < x < r, and

#{j=n :sb <{x;), <tb
p(ls, 1)) = limy_,, V=rm:s n 1<x]>b b [logys| — |logpt] < e.
nj
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Finally, if s < 1 < ¢ then by the above

w(ls, 1) = (s, 1D + w({ 1) + w1, 7)) = [logys| + limi—con,, ({1}) + logyt
_ [log s| + log ¢ .
loghb

Since € > 0 was arbitrary, w(]s,t[) = 0. Analogously, u(]s,?[) = 0 whenever s < < 0.
Overall, therefore, w(R\{0}) = 0, hence u({—00,0,+00}) = 1, and the claim follows. [

Remark 2.6. In a wider context unrelated to BL, Theorem 2.5 is a consequence of the
following simple observation: Let v be a probability measure on [0, 1] with »({0,1}) =0,
and let # : N\{1} X R — R have the property that

limy—o|/(b,x)| = 0, locally uniformly on R,

Given a real sequence (x,), assume that ([[/(b, Ixnl)]]) is distributed according to v for
infinitely many b. Then, by an argument very similar to the one above, every u € A[(x,)]
is a convex combination of d_«, &y and 0. Evidently, Theorem 2.5 corresponds to the
special case /(b, x) = logyx and v = )\|[o,1]~

Theorem 2.5 provides a simple necessary condition for (x,) to be Benford. This
condition is clearly not sufficient in general, as can be seen for instance from (x,) = (n) for
which A[(x,)] = {01« ]} yet (x,) is not b-Benford for any b. On the other hand, every
compact and connected subset of P(R) allowed by Theorem 2.5 equals A[(x,)] for some
Benford sequence (x,), as demonstrated by Example 2.9. Also, contrary to

Al(x,)] C P(R), the set of accumulation points of (x,) or (((n + ])71)2;':())9) in R

may have a less trivial structure, even if (x,,) is Benford. Finally, Example 2.11 shows that
Theorem 2.5 may fail if (x,) is b-Benford only for finitely many bases b. As a statement
about Benford sequences, therefore, Theorem 2.5 is the best possible in that in general
neither its assumptions can be weakened nor its conclusions strengthened. In preparation
for these examples, a simple fact about uniform distribution will be formulated. To this
end let (N;), (L;) and (&) be sequences of natural, non-negative integer, and real numbers,
respectively, and consider any sequence (x;,) with

Xy =¢&+negd, Vn:l=n—(Ni+L+---+Nj—1+Li—) =N, 3)

where dER, & € {—1,1} and No:=Ly:=0. Thus (x,) consists of arithmetic
progressions of lengths Ny, N;, ... with the same increment ¥ (in absolute value) but
possibly different off-sets §;, interspersed with arbitrary segments of lengths Ly, L,, ...,
that is (x,) has the form
() =& +ead & +2e9, ..., 6 +Nie19,xn,+1, -+ XN 41y s
N —term arithmetic progression L, arbitrary terms

§2+(N1 +L1+ 1)8219, ..-,§2+(N1 +L1 +N2)8219,

N, —term arithmetic progression

XN AL ANy 15 -+ s XN +Li+Ny+La 5 -+ - )-

L, arbitrary terms

In the special case L; = 0, § = 0 and g; = 1, the sequence (x,) simply equals (n¥) and
hence is u.d. mod 1 if and only if ¥ € R\Q. The following is a mild generalization of this
familiar fact.
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LEMMA 2.7. Let (N;), (L)), (gj) and (&) be sequences in, respectively, N, No, {—1,1} and
R, with

L]++L] .

o N,
Ni+-+N;

Assume the sequence (x,) obeys (3) with some ¥ € R. Then

(i) If limjoo(N1 + -+ + Nj)/j) = +00 and & € R\Q then (x,) is u.d. mod 1.
(i) If limjmo(N;/(Ny + -+ N;)) > 1/2 and 9 € Q then (x,) is not u.d. mod 1.

Proof. To prove (i), let ¥ be irrational and assume 1 =n— (N +L; +---+N,—1 +
L,—1) = N,, for some m € N. Then, for every h € Z\{0},

n m—1 N;
§ eZm'hxj — E e27Tl'hfj E eZm’h(k+N1 +L+-- '+N,‘_ 1 +Lj_ 1 )8/19
j=1 j=1 k=1
m—1 L )
+ e27Tlh~Xk+Nl+L1+-~-+Nj,l+Lj,1+Nj
j=1 k=1
n
+e27n'h§m E + eZTrihjsmﬁ

J=1HN{+Li+ ANy +Ln 1
= 2—m +Li+---+L
= Jezmno —q T ! m=1
For 1=n-WN,+Li+---+Ny—1+Ly-1+N,) =L, the same estimate holds
with m replaced by m+ 1. With limj.(G/(Ni+---+N;)) =0, it follows that
limn_,oon_lz;':1 e?™" = (), and since h was arbitrary, (x,) is u.d. mod 1.

To verify (ii), assume that 9 = p/gq with (p,q) € Z X N and p, q relatively prime. For
h = g, the same explicit computation as before shows that

n m—1 m—=1 L )
E e2miax; — E e2miqé; Nj + E E ezquk+N1+L1+~~+Nj,1+Lj,l+Nj
= = ==t

+e2M(n — Ny + Ly + -+ Nt + L)),

and consequently, forn =Ny + L +---+ N, + L,

n " e?maE N
EZCZWiqxj _ Ejil € /NJ =9 L+ + L,
s Ni+ -+ Np

Ni+---+N,
The assumption on (N;) implies
L 1 ) L m: eZm'qu N
lim,,— —Z e2™4% | = Tim,y—c0 L
ni= Ni+---+ Ny
. N;
= 21limjc0 ! -1>0,

N1+"'+Nj



[Berger, Arno] At: 00:50 9 April 2011

Downloaded By:

Journal of Difference Equations and Applications 143

showing that (n‘lz;’zlezm'qx.f) does not converge to 0, and hence (x,) is not u.d.
mod 1. ' O

