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DISCONTINUOUS GALERKIN METHOD FOR MONOTONE
NONLINEAR ELLIPTIC PROBLEMS

CHUNJIA BI AND YANPING LIN

Abstract. In this paper, we consider the incomplete interior penalty method for a class of second
order monotone nonlinear elliptic problems. Using the theory of monotone operators, we show
that the corresponding discrete method has a unique solution. The a priori error estimate in an
energy norm is developed under the minimal regularity assumption on the exact solution, i.e.,
u € HY(Q). Moreover, we propose a residual-based a posteriori error estimator and derive the
computable upper and lower bounds on the error in an energy norm.
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1. Introduction

The discontinuous Galerkin (DG) methods were introduced in the early 1970s to
solve first-order hyperbolic problems [17, 34, 38, 46]. Simultaneously, but quite in-
dependently, as non-standard schemes, they were proposed for the approximations
of second-order elliptic equations [1, 41, 56]. Since the DG methods are locally con-
servative, stable and high-order methods, which can easily handle irregular meshes
with hanging nodes and approximations that have polynomials of different degree
in different elements, they have been studied extensively in the past several decades.
We refer the reader to [2, 15, 16] for a comprehensive historical survey of this area
of research, to [1, 11, 12, 23, 29, 42, 44, 45, 47, 50, 55, 56] and [52, 58] for the a
priori error analysis of the DG methods for linear elliptic problems and optimal
control problems, respectively.

Except for linear elliptic problems, some researchers have studied the a priori
error estimates of the DG methods for the nonlinear elliptic problems. Houston,
Robson and Siili [30] considered a one parameter family of hp-DG methods for a
class of quasi-linear elliptic problems with mixed boundary conditions

(1.1) =V Mz, [Vu])Vu) = f(z),

where the function A satisfies the following monotone condition, i.e., there exist
positive constants m) and M) such that

ma(t —s) < Ma, )t — Mz, 8)s < My(t —s), t>s5>0, z€f.

Using a result from the theory of monotone operators, the authors shown that
the corresponding discrete method has a unique solution and derived the a priori
error estimate in a mesh-dependent energy norm for u € C1(Q) N H*(Q),k > 2,
which is optimal in the mesh size and mildly suboptimal in the polynomial degree.
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Gudi, Nataraj, and Pani [27], Gudi and Pani[28] studied the hp local DG method
and the hp-DG methods, respectively, for a class of quasilinear elliptic problems of
nonmonotone type

(1.2) =V - (a(z,u)Vu) = f(z), in Q,

proved the existence and uniqueness of the discrete solution and derived the a
priori error estimates in a mesh-dependent energy norm and in the L?-norm under
the assumption u € H2(Q) N W1>°(Q). Bi and Ginting [4] considered the two-
grid algorithm of the h-version DG method for (1.2) and derived the convergence
estimates.

Recently, Gudi, Nataraj and Pani [26] analyzed a one parameter family of hp-DG
methods for the following second order nonlinear elliptic boundary value problems

(1.3) -V -a(z,u, Vu) + ag(z,u, Vu) = f(z), in £,

where the given functions a(x,y, z) and ag(z,y, z) are twice continuously differen-
tiable with all the derivatives through second order being bounded, and the matrix
a,(x,y,z) is symmetric and there exist two positive constants A; and Ag such that

(L4) NP < €Tas(m,y,2)E < Xfél?, Vo e, VyeR, Vz, (R

The authors developed the error estimate in the broken H'-norm, which is optimal
in h and suboptimal in p, using piecewise polynomials of degree p > 2, when the
solution u € H5/ 2(2). We note that, in order to prove the existence and uniqueness
of the DG solution, the assumptions u € H°/2(Q) and p > 2 in [26] are necessary.

Additionally, we mention some related works in which the h-DG methods are
used to solve the other nonlinear problems. We refer to [8] and [9] for (1.1) and
monotone nonlinear fluid flow problems respectively, to [39] for nonlinear dispersive
problems, to [43] for the nonlinear second-order elliptic and hyperbolic systems, to
[48] for nonlinear non-Fickian diffusion problems and to [53] for nonlinear elasticity
problems.

On the other hand, the a posteriori error estimates of DG methods have attracted
many researchers’ attention and some important results have been achieved. For
the linear elliptic problems, we refer the reader to [3, 13, 19, 31, 32, 35, 36, 49] and
the references therein for details. However, there are considerably fewer papers that
are concerned with the nonlinear elliptic problems. To the best of our knowledge,
there are only [7] and [33] in this direction. Bustinza, Gatica and Cockburn [7]
used a Helmholtz decomposition of the error to derive a residual-based a posteriori
error estimates in an energy norm of h-version local DG method for the nonlinear
elliptic problems (1.2) in which the differential operators are strongly monotone.
Similar technique has been used in [3, 13] for linear elliptic problems. Houston,
Siili and Wihler [33] derived energy norm a posteriori error estimates of the hp-DG
methods for (1.1) using the technique of the approximation of discontinuous finite
element functions by conforming ones, which has been developed by some authors
in the context of the h-DG methods in [35, 36, 37] and has been extended to hp-DG
methods by [31, 33].

