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Numerical data generated by dynamical processes often obey Benford’s law of
logarithmic mantissa distributions. For non-autonomous difference equations xn ¼
Tnðxn21Þ; n ¼ 1; 2; . . . ; this article presents necessary as well as sufficient conditions
for ðxnÞ to conform with Benford’s law in its strongest form: The proportion of values in
{x0; x1; . . . ; xn} with base bmantissa less than t tends to logb t as n!1, for all integer
bases b . 1. The assumptions on ðTnÞ, viz. asymptotic convexity and eventual
expansivity on average, are very mild and met, e.g. by practically all polynomial,
rational and exponential maps and any combinations thereof. The results complement,
extend and unify previous work.
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1. Introduction

Benford’s law (BL) is the probability distribution for the mantissa with respect to base
b [ Nn{1} given by

Pðmantissab # tÞ ¼ logb t; ;t [ ½1; b½; ð1Þ

the most well-known special case is that

Pðfirst significant digitb ¼ dÞ ¼ logb 1þ d21
! "

; ;d ¼ 1; . . . ; b2 1:

First recorded by Newcomb [20] and popularized by Benford [1], BL is increasingly
attracting the interest of scientists across a wide range of disciplines [6]. Empirical data
following (1) have been discussed extensively, for instance in real-life data (e.g. physical
constants, stock market indices, tax returns [14,18,23,25]), in stochastic processes (e.g.
sums and products of random variables [12,23]) and in deterministic sequences (e.g. ðn!Þ
and Fibonacci numbers [1,10,11,16]). For dynamical systems, be they autonomous or
non-autonomous, deterministic or stochastic, discrete or continuous, a thorough
mathematical analysis of BL has recently been initiated, and it has been demonstrated
that, in one way or the other, the asymptotic distribution of orbits and trajectories obeys (1)
surprisingly often [3,5,7,8,12,26,27]. Most of these results are rather limited in their scope.
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It is the purpose of the present article to more comprehensively elucidate when, and when
not, dynamical systems should be expected to follow BL.

Concretely, given x0 let the sequence ðxnÞ of real numbers be generated iteratively by

xn ¼ Tnðxn21Þ; n ¼ 1; 2; . . . ; ð2Þ

with measurable maps Tn : R! R. Assuming that ðxnÞ conforms with a strong form of BL,
can anything interesting at all be said about ðTnÞ? For the autonomous case, that is for Tn

not depending on n, Section 2 provides a complete answer to this question, by way of
Theorems 2.5 and 2.10. Also, it is demonstrated through examples that the conclusions of
both theorems are best possible in general. Section 3 is devoted to the strengthening of
known BL results for (2) by embedding them into a more comprehensive and general
setting. For a concrete example, consider ðTnÞ according to

TnðxÞ ¼
exþ1 if n is an odd prime number;

x2 2 2 if n is even;

xþ 3 otherwise:

8
>><

>>:

For this system, the results in [4,8] do not apply. However, it follows from the main result
of Section 3, Theorem 3.7, that for Lebesgue almost every x0 [ R the sequence ðxnÞ
generated by (2) follows BL for every base b. The key ingredients in the proof of the very
general Theorem 3.7 are versatile notions of asymptotic convexity and eventual
expansivity on average for ðTnÞ, together with a powerful non-autonomous shadowing
technique that enables the application of standard uniform distribution tools. Simple
examples show how the results presented here extend and unify previous work.

Throughout the article, the following, mostly standard terminology and notation will
be used: The sets of natural, non-negative integer, integer, rational, positive real and real
numbers are symbolized by N, N0, Z, Q, Rþ, R, respectively. For every a; x [ Rþ with
a – 1, loga x denotes the base a logarithm of x; if used without a subscript, log is
understood as the natural logarithm. For notational convenience, loga 0 U 0 for all
a [ Rþn{1}. The integers bxc and dxe denote, respectively, the largest integer not larger,
and the smallest integer not smaller than x [ R; the fractional (or non-integer) part of x is
vxb U x2 bxc. The cardinality of the finite set A is #A, and l symbolizes Lebesgue measure
on R (or parts thereof). The indicator function of any set B is denoted by 1B, that is, 1BðxÞ
equals 1 or 0 depending on whether x [ B or x ! B. If a [ R and B , R; then
aþ B U {aþ b : b [ B}. For every a [ R, the Dirac measure at a is da, hence daðBÞ ¼
1BðaÞ for every B , R. The support of any Borel (probability) measure m on R,
symbolized as suppm, by definition is the smallest closed set with full measure. Thus for
example supp da ¼ {a}. As usual, the terms absolutely continuous and almost
every(where) are abbreviated as a.c. and a.e., respectively, and are understood relative
to some reference measure that usually is clear from the context and not specified
explicitly. If f : X ! R is measurable and m is any (probability) measure on X then fm,
defined via fmðAÞ U m f 21ðAÞ

! "
, is a (probability) measure on R. For example, given any

(probability) measure m on R, 2m and bmc are (probability) measures concentrated on,
respectively, Rþ and Z. The map T : X ! X preserves m, or m is T-invariant, if Tm ¼ m.

2. Benford sequences: basic properties and examples

Given any natural number b larger than 1, every x [ Rþ can be written uniquely as
x ¼ kxlb bk with 1 # kxlb , b and the appropriate k [ Z. The number b is usually referred
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to as a base, and k&lb : Rþ ! ½1; b½ is the (base b) mantissa function. Note that kxlb ¼
b vlogbxb for all x [ Rþ. Also, bkxlbc [ {1; . . . ; b2 1} is called the first significant digit
(base b) of x, henceforth symbolized as fsdb x. For notational convenience, define
k0lb U 0, and hence fsdb 0 ¼ 0 for every base b.

A most basic way of generating numerical data is through explicitly or recursively
defined sequences. A sequence may conform with BL in a rather strong sense.

Definition 2.1. A sequence ðxnÞn[N0
of real numbers is b-Benford if

limn!1
# j , n : kjxjjlb # t
# $

n
¼ logb t; ;t [ ½1; b½;

it is (strictly) Benford if it is b-Benford for every b [ Nn{1}.
The following correspondence between the b-Benford property and uniform distribution

modulo 1 is well known. The term uniformly distributed modulo 1 is henceforth abbreviated
as u.d. mod 1.

Proposition 2.2. ([11]). A sequence ðxnÞn[N0
of real numbers is b-Benford if and only if

the sequence ðlogbjxnjÞn[N0
is u.d. mod 1.

Example 2.3. Using Proposition 2.2 and standard results from uniform distribution theory
(as can be found e.g. in [17]), examples of Benford sequences are easily produced.

(i) The sequence ðn!Þ is Benford, see [8] (Exp. 5.4(ii)) or [11] (Thm. 3).
(ii) Let ðxnÞ be generated by xn ¼ xn21 þ xn22, n $ 2. The sequence thus defined is

Benford except for the trivial case ðx0; x1Þ ¼ ð0; 0Þ. In particular, the sequence of
Fibonacci numbers, corresponding to ðx0; x1Þ ¼ ð1; 1Þ, is Benford [3] (Exp. 3.5(i)).

(iii) Define ðxnÞ recursively as xn ¼ x2n21 þ 1, n $ 1. For (Lebesgue) almost every
x0 [ R, the sequence ðxnÞ is Benford. There are, however, also exceptional points:
[8] (Exp. 4.3) explicitly gives x0 such that fsd10 xn ¼ 9 for all n. Another example is

x0 ¼ limn!1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

· · ·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10

2
3&2n 2 1

q
2 1

r

· · ·2 1

s

¼ 4:53002223124696101566 . . . ;

for which ðfsd10x nÞ ¼ ð4; 2; 4; 2; . . . Þ is 2-periodic. It is an open problem whether
ðxnÞ is b-Benford for any b if x0 ¼ 0.

(iv) The sequence ð2nÞ is b-Benford precisely if logb 2 is irrational, i.e. if and only if b is
not of the form 2j for some j [ N.

(v) For every a [ Rþ, the sequence ðnaÞ, and similarly the sequence of prime numbers
ðpnÞ, is not b-Benford for any b, see [8]. Note, however, that these sequences conform
with BL in a weaker sense [24].

Some elementary properties of Benford sequences follow directly from Proposition 2.2.