Remark 2.8. The assumptions in Lemma 2.7(i) are best possible in that the assertion may fail
if either lim; (Ny+---+N;)/j) <+ or limj—oo((Ly + -+ L;j) /(N1 +---+N;)) > 0.
On the other hand, the assumption on (¥;) in (ii) clearly is restrictive and can be relaxed
considerably in special situations, that is with further conditions imposed on (g;) and ().
Note, however, that if merely (N; + --- + N;)/j) — 400, ie. in the setting of (i), the
rationality of 9 does not necessarily rule out uniform distribution of (x,,). A simple example is
(N) =), L =0, g = 1, § = j& with some irrational & and 9 = 1. In this case

n
E eZWi}LXJ'
J=1

holds for all » € N and # € Z\{0}, and hence (x,,) is u.d. mod 1.

s(1+@)<1+#>

|le2mihé — 1|

Example 2.9. Given any probability vector p = (p—, po,p+) € R3, thatis p_, po,p4+ = 0
and p— + po + p+ = 1, there exists a sequence (x,) that is b-Benford for infinitely many
but not all bases b, and A[(x,)] = {v,} where v, = p_8_c + poSy + p+810. To explicitly
define such a sequence, assume w.l.o.g. p—,po,p+ > 0 and let N =J_ U Jy U J, with

Jo=Uo, M+ M+ LMl NN,

Jo=J_, (My+ -+ My +p-Ml+ [1Ipodl]) NN,

J+ = N\(‘]* ) JO)>
where (M)) is a strictly increasing sequence of natural numbers yet to be specified further,
and My :=0. Thus N is partitioned into [p_M;] elements of J_, followed by |poM;]
elements of J, then M| — |p_M | — |poM,] elements of J, followed in turn by [p_M,]
elements of J_, etc. It is easy to check that each J; indeed has density p;, provided that

limj—.o(M;/(M; 4 --- + M;)) = 0. The latter will be assumed from now on. For the
sequence (x,) defined according to

=2" ifneJj_,

x,=¢ 27" ifn € Jy,

2n ifne J,,

it is clear that nn—W> v, and therefore A[(x,)] = {,}. For every b not a power of 2, that is for
b & {2 :j € N}, Lemma 2.7(i) with

Lp-Mya)l ifj € 3Ny + 1,

N; = LpoM j11y3] ifj € 3Ng + 2,

M3 —p-Mj;3] = LpoM;ps] ifj € 3N,

—1 ifj e 3Ny + 2,
g = .
1 otherwise,

as well as L; = 0 and ¥ = log;, 2 shows that (x,) is b-Benford. Although Lemma 2.7(ii)
does not apply if b = 2 for some j, it is obvious from the definition of (x,) that (jlog,|x,|)

is a sequence of integers in this case and hence (log,x,) cannot be u.d. mod 1. Thus (x,,) is
b-Benford exactly if b & {2/ : j € N}.
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By applying the above idea repeatedly, it is not hard to show that, given any compact
connected set D C P(R) contained in the convex hull of 8_ o, 8y, 8100, @ sequence (x,) can
be constructed with A[(x,)] = D, that is b-Benford unless b € {2/ : j € N},

From Example 2.9 it may also be deduced that (x,) being b-Benford for infinitely
many bases b does generally not allow any structural conclusions to be drawn about the
set of accumulation points of (x,) in R or of (0y,) in P(R). Neither, for that matter,
of (x; + --- +x,)/n) in R, as the example

2 Ny -1 -2 -N, .1 2 Ny -1
,...,ehe e Y, L ,e 2e,e, ..., L)

() = (e',e
shows: If N; — +oo then (x,) is Benford by Lemma 2.7(i). However, given any (possibly
one-point) interval [s, ] C [0, 0], the set of accumulation points of ((x; + - -+ + x,,)/n)
can be made to equal [s,7] simply by choosing (N;) appropriately. On the other hand
and in accordance with Theorem 2.5, every w € A[(x,)] is a convex combination of &
and 6.

As indicated in Section 1, this article focuses on the Benford property of sequences
defined recursively by

xj=Tj(xj-1), jEN, 4)

where (7)) is a sequence of measurable maps of the real or extended real line (or parts
thereof) into itself. Relation (4) may be interpreted as a non-autonomous dynamical system
(in discrete time). For every n € N, denote by 7" the composition 7" := T, o ... Ty, and
T° :=id. The symbol Oz(x), referred to as the orbit of x under (T;), denominates the
sequence generated by (4) subject to the initial condition xg = x; thus Or(x) =
(T"(x)),en,- For any function f: R— R the symbol f(Or(x)) is understood to mean
( f(T"(x))); thus for example [Or(x)] = ([[T”(x)]]). Note that the interpretation of O7(xo)
as a sequence differs from terminology sometimes used in dynamical systems theory (e.g.
[15]) according to which the orbit of xy is the mere set {x, : n € Ny}.

The remainder of this section is devoted to the autonomous version of (4), i.e. to T}
independent of j. In this case, Theorem 2.5 has a corollary worth noting.

THEOREM 2.10. Let X be a Borel subset of R and assume the map T : X — X preserves a
(Borel) probability measure ., that is T = . Then

m({x € X : Or(x)is Benford}) = 0. 5

Proof. W.l.o.g. assume that X = R. Let B C N\{1} be an infinite set of bases and
Xp = {x € X : Or(x)is b-Benford forall b € B}.

It will now be shown that u(Xp) = 0. Clearly this implies (5).