In this paper, we study the incomplete interior penalty method for the nonlinear
elliptic problems that have the form (1.3) and are monotonic (specific assumptions
on the functions a;, i = 0, 1,2, where a = (a;, as), will be given in subsection 2.1).
Our purpose in this paper is twofold. As a first task, we formulate the incomplete
interior penalty method to the monotone nonlinear elliptic problems and prove that
the form associated with this DG method is bounded, Lipschitz-continuous and
strongly monotone. Then, using a result from the theory of monotone operators,
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we show that this DG method has a unique solution. Using the technique proposed
in [25], in which the a priori error estimates in the energy norm of various DG
methods have been developed under the assumption v € H k(Q) for the linear
elliptic problems of order 2k,k = 1,2, we develop the a priori error estimate in
an energy norm under the minimal regularity assumption on the exact solution,
i.e., u € HY(). In contrast to [25], in this paper, we consider the DG method for
monotone nonlinear elliptic problems. A difficulty and a novel contribution is the
a posteriori error analysis.

The second task in this paper is to carry out the a posteriori error analysis. We
analyze the residual-based a posteriori error estimates of the incomplete interior
penalty method for the monotone nonlinear elliptic problems and derive the com-
putable upper bounds on the error in the broken H'-seminorm and in an energy
norm. The proof of our upper bound crucially relies on the approximation of discon-
tinuous finite element functions by conforming ones. In particular, by introducing
a function in HJ(2) and its conforming approximation, we give a representation
of the error, which plays a key role in the derivation of the upper bound for the
gradients of the error. Based on this representation of the error, with the help of
the approximation result, we show that our error estimator proposed in this paper
is reliable with respect to the broken H'-seminorm and an energy norm, respec-
tively. It should be pointed out that our upper bounds on the error in the broken
H'-seminorm and in an energy norm don’t contain the penalty parameter, which
appears in the analogous upper bound, see [35, 36] for Possion equation. In this
respect, our upper bounds on the error in the broken H'-seminorm and the energy
norm are stronger than those in [35, 36].

We remark that the DG method in this paper is the so-called incomplete interior
penalty method. This method was studied by [18, 43, 51]. Houston, Robson and
Sili [30], Gudi, Nataraj and Pani [26] analyzed a one parameter family hp-DG
method, in which the parameter §# = 0 corresponds to the incomplete interior
penalty method.

We point out that the classical finite element method of the monotone nonlin-
ear elliptic problems considered in this paper has been studied in [21, 22, 57], in
which the solvability of the discrete problems and the convergence of approximates
solutions to an exact weak solution u € H'(Q) are proved.

The outline of this paper is as follows. In Section 2, we introduce the continuous
problems and formulate the incomplete interior penalty method. In Section 3,
we prove the existence and uniqueness of the DG solution. Since a result, which is
similar to the discrete local efficiency estimate in the a posteriori error analysis, will
be used to derive the a priori error estimate in the energy norm, we first discuss the
a posteriori error estimates in Section 4. And Section 5 is devoted to the a priori
error estimate in the energy norm.

Throughout this paper, we use the following standard notation. For simplicity, in
this paper, we assume that €2 is a bounded polygonal domain in R? with boundary
0. For the domain Q, we write W™P(Q), 1 < p < oo, to denote the usual Sobolev

spaces with norm ||-||m p,o and seminorm |- |m p.o [6, 14]. To simplify the notation,
we denote W2(Q2) by H™ () and skip the index p = 2 and § whenever possible,
Le, we use |[ullmpo = |[ullmp, [[ullm20 = |lullm and [lullo = [[ul|. The same

convention is used for the seminorms as well. We define H}(Q) to be the subspace
of H'(Q) in which the functions have zero trace on Q. In what follows, the symbol
(-,+) denotes the L?(Q) inner product. Moreover, C, with or without subscripts,
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denote positive constants independent of h and may take different values at different
occurrences.

2. Preliminaries

In this section, we first recall the continuous problems and introduce some as-
sumptions on the coefficients functions in the subsection 2.1. The triangulation
Tr of the domain € and the discontinuous finite element space associated with Tj,
are given in the subsection 2.2. In the subsection 2.3, we formulate the incomplete
interior penalty method of the monotone nonlinear elliptic problems.

2.1. Continuous problems. In this subsection, we again recall the following
monotone nonlinear elliptic boundary value problem

-V -a(z,u,Vu) + ag(z,u,Vu) = f(z), in Q,

2.1
@1 u = 0, on 09,

where a = (a;, as).
We assume that the given functions a;(z,£), i = 0, 1, 2, have the following prop-
erties:

(A). The derivatives g? (x,€),(i,7 = 0,1,2) are continuous and bounded in

Q) x R3, i.e., there exists a constant Cy > 0 such that
8ai 3
J

(B). The derivatives da;/0;(x,£)(i,j = 0, 1,2) satisfy the following inequality

2

2
aai .
ay <y 5, (@6, Ve Ve e R?,
=1

where v > 0 is a constant independent of z, ¢ and 7.
Remark 2.1. In contrast with the assumptions on the functions a; which are
given in [26], in this paper, we have (B) instead of (1.4), which guarantees (2.1) is
monotonic.

Ezamples of the functions a;(x,€). Let b(x,t) be a function defined on £ x
[0, +00) with the following properties:
a). b(z,t) and the derivatives 0b/0x;,i = 1,2,9b/Jt are continuous in €2 x [0, +-00).

).

4,j=0

b). There exist constants 0 < ¢; < ¢g such that

1 <b(x,t) <eg, in Qx[0,+00),

b ob

< =1, 2; < =< Q.t>
axi_027l ,2; O_at_027 Ve e Q,t >0,
and
b b
%(1,72)IT| < co, %(:&TQ)TQ <ecy, VxeQVreR.
Let us set
or

(2.4) a;(2,8) = b(z, &8 +&3)&, i=1,2, ag=b(z,),
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where b,l; are two functions with the properties introduced above. Functions (2.3)
and (2.4) satisfy the assumptions (A)-(B) and the problem (2.1) defined by means
of (2.3) and (2.4) has many important applications (cf. e.g. [20, 24]). In particular,
we note that the prescribed mean curvature presented in [26], also falls into the form
(2.1) with our assumptions:

a(z,u, Vu) = (1+ |Vu|2)7% Vu, ag(z,uVu) = 0.