Proposition 2.4 (cf. [13].) Let ðxnÞ be a sequence of real numbers, and b [ Nn{1}. Then
(i) If ðxnÞ is b-Benford then so is ðax j

nÞ for every non-zero a [ R and j [ N.
(ii) If xn – 0 for all n then ðxnÞ is b-Benford if and only if ðx21

n Þ is b-Benford.
(iii) If ðxnÞ is b j-Benford for some j [ N then ðxnÞ is b-Benford.
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Intuitively, it is plausible that if a sequence is to be Benford then this puts severe
constraints on its distributional behaviour. To make this more formal, denote by PðRÞ
and PðRÞ the set of all Borel probability measures on the real line R and the extended
real line R ¼ R< {21;þ1}, respectively. Recall that PðRÞ and PðRÞ are complete
metrizable spaces when endowed with the topology of weak convergence, and PðRÞ is
compact. Also recall that if ðmnÞ is a sequence in PðRÞ with mnðRÞ ; 1, then mn !w m in
PðRÞ means that

ð

R

f dmn !
ð

R

f dmþ mð{21}Þf2 þ mð{þ1}Þfþ

holds for every continuous function f : R! R for which the limits f2 U limx!21f ðxÞ
and fþ U limx!þ1 f ðxÞ exist. Given any real sequence ðxnÞ, consider the empirical
averages

hn U
1

nþ 1

Xn

j¼0
dxj [ PðRÞ:

By compactness, ðhnÞ has a (weak) accumulation point in PðRÞ. Denote by A½ðxnÞ' ,
PðRÞ the (non-empty) set of all accumulation points of ðhnÞ. It is readily confirmed that
A½ðxnÞ' is compact and connected (though not necessarily path connected), with
m {xj : j [ N0}
! "

¼ 1 for every m [ A½ðxnÞ'. If ðxnÞ is Benford then each element of
A½ðxnÞ' has a very simple structure.

Theorem 2.5. Assume that ðxnÞ is b-Benford for infinitely many b [ Nn{1}. Then for
every m [ A½ðxnÞ', there exist numbers p2; p0; pþ $ 0 with p2 þ p0 þ pþ ¼ 1 such that
m ¼ p2d21 þ p0d0 þ pþdþ1.

Proof. Assume m [ A½ðxnÞ' and let hnk!
w
m. Given 0 , s , t and 0 , 1 , 1, choose b so

large that ðxnÞ is b-Benford and also

jlog sj þ jlog tj
log b

, 1:

Note that this choice implies s . b21 and t , b. Assume first that s $ 1, hence kxlb ¼ x
for every s , x , t, and

mð's; t½Þ # limk!1hnk ð's; t½Þ ¼ limk!1
1

nk þ 1

Xnk

j¼0
dxj ð's; t½Þ

¼ limk!1
#{j # nk : s , xj , t}

nk þ 1
¼ limk!1

#{j # nk : s , kxjlb , t}

nk þ 1

¼ logbt2 logbs #
jlog sj þ jlog tj

log b
, 1:

Similarly, if t # 1 then kxlb ¼ xb for every s , x , t, and

mð's; t½Þ # limk!1
#{j # nk : sb , kxjlb , tb}

nk þ 1
¼ jlogbsj2 jlogbtj , 1:
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Finally, if s , 1 , t then by the above

mð's; t½Þ ¼ mð's; 1½Þ þ mð{1}Þ þ mð'1; t½Þ # jlogbsj þ limk!1hnk ð{1}Þ þ logbt

¼ jlog sj þ log t

log b
, 1:

Since 1 . 0 was arbitrary, mð's; t½Þ ¼ 0. Analogously, mð's; t½Þ ¼ 0 whenever s , t , 0.
Overall, therefore, mðRn{0}Þ ¼ 0, hence mð{21; 0;þ1}Þ ¼ 1, and the claim follows. A

Remark 2.6. In a wider context unrelated to BL, Theorem 2.5 is a consequence of the
following simple observation: Let n be a probability measure on ½0; 1' with nð{0; 1}Þ ¼ 0,
and let l : Nn{1} £ Rþ ! R have the property that

limb!1jlðb; xÞj ¼ 0; locally uniformly onRþ:

Given a real sequence ðxnÞ, assume that vlðb; jxnjÞb
! "

is distributed according to n for
infinitely many b. Then, by an argument very similar to the one above, every m [ A½ðxnÞ'
is a convex combination of d21, d0 and dþ1. Evidently, Theorem 2.5 corresponds to the
special case lðb; xÞ ¼ logbx and n ¼ lj½0;1'.

Theorem 2.5 provides a simple necessary condition for ðxnÞ to be Benford. This
condition is clearly not sufficient in general, as can be seen for instance from ðxnÞ ¼ ðnÞ for
which A½ðxnÞ' ¼ {dþ1} yet ðxnÞ is not b-Benford for any b. On the other hand, every
compact and connected subset of PðRÞ allowed by Theorem 2.5 equals A½ðxnÞ' for some
Benford sequence ðxnÞ, as demonstrated by Example 2.9. Also, contrary to

A½ðxnÞ' , PðRÞ, the set of accumulation points of ðxnÞ or ððnþ 1Þ21ÞPn
j¼0xj

' (
in R

may have a less trivial structure, even if ðxnÞ is Benford. Finally, Example 2.11 shows that
Theorem 2.5 may fail if ðxnÞ is b-Benford only for finitely many bases b. As a statement
about Benford sequences, therefore, Theorem 2.5 is the best possible in that in general
neither its assumptions can be weakened nor its conclusions strengthened. In preparation
for these examples, a simple fact about uniform distribution will be formulated. To this
end let ðNjÞ, ðLjÞ and ðjjÞ be sequences of natural, non-negative integer, and real numbers,
respectively, and consider any sequence ðxnÞ with

xn ¼ jj þ n1jq; ;n : 1 # n2 ðN1 þ L1 þ · · ·þ Nj21 þ Lj21Þ # Nj; ð3Þ

where q [ R, 1j [ {21; 1} and N0 U L0 U 0. Thus ðxnÞ consists of arithmetic
progressions of lengths N1;N2; . . . with the same increment q (in absolute value) but
possibly different off-sets jj, interspersed with arbitrary segments of lengths L1; L2; . . . ,
that is ðxnÞ has the form

ðxnÞ ¼ ð j1 þ 11q; j1 þ 211q; . . . ; j1 þ N111q|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
N12term arithmetic progression

; xN1þ1; . . . ; xN1þL1|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
L1 arbitrary terms

;

j2 þ ðN1 þ L1 þ 1Þ12q; . . . ; j2 þ ðN1 þ L1 þ N2Þ12q|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
N22term arithmetic progression

;

xN1þL1þN2þ1; . . . ; xN1þL1þN2þL2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
L2 arbitrary terms

; . . . Þ:

In the special case Lj ; 0, jj ; 0 and 1j ; 1, the sequence ðxnÞ simply equals ðnqÞ and
hence is u.d. mod 1 if and only if q [ RnQ. The following is a mild generalization of this
familiar fact.
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Lemma 2.7. Let ðNjÞ, ðLjÞ, ð1jÞ and ðjjÞ be sequences in, respectively, N, N0, {21; 1} and
R, with

limj!1
L1 þ · · ·þ Lj
N1 þ · · ·þ Nj

¼ 0:

Assume the sequence ðxnÞ obeys (3) with some q [ R. Then

(i) If limj!1ððN1 þ · · ·þ NjÞ=jÞ ¼ þ1 and q [ RnQ then ðxnÞ is u.d. mod 1.
(ii) If limj!1ðNj=ðN1 þ · · ·þ NjÞÞ . 1=2 and q [ Q then ðxnÞ is not u.d. mod 1.

Proof. To prove (i), let q be irrational and assume 1 # n2 ðN1 þ L1 þ · · ·þ Nm21 þ
Lm21Þ # Nm for some m [ N. Then, for every h [ Zn{0},

Xn

j¼1

e2pihxj

*****

***** ¼
Xm21

j¼1

e2pihjj
XNj

k¼1

e2pihðkþN1þL1þ· · ·þNj21þLj21Þ1jq

*****

þ
Xm21

j¼1

XLj

k¼1

e2pihxkþN1þL1þ· · ·þNj21þLj21þNj

þe2pihjm
Xn

j¼1þN1þL1þ· · ·þNm21þLm21

þ e2pihj1mq

*****

#
2m

je2pihq 2 1j þ L1 þ · · ·þ Lm21:

For 1 # n2 ðN1 þ L1 þ · · ·þ Nm21 þ Lm21 þ NmÞ # Lm the same estimate holds
with m replaced by mþ 1. With limj!1ðj=ðN1 þ · · ·þ NjÞÞ ¼ 0, it follows that
limn!1n21

Pn
j¼1 e

2pihxj ¼ 0, and since h was arbitrary, ðxnÞ is u.d. mod 1.
To verify (ii), assume that q ¼ p=q with ðp; qÞ [ Z £N and p, q relatively prime. For

h ¼ q, the same explicit computation as before shows that

Xn

j¼1

e2piqxj ¼
Xm21

j¼1

e2piqjj Nj þ
Xm21

j¼1

XLj

k¼1

e2piqxkþN1þL1þ· · ·þNj21þLj21þNj

þ e2piqjm n2 ðN1 þ L1 þ · · ·þ Nm21 þ Lm21Þð Þ;

and consequently, for n ¼ N1 þ L1 þ · · ·þ Nm þ Lm,

1

n

Xn

j¼1

e2piqxj 2

Pm
j¼1 e

2piqjj Nj

N1 þ · · ·þ Nm

*****

***** # 2
L1 þ · · ·þ Lm
N1 þ · · ·þ Nm

:

The assumption on ðNjÞ implies

limn!1
1

n

Xn

j¼1

e2piqxj

*****

***** $ limm!1

Pm
j¼1 e

2piqjj Nj

N1 þ · · ·þ Nm

*****

*****

$ 2 limj!1
Nj

N1 þ · · ·þ Nj
2 1 . 0;
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showing that n21
Pn

j¼1 e
2piqxj

' (
does not converge to 0, and hence ðxnÞ is not u.d.

mod 1. A

Remark 2.8. The assumptions in Lemma 2.7(i) are best possible in that the assertion may fail
if either limj!1ððN1þ · · ·þNjÞ=jÞ,þ1 or limj!1ððL1þ · · ·þLjÞ=ðN1þ · · ·þNjÞÞ. 0.
On the other hand, the assumption on ðNjÞ in (ii) clearly is restrictive and can be relaxed
considerably in special situations, that is with further conditions imposed on ð1jÞ and ðjjÞ.
Note, however, that if merely ððN1 þ · · ·þ NjÞ=jÞ!þ1, i.e. in the setting of (i), the
rationality ofq does not necessarily rule out uniform distribution of ðxnÞ. A simple example is
ðNjÞ ¼ ðjÞ, Lj ; 0, 1j ; 1, jj ¼ jj with some irrational j, and q ¼ 1. In this case

Xn

j¼1

e2pihxj

*****

***** # ð1þ
ffiffiffiffiffi
2n

p
Þ 1þ 2

je2pihj 2 1j2
+ ,

holds for all n [ N and h [ Zn{0}, and hence ðxnÞ is u.d. mod 1.

Example 2.9. Given any probability vector p ¼ ðp2; p0; pþÞ [ R3, that is p2; p0; pþ $ 0
and p2 þ p0 þ pþ ¼ 1, there exists a sequence ðxnÞ that is b-Benford for infinitely many
but not all bases b, andA½ðxnÞ' ¼ {np} where np ¼ p2d21 þ p0d0 þ pþdþ1. To explicitly
define such a sequence, assume w.l.o.g. p2; p0; pþ . 0 and let N ¼ J2 < J0 < Jþ with

J2 ¼
[1

j¼1
M1 þ · · ·þMj21 þ 1; bp2Mjc

- .! "
>N;

J0 ¼
[1

j¼1
M1 þ · · ·þMj21 þ bp2Mjcþ 1; bp0Mjc

- .! "
>N;

Jþ ¼ NnðJ2 < J0Þ;

where ðMjÞ is a strictly increasing sequence of natural numbers yet to be specified further,
and M0 U 0. Thus N is partitioned into bp2M1c elements of J2, followed by bp0M1c
elements of J0, then M1 2 bp2M1c2 bp0M1c elements of Jþ, followed in turn by bp2M2c
elements of J2, etc. It is easy to check that each Ji indeed has density pi, provided that
limj!1ðMj=ðM1 þ · · ·þMjÞÞ ¼ 0. The latter will be assumed from now on. For the
sequence ðxnÞ defined according to

xn ¼

22n if n [ J2;

22n if n [ J0;

2n if n [ Jþ;

8
>><

>>:

it is clear that hn!
w
np and thereforeA½ðxnÞ' ¼ {np}. For every b not a power of 2, that is for

b ! {2j : j [ N}, Lemma 2.7(i) with

Nj ¼

b p2Mðjþ2Þ=3c if j [ 3N0 þ 1;

b p0Mðjþ1Þ=3c if j [ 3N0 þ 2;

Mj=3 2 b p2Mj=3c2 b p0Mj=3c if j [ 3N;

8
>><

>>:
1j ¼

21 if j [ 3N0 þ 2;

1 otherwise;

(

as well as Lj ; 0 and q ¼ logb 2 shows that ðxnÞ is b-Benford. Although Lemma 2.7(ii)
does not apply if b ¼ 2j for some j, it is obvious from the definition of ðxnÞ that ðj logbjxnjÞ
is a sequence of integers in this case and hence ðlogbxnÞ cannot be u.d. mod 1. Thus ðxnÞ is
b-Benford exactly if b ! {2j : j [ N}.

Journal of Difference Equations and Applications 143

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
B
e
r
g
e
r
,
 
A
r
n
o
]
 
A
t
:
 
0
0
:
5
0
 
9
 
A
p
r
i
l
 
2
0
1
1



By applying the above idea repeatedly, it is not hard to show that, given any compact
connected set D , PðRÞ contained in the convex hull of d21; d0; dþ1, a sequence ðxnÞ can
be constructed with A½ðxnÞ' ¼ D, that is b-Benford unless b [ {2j : j [ N}.

From Example 2.9 it may also be deduced that ðxnÞ being b-Benford for infinitely
many bases b does generally not allow any structural conclusions to be drawn about the
set of accumulation points of ðxnÞ in R or of ðdxn Þ in PðRÞ. Neither, for that matter,
of ððx1 þ · · ·þ xnÞ=nÞ in R, as the example

ðxnÞ ¼ ðe1; e2; . . . ; eN1 ; e21; e22; . . . ; e2N2 ; e1; e2; . . . ; eN3 ; e21; . . . Þ

shows: If Nj !þ1 then ðxnÞ is Benford by Lemma 2.7(i). However, given any (possibly
one-point) interval ½s; t' , ½0;þ1', the set of accumulation points of ððx1 þ · · ·þ xnÞ=nÞ
can be made to equal ½s; t' simply by choosing ðNjÞ appropriately. On the other hand
and in accordance with Theorem 2.5, every m [ A½ðxnÞ' is a convex combination of d0
and dþ1.

As indicated in Section 1, this article focuses on the Benford property of sequences
defined recursively by

xj ¼ Tjðxj21Þ; j [ N; ð4Þ

where ðTjÞ is a sequence of measurable maps of the real or extended real line (or parts
thereof) into itself. Relation (4) may be interpreted as a non-autonomous dynamical system
(in discrete time). For every n [ N, denote by T n the composition T n U Tn + . . . + T1, and
T 0 U id. The symbol OT ðxÞ, referred to as the orbit of x under ðTjÞ, denominates the
sequence generated by (4) subject to the initial condition x0 ¼ x; thus OT ðxÞ ¼
T nðxÞð Þn[N0

. For any function f : R! R the symbol f OT ðxÞð Þ is understood to mean
f ðT nðxÞÞ

! "
; thus for example vOT ðxÞb ¼ vT nðxÞb

! "
. Note that the interpretation of OT ðx0Þ

as a sequence differs from terminology sometimes used in dynamical systems theory (e.g.
[15]) according to which the orbit of x0 is the mere set {xn : n [ N0}.

The remainder of this section is devoted to the autonomous version of (4), i.e. to Tj

independent of j. In this case, Theorem 2.5 has a corollary worth noting.

Theorem 2.10. Let X be a Borel subset of R and assume the map T : X ! X preserves a
(Borel) probability measure m, that is Tm ¼ m. Then

m {x [ X : OT ðxÞ is Benford}ð Þ ¼ 0: ð5Þ

Proof. W.l.o.g. assume that X ¼ R. Let B , Nn{1} be an infinite set of bases and

XB U x [ X : OT ðxÞ is b-Benford for all b [ Bf g:

It will now be shown that mðXBÞ ¼ 0. Clearly this implies (5).
Note first that if m is ergodic then A OT ðxÞ½ ' ¼ {m} for m almost every x. In this case, if

m ¼ p2d21 þ p0d0 þ pþdþ1, then every y [ {21; 0;þ1} is periodic. Clearlym(XB) ¼ 0
in this case. If, on the other hand, m is not a convex combination of d21, d0, dþ1 then, by
Theorem2.5,mðXBÞ ¼ 0 aswell. ThusmðXBÞ ¼ 0 holdswheneverm is ergodic. In general, let
ðV; ðRv; nvÞv[V;PÞ be an ergodic decomposition of m, see e.g. [19] (Section II.6). Then
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nvðXBÞ ¼ 0 for every v [ V, hence

mðXBÞ ¼
ð

R

1XB
ðrÞdmðrÞ

¼
ð

V

ð

R

1XB>RvðrÞdnvðrÞdPðvÞ

¼
ð

V
nvðXB > RvÞdPðvÞ ¼ 0;

and the proof is complete. A

Example 2.11. Let T : ½0; 1'! ½0; 1' be the symmetric tent map TðxÞ ¼ 12 j2x2 1j. It is
well known (and easy to check) that T is ergodic w.r.t. lj½0;1'. Define two maps t1; t2 :
½0; 1'! ½0; 1' as

t1ðxÞ ¼
1

2
x; t2ðxÞ ¼ 12

1

2
x:

Then T + t1ðxÞ ¼ T + t2ðxÞ ¼ x for all x [ ½0; 1', and t1; t2 can be used for a symbolic
description of the dynamics of T in a standard way. To this end, denote by S2 the space of
all sequences in {1; 2}, that is S2 ¼ {1; 2}N0 , which is a compact metrizable space when
endowed with the product topology. The map

h :
S2 ! ½0; 1'
ðsnÞ 7! limj!1ts0 + ts1 + . . . + tsjð12Þ

8
<

:

is well defined, continuous and onto. Every x [ ½0; 1' has at most two pre-images under h,
and in fact #h21ð{x}Þ ¼ 1 unless x is a dyadic rational, i.e. unless 2jx is an integer for some
j [ N. Moreover, T + h ¼ h +s holds with s denoting the standard (left) shift on S2 given
by s ðsnÞð Þ ¼ ðsnþ1Þ for every ðsnÞ [ S2.