Note first that if w is ergodic then A[Or(x)] = {u} for u almost every x. In this case, if
L =Pp_0—co+ poOy + p+0+c,theneveryy € { —00, 0, 400} is periodic. Clearly u(Xz) = 0
in this case. If, on the other hand, u is not a convex combination of d_«, 8, 04 then, by
Theorem 2.5, u(Xg) = 0as well. Thus w(X) = 0holds whenever w is ergodic. In general, let
(Q, (Ry, V) wen, P) be an ergodic decomposition of w, see e.g. [19] (Section I1.6). Then
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vo(Xp) = 0 for every w € (), hence
wXp) = |_Tx,(r)du(r)
R

_ J_ﬂmeRw<r>de<r>dP(w>
JOJR

= | v,(Xg NR,)AP(w) =0,
JO

and the proof is complete. ]

Example 2.11. Let T : [0, 1] — [0, 1] be the symmetric tent map 7T(x) = 1 — [2x — 1]. It is
well known (and easy to check) that 7 is ergodic w.r.t. A|[0,1]- Define two maps 7,7 :
[0,1]—[0,1] as

1 1
T1(x) = Ex, Hx)=1-— Ex.

Then To7(x) = Teom(x) = x for all x € [0,1], and 7, ™ can be used for a symbolic
description of the dynamics of 7 in a standard way. To this end, denote by 2, the space of
all sequences in {1,2}, that is 2, = {1, 2}N°, which is a compact metrizable space when
endowed with the product topology. The map

2, —10,1]

($0) = LMoo Ty 0 7, 0 L. 0 7 (3)

is well defined, continuous and onto. Every x € [0, 1] has at most two pre-images under /4,
and in fact #h ~'({x}) = 1 unless x is a dyadic rational, i.e. unless 2/x is an integer for some
j € N. Moreover, Teh = he o holds with o denoting the standard (left) shift on X, given
by o((s,)) = (sn41) for every (s,) € 2.

(i) Since T is ergodic w.r.t. Lebesgue measure, the Birkhoff ergodic theorem implies
that for every base b and almost every x € [0, 1],

#li<n: (T < .
limy o T =ML =1y 1 3 1t (TV00)
n n“— ’
j=0 k=1
1 o
= J Zﬂ[b—k’tb—k]()()dx
0%=1
=S ¢—Dp*
k=1
ot
Cbh—1

For almost every x, therefore, ((T"(x)),) is uniformly rather than logarithmically
distributed, and hence a typical orbit (in the sense of Lebesgue measure) is not b-Benford
for any b. It will now be shown that given any finite set B of bases, the map 7 is conjugate
and isomorphic (i.e. dynamically equivalent both in a topological and in measure-theoretic
sense) to a continuous map S : [0, 1] — [0, 1] preserving a probability measure equivalent
to )\|[071] such that Og(x) is b-Benford for all » € B and almost all x € [0, 1].
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To construct S, first choose an a.c. probability measure w with supp w = [0, 1] such
that [log,u] is uniform for all » € B. Such a measure is easily found as follows. For every
a < 0, denote by U, o) the uniform distribution on [a, 0]. Recall that the Fourier transform
of U(a,O) is

0

_ . 1(Y. sin((1/2)ax) ;
U, — ltdea H=—— gy = (1/2)1ax'
(a,0)(X) JR e @,0)(®) p Le (1 /2)ax e

Also, let vy, be the negative exponential distribution, i.e. vo(] —00, x]) = min(e*, 1) for all
x € R, the Fourier transform of which is

1
1 +ix’

0
= | e
—00
Let B:=minB =2 and consider the convolution of the #B uniform distributions
U(*logﬁb,O), b € B and Voo, 1.e.
vi=%ep U(—logﬁb,O)*Voo;

here * denotes the usual convolution of probabilities on the real line. Clearly, vis a.c. w.r.t.
A, and supp v = | — o0, 0]. The Fourier transform of v is

VA(X) — e*(l/2)ixzbeg loggh 1 H Sln((l/2)xlog3b)
1 +ixt1beB  (1/2)xloggh

Since #(2kmlog,B) = 0 for all k € Z\{0} and b € B, the probability measure [(log,8)7]
equals Aljo 1) for every b € B. (This uses the readily confirmed fact that . € P(R) satisfies
[l = Aljo,1y if and only if @(27k) = 0 for all k € Z\{0}.) Define now w := B7, that is

Fu@) = w([0,x]) = ] —oo,logpx]), Vx> 0.

From the above it is clear that the measure w thus constructed has all the desired
properties: It is equivalent to Aljo 17, and [logyu] = [(log,B)v] = Aljo 1; for all b € B. The
distribution function F,, of w maps [0, 1] homeomorphically onto itself, with F,(0) =0
and F,(1) = 1. Since 0 < F’M(x) < 4oo forall 0 <x <1, Fyly, is a diffeomorphism.
With these preparations, define S : [0, 1] — [0, 1] as

—F loTo
Si=F,'°ToF,.

It is easy to see that S is a continuous, tent-like map with S(0) = S(1) =0 and
S(F ;1(1/ 2)) = 1. By construction, (S, w) is topologically conjugate and isomorphic to
(T, A). Hence dynamically T and S are identical, up to the change of variables brought about
by the homeomorphism F,. Moreover, [2] (Lem. 4.10) shows that S is ergodic w.r.t. u.
For Lebesgue almost every x, therefore, Os(x) is b-Benford for all » € B. Thus, Theorems
2.5 and 2.10 may fail if the b-Benford property is stipulated only for finitely many bases b.

A similar approach can be carried out whenever T is ergodic w.r.t. a probability
measure equivalent to A. A popular example in this regard is the logistic map
Q4 : x— 4x(1 — x). Almost no orbit of such a map typically is b-Benford for any b, but
given any finite set B of bases, there exists a dynamically equivalent map S such that Og(x)
is b-Benford for every b € B and Lebesgue almost all x. One may conclude that for an
autonomous system the b-Benford property of most of its orbits and finitely many b does
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not have much dynamical significance. As evidenced through Theorems 2.5 and 2.10, the
situation is completely different if infinitely many bases are considered.