2.2. Discontinuous finite element space. In this paper, we consider shape-
regular meshes 7; that partition 2 into open triangles or quadrilaterals, where
h = max{hg : K € T,} and hg is the diameter of K. For a definition of shape
regularity, we refer to [14]. Each element K € 7, can be affinely mapped onto
the reference element K , which is either the open triangle {(z1,22) : =1 < 21 <
1,—1 < w3 < —x1} or the open unit square (—1,1)% in R2.

In this paper, we do not require 7 to be conforming. In this case, we allow
the mesh T, to be one-irreqular, i.e., each edge of any one element contains at
most one hanging node (which, for simplicity, we assume to be the midpoint of the
corresponding edge), see [33] for details.

Due to our assumption that the subdivision 7 is shape-regular, we know that
it satisfies the bounded local variation condition, that is, if |0K; N 0K ;| > 0 for any
K;, K; € Tp, then there exists a constant p; > 0 such that

(25) pfl < h’Ki/h’Kj <p1

Moreover, if e C K, there exist positive constants ¢1(p1) and c2(p1) independent
of h such that

(2.6) c1(p1)hi < he < ca(p1)hk,

where h. is the length of e.
For a positive integer k, we define the broken Sobolev space on Tp,

H*(T) = {v e L*(Q) : v|x € HY(K), VK €T},

equipped with the broken Sobolev norm and seminorm, respectively,

3 3
ollk,n = (Z II’UIIi,K> o [olen = <Z Ivli,K> -

KeTs KeTh

For a given Tj, we define the discontinuous finite element space V}, by
(2.7) Vi, = {op, €L2(Q) cunlk € Z0(K), K eT,},

where Z,.(K) is the space P.(K) of polynomials of total degree < r, if K is a
triangle, or the space Q,(K) of polynomials of degree < r in each variable, if K is
a quadrilateral, 1 < r.

Next, we define the average and jump operators that are required for the DG
method. To this end, we denote the set of interior edges of T, by I'; and the set
of boundary edges by I's. Furthermore, we define I' = I'; UTy. Let K+ and K~
be two adjacent elements of 7; which share a common edge e,e = KT N oK.
Furthermore, let v and g be scalar- and vector-valued functions, respectively, that
are smooth inside each element K*. v* and ¢* denote the traces of v and ¢ on e
taken from within the interior of K*, respectively. Then, the averages and jumps
of v and g on e are given by, respectively,

1
{v} = §(U+ +v7), [ =v ngs +v ng;
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1 B _
{q}:5(q++q ), lad=q" ng++q ng-,

where ng+ denote the unit outward normal vector of 9K *, respectively.

For the boundary edge e C 09, we set {v} = v,{q} = ¢ and [v] = vn with n
denoting the unit outward normal vector on the boundary 0.

It is clear that the jump [v] of the scalar function v is a vector parallel to the
normal, and the jump [g] of the vector function g is a scalar quantity. The advantage
of these definitions is that they do not depend on assigning an ordering to the
elements K.

We shall make use of the following trace inequality (see for example in [1]).
Lemma 2.1. Let w € HY(K) and e an edge of K € Tj,. There exists a constant C
independent of he such that

lwll3.e < ChHIwlF i + hellVell§ x)-

From Lemma 2.1 and the inverse inequality [14], we have the following lemma.
Lemma 2.2. Letvy, € Z,.(K). Then, there exists a positive constant C independent
of hx such that

_1 _1
[lvnllo.e < Chy [lonllox, |[Vunllo.e < Chy? |vnli k.

The following integral form of the Taylor’s formula for v € R and p € R? in
terms of u € R and q € R? will be used in the subsequent analysis:

ai(:E,’U,p) 7ai(zau7Q) = éi,u(xauaq)(viu)
(28) +éia‘l($’ U, q)(p - q)) i= 0) 17 2)

where
1

1
éi,u(xauaq) = / ai,u(zavtapt)dta éi,q(zauacﬂ = / ai,q(zavtapt)dta
0 0
v'=u+tlv—u), p'=q+t(p—aq).
2.3. Discontinuous Galerkin method. The weak formulation of (2.1) is defined
as
(29) a(ua U) = (fa U), Vv € IT[O1 (Q)a

where
a(u,v) = / (a(u, Vu) - Vo + ag(u, Vu)v)dz, (f,v) = / fudz.
Q Q

Here onwards we don’t specify the dependent of the functions a and ajy on =x.
In order to present the incomplete interior penalty method, we introduce the
form ayp,(wp,vy) for wp, vy € Vj,

ap(wp,vp) = K;_}/K (a(wp, Vwy) - Vop, + ag(wh, Vwp)vy) da
(2.10) = / {alwn, Vor)} [onlds + 3 hl / [wh][va]ds,

where + is the discontinuity penalization parameter independent of he.
The incomplete interior penalty method for (2.1) is: find wy € V}, such that

(2.11) ah(uh,vh) = (f, Uh), Yy, € V.

It will be shown that there is a parameter 7y > 0 independent of h. such that for
v > 7o, the incomplete interior penalty method (2.11) possesses a unique solution.
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We introduce the following so-called energy norms, see [30, 31] and [28], respec-
tively

|||v|||=<|v|%,h+2hle / st> 7 |||v|||_=<|v|%,h+2hie / [U]st> .

ecl’ ecll

Note that the norm ||| - ||| depends on the parameter v and the norm ||| - |||— is
independent of ~.