(i) Since T is ergodic w.r.t. Lebesgue measure, the Birkhoff ergodic theorem implies
that for every base b and almost every x [ ½0; 1',

limn!1
#{j , n : kT jðxÞlb # t}

n
¼ limn!1

1

n

Xn21

j¼0

X1

k¼1

1½b2k ;tb2k' T jðxÞ
! "

¼
ð1

0

X1

k¼1

1½b2k ;tb2k'ðxÞdx

¼
X1

k¼1

ðt2 1Þb2k

¼ t2 1

b2 1
:

For almost every x, therefore, kT nðxÞlb
! "

is uniformly rather than logarithmically
distributed, and hence a typical orbit (in the sense of Lebesgue measure) is not b-Benford
for any b. It will now be shown that given any finite set B of bases, the map T is conjugate
and isomorphic (i.e. dynamically equivalent both in a topological and in measure-theoretic
sense) to a continuous map S : ½0; 1'! ½0; 1' preserving a probability measure equivalent
to lj½0;1' such that OSðxÞ is b-Benford for all b [ B and almost all x [ ½0; 1'.
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To construct S, first choose an a.c. probability measure m with suppm ¼ ½0; 1' such
that vlogbmb is uniform for all b [ B. Such a measure is easily found as follows. For every
a , 0, denote by Uða;0Þ the uniform distribution on ½a; 0'. Recall that the Fourier transform
of Uða;0Þ is

dUða;0ÞUða;0Þ ðxÞ ¼
ð

R

eitxdUða;0ÞðtÞ ¼ 2
1

a

ð0

a

eitxdt ¼ sinðð1=2ÞaxÞ
ð1=2Þax eð1=2Þiax:

Also, let n1 be the negative exponential distribution, i.e. n1ð'21; x'Þ ¼ minðex; 1Þ for all
x [ R, the Fourier transform of which is

cn1n1ðxÞ ¼
ð 0

21
eitxetdt ¼ 1

1þ ix
:

Let b U minB $ 2 and consider the convolution of the #B uniform distributions
Uð2logbb;0Þ, b [ B and n1, i.e.

n U *b[BUð2logbb;0Þ*n1;

here * denotes the usual convolution of probabilities on the real line. Clearly, n is a.c. w.r.t.
l, and supp n ¼ '21; 0'. The Fourier transform of n is

n̂ðxÞ ¼ e2ð1=2Þix
P

b[B
logbb 1

1þ ix

Y
b[B

sinðð1=2ÞxlogbbÞ
ð1=2Þxlogbb

:

Since n̂ð2kplogbbÞ ¼ 0 for all k [ Zn{0} and b [ B, the probability measure vðlogbbÞnb
equals lj½0;1' for every b [ B. (This uses the readily confirmed fact that m [ PðRÞ satisfies
vmb ¼ lj½0;1' if and only if m̂ð2pkÞ ¼ 0 for all k [ Zn{0}.) Define now m U bn, that is

FmðxÞ U mð½0; x'Þ ¼ nð'21; logbx'Þ; ;x . 0:

From the above it is clear that the measure m thus constructed has all the desired
properties: It is equivalent to lj½0;1', and vlogbmb ¼ vðlogbbÞnb ¼ lj½0;1' for all b [ B. The
distribution function Fm of m maps ½0; 1' homeomorphically onto itself, with Fmð0Þ ¼ 0
and Fmð1Þ ¼ 1. Since 0 , F0

mðxÞ , þ1 for all 0 , x , 1, Fmj'0;1½ is a diffeomorphism.
With these preparations, define S : ½0; 1'! ½0; 1' as

S U F21
m + T +Fm:

It is easy to see that S is a continuous, tent-like map with Sð0Þ ¼ Sð1Þ ¼ 0 and

S F21
m ð1=2Þ

' (
¼ 1. By construction, ðS;mÞ is topologically conjugate and isomorphic to

ðT; lÞ. Hence dynamically T and S are identical, up to the change of variables brought about
by the homeomorphism Fm. Moreover, [2] (Lem. 4.10) shows that S is ergodic w.r.t. m.
For Lebesgue almost every x, therefore, OSðxÞ is b-Benford for all b [ B. Thus, Theorems
2.5 and 2.10 may fail if the b-Benford property is stipulated only for finitely many bases b.

A similar approach can be carried out whenever T is ergodic w.r.t. a probability
measure equivalent to l. A popular example in this regard is the logistic map
Q4 : x 7! 4xð12 xÞ. Almost no orbit of such a map typically is b-Benford for any b, but
given any finite set B of bases, there exists a dynamically equivalent map S such that OSðxÞ
is b-Benford for every b [ B and Lebesgue almost all x. One may conclude that for an
autonomous system the b-Benford property of most of its orbits and finitely many b does
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not have much dynamical significance. As evidenced through Theorems 2.5 and 2.10, the
situation is completely different if infinitely many bases are considered.

(ii) It was explained above why in the case of the symmetric tent map the orbit OT ðxÞ
is, for almost every x [ ½0; 1', not b-Benford for any b. Thus it is natural to ask whether
OT ðxÞ is b-Benford at all for some x and b. This question will now be answered in the
affirmative. For this purpose, pick a sequence ðNjÞ in N with Nj !þ1 and consider the
symbolic sequence

s* ¼ ðs*n Þ ¼ 1; . . . ; 1|fflfflfflffl{zfflfflfflffl}
N1 times

; 2; 1; . . . ; 1|fflfflfflffl{zfflfflfflffl}
N2 times

; 2; 1; . . . ; 1|fflfflfflffl{zfflfflfflffl}
N3 times

; 2; 1 . . .
 !

[ S2: ð6Þ

Define x* U hðs*Þ [ ½0; 1'. With I1 ¼ ½0; 1=2', I2 ¼ ½1=2; 1', note that T nðx *Þ [ Is*n for
all n [ N0. Consequently, OT ðx*Þ stays in I1 for the first N1 steps, then makes a one-step
excursion to I2, then remains in I1 for N2 steps, etc. Since for all x [ I1,

logbTðxÞ ¼ logbð2xÞ ¼ logb2þ logbx;

Lemma 2.7(i) applies whenever logb2 is irrational, and consequently OT ðx*Þ is
b-Benford for every b ! {2j : j [ N}. As (6) provides uncountably many different points
x*, the set

x [ ½0; 1' : OT ðxÞ is b-Benford for all b [ Nn{2j : j [ N}
# $

is uncountable; clearly it is also dense in ½0; 1'. Under the appropriate additional
assumption on ðNjÞ, however, OT ðx*Þ is not 2j-Benford for any j [ N. If for instance

limj!1
Nj

N1 þ · · ·þ Nj
.

1

2
; ð7Þ

then this follows directly from Lemma 2.7(ii). On the other hand, if

limj!1
jN2 2 N1j þ · · ·þ jNj 2 Nj21j

N1 þ · · ·þ Nj
¼ 0; ð8Þ

then OT ðx*Þ cannot be 2j-Benford either. This will be shown for j ¼ 1 here; the case j . 1
can be dealt with similarly. (Note that conditions (7) and (8) are mutually exclusive,
postulating a fairly rapid and a rather slow, uniform growth of ðNjÞ, respectively. Either
condition allows for uncountably many different choices in (6).)