(i1) It was explained above why in the case of the symmetric tent map the orbit Or(x)
is, for almost every x € [0, 1], not b-Benford for any b. Thus it is natural to ask whether
Or(x) is b-Benford at all for some x and b. This question will now be answered in the
affirmative. For this purpose, pick a sequence (N;) in N with N; — +oc0 and consider the
symbolic sequence

ES
o= (55 = (1, 120, ...,1,2,1,...,1,2,1...) e, ©)

N, times N, times N3 times

Define x* := h(s") € [0, 1]. With I} = [0,1/2], I = [1/2,1], note that T"(x") € I for
all n € Ny. Consequently, Or(x") stays in I for the first N; steps, then makes a one-step
excursion to I, then remains in /; for N, steps, etc. Since for all x € I,

log, T(x) = log,(2x) = log,2 + log,x,

Lemma 2.7(1) applies whenever log,2 is irrational, and consequently O7(x™) is
b-Benford for every b & {2 :j € N}. As (6) provides uncountably many different points
x”, the set

{x €10,1]: O7(x)is b-Benford forall b € N\{2' : j € N} }

is uncountable; clearly it is also dense in [0, 1]. Under the appropriate additional
assumption on (N;), however, Or(x") is not 2/-Benford for any j € N. If for instance

- N, 1
limje — L > 7
TUN N2 @

then this follows directly from Lemma 2.7(ii). On the other hand, if

|N2—N1|+"'+|Nj_Nj71|:
Ni+--+N;

0, ®)

then O7(x*) cannot be 2/-Benford either. This will be shown for j = 1 here; the case j > 1
can be dealt with similarly. (Note that conditions (7) and (8) are mutually exclusive,
postulating a fairly rapid and a rather slow, uniform growth of (N;), respectively. Either
condition allows for uncountably many different choices in (6).)

To show that O7(x*) cannot be 2-Benford whenever (8) holds, first define S : RT — R
as

y—1-1log(® —1) if0<y<I,

SO0 = Sloea T2 ) = {y 1 ify=1,

so that S"(—logyxp) = —log,T"(xo) for every xo € 10, 1[\ Ujen T7({0}) and n € N,
and hence Or(xp) is 2-Benford if and only if Og(—logyxp) is u.d. mod 1. The map S is
ergodic w.r.t. the probability measure with density 2 ¥(log 2)1 o +e[(y). Denote by S the
map induced by S on ]0,1[, that is S‘(y) = [S()] for all 0 <y < 1. The map Sis ergodic
w.r.t. the induced measure on ]0,1[, which has 2! (log 2)T10,11(y) as its density. Also, let
y* = —logpx" as well as 7" := [y “]. The orbit modulo one of y* under S and the orbit of y*
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under S are related in that

~
N, times N, times N3 times

[0567)] = (y 360, 367326, - 567, )

Suppose now that Or(x*) was 2-Benford. Then Og(y™) would be u.d. mod 1, that is
nnﬁn\l[m], where 7, == ((n + 1)_1)2;’:0 Opsiy+))- In particular, therefore,

1 L w
=————— % N;&;-13-—Alp.1] asn— oo.
N1+---+N,,j; j%im1 g5 A1)

NN+ +N,—1

For every continuous function f : [0, 1] — R,

‘(Nl +--+ Ny de(S”'?N1+~~-+N,,1)

—(Ny+-++Ny—1 + 2Nn)de77N1+---+N,,1+2N”1

n—1
= N (3"G") = Nif Gl + Z INj1 = NIIF(S7G)
=1
N, | !
+ Y[V )
=1

n—1
= <N1 + 2N, + Z |Nj+1 - Nj|> 11l oo

J=1

which, together with (8), shows that

1imy—oo =0,

de(SnN1+- N, —1) T de”f)N,+~ Ny 2N, ~ 1

and hence S an+...+N”_1—W>)\|[0, 17 as well. As a consequence, )\|[o, 11 would be S-invariant.
(Note that S is not continuous but its points of discontinuity form a sequence converging
to 0.) This, however, is impossible because S is ergodic w.r.t. a measure equivalent to, yet
different from Aljo ;. Thus Or(x*) cannot possibly be 2-Benford. At the time of writing,
the author does not know whether there exists any x € [0, 1] at all for which Or(x) is
2-Benford.

As was the case with (i), the argument above carries over to other maps. The same
strategy can for instance be used to demonstrate the existence of uncountably many points
x € [0, 1] for which Oy, (x) is b-Benford for every b not a power of 2. Note, however, that
unlike the tent map considered above, Q4 is not linear near 0, which makes the analysis
slightly more involved as a shadowing argument has to be employed before Lemma 2.7
can be applied, see Example 2.12 for some details in an essentially equivalent context.

Example 2.12. A tacit but important assumption in Theorem 2.10 is that u be finite. To see
how that theorem may fail if T preserves an infinite measure, consider the C* unimodal
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map T, : [0, 1] — [0, 1] defined according to

1 — e]/404(1—(2)6—1)72) if x # 1/2,

Ta =
A ifx=1/2,

where a > 6 is a parameter. A characteristic feature of 7, is its flat critical point, i.e.
T™M(1/2) =0 for all n € N. In [28], the ergodic theory of such maps is developed in
detail. In particular, it is shown that T, is conservative and ergodic w.r.t. an infinite but
o-finite measure w equivalent to Aljo ). Moreover,

1 n w
n+1 Zo Bp, ™00 ®)
=

holds for almost every x € [0, 1]. Note that 77 (0) = «. It will now be shown that Oz, (x) is
Benford for almost every x, provided that log,a is irrational for all bases b. (The latter
condition is satisfied for all but countably many «; one may e.g. choose a = e’.)
To prepare for the argument, fix an « with the latter property and let 7, : [0, 1[—[0, 1/2[
be the smooth map with 7,(0) = 0 and T, ° 7,(x) = x. Clearly, 7,(x) = x/a(1 + f(x)) for
some smooth f with f(0) = 0. It is readily confirmed that

h(x) = lim, 0" 72(x) = x[ [ (1 +£°7,(x))
j=0

defines a smooth function 4 : [0, 1[—R with #(0) = 0, #/(0) = 1, and h(x) > x for all
0<x<1.Also, hot, = a ' h and hence

hoT"(x) = a” h(x)

holds for all x and n, provided that {x, To(x), ..., T%(x)} C [0, 1/2[. Given any base b and
e >0, pick N € N so large that, with § = 7 (1/2),

h
logbﬂl <eg, Vxe€ ]0,6],
X

and consequently

hoT"(x) _
T, (x)

|nlogya + logyh(x) — log, T (x)| = |logy, €, (10)

whenever {x, ..., T0(x)} C 10, 8[. For every x € [0, 1]\U]?'io T;j({ 1/2}) the point 77 (x)
lies, for each n € N, in exactly one of the two intervals I, = [0, 6] and I, = [§, 1].
Associate with each such x two integer sequences (N;(x)) and (L;(x)) such that