We state the Poincaré-type inequalities on H'(73). For a proof, we refer to [5].
Lemma 2.3. ([5]) Let v € H'(T;,). Then there exists a constant C > 0 independent
of h and v such that

ol < Clffoll]--

From Lemma 2.3, we know that for v > 1

(2.12) [loll < CIffolll-

3. Existence and uniqueness of DG solution

In this section, using a result from the theory of monotone operators, we will
show that the problem (2.11) has a unique solution. For this purpose, we first prove
the form ap(+,-) is bounded, Lipschitz-continuous and strongly monotone.

The following lemma gives the boundedness of the form ap(-,-).

Lemma 3.1. There is a constant C' > 0 such that for any wp,vn € Vi and v > 1

(3.1) |an(wh, vn)] < C(L A+ [[lwnl[][on]l]

Proof. From assumption (A), we know that there exists a constant ¢y such that

2
(32) Jay(x, &) <o [ 1+D_IG]], VoeQ, VEeR®, i=0,1,2
j=0

From the definition (2.10) of the form a(-,-), we see that it suffices to bound each
term on the left-hand side of (2.10) by the right-hand side of (3.1). In fact, by
Cauchy-Schwarz inequality, (3.2) and (2.12), we have

(3.3)

Z / (a(wn, Vwy) - Vup, + ag(wn, Vwp)vg) dz| < C(1+ |[|wlIDI]|on]]]-
KeT, K
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Applying Cauchy-Schwarz inequality, (3.2), Lemma 2.2 and (2.12) gives

> / {a(wn, Vwp)} [vp]ds
< > [[H{alwn, Von)Hloelllvalllo.e

ecl’
he 2 : 2 2 :
< D0 =lawn, Vo). Zh—ll[vh]llo,e
ecl’ 7 ecl '€

1

(3.4) < <Z > —IIamewh ||Oe> [lonlll

KeTh ecOK

=

< <Z > helhe +||wh||06+||th||Oe)) [[[valll
KeT), e€cOK

< CQ A lwnll + lwnlrp)vnlll

< O A+ [llwnlDlvalll-

Using Cauchy-Schwarz inequality, we get

3 3
Y Y
> /w < (S Lz, ) (S Liwalz,
he he
ecl’ eel eel’
(3.5) < lleonlll ol

Substituting (3.3), (3.4) and (3.5) into (2.10) completes the proof of this lemma. O
Lemma 3.2. The form ap(-,-) is Lipschitz-continuous in its first argument for
v=1

(3.6) |an(wi,v) = an(wa, v)] < Clffwr —wal[[ [[[v]l],  Vewr, w2, v € Vi

Proof. It follows from the definition of a(-,-) that

ap(w1,v) — ap(we,v) = Z / a(w1, Vwi) — a(wz, Vws)) - Vodz

KeTh

+ Z / ap(wi, Vwi) — ag(wz, Vws)) vde
KeTh

(3.7) =3 [ {ateor, Veon) = afion Vi) ol

ecll

Jrz /w1 *wz
ecll

= L+ -+ 1L

Applying Cauchy-Schwarz inequality, (2.8), assumption (A) and (2.12), we deduce
that

3.8) I < Clwr — wall + w1 = walr,n)|vin < Clflwr — walll [[o]]]-
Similarly, we have

(3.9) [T2] < Clllwr = wal[[ {[[]]]
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Using Cauchy-Schwarz inequality, (2.8), Lemma 2.2 and (2.12), we can bound I3

Bl 3 (% (e, Vi) - aten Vo)) as) 1

> (7 [oras)
(58 s s (22 )

ecll

(3.10) < C(Z h—K/aK (a(wr, Vwr) — a(wz, Vws))? d5> [[1o]1]

KeTy,

=

IN

1
2

1
< C—1<Z hK(||w1—w2||3,aK+||V(w1—w2)||3,ax)> []]]
7 \KkeTs
1
< 07—%(||w1*w2||+|w1*w2|1,h)|||v|||
;1
< C'—|lwr — woll[ [I[v]l]-
72

The estimation of the fourth term I on the right-hand side of (3.7) is easy

1 1
3 2
gl i
L < (Z 7l w21||3,e> (Z h—||[v]||%,e>
eell € ecl ¢
(3.11) < Olflwr = o[ [[fo][]-
Combining (3.8)-(3.11) with (3.7) yields the desired result (3.6). O

Lemma 3.3. There exists a constant vo > 1 such that for v > ~o, an(-,-) is strongly
monotone in the sense that

1 .
3 min(a, 1)|||w; — cug|||2 < ap(wi,w; — wa) — ap(we,w; — wa), VYwi,ws € Vj,.

Proof. Setting w = wy — wy, from the definition of ay(-,-), we have

ap(wi,w) — ap(wa,w) = Z / a(wr, Vwi) — a(ws, Vws)) - Vwdz
KeT,
+ Z / ap wl,le) — ao(wg,ng))wdac
KeTy

(3.12) —Z/{a w1, Vwr) — a(ws, Vws) } [w]ds

eel’
+ 3% [lpa
eel’
= Ji+-+ s

In order to formulate a; (w1, Vwi) — a;(ws2, Vws), i = 0, 1,2, we introduce the nota-
tion ¢,n, 7 € R? and set

Obviously, we have

20 =00, ) = 0D, 0= D FEC+Hn = )y ~ ).
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Then

(313)  ailn) —au(() = / dl(t)dt = Z / — )y — ¢)dt

Thus

B1) S @ -a)n— 3 / 081 1ty — )y — ¢)mdt.
=0 i,j=0 8€J

Setting 7 =71 — ¢ in (3.14) and using the assumption (B), we immediately obtain

(3.15) aZ(m —G)? < Z (ai(n) — ai(¢)) (i — G)-

Let ng = wy1,m = g—“ﬁ,ng = g—‘;; and (p = we,(1 = &Cl,CQ = 6”2 . Inserting them
into (3.15), we can get the lower bound on J; + J2 on the right- hand side of (3.12)
(3.16) o Z |w1 —w2|iK < Ji + Jo.