To show that OT ðx*Þ cannot be 2-Benford whenever (8) holds, first define S : Rþ ! R
as

SðyÞ U 2log2Tð22yÞ ¼
y2 12 log2ð2y 2 1Þ if 0 , y , 1;

y2 1 if y $ 1;

(

so that Snð2log2x0Þ ¼ 2log2T
nðx0Þ for every x0 [ '0; 1½n<j[N T 2jð{0}Þ and n [ N,

and hence OT ðx0Þ is 2-Benford if and only if OSð2log2x0Þ is u.d. mod 1. The map S is
ergodic w.r.t. the probability measure with density 22yðlog 2Þ1½0;þ1½ðyÞ. Denote by ~S the
map induced by S on ]0,1[, that is ~SðyÞ ¼ vSðyÞb for all 0 , y , 1. The map ~S is ergodic
w.r.t. the induced measure on ]0,1[, which has 212yðlog 2Þ1½0;1½ðyÞ as its density. Also, let
y* U 2log2x* as well as ~y* U vy*b. The orbit modulo one of y * under S and the orbit of ~y *
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under ~S are related in that

OSðy*Þ
- .- .

¼ ~y *; . . . ; ~y*|fflfflfflfflfflffl{zfflfflfflfflfflffl}
N1 times

; ~Sð~y*Þ; . . . ; ~Sð~y *Þ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
N2 times

; ~S2ð~y*Þ; . . . ; ~S2ð~y*Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
N3 times

; . . .
 !

:

Suppose now that OT ðx*Þ was 2-Benford. Then OSðy*Þ would be u.d. mod 1, that is

hn!
w
lj½0;1', where hn U ððnþ 1Þ21ÞPn

j¼0 dvS jðy *Þb. In particular, therefore,

hN1þ· · ·þNn21 ¼
1

N1 þ · · ·þ Nn

Xn

j¼1

Njd~S j21ð~y *Þ!
w
lj½0;1' as n!1:

For every continuous function f : ½0; 1'! R,

ðN1 þ · · ·þ NnÞ
ð
fdð~ShN1þ· · ·þNn21Þ

****

2ðN1 þ · · ·þ Nn21 þ 2NnÞ
ð
fdhN1þ· · ·þNn21þ2Nn21

****

# jNnf ~Snð~y*Þ
! "

2 N1f ð~y*Þj þ
Xn21

j¼1

jNjþ1 2 Njkf ~Sjð~y*Þ
! "

j

þ
XNn

j¼1

j f SN1þ· · ·þNnþjðy *Þ
- .- .! "

j

# N1 þ 2Nn þ
Xn21

j¼1

jNjþ1 2 Njj
 !

kfk1;

which, together with (8), shows that

limn!1

ð
fdð~ShN1þ· · ·þNn21Þ2

ð
fdhN1þ· · ·þNn21þ2Nn21

****

**** ¼ 0;

and hence ~ShN1þ· · ·þNn21!
w
lj½0;1' as well. As a consequence, lj½0;1' would be ~S-invariant.

(Note that ~S is not continuous but its points of discontinuity form a sequence converging
to 0.) This, however, is impossible because ~S is ergodic w.r.t. a measure equivalent to, yet
different from lj½0;1'. Thus OT ðx *Þ cannot possibly be 2-Benford. At the time of writing,
the author does not know whether there exists any x [ ½0; 1' at all for which OT ðxÞ is
2-Benford.

As was the case with (i), the argument above carries over to other maps. The same
strategy can for instance be used to demonstrate the existence of uncountably many points
x [ ½0; 1' for which OQ4

ðxÞ is b-Benford for every b not a power of 2. Note, however, that
unlike the tent map considered above, Q4 is not linear near 0, which makes the analysis
slightly more involved as a shadowing argument has to be employed before Lemma 2.7
can be applied, see Example 2.12 for some details in an essentially equivalent context.

Example 2.12. A tacit but important assumption in Theorem 2.10 is that m be finite. To see
how that theorem may fail if T preserves an infinite measure, consider the C1 unimodal
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map Ta : ½0; 1'! ½0; 1' defined according to

TaðxÞ U
12 e1=4að12ð2x21Þ22Þ if x – 1=2;

1 if x ¼ 1=2;

8
<

:

where a . 6 is a parameter. A characteristic feature of Ta is its flat critical point, i.e.
T ðnÞ
a ð1=2Þ ¼ 0 for all n [ N. In [28], the ergodic theory of such maps is developed in

detail. In particular, it is shown that Ta is conservative and ergodic w.r.t. an infinite but
s-finite measure m equivalent to lj½0;1'. Moreover,

1

nþ 1

Xn

j¼0

dTj
aðxÞ!

w
d0 ð9Þ

holds for almost every x [ ½0; 1'. Note that T 0
að0Þ ¼ a. It will now be shown that OTaðxÞ is

Benford for almost every x, provided that logba is irrational for all bases b. (The latter
condition is satisfied for all but countably many a; one may e.g. choose a ¼ e2.)
To prepare for the argument, fix an a with the latter property and let ta : ½0; 1½!½0; 1=2½
be the smooth map with tað0Þ ¼ 0 and Ta + taðxÞ ; x. Clearly, taðxÞ ¼ x=að1þ f ðxÞÞ for
some smooth f with f ð0Þ ¼ 0. It is readily confirmed that

hðxÞ U limn!1a
ntnaðxÞ ¼ x

Y1

j¼0

1þ f + tjaðxÞ
! "

defines a smooth function h : ½0; 1½!R with hð0Þ ¼ 0, h0ð0Þ ¼ 1, and hðxÞ . x for all
0 , x , 1. Also, h + ta ¼ a21 h and hence

h + Tn
aðxÞ ¼ an hðxÞ

holds for all x and n, provided that {x; TaðxÞ; . . . ; Tn
aðxÞ} , ½0; 1=2½. Given any base b and

1 . 0, pick N [ N so large that, with d ¼ tNa ð1=2Þ,

logb
hðxÞ
x

****

**** , 1; ;x [ '0; d';

and consequently

jnlogbaþ logbhðxÞ2 logbT
n
aðxÞj ¼ logb

h + Tn
aðxÞ

Tn
aðxÞ

****

**** , 1; ð10Þ

whenever {x; . . . ; Tn
aðxÞ} , '0; d½. For every x [ ½0; 1'n<1

j¼0 T
2j
a ð{1=2}Þ the point Tn

aðxÞ
lies, for each n [ N, in exactly one of the two intervals I1 ¼ ½0; d' and I2 ¼ ½d; 1'.
Associate with each such x two integer sequences NjðxÞ

! "
and LjðxÞ

! "
such that

x; TaðxÞ; . . . ; TN121
a ðxÞ [ I1;

TN1
a ðxÞ; . . . ; TN1þL121

a ðxÞ [ I2;

TN1þL1
a ðxÞ; . . . ; TN1þL1þN221

a ðxÞ [ I1; etc:;

ð11Þ
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where all numbers Nj, Lj are positive, except perhaps N1 ¼ 0. The sequences ðNjðxÞÞ,
ðLjðxÞÞ are uniquely determined by (11). It follows from the Hopf ratio ergodic theorem
that

limj!1
N1ðxÞ þ · · ·þ NjðxÞ

j
¼ þ1; limj!1

L1ðxÞ þ · · ·þ LjðxÞ
N1ðxÞ þ · · ·þ NjðxÞ

¼ 0; ð12Þ

holds for almost every x. Let ðynÞ be any sequence with

yn ¼ n2 ðN1 þ L1 þ · · ·þ Nj21 þ Lj21Þ
! "

logbaþ logbh TN1þL1þ· · ·þNj21þLj21
a ðxÞ

! "

;n : 0 # n2 ðN1 þ L1 þ · · ·þ Nj21 þ Lj21Þ , Nj:

By (12) and Lemma 2.7(i), ðynÞ is u.d. mod 1 for almost every x. Moreover, it follows from
(10) that jyn 2 logbT

n
aðxÞj , 1 whenever n [ Jxd U {j [ N : Tj

aðxÞ [ ½0; d'}. According
to (9), for almost every x, Jxd has density 1, that is limn!1n21#ðJxd > {1; 2; . . . ; n}Þ ¼ 1.
Overall, for some set A1 , ½0; 1' with lðA1Þ ¼ 1, and every x [ A1, the sequence
logbT

n
aðxÞ

! "
differs, on a set of density 1, by less than 1 from the uniformly distributed

sequence ðynÞ. It follows from [3] (Lem. 2.3) that for every x [ A0 U >j[N A1=j the
sequence logbT

n
aðxÞ

! "
is u.d. mod 1. Clearly, lðA0Þ ¼ 1. Finally, taking the (countable)

intersection over all A0 corresponding to all b [ Nn{1} shows that OTa ðxÞ is Benford for
m almost every x [ ½0; 1'. Thus Theorem 2.10 may fail drastically if m is not finite.

3. An application of nonautonomous shadowing

The goal of this section is to provide mild conditions on the sequence of maps ðTjÞ such
that (4) generates many Benford sequences. For this, eventual expansivity of ðTjÞ is a
crucial property and will be formalized using the following tailor-made terminology.