X, To(x), ..., TN ') € 1,
™ (x), ..., TN (x) € I, (11)

T’Z'“‘(x), ...,Tg‘JFL'J’er(x) € I, etc.,
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where all numbers N;, L; are positive, except perhaps Ni = 0. The sequences (N;(x)),
(Lj(x)) are uniquely determined by (11). It follows from the Hopf ratio ergodic theorem
that

Nl()C)—i":"l‘]Vj()C):_i_oo7 limjﬁw Ll(x)—i—---—I-Lj(x) _
J Ni(x) + -+ Nj(x)

0, 12)

1imj—co

holds for almost every x. Let (y,) be any sequence with

Vo = (I’l - N1 +Ly+--- +Nj71 + Ljfl))logba + IOgbh(Tg]+Ll+'"+N171+Lf71(x))
Vn:0=n—(N; + L, +"'+Nj_1 +Lj_1)<Nj.

By (12) and Lemma 2.7(i), (y,) is u.d. mod 1 for almost every x. Moreover, it follows from
(10) that |y, — log,T".(x)| < & whenever n € J§:= {j € N : T (x) € [0, 8]}. According
to (9), for almost every x, J5 has density 1, that is limn_,mn’l#(f’g N{1,2,...,n}) =1.
Overall, for some set A, C [0, 1] with A(A;) =1, and every x € A., the sequence
(long’;(x)) differs, on a set of density 1, by less than & from the uniformly distributed
sequence (y,). It follows from [3] (Lem. 2.3) that for every x € Ag := NjenAj); the
sequence (longﬁ(x)) is u.d. mod 1. Clearly, A(Ap) = 1. Finally, taking the (countable)
intersection over all Ay corresponding to all 5 € N\{1} shows that Or_(x) is Benford for
w almost every x € [0, 1]. Thus Theorem 2.10 may fail drastically if w is not finite.

3. An application of nonautonomous shadowing

The goal of this section is to provide mild conditions on the sequence of maps (7)) such
that (4) generates many Benford sequences. For this, eventual expansivity of (7)) is a
crucial property and will be formalized using the following tailor-made terminology.

DEFINITION 3.1. A sequence (a,) of real numbers is eventually positive on average,
abbreviated henceforth as eposa, if

lim, % > o dnsy > 0.

Thus (a,) is eposa if and only if there exists & >0 and Ny € N such that
n! 7:1 amyj > afor all m,n = Ny. Clearly, (a,) is eposa whenever lim,_,,a, > 0, but
neither does a, > 0 for all n imply that (a,) is eposa, nor does lim,_,,,a, = —oo rule this
out. For example, (n~') is not eposa whereas ((—1)n + 1) is. If (a,) is eposa then
liimn_,oon*lzl’.l:1 a; > 0. On the other hand, even if (n~! i1 aj) converges to a positive
limit, (a,) may not be eposa.

To identify b-Benford sequences generated by (4), define the maps S; : y — log,T;(b”)
so that log,7T"(x) = S"(logpx) holds whenever both sides are defined. It is natural,
therefore, to first seek conditions ensuring that Og(y) is u.d. mod 1. Recall that if a map
S : RT — Ris convex then it is a.c., and its right-hand derivative §' exists everywhere and
is non-decreasing.

LEMMA 3.2. Assume the maps S; : R™ — RY satisfy, for some yo > 0 and all j € N, the
following conditions:

(1) S; is convex on [yg, +0[;
(i) 5](v0) > 0,
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If (log S}(yo)) is eposa then there exists y| = yo such that Os(y) is u.d. mod 1 for (Lebesgue)
almost every y = y,. However, the set {y =y, : Os(y)isu.d.mod 1} is meagre (i.e. a
countable union of nowhere dense sets) and hence its complement is uncountable and
dense in [y, +oo]).

Proof. Let B; := S;(yo) and note first that, as (log3;) is eposa, there exist y > 0 and Ny € N
such that B,41 - ... - Buyn = €¥ holds whenever m,n = Nj. Since S; is a.c.,

y
$0) = 00 = | S =g -0, Vy=yo.jEN.

Yo

In particular, therefore, if y = yo(1 + 8; ') then S;(y) = yo, but also

S20) = $2°81) = S2(S1(vo) + Bi1(y — ¥0)) = S2°51(v0) + BBy — Yo)-

Let y,=yo(l+8'+B '8, '+ ). By induction, if y=y, then S"(y)=
Bi+ ... By —yo) and S"(y) = y, for all n € N. Define the measurable functions f,, :
1, +0[—R as f,(y) = S"(y) and note that f/,(y) = B - ... - B, for all y = y,. Moreover,
forn >m > Ngand n — m = N,

o) = o) = (S oS Ty - oo oS oS () — DS, e ST 3 - L - Sy e SiS| ()
= (Bn 'Bm+1 - I)Bm' 'Bl
=" — De™e ™By, - ... B

= ("™ — 1)e™C > 0,

with some positive constant C. Since f, — f, has an increasing derivative, given any
h € Z\{0} and s,t € R with y; = s <1,

e ymin(m,n)

|h|(eYin—ml — 1)C

t
J Q2T ()~ fn(3)) dy’ =

holds, see [17] (Lem. 2.1). Consequently, the exponential sum

|
N =5 > J 27010 gy,

mn=1 7S

can, for all N > N,, be bounded below and above as

N
0=N’L(N) =2

t

N

m,n=1
2 al e~ ™
= 4(t — s)NNy + W XN:+1 m
m,n=Ny
n—m=N

2
= N<4(l‘ — §)No + H[CE™ — Doy — 1)).
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Hence Z;\,o:l I,(N)/N converges, and by [17] (Thm. 4.2) the sequence (fn(y)) is u.d.
mod 1 for almost every y € [s, 7], that is, A([s, 1]\U) = 0 where

={y =y, : Og(y)isu.d. mod 1}.