KeTh
Then, from (3.16), the definitions of ||| - ||| and J4 on the right-hand side of (3.12),
we know that
(317) min(a, 1)|||w1 — w2|||2 < Ji+ Jo+ Js.

From (3.10), we get the estimation of the third term on the right-hand side of (3.12)
C/

(3.18) [Js] < —[[wr — wall*
")/2

Combining (3.17), (3.18) with (3.12) yields

. c’
(3.19) (mm(a, 1) — T) [|lwr — w2l < ap(wi,w) — ap(ws, w).
v2

1/2

n(a, 1), we obtain the desired result.
O
We conclude this section by proving the existence and uniqueness of the solution
of (2.11) by means of a result from the theory of monotone operators. The proof
is the same as that of Theorem 2.5 in [30]. However, for sake of completeness, we
present the main steps.
we shall make use of the following result from the monotone operator theory (see
Theorem 3.2.23 in [40]).
Lemma 3.4. ([40]) Let H be a real Hilbert space with inner product (-, )y and norm
[| - I, and let L be an operator from H into itself. Suppose that L is Lipschitz-
continuous, i.e., there exists A > 0 such that

[|L(w1) — L(w2)||n < Aljwr —wally, wi, w2 €H,

Then, choosing o such that C’/~, %

and strongly monotone, i.e., there exists o > 0 such that
ollwi — wallF, < (L(wr) = L{ws), w1 — wa)y.

Then, L is a bijection of H onto itself, and the inverse L=1 of L is Lipschitz-
continuous on H :

L7 f = L7 gl < (Ao)||f — glln, Vf.g€H.

Theorem 3.5. Suppose v > ~o. Then the problem (2.11) has a unique solution.
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Proof. Using the Riesz representation theorem from Hilbert space theory, we shall
first rewrite (2.11) as an equivalent nonlinear operator equation L(up) = f on
H = V},. Then, applying Lemma 3.4, we deduce that this has a unique solution uy
in Vh.

We know that V}, is a finite dimensional Hilbert space with the norm ||| - |||
induced by the inner product (-, -), where

= w - vax l wllvidas.
(3.20) <w,v>KZ€:Th/Kv Vod +§he/e[ J[vld

Note that (f,vp,) is a bounded linear functional on V},. In fact, by Cauchy-Schwarz
inequality and (2.12)

[(Fs o) < AIHTonll < Cull £ loall] < Calllonlll, - Ca = Cillf]]-
Hence, by the Riesz representation theorem, there exists f € Vj, such that
(f,on) = (f,v), Vop €V},
Given any wy, € Vj, we consider the following linear functional on Vj,
(3.21) O, : Dy, (vn) = an(wn,vp), Yop € V.
From Lemma 3.1, we see that the linear functional ®,,, is bounded on V3, i.e.,
(@0, (vn)] < Ca(1 + lllwnlDlllonlll < Calllonlll,  Ca = Cao(1 + [llwnll)-

Then, by virtue of the Riesz representation theorem, there exists £(wy) € V3, such
that

(3.22) Dy, (vp) = (L(wn),vp), Yon € V.
As wy, passes through V;,, (3.22) defines the mapping of V}, onto itself
wp € Vi — E(wh) eV,

Thus, we rewrite (2.11) as a nonlinear equation: find uy, € V}, such that L£(uy) = f£.
From Lemma 3.2, we know that the mapping wy, — £L(wy,) is Lipschitz-continuous
with respect to the norm ||| - ||[,

L) - L)l = sup [E@D) = L2).vn)l
meve Mol

o [P~ )
ey llenll
e @100 — anwa )

nEVh [[lonlll

IN

C’5|||(,L)1—C,u22|||7 le,wgth.
From (3.22), (3.21) and Lemma 3.3, we see that the mapping £ is strongly monotone
(L(wi) = Lwz) w1 —w2) = Py, (w1 — w2) — Puy (w1 — ws)

an(wi, (W1 —wa)) — an(wa, (W1 — w2))

Cé|[Jwr — wa[]*.

Y

Then, from Lemma 3.4, we know that £ is a bijection of V}, onto itself. Hence, for
any f € Vj,, the equation L(uy) = f, which is equivalent to (2.11), has a unique
solution uy € Vj,. O
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4. A posteriori error estimates

In this section, we present the a posteriori error estimates on the error in the
energy norm ||| - |||= for the DG method.

4.1. A reliable a posteriori error bound. In this subsection, we propose
the residual-based a posteriori error estimators and derive the computable upper
bounds on the error (u — uy) in the broken H!-seminorm and in the energy norm
TR

In our a posteriori error analysis, an important technique, which was employed in
[31, 33, 35, 36, 37], is the decomposition of the discontinuous finite element space
Vi, into two orthogonal subspaces: a conforming part Vi = V;, N HY(Q), and a
nonconforming part Vhl defined as the orthogonal complement of V,¢ in Vj, with
respect to the energy norm ||| - |||, i.e.,

Vi, :V;f@v;f‘

Based on this setting, the discontinuous Galerkin approximation u; may be split
accordingly,

(4.1) up = uf, + u.

The following lemma describes the approximations of discontinuous finite ele-
ment functions by conforming ones, which have been established in Theorem 2.2
and Theorem 2.3 in [35] for conforming and nonconforming meshes (see also The-
orem 2.1 in [36]).