Definition 3.1. A sequence ðanÞ of real numbers is eventually positive on average,
abbreviated henceforth as eposa, if

limm;n!1
1

n

Xn

j¼1
amþj . 0:

Thus ðanÞ is eposa if and only if there exists a . 0 and N0 [ N such that
n21

Pn
j¼1 amþj . a for all m; n $ N0. Clearly, ðanÞ is eposa whenever limn!1an . 0, but

neither does an . 0 for all n imply that ðanÞ is eposa, nor does limn!1an ¼ 21 rule this
out. For example, ðn21Þ is not eposa whereas ð21Þnnþ 1ð Þ is. If ðanÞ is eposa then
limn!1n

21
Pn

j¼1 aj . 0. On the other hand, even if ðn21
Pn

j¼1 ajÞ converges to a positive
limit, ðanÞ may not be eposa.

To identify b-Benford sequences generated by (4), define the maps Sj : y 7! logbTjðbyÞ
so that logbT

nðxÞ ¼ SnðlogbxÞ holds whenever both sides are defined. It is natural,
therefore, to first seek conditions ensuring that OSðyÞ is u.d. mod 1. Recall that if a map
S : Rþ ! R is convex then it is a.c., and its right-hand derivative S0 exists everywhere and
is non-decreasing.

Lemma 3.2. Assume the maps Sj : R
þ ! Rþ satisfy, for some y0 . 0 and all j [ N, the

following conditions:

(i) Sj is convex on ½y0;þ1½;
(ii) S0jðy0Þ . 0.
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If ðlog S0jðy0ÞÞ is eposa then there exists y1 $ y0 such that OSðyÞ is u.d. mod 1 for (Lebesgue)
almost every y $ y1. However, the set {y $ y1 : OSðyÞ is u:d:mod 1} is meagre (i.e. a
countable union of nowhere dense sets) and hence its complement is uncountable and
dense in ½y1;þ1½).

Proof. Let bj U S0jðy0Þ and note first that, as ðlogbjÞ is eposa, there exist g . 0 and N0 [ N
such that bmþ1& . . .&bmþn $ egn holds whenever m; n $ N0. Since Sj is a.c.,

SjðyÞ2 Sjðy0Þ ¼
ðy

y0

S0jðuÞdu $ bjðy2 y0Þ; ;y $ y0; j [ N:

In particular, therefore, if y $ y0ð1þ b21
1 Þ then S1ðyÞ $ y0, but also

S2ðyÞ ¼ S2 + S1ðyÞ $ S2 S1ðy0Þ þ b1ðy2 y0Þ
! "

$ S2 + S1ðy0Þ þ b2b1ðy2 y0Þ:

Let y1 U y0ð1þ b21
1 þ b21

1 b21
2 þ · · ·Þ. By induction, if y $ y1 then SnðyÞ $

b1& . . .&bnðy2 y0Þ and SnðyÞ $ y0 for all n [ N. Define the measurable functions f n :
½y1;þ1½!R as f nðyÞ ¼ SnðyÞ and note that f 0nðyÞ $ b1& . . .&bn for all y $ y1. Moreover,
for n . m . N0 and n2 m $ N0,

f 0nðyÞ2 f 0mðyÞ ¼ ðS0n + Sn21ðyÞ& . . .&S0mþ1 + S
mðyÞ2 1ÞS0m + Sm21ðyÞ& . . .&S02 + S1ðyÞS01ðyÞ

$ ðbn& . . .&bmþ1 2 1Þbm& . . .&b1

$ ðegðn2mÞ 2 1Þegm e2gN0bN0
& . . .&b1

¼ ðegðn2mÞ 2 1ÞegmC . 0;

with some positive constant C. Since f n 2 f m has an increasing derivative, given any
h [ Zn{0} and s; t [ R with y1 # s , t,

ðt

s

e2pihðf nðyÞ2f mðyÞÞ dy

****

**** #
e2gminðm;nÞ

jhjðegjn2mj 2 1ÞC

holds, see [17] (Lem. 2.1). Consequently, the exponential sum

IhðNÞ U
1

N 2

XN

m;n¼1

ðt

s

e2pihðf nðyÞ2f mðyÞÞ dy

can, for all N . N0, be bounded below and above as

0 # N 2 IhðNÞ # 2
XN

m;n¼1
n$m

ðt

s

e2pihðf nðyÞ2f mðyÞÞ dy

****

****

# 4ðt2 sÞNN0 þ
2

jhjC
XN

m;n¼N0þ1
n2m$N0

e2gm

eg ðn2mÞ 2 1

# N 4ðt2 sÞN0 þ
2

jhjCðegN0 2 1Þðeg 2 1Þ

+ ,
:
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Hence
P1

N¼1 IhðNÞ=N converges, and by [17] (Thm. 4.2) the sequence f nðyÞ
! "

is u.d.
mod 1 for almost every y [ ½s; t', that is, lð½s; t'nUÞ ¼ 0 where

U ¼ y $ y1 : OSðyÞ is u:d:mod 1f g:

Thus ½y1;þ1½nU ¼ <j[N ½y1 þ j2 1; y1 þ j'nU
! "

has measure zero as well.
It remains to show that U, though of full measure in ½y1;þ1½, is nevertheless meagre.

To this end, choose 0 , d , ð1=4Þ so small that

6d ,
g

2g2 logd
,

1

N0
;

and let Md U d2g21logdeþ 1. Given any y . y1 and 0 , 1 , minð1; y2 y1Þ,

eN1g1 . 1

holds for N1 U d2g21 log1eþ 1, showing that there exists an interval I0 , ½y2 1; yþ 1'
such that SN1 ðI0Þ ¼ ½m1;m1 þ 1' for some m1 [ N. Within I0, an interval I1 can be found
with

SN1ðI1Þ ¼ m1 þ
1

2
2 d;m1 þ

1

2
þ d

/ 0
;

but also

SN1þMd ðI1Þ . ½m2;m2 þ 1'

for some m2 [ N. Hence there exists I2 , I1 with

SN1 ðI2Þ , m1 þ
1

2
2 d;m1 þ

1

2
þ d

/ 0
and

SN1þMd ðI2Þ ¼ m2 þ
1

2
2 d;m2 þ

1

2
þ d

/ 0
:

Continuing this process yields a sequence of nested non-empty compact intervals I0 .
I1 . I2 . . . . and, therefore, the existence of a point y* [ ½y2 1; yþ 1' with the
property that

SN1þðj21ÞMdðy*Þ [ mj þ
1

2
2 d;mj þ

1

2
þ d

/ 0
; ;j [ N;

holds with the appropriate sequence ðmjÞ of natural numbers. It follows that

limn!1
# j , n : Sjðy*Þ

- .- .
[ ½ð1=2Þ2 d; ð1=2Þ þ d'

# $

n
$

1

Md
.

g

2g2 logd
. 6d;

which in turn shows that OSðy*Þ is not u.d. mod 1. Let w : ½0; 1'! ½0; 1' be a continuous,
piecewise linear function with wðyÞ ¼ 0 whenever jy2 ð1=2Þj $ 2d, and wðyÞ ; 1 on
½ð1=2Þ2 d; ð1=2Þ þ d'. Since

1

n

Xn21

j¼0

w S jðy *Þ
- .- .! "

2

ð1

0

wðyÞdy $ # j , n : S jðy *Þ
- .- .

[ ½ð1=2Þ2 d; ð1=2Þ þ d'
# $

n
2 4d . 2d
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for all sufficiently large n, it follows that

limn!1
1

n

Xn21

j¼0
w Sjðy *Þ

- .- .! "
2

ð1

0

wðyÞdy
****

**** $ 2d:

For every m [ N define

Um U y $ y1 :
1

n

Xn21

j¼0
w Sjðy*Þ

- .- .! "
2

ð1

0

wðuÞdu
****

**** # d; ;n $ m

1 2
:

Note that U1 , U2 , . . . . If OSðyÞ is u.d. mod 1 then y [ Um for all sufficiently large m,
hence U , <m[N Um. By the continuity of w and Sj, every set Um is closed and, by the
argument above, has empty interior. Overall, therefore, U , <m[N Um where Um ¼ Um

and intUm ¼ Y. A

Lemma 3.2 directly implies a result on Benford sequences generated by (4) which
significantly extends [8] (Thm. 5.5).

Theorem 3.3. Assume the maps Tj : R
þ ! Rþ satisfy, for some x0 . 0 and all j [ N, the

following conditions:

(i) x 7! log T jðexÞ is convex on ½x0;þ1½;
(ii) xT 0

jðxÞ=TjðxÞ $ bj . 0 for all x $ x0.

If ðlogbjÞ is eposa then there exists x1 $ x0 such that OT ðxÞ is Benford for almost every
x $ x1. However, the set x $ x1 : OT ðxÞ is b-Benford for some b}f is meagre.