Thus [y, +o[\U = Ujen ([y1 +j—1,n +j]\U) has measure zero as well.
It remains to show that U, though of full measure in [y, +o0[, is nevertheless meagre.
To this end, choose 0 < & < (1/4) so small that

68<+<i,
—logéd Ny

and let M5 :=[—y 'logd]+ 1. Given any y > y; and 0 < & < min(1,y — y;),
eV > 1

holds for N, :=[ — vy ' loge] + 1, showing that there exists an interval Iy C [y — &,y + €]
such that SN (Io) = [my,m; + 1] for some m; € N. Within [y, an interval I; can be found
with

1 1
Ne(ry) = ~ =5 ~+38
S™e(Iy) m1+2 ,m1—|—2+ ,
but also
SNAMo (1Y D [my, mo + 1]

for some m, € N. Hence there exists I, C I; with

1 1
SNS(IZ) C |:m1 +§ — 8,m +E+ 8:| and

1 1
SNSJ'_MB(IQ) = [mz -{-E — 8,my +§+ 8:| .

Continuing this process yields a sequence of nested non-empty compact intervals /o D
I DI, D ... and, therefore, the existence of a point y* € [y — &,y + &] with the
property that

l 1
§NeFG— l)Ma(y ) E |:mj — 8, m; —|— + 8:| Vie N,

holds with the appropriate sequence (m;) of natural numbers. It follows that

#li<n: [SOO] €1/ =84/ 481} _ 1 v s
n  Ms 2y —logd

lim,_,

which in turn shows that Og(y™) is nor u.d. mod 1. Let ¢ : [0, 1] — [0, 1] be a continuous,
piecewise linear function with ¢(y) =0 whenever |y — (1/2)| =28, and ¢(y) =1 on
[(1/2) — 8,(1/2) + 8]. Since

! #{j<n:[SGH] €1(1/2) - 8,(1/2) + 8]}

n

1
o([$0M]) Jqo(y)dyz 45> 125

J=0
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for all sufficiently large n, it follows that

lim

11— 00

1 n—1 S !
LS el[500)) - | eo| =26
For every m € N define

1

— . - l
Uy = {y =y ’; > e([$60]) - JO¢(”)d”

=6, Van}.

Note that U; C U, C ....If Os(y) is u.d. mod 1 then y € U,, for all sufficiently large m,
hence U C U,,en U,,.. By the continuity of ¢ and S/, every set U, is closed and, by the
argument above, has empty interior. Overall, therefore, U C U,,en U,, where U,, = U,,
and intU,, = 0. O

Lemma 3.2 directly implies a result on Benford sequences generated by (4) which
significantly extends [8] (Thm. 5.5).

THEOREM 3.3. Assume the maps T; : R* — R* satisfy, for some xo > 0 and all j € N, the
following conditions:

(1) x> logT ;(e*) is convex on [xg, +0[;
(i) xTj(x)/T;(x) = B; > 0 for all x = x.

If (logB;) is eposa then there exists x|, = xo such that Or(x) is Benford for almost every
X = x1. However, the set {x = x; : O7(x) is b-Benford for some b} is meagre.

Proof. Fix any base b and let S;(y) :=log,T;(b”) for every j € N, so that §"(y) =
log,T"(b”) for all n. The maps (S;) satisfy all the assumptions of Lemma 3.2 with
Yo = Xo/log b, and hence Os(y) is u.d. mod 1 for almost every y = y; for some y; = .
Note that y; may depend on . However, an inspection of the proof of Lemma 3.2 shows
that one can simply take y; = xo(1 + Bl_l + BI_IBZ_I + ...)/logb. With this, Or(x) is
b-Benford for almost every x = e®(+8 #8840 —: x| Note that x, is independent of
b. Since the countable union of null-sets is a null-set, O7(x) is Benford for almost all
X =x;. As y— bY maps [y, +0oo[ homeomorphically onto [x;,4o[, the set X; :=
{x = x; : Or(x)is b-Benford} is meagre, and so is U, Xj. O

Remark 3.4.

(i) Unlike [8] (Thm. 5.5), neither does Theorem 3.3 require x — x ~'log T ;(e*) to be
non-decreasing, nor does it stipulate that inf; 8; > 1. Note that (8; — 1) is eposa
whenever (logB)) is. In view of [8] (Thm. 5.5), one might suspect that the assumption
that (log@;) be eposa could be weakened to (B; — 1) being eposa. This, however, is
not the case: Theorem 3.3 may fail with the latter assumption, as can be seen from the
simple example T;(x) = x# with 8; = 2" for which (B; — 1) is eposa yet Or(x)
is 2-periodic for every x > 0.

(i1) It is readily confirmed that Theorem 3.3 also implies (the reciprocal version of) [8]
(Thm. 4.4).
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Example 3.5.

(i) Let Tj(x) = x?/ where p; > 0 for all j € N. If (log p ;) is eposa then Or(x) is Benford
for almost all x > 0. In [8] (Exp. 5.9) the latter was proved only under the stronger
assumption inf;p; > 1. Thus for example, if p; is chosen according to

1 ifjisaprime number,
Pj =

2 otherwise,

then Theorem 3.3 applies whereas [8] (Thm. 5.5) does not. On the other hand, for

2 if jisaprime number,
pj=

1 otherwise,

(logp;) is not eposa, and hence Theorem 3.3 does not apply. That Or(x) is
nevertheless Benford for a.e. x for this system as well follows from [4] (Thm. 3.1).
The latter result is tailor-made for the power-like setting and contains an assumption
on () that is less restrictive than the requirement that (log/3;) be eposa. What makes
Theorem 3.3 interesting in comparison is that unlike [4] (Thm. 3.1), it does not
contain any structural assumptions on (7;) beyond convexity and expansivity on
average.