Lemma 4.1. For each v, € V}, there is a constant C{j independent of h and vy,
such that

(42) i35 = lon = Vi35 < Co D he M lonlll5 e
ecll
and
(4.3) llon = Vi[> < C D hel[[oall3 .-
ecll

From Lemma 4.1, we know that

(4.4) > BCllon = vill§ s + 10730 < Clllvalll -, Von € Vi
KeTh

Houston, Siili and Wihler [33] obtained an approximation result in the hp-
discontinuous finite element space on the nonconforming mesh. Here we state it in
the case of h-discontinuous finite element space.

Lemma 4.2. For each v € H}(Q), there exists a function vy € Vi, such that

> il = orll§ e + v = vl g + Rt lo = vrllf o) < Cloli
KeTh
The following approximation result will also be used in the a posteriori error
analysis.

Lemma 4.3. For each v € H} (), there exists a constant C independent of h such
that

Y (hilllo = v5lI5 s + o = vflF ke + bl = o115 ox) < Clofi,
KET),
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where v§ € V)¢ is the conforming part of vr and vy is given in Lemma 4.2.
Proof. Using Lemma 4.1, [v] = 0 and Lemma 4.2, we get

> (hilllvr = v§IB & + lor — w5l k) <€ b MIdlff
KeTy, ecld

=CY h Ml = vrlll5e
(45) ecl’

<C Y bt = villg ox
KeTy,
< Clvf3.

It follows from Lemma 2.2 and (4.5) that

(4.6) > htlor = vfll5ox < C Y killlor = v§l5 x < Clofi.
KeTy KeTh

Then the proof is completed by combining (4.5) with (4.6).

1011

O

The following lemma gives a representation of the error (u — uyp), which plays a
key role in the a posteriori error estimation. A novel contribution in Lemma 4.4 is
that, by introducing the functions v = u — u§, and v{ which satisfy [v] = [vf] = 0,
the penalty parameter v disappears from the representation of the error. This will

lead to the upper bound without + for the error in the broken H'-seminorm.

Lemma 4.4. Assume that u € H'(Q) and uy, € Vi, are the solutions of (2.1) and
(2.11), respectively. Then for the error u —up and v =u —u§ € H} (), we have

I = Z /K (a(u, Vu) — a(up, Vup)) - V(u — up)de

KeTh
+KZE:T}L/K(30(U,VU)ao(uh,Vuh)) (u — up)dz
= K;T}L/K(erV-a(uh,Vuh)ao(uh,vuh)) (U*’U;)dm
(4.7) — Z /[a(umvuh)](v —v§)ds

ecl’'; V€

- u u) — Up, VU . ’U,l T
K;/K@l( ,Vu) — a(up, Vuy)) - Vujd

_K;’,L/K (a0 (u, Vu) — ag(up, Vup)) uy dz

= Ki+Ky+ K3+ Kjy.

where v§ € V¢ is the conforming part of vi and vr is given in Lemma 4.2.

Proof. For v = u — u§ € Hj(Q), we have v; € V}, and v§ € V}¢. Then, from (2.9)

and (2.11), we get

(4.8) a(u,v) — ap(up,v) = (f,0) — ap(un,v) = (f,v —vf) — ap(up, v — v7).
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Since v —v§ € H(Q2), we have [v — v§] = 0. Then, it follows from the definition
of ap(-,-) and Green’s formula that

ap(up,v — v7)

= Z /Ka(uh,Vuh)~V(v—vf)dx+ Z /Kao(uh,Vuh)(’ufvf)dm

KeTh KeTy,
= — Z / V - a(up, Vup)(v — vf)dz + Z/ a(up, Vuy) - vg (v — v§)ds
KeT, 7K KeT;, V9K
+ Z / ag(up, Vup) (v — vf)da.
KeT, 'K

Using the following identity,

Z /BK a(un, Vup) - vg (v —vf)ds = Z {a(up, Vup)}Hv — vi]ds

KeTh, ec ¢
(4.9) + 3 [ [a(un, Vun){v — vf }ds,
ecl'; V¢

and the fact [v — v§] = 0, we have

Z /81( a(up, Vup) - v (v —vf)ds = Z [a(un, Vup)] (v — vf)ds.

KeTh eel’r V€
Then
ap(up,v—0f) = — Z V - a(up, Vug) (v — vf)de

KeT, 'K

(4.10) + Z [a(up, Vug)](v — vf)ds
ecl; V€

+ ) / ap(un, Vun)(v — vf)da.

KeT, 'K

Inserting (4.10) into (4.8) gives

a(u,v) — ap(up,v) = KEZT}L /K (f +V -a(up, Vup) — ag(up, Vug)) (v — vf)de
(4.11) =Y [ [alun, Vup))(v - vf)ds.

On the other hand, by the decomposition uy = uf + u# and v = u — uj,, we know
that v = (u — uyp) + ui-. Then, it follows from the definition of ay(-,) and [v] = 0
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that
a(u,v) —ap(up,v) = Z / (a(u, Vu) — a(up, Vup)) - Vodz
KeT, VK
+ Z / (ao(u, Vu) — ag(up, Vup)) vde
KeT, 7K
= Z / (a(u, Vu) — a(up, Vup)) - V(u — up)dz
KeT, K
(4.12) + Z / (ag(u, Vu) — ag(un, Vup)) (u — up)dx
KeT, 'K
+ Z (a(u, Vu) — a(up, Vug)) - Vuidz
KeT, 'K
+ Z / (ag(u, Vu) — ag(un, Vup)) ujibdz.
KeT, /K
Combining (4.11) with (4.12) completes the proof. O

Motivated by the above lemma, we introduce the following locally computable
quantities which will be used in the definition of the residual-based a posteriori
error estimators.