Proof. Fix any base b and let SjðyÞ U logbTjðbyÞ for every j [ N, so that SnðyÞ ¼
logbT

nðbyÞ for all n. The maps ðSjÞ satisfy all the assumptions of Lemma 3.2 with
y0 ¼ x0=log b, and hence OSðyÞ is u.d. mod 1 for almost every y $ y1 for some y1 $ y0.
Note that y1 may depend on b. However, an inspection of the proof of Lemma 3.2 shows
that one can simply take y1 ¼ x0ð1þ b21

1 þ b21
1 b21

2 þ . . . Þ=log b. With this, OT ðxÞ is
b-Benford for almost every x $ ex0ð1þb21

1 þb21
1 b21

2 þ· · ·Þ ¼: x1. Note that x1 is independent of
b. Since the countable union of null-sets is a null-set, OT ðxÞ is Benford for almost all
x $ x1. As y 7! by maps ½y1;þ1½ homeomorphically onto ½x1;þ1½, the set Xb U
{x $ x1 : OT ðxÞ is b-Benford} is meagre, and so is <b Xb. A

Remark 3.4.

(i) Unlike [8] (Thm. 5.5), neither does Theorem 3.3 require x 7! x21log T jðexÞ to be
non-decreasing, nor does it stipulate that infj bj . 1. Note that ðbj 2 1Þ is eposa
whenever ðlogbjÞ is. In view of [8] (Thm. 5.5), one might suspect that the assumption
that ðlogbjÞ be eposa could be weakened to ðbj 2 1Þ being eposa. This, however, is
not the case: Theorem 3.3 may fail with the latter assumption, as can be seen from the
simple example TjðxÞ ¼ xbj with bj ¼ e2ð21Þjþ1

for which ðbj 2 1Þ is eposa yet OT ðxÞ
is 2-periodic for every x . 0.

(ii) It is readily confirmed that Theorem 3.3 also implies (the reciprocal version of) [8]
(Thm. 4.4).
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Example 3.5.

(i) Let TjðxÞ ¼ xpj where pj . 0 for all j [ N. If ðlog p jÞ is eposa then OT ðxÞ is Benford
for almost all x . 0. In [8] (Exp. 5.9) the latter was proved only under the stronger
assumption infjpj . 1. Thus for example, if pj is chosen according to

pj ¼
1 if j is a prime number;

2 otherwise;

(

then Theorem 3.3 applies whereas [8] (Thm. 5.5) does not. On the other hand, for

pj ¼
2 if j is a prime number;

1 otherwise;

(

ðlog pjÞ is not eposa, and hence Theorem 3.3 does not apply. That OT ðxÞ is
nevertheless Benford for a.e. x for this system as well follows from [4] (Thm. 3.1).
The latter result is tailor-made for the power-like setting and contains an assumption
on ðbjÞ that is less restrictive than the requirement that ðlogbjÞ be eposa. What makes
Theorem 3.3 interesting in comparison is that unlike [4] (Thm. 3.1), it does not
contain any structural assumptions on ðTjÞ beyond convexity and expansivity on
average.

(ii) For TjðxÞ ¼ x2j þ 1, Theorem 3.3 implies that OT ðxÞ is Benford for almost every
x [ R. Note that [8] (Thm. 5.5) does not apply in this case as x 7! x21log T jðexÞ is
decreasing.

(iii) If ðTjÞ is chosen as TjðxÞ ¼ x 2 þ ð21Þ j then Theorem 3.3 does not apply because
x 7! log T jðexÞ is not convex for odd j. In this example one is tempted to expect that
OT ðxÞ is nevertheless Benford for a.e. large x because Tj does not differ too much
from ~TjðxÞ ; x2 to which Theorem 3.3 applies. This line of argument will be made
rigorous by Theorem 3.7.

As Example 3.5(iii) shows, it is mainly the convexity assumption (i) that may restrict
the practical applicability of Theorem 3.3. Fortunately, this assumption can be weakened
considerably by what is essentially a non-autonomous shadowing argument. Again, the
result will first be stated in uniform distribution terms. To this end, assume that ðSjÞ
satisfies assumptions (i) and (ii) of Lemma 3.2, and that in addition

S0jðyþ rÞ
S0jðyÞ

2 1 # Cr ð13Þ

holds for all j [ N, y $ y0 and 0 , r , r0, where C, r0 are positive constants.
Furthermore, let ~Sj : R

þ ! Rþ be a.c. maps that differ from Sj by little in the sense that, for
a.e. y $ y0

j~SjðyÞ2 SjðyÞj þ j~S0jðyÞ2 S0jðyÞj # bjGðyÞ; ;j [ N ð14Þ

with some non-increasing function G : Rþ ! Rþ. Under mild conditions, the uniform
distribution of OSðyÞ for a.e. sufficiently large y carries over to O~SðyÞ.
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Lemma 3.6. Let ðSjÞ satisfy assumptions (i) and (ii) of Lemma 3.2, as well as (13). Also,
assume that ð~SjÞ satisfies (14) with bj U S0jðy0Þ. If ðlogbjÞ is eposa,

infjbj . 0 and
X1

j¼1

Gðbj& . . .&b1Þ , þ1; ð15Þ

then there exists y1 $ y0 such that {y $ y1 : O~SðyÞ is u:d:mod 1} has full measure in
½y1;þ1½ yet is meagre.

Proof. Note first that, as ðlogbjÞ is eposa, infjbj . 0 implies that

1 , C1 U supj 1þ b21
j þ b21

jþ1b
21
j þ b21

jþ2b
21
jþ1b

21
j þ · · ·

' (
, þ1:

Using this and (14) together with the convexity of Sj, it is readily confirmed that

~Sjþm21 + . . . + ~SjðyÞ $ max Sjþm21 + . . . + Sjðy0Þ;bjþm21& . . .&bjy0; y0
! "

holds for all j;m [ N, provided that y $ y1 U C1ð2y0 þ Gðy0ÞÞ. Moreover, the function
gj;m with

gj;mðyÞ ¼ S21
j + . . . + S21

jþm21 +
~Sjþm21 + . . . + ~SjðyÞ

is well defined for y $ y1, and

jgj;mðyÞ2 yj # GðyÞ þ
Xm

k¼0

G + ~Sjþk + . . . + ~SjðyÞ
bjþk& . . .&bj

, C1Gðy0Þ:

For M . m, it follows from

jgj;MðyÞ2 gj;mðyÞj #

#
jS21

jþm + . . . + S21
jþM21 +

~SjþM21 + . . . + ~Sjþm 2 idj + ~Sjþm21 + . . . + ~SjðyÞ
bjþm21& . . .&bj

#
G + ~Sjþm21 + . . . + ~SjðyÞ

bjþm21& . . .&bj
þ
XM2m

k¼0

G + ~Sjþmþk + . . . + ~SjðyÞ
bjþmþk& . . .&bj

#
Gðy0Þ

bjþm21& . . .&bj
1þ

X1

k¼0

b21
jþmþk& . . .&b21

j

 !

#
C2

bjþm21& . . .&bj
;

where C2 is a positive constant not depending on j;m;M or y, that gj;mðyÞ
! "

m[N
is, for

every j and y, a Cauchy sequence. Hence for each j, the function

gj;1ðyÞ U limm!1gj;mðyÞ
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is well defined and continuous on ½y1;þ1½, and

jgj;1ðyÞ2 yj # GðyÞ þ
X1

k¼0

G + ~Sjþk + . . . + ~SjðyÞ
bjþk& . . .&bj

; ;j [ N; y $ y1:

Note that Sj + gj;m ¼ gjþ1;m21 + ~Sj and thus also Sj + gj;1 ¼ gjþ1;1 + ~Sj for all j. In particular,
therefore, Sn + g1;1 ¼ gnþ1;1 ~Sn and

j~SnðyÞ2 Sn + g1;1ðyÞj ¼ jid2 gnþ1;1j + ~SnðyÞ # G + ~SnðyÞ þ
X1

k¼0

G + ~Snþ1þkðyÞ
bnþ1þk& . . .&bnþ1

;

which in turn implies that limn!1j~SnðyÞ2 Sn + g1;1ðyÞj ¼ 0 holds whenever y $ y1. Thus
O~SðyÞ is u.d. mod 1 if and only if OS g1;1ðyÞ

! "
is, and the proof will be complete once it has

been verified that g1;1 is a homeomorphism on ½y1;þ1½, and g21
1;1 is a.c. To show this,

explicitly compute g01;m as

g01;mðyÞ ¼
Ym

j¼1

~S0j
S0j + gj;mþ12j

+ ~Sj21ðyÞ ¼
Ym

j¼1

1þ aj;mðyÞ þ bj;mðyÞ
! "

+ ~Sj21ðyÞ;

where

aj;mðyÞ ¼
~S0jðyÞ2 S0jðyÞ
S0j + gj;mþ12jðyÞ

and bj;mðyÞ ¼
S0jðyÞ

S0j + gj;mþ12jðyÞ
2 1:

It follows from

jaj;mðyÞj # b21
j j~S0jðyÞ2 S0jðyÞj # GðyÞ

and ~SjðyÞ $ bj& . . .&b1y0 as well as (15) that

Xm

j¼1

jaj;m + ~Sj21ðyÞj # GðyÞ þ
Xm21

j¼1

Gðbj& . . .&b1y0Þ #
X1

j¼0

Gðbj& . . .&b1y0Þ , þ1

holds for all m [ N and y $ y1. Similarly, (13) implies that

jbj;mðyÞj # max
S0jðyÞ

S0jðy2 jgj;mþ12jðyÞ2 yjÞ ;
S0jðyþ jgj;mþ12jðyÞ2 yjÞ

S0jðyÞ

 !