(i1) For T;(x) = x% + 1, Theorem 3.3 implies that Or(x) is Benford for almost every
x € R. Note that [8] (Thm. 5.5) does not apply in this case as x — x ~'log T;e")is
decreasing.

(iii) If (T;) is chosen as T;(x) = x2 + (—1)/ then Theorem 3.3 does not apply because
x+— log T j(e*) is not convex for odd j. In this example one is tempted to expect that
Or(x) is nevertheless Benford for a.e. large x because 7; does not differ too much
from 7;(x) = x? to which Theorem 3.3 applies. This line of argument will be made
rigorous by Theorem 3.7.

As Example 3.5(iii) shows, it is mainly the convexity assumption (i) that may restrict
the practical applicability of Theorem 3.3. Fortunately, this assumption can be weakened
considerably by what is essentially a non-autonomous shadowing argument. Again, the
result will first be stated in uniform distribution terms. To this end, assume that (S;)
satisfies assumptions (i) and (ii) of Lemma 3.2, and that in addition

So+p

S =C 13
S0) p (13)

holds for all jEN, y=yy and 0 < p < py, where C, py are positive constants.
Furthermore, let §; : R* — R™ be a.c. maps that differ from S; by little in the sense that, for

a.e.y =)y

1500 = S0 + 150) — S\l = BTG), Vi EN (14)

with some non-increasing function I : R" — R™. Under mild conditions, the uniform
distribution of Os(y) for a.e. sufficiently large y carries over to Oz(y).
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LEMMA 3.6. L~et (Sj) satisfy assumptions (i) and (ii) of Lemma 3.2, as well as (13). Also,
assume that (S;) satisfies (14) with B; :== S}(yo). If (logB;) is eposa,

infiB >0 and Y T(B- ... B1) < +oo, (15)
=1

then there exists y; = yo such that {y =y : Oz(y)isu.d.mod 1} has full measure in
[y1, 400l yet is meagre.

Proof. Note first that, as (logf3;) is eposa, inf;3; > 0 implies that
1<C = supj(l + B+ BB+ BLBAB ) < oo
Using this and (14) together with the convexity of §j, it is readily confirmed that

Sitm—1° ... 28(y) = max(Sprm—1° - .. °Sj(0); Bitm—1" -- - * BiYo, o)

holds for all j,m € N, provided that y = y; := C{(2yy + I'(yy)). Moreover, the function
gjm with

gm) =8 o o8 oS0 o8y
is well defined for y = y;, and

m FOS'+kO~--°S"(y)
|g,m(y) - yl = F(y) + J J
j ; Bisk: - By

< T ().

For M > m, it follows from

lgim() — gm| =
St oS o Sim—re oS —idleSp—io .. 0 5()
Bixm—1 .. " Bj
_ ToSiimri©... on(y)JrM*m ToSiimico ... o5i(y)
Bitm-1" .- - B = Bitmtk B

L'(yo) = —1 -1
=— |1+ . - B
R ( 2 BB )
= )

_Bj+mfl' 'Bj’

|
<

where C, is a positive constant not depending on j,m, M or y, that (g;u(y)), .y is. for
every j and y, a Cauchy sequence. Hence for each j, the function

8j,oo(Y) = limm—>00gj,m(y)
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is well defined and continuous on [y, +oo[, and

ToSjie... °8)

lgj o) — y|<F<y)+Z BB
J J

V]EN,yEyl

Note that S;°gj.n = gjt1.m-1 OS/ and thus also Sj° gjw = gj+1,0 °S/' for all j. In particular,
therefore, $"° g1 00 = gnt1,09" and

To S‘n+1+k(y)

k=0 Bn+1+k 'Bn+1 7

157() = 8™ 0 1w ()] = lid = gus1.00 ©5"(0) = To5"() +

which in turn implies that lim,—«|S"(y) — $"© g1 «(y)| = 0 holds whenever y = y;. Thus
Oz(y) is u.d. mod 1 if and only if Og (ghoo(y)) is, and the proof will be complete once it has
been verified that g . is a homeomorphism on [y;, +oo[, and g; L is a.c. To show this,
explicitly compute g} , as /

a.00=11g ngH_JoSf )= H(1+a,m<y>+b,m<y)) §7'0).
o =
where
S’(y) - S’(y) Si(y)
n) =" and bj(y) = ———— 1.
G = ) ) S )

It follows from
a0 = B15I0) = S\l = Ty)

and §/(y) = Bi- ... Biyo as well as (15) that
m m—1 [
D lapme ST OI=TE + Y TBi- - Byo) = > T(Bi- ... - Biyo) < +00
=1 =1 =0

holds for all m € N and y = y,. Similarly, (13) implies that

b = max( 0 S+ gm0 — yl)) .

S = 1gjmr1-;) =y’ Si)
= Calgjms+1-,») — yl,

showing that the estimate

o3, ... o5
lb] m(y)l =0 (F(y) + Z j+k © J()’)>

Bj+k - ---'Bj
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is valid for all j,m € N, y = y;. Consequently,

. . i o itk
Zlb/,m°3f1@>lsczZ< FO+ ey (fV)>
=1 = B

Bj+k
=< CZZFOS‘k(y)<1 +ZB,;‘ o -Bf‘)
k=0 J=1
= C3) T(Bi- ...~ Biyo) < +o,
k=0

with some C3 > 0 independent of m and y. Overall, therefore, there exists a positive
constant C4 such that

C,'=g,0=Cis VYmEN,y=z=y,.
Thus g1« is a homeomorphism on [y;, +0oo[, and both g; « and gfio are a.c. O

As was the case with Lemma 3.2, it is straightforward to translate Lemma 3.6 into a
statement about the generation of non-autonomous Benford orbits.