Definition 4.1. On each element K € 7;, and e € I', define the element residual
and the edge residuals by, respectively,

Rk = f+ V- a(un, Vup) —ag(un, Vun), Je1 = [alun, Vup)le, Je2 = [unle
and define the local error estimators n%, 77371 and 7)22 by
i = il Rcll3 e, 120 = hellJeallf e 125 = he 1 Jeall5 -
Define the global error estimators by

1 1 3
R = (Z ﬂ%{) s NIl = <Z 773,1) v a2 = <an2> ‘

KeTh ecl'r ecl’

=

Remark 4.1. Our estimator 7, is independent of the parameter ~.

We are now in position to develop a reliable estimate for the error (u — up) in
the broken H'-seminorm for the DG method.
Theorem 4.5. Assume that w and up are the solutions of (2.1) and (2.11), re-
spectively. Then

(4.13) |u —uplin <CMr+ns1+n72)-

Proof. Similar to the derivation of (3.16), we can get the lower bound on the
left-hand side of (4.7)

(4.14) alu — uhﬁh =« Z |lu — uh|iK <IIL
KeTh

Next, we will estimate the terms on the right-hand side of (4.7) separately. First,
since v = u — uj and up = uj + u,f, we have by the triangle inequality

(4.15) ol = [(w = uf, = up) +ujl < Ju— wnlun + uiy s
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Applying Cauchy-Schwarz inequality, Lemma 4.3 and (4.15) lead to

: :
<Z hiIIRKIIS,K) <Z h?fllvvﬁllg,x)

K1 <
KeTy KeTn
(4.16) < Cinrlvh
< Cnr (Ju—unlip + ui|in) -

Then, using the following generalized arithmetic-geometric inequality
€
2
and the arithmetic-geometric mean inequality to estimate the terms including |u —
upl1,n and |ui|1,, on the right-hand side of (4.16), respectively, we have

€ CyQ Cy Cﬂ
(4.18) |K1| < §1|u—uh|ih+ (2—611+71) 7712%+71|uﬁ 2

Using Cauchy-Schwarz inequality, Lemma 4.3, (2.6), (4.15), (4.17) and the arithmetic-
geometric mean inequality gives

Ko <Y [Maun, Vun)llloe - [[v = vllo.e

2
(4.17) cab < —a® + ;—662, Ve > 0,

eel'y
1 1
2 1 2
2
< C <Z he||[a(uh,Vuh)]||3,e> : (Z h—||v - ’U?Ho,e)
ecl'r ecl €
(419) § Cé’/](]71|1)|1
< Cymaa(lu —unlin + up|1n),
€2 052 Cy 2 Gy 12
< §|U - Uhﬁ,h + <2_€2 + > )M + 7|Uh 1h

Applying Cauchy-Schwarz inequality, (2.8) and assumption (A), we have
(420)  |Ka|+ Kl < Y lu—wnll,xllug |l < Cllu = unllynllug||1,n-
KeTy

Noting that [u] = 0, by virtue of Lemma 2.3 we have that

[lu —unlli,n < |u—uplin+ |Ju—usl|
< Ju—unlin + Clffu = unl|]-
1 3
(4.21) < Clu—uhll,h+0(Zh—ll[u—mlllé,e>
ecl ¢
< Clu—uplip+Cnya.
Since [u§] = 0, we have [uj-] = [uj- + u§] = [up]. Then, by Lemmas 2.3 and 4.1
iy lln < iy fn + )< Juy [+ ]
L Lo )
< Clupylin+0C Zh_”[uh]”O,e
e
ecl
%
1
(4.22) < Cluﬁl1,h+0<Zh—ll[uh]llﬁ,e>
ecl ¢
< Cnyp.
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Substituting (4.21) and (4.22) into (4.20) and using (4.17) gives

|Ks|+ [Ka| < Chlu—unlinniz +Ciny
012
+ 2—377.21,2 + C:’sﬁ%,Q-
€3

From (4.14), (4.7), (4.18), (4.19), (4.23) and Lemma 4.1, we have

€1+ €3 +e cP o
alu—unlty <1< EREN e, (R T

(4.23)

IN

§3|“ - uhﬁ,h

2 2€1 2
s C cr+C CH
(4.24) - (2—2 + 7) ny1 + (1720{) 7t 03)
Taking ¢; sufficiently small such that
€1 + €2 + €3 «
4.2 - = < —,
(4.25) 2 -2

Then, combining (4.25) with (4.24) yields

« C1 C Cs C.
§|U*uh|ih < <?+j)n12z+<2—+72)n3,1

C+C4 C
+<%Cé 2 +03> 712],2;

which completes the proof. Il
Using Theorem 4.5, we immediately obtain the upper bound on the error in the

energy norm ||| - ||| .

Theorem 4.6.  Assume that u and up, are the solutions of (2.1) and (2.11),

respectively. Then

(4.26) llw = unlll- < C(r +n51 +152)-
Proof. It follows from [u] = 0 that
(4.27) Y oh Ml —unlllfe =D b M lluallls.. = n3
ecl eel
Then, the desired result (4.26) follows from the definition of |||-||| =, Theorem 4.5 and
(4.27). O

4.2. Efficiency. In this subsection, we derive the local lower bounds on the error
(u — up).

To derive the bounds, we introduce the oscillations of the element residual Rx
and the edge residual J. ; as

OSC%%,K(WZ = hkl||Rx — HKRK”O K> oscg’e(uh) = hel|Je _HeJeJH(Q},ev

where I R is the element-wise L?-projection of R onto the space Z,_1(K) and
I Je,1 is the L2-projection of Je1 onto the space P,_1(e). We denote the total
oscillation by

1
2
osch uh (E OSCRK uh —+ E oste uh> .

KeTy ecl'y

As auxiliary tools, we need the following bubble functions ([54]). For each tri-
angle K € Ty, denote by A 1, Ak 2, Ak 3 the barycentric co-ordinates. Define the
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triangle-bubble function bx by

(4.28) b = { 2TAk 1 K 2AK,3, on K,

0, on O\K.

Given an interior edge e = 0K1 NIK> and w, = K7 U K5, enumerate the vertices
of K7 and K5 such that the vertices of e are numbered first. We then define the
edge-bubble function b. by

(4.29)

b — 4)\}(“1)\1(“2, on K;i1=1,2,
‘o 0, on Q\we.

It is easy to see that supp bx C K,0 <bg <1, supp be C we,0<b, <1.

Now, we give the lower bounds for the error indictors ng, 1,1 and ne 2.
Theorem 4.7. Assume that u € H' () and uy, € Vj, are the solutions of (2.1) and
(2.11), respectively. Then, we have the following local lower bounds on the error
U — Up -

(i)for each element K € Ty,

(4.30) ng < C(HU*Uh||1,K+OSCR7K(uh)).
(ii) for e = 0K; NOK; and we = K1 U Ko,
N1 < C (||u — un||1,h,w. + (05CR, K, (un) + 0scr Kk; (un)) + OSC]’S(U}I)) .

(iii) fore €T,

_1
(4.31) Ne,2 = he * [[[u — un]|lo.e-

Proof. We present proof of the three assertions separately.
Assertion (i): By triangle inequality,

hil|Rillo,.x < hx|MIxRillo,x + hi||Rxk — xRk l|o.x
(4.32) < hK”HKRKHO,K + OSCR,K(uh).

Thus, we only estimate hx||Ilx Rx||o,x in the following. Since bx > 0 on int(K),
([4()2bxdx)'/? defines a norm on L?(K), equivalent to the L2 norm on P (K) for
any fixed k. Thus, there exists a constant ¢} > 0 independent of hx such that

(4.33) c’1||HKRK||(2)7K§/(HKRK)Qbde.
K
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From the definition of Ry, (2.1), Green’s formula and supp(bxllxRk) C K, we
get

/(HKRK) bKdI—/ RK bKHKRK)dI-i-/ (HKRK RK)(bKHKRK)d
K K

/ (f + V- a(uh, Vuh) — ao(uh, Vuh))(bKHKRK)d:c

/ HKRK RK)(bKHKRK)dl‘

SO

N
/( V- a(u, Va) + V - aun, Vur))(bx Ik Ric )da
(4.34) + / 0, Vi) — 2 (un, V) (b I Ric )
+ / (g Ric — Ric)(breTlie Ric )
- / (a(u, Vu) — a(un, Vup)) - V(bx I R )da

+ / (a0 (11, V) — a0 (un, V) (bic I Ric )

+/ (HKRK—RK)(bKHKRK)dx
K

=Q1+ Q2+ Q3.

Using (2.8), Cauchy-Schwarz inequality, assumption (A) and the inverse inequality
[14], we get

Q1] + Q2] < Cllu — upl|1, kx| bxIk Ri |1,k
(4.35) < ChigM||u — un||1, k| |bx Ik Ric| |0,k
< Chitllu — unll1, x|k Ric[lo, 5
Using Cauchy-Schwarz inequality and max,¢cx bx () = 1, we have
Q3| < |[Rx —lxRkl|o,x||bxlxRillo,x
(4.36) < |[Rx — g Rkllo,x |k Ri o,k
Combining (4.34), (4.35), (4.36) with (4.33) yields
hi|Hk Rillo,x < Cllu — un||1,x + Chi||Rr — Uk Ric|lo k-
The desired result follows from (4.32) and the above inequality.

Assertion (ii): Let e = K7 NOK> and suppose that e is a full edge of both K7 and
K. If e is not a full edge of one of the triangles, we can prove this assertion as in
[35]. By triangle inequality once more,

1 1 1
(4-37) hé ||Je,1||0,e < hé ||H6Je,1||0,e +hé ||Je,1 - HeJe,1||07e-

Similar to (4.33), we have

(4.38) hlMedeqllfe < /(HeJe,l)Qbeds = R.

e

Extend Il.J. 1 to a function ¢ defined over w. by extending by constants along
lines normal to e. From the definition of b., we know that b,y € H}(we). Then, by
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Green’s formula and (2.1), we rewrite the term on the right-hand side of (4.38) as
follows

R:/(J&l)(beHeJe,l)dS + /(HeJeJ — Je71)(beHeJe71)d5
e

e

Z/ a(un, Vup) - V(bew)dz + [ Vi -a(up, Vup)(beyp)dx

We

+/(H6Je,1 - Je,l)(beHeJe,l)dS
e

:/ (a(up, Vug) — a(u, Vu)) - V(bep)dz +/ a(u, Vu) - V(bep)dz

We

+ [ V- alun, Vun)(bop)dz + / (Moot — Jor)(beTTdr)ds

We e

:/ (a(up, Vup) — a(u, Vu)) - V(beyp)dx +/ (ag(up, Vup) — ag(u, Vu)) (bep)dz

e e

(—V -a(u, Vu) + ag(u, Vu))(bep)dx

(Vh . a(uh, Vuh) — ao(uh, Vuh))(becp)d:c + /(HeJeJ — Jeﬁl)