2 1

# C2jgj;mþ12jðyÞ2 yj;

showing that the estimate

jbj;mðyÞj # C2 GðyÞ þ
X1

k¼0

G + ~Sjþk + . . . + ~SjðyÞ
bjþk& . . .&bj

 !
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is valid for all j;m [ N, y $ y1. Consequently,

Xm

j¼1

jbj;m + ~Sj21ðyÞj # C2

Xm

j¼1

G + ~Sj21ðyÞ þ
X1

k¼0

G + ~SjþkðyÞ
bjþk& . . .&bj

 !

# C2

X1

k¼0

G + ~SkðyÞ 1þ
Xk

j¼1

b21
k & . . .&b21

j

 !

# C3

X1

k¼0

Gðbk& . . .&b1y0Þ , þ1;

with some C3 . 0 independent of m and y. Overall, therefore, there exists a positive
constant C4 such that

C21
4 # g01;mðyÞ # C4; ;m [ N; y $ y1:

Thus g1;1 is a homeomorphism on ½y1;þ1½, and both g1;1 and g21
1;1 are a.c. A

As was the case with Lemma 3.2, it is straightforward to translate Lemma 3.6 into a
statement about the generation of non-autonomous Benford orbits.

Theorem 3.7. Let the maps Tj : R
þ ! Rþ satisfy assumptions (i) and (ii) of Theorem 3.3

and, in addition, for all 0 , r , r0,

T 0
j xð1þ rÞ
! "

=Tj xð1þ rÞ
! "

T 0
jðxÞ=TjðxÞ

2 1

*****

***** # Cr; ;j [ N; x $ x0; ð16Þ

with positive constants C; r0. Assume that the maps ~Tj : R
þ ! Rþ are a.c. on ½x0;þ1½

and that

log
~TjðxÞ
TjðxÞ

****

****þ x
~T0jðxÞ
~TjðxÞ

2
T 0
jðxÞ

TjðxÞ

*****

***** # bjDðxÞ; ;j [ N; x $ x0; ð17Þ

holds with some non-increasing function D : Rþ ! Rþ. If ðlogbjÞ is eposa, infjbj . 0 andP1
j¼1 Dðebj& ...&b1 Þ , þ1 then there exists x1 $ x0 such that O ~TðxÞ is Benford for a.e.

x $ x1, yet the set {x $ x1 : O ~TðxÞ is b-Benford for some b} is meagre.

Proof. It is immediate to check that, given any base b, the maps SjðyÞ ¼ logbTjðbyÞ and
~SjðyÞ ¼ logb ~TðbyÞ satisfy all the assumptions of Lemma 3.6 with GðyÞ ¼ DðbyÞ=log 2 and
y0 ¼ x0=log b. Thus there exists x1;b $ x0 and Nb , ½x1;b;þ1½ with lðNbÞ ¼ 0 such that
O ~TðxÞ is b-Benford whenever x [ ½x1;b;þ1½nNb. Since DðxÞ! 0 as x!þ1, it is
possible to choose x1 $ maxðx0; x1;2Þ such that ~T0jðxÞ . 0 for all j [ N and x $ x1. Note
that x1 is independent of b. Thus for every j the map ~Tj is non-singular on ½x1;þ1½, see
e.g. [9] (Prop. 2.3.2). From limn!1 ~TnðxÞ ¼ þ1 for all x $ x1, it follows that
½x1;þ1½ , <1

n¼0
~T2nðNbÞ> ½x1;þ1½, and O ~TðxÞ is b-Benford unless x [ <1

n¼0
~T2n

ðNbÞ> ½x1;þ1½. By non-singularity, the latter set has measure zero. Consequently, Xb U
{x $ x1 : OT ðxÞ is b-Benford} has full measure in ½x1;þ1½, and the remaining argument is
identical with the one proving Theorem 3.3. A
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Example 3.8. The assumptions of Theorem 3.7 may appear somewhat technical. They are,
however, naturally satisfied by a wide variety of examples for which Benford behaviour
has hitherto been established only in special cases.

(i) As observed in Example 3.5(iii), Theorem 3.3 does not apply to TjðxÞ ¼ x2 þ ð21Þj.
However, letting TjðxÞ ; x2 and ~TjðxÞ ¼ x2 þ ð21Þj, Theorem 3.7 applies with x0 ¼ 2,
C ¼ 1, r0 ¼ 1 and DðxÞ ¼ 2=x, showing that O ~TðxÞ is Benford for a.e. sufficiently large x.

To see that this approach works in much greater generality, let each map ~Tj be a
polynomial of degree mj [ N, i.e.

~TjðxÞ ¼ aj;mj
xmj þ aj;mj21x

mj21 þ · · ·þ aj;1xþ aj;0; j [ N; ð18Þ

with aj;k [ R for all j and 0 # k # mj, and aj;mj
– 0. To avoid obvious pathologies, it is

natural to assume that

supj jaj;mj
j21 þ max

mj

k¼0jaj;kj
' (

, þ1: ð19Þ

Also, let TjðxÞ ¼ aj;mj
xmj and assume w.l.o.g. that aj;mj

. 0. Clearly, ðTjÞ satisfies all
assumptions of Theorem 3.3 with bj ¼ mj as well as (16) with C ¼ 1 and r0 ¼ 1.
Moreover, (17) holds with DðxÞ ¼ D=x for any sufficiently large constant D. Note that
infjbj $ 1 . 0 and the condition

P
j Dðebj& ...&b1 Þ , þ1 is trivially met, provided that

ðlogm jÞ is eposa. Whenever the latter is the case, therefore, for any sequence of
polynomials (18) satisfying (19) the non-autonomous orbit O ~TðxÞ is Benford for a.e.
sufficiently large x. This fact has been proved in [4] merely under the additional
assumption that mj $ 2 for all j, and with a weaker conclusion concerning the exceptional
points.

(ii) Assume that each ~Tj is of the form ~TjðxÞ ¼ ex
2
PjðxÞ where Pj is a polynomial of

degree mj [ N0 satisfying (19). Under the additional assumption that supjmj , þ1, this
system has been analysed in [4] by means of an ad-hoc shadowing argument. The results of
the present article enable a more systematic treatment without this additional assumption.
On the one hand, it is easily confirmed that with TjðxÞ ¼ ex

2
aj;mj

xmj all the conditions of
Theorem 3.7 are met. Still easier, however, is noting that Theorem 3.3 applies directly.
Indeed, with TjðxÞ ¼ ex

2
PjðxÞ, condition (i) of Theorem 3.3 is satisfied for every

sufficiently large x0, independent of j, and so is (ii) with bj ¼ 2þ mj. Hence ðlogbjÞ is
eposa, and OT ðxÞ is Benford for a.e. sufficiently large x. Note that this argument does
require neither mj $ 1 nor supjmj , þ1.

Remark 3.9.

(i) If ðSjÞ and ðTjÞ do not satisfy (13) and (16), respectively, then Lemma 3.6 and
Theorem 3.7 do not apply. (For example, (13) does not hold for SjðyÞ ¼ ee

jy
.)

In concrete cases, however, the underlying shadowing idea may well be salvaged as
it merely requires that

Pm
j¼1jbj;m + ~Sj21ðyÞj remains bounded uniformly in m and y,

which can be guaranteed by imposing more restrictive conditions on the decay of G.
(ii) Theorem 3.7 specifies conditions under which the non-autonomous orbit O ~TðxÞ is

Benford for a.e. sufficiently large x, that is

limn!1
1

n

Xn

j¼1
1½1;t' k ~TjðxÞlb

! "
¼ logb t; ;b [ Nn{1}; 1 , t , b: ð20Þ
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It is natural to ask for a finer analysis of the convergence in (20). Analogously to well-
known results on almost sure behaviour of ergodic sums [21] (Thm. 3.2.3), this
convergence can be arbitrarily slow. It seems plausible, however, that in the setting of
Theorem 3.7 a better quantitative description of (20) can be achieved by means of an (non-
autonomous) almost sure invariance principle for ðk ~TjlbÞ, cf. [22]. No pertinent results in
this regard are known to the author.
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