THEOREM 3.7. Let the maps T : R™ — R™ satisfy assumptions (i) and (ii) of Theorem 3.3
and, in addition, for all 0 < p < py,

T (x(1 +p) /Ti(x(1 +p))
T/(x)/T;(x)

1| =Cp, VjeEN,x=x, (16)

with positive constants C, py. Assume that the maps Tj :RT = R" are a.c. on [xg, +[
and that

T T
X|= -
T T,

’10 1) = BAX), ViEN,x=x, (17)

T;(x)

holds with some non-increasing function A : R™ — R, If (logBy) is eposa, inf;3; > 0 and
Z;il A(ePi Py < 400 then there exists x| = xy such that O3(x) is Benford for a.e.
X = xy, yet the set {x = x; : O3(x)1is b-Benford for some b} is meagre.

Proof. It is immediate to check that, given any base b, the maps S;(y) = log,T;(b”) and
S,»(y) = log,T(b”) satisfy all the assumptions of Lemma 3.6 with I'(y) = A(b*)/log 2 and
Yo = xo/log b. Thus there exists x; , = xy and N, C [x; 5, +0o[ with A(N},) = 0 such that
Oj(x) is b-Benford whenever x € [xj,+00[ [\V,. Since A(x)— 0 as x— oo, it is
possible to choose x; = max(xo, x12) such that T(x) > (0 for all j € N and x = x;. Note
that x; is independent of b. Thus for every j the map 7} is non-singular on [x;, +oo[, see
e.g. [9] (Prop. 2.3.2). From lim, 7" (x) =+ for all x =x;, it follows that
[x1, 400 C U~ OT "(Np) N [x1,+0o[, and Oz(x) is b-Benford unless x € U, 0T n
(Np) N [xq, +00[ By non-singularity, the latter set has measure zero. Consequently, Xp =
{x = x; : Or(x)is b-Benford} has full measure in [x;, 400[, and the remaining argument is
identical with the one proving Theorem 3.3. ]
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Example 3.8. The assumptions of Theorem 3.7 may appear somewhat technical. They are,
however, naturally satisfied by a wide variety of examples for which Benford behaviour
has hitherto been established only in special cases.

(i) As observed in Example 3.5(iii), Theorem 3.3 does not apply to T;(x) = x2 4 (—1Y.
However, letting Tj(x) = x% and Tj(x) = x2 4 (—1Y, Theorem 3.7 applies with xo = 2,
C =1, po = 1 and A(x) = 2/x, showing that O3(x) is Benford for a.e. sufficiently large x.

To see that this approach works in much greater generality, let each map 7; be a
polynomial of degree m; € N, i.e.

T5(0) = ajmx™ + @iy 1x™ "+ +ajix+ a0, jEN, (18)

with a;; € R for all j and 0 = k = mj, and q;,,, 7 0. To avoid obvious pathologies, it is
natural to assume that

supj(laj,mjl_l +max2";0|aj7k|> < 400. (19)

Also, let Tj(x) = aj;,x" and assume w.l.o.g. that a;,, > 0. Clearly, (T;) satisfies all
assumptions of Theorem 3.3 with B; =m; as well as (16) with C=1 and py = 1.
Moreover, (17) holds with A(x) = D/x for any sufficiently large constant D. Note that
inf;3; = 1 > 0 and the condition Zj A(eP "By < 400 is trivially met, provided that
(logm;) is eposa. Whenever the latter is the case, therefore, for any sequence of
polynomials (18) satisfying (19) the non-autonomous orbit O7(x) is Benford for a.e.
sufficiently large x. This fact has been proved in [4] merely under the additional
assumption that m; = 2 for all j, and with a weaker conclusion concerning the exceptional
points.

(i1) Assume that each TJ is of the form 7"]-(x) = ¢ Pj(x) where P; is a polynomial of
degree m; € N satisfying (19). Under the additional assumption that sup;m; < +oo, this
system has been analysed in [4] by means of an ad-hoc shadowing argument. The results of
the present article enable a more systematic treatment without this additional assumption.
On the one hand, it is easily confirmed that with T;(x) = et ajm; x™ all the conditions of
Theorem 3.7 are met. Still easier, however, is noting that Theorem 3.3 applies directly.
Indeed, with T;(x) = et Pj(x), condition (i) of Theorem 3.3 is satisfied for every
sufficiently large xo, independent of j, and so is (ii) with 8; = 2 + m;. Hence (logp;) is
eposa, and Or(x) is Benford for a.e. sufficiently large x. Note that this argument does
require neither m; = 1 nor sup;m; < +o0.

Remark 3.9.

() If (S;) and (T;) do not satisfy (13) and (16), respectively, then Lemma 3.6 and
Theorem 3.7 do not apply. (For example, (13) does not hold for Si(y) = €".)
In concrete cases, however, the underlying shadowing idea may well be salvaged as
it merely requires that ij: bj 1 ° 87~ 1(y)| remains bounded uniformly in m and y,
which can be guaranteed by imposing more restrictive conditions on the decay of T'.

(i1) Theorem 3.7 specifies conditions under which the non-autonomous orbit O7(x) is
Benford for a.e. sufficiently large x, that is

1 n ~
1im,H,<,;Z,=l Ta(T),) =logyt, Vb e N\{1},1<r<b. (20)

]
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It is natural to ask for a finer analysis of the convergence in (20). Analogously to well-
known results on almost sure behaviour of ergodic sums [21] (Thm. 3.2.3), this
convergence can be arbitrarily slow. It seems plausible, however, that in the setting of
Theorem 3.7 a better quantitative description of (20) can be achieved by means of an (non-
autonomous) almost sure invariance principle for ((T7),), cf. [22]. No pertinent results in
this regard are known to the author.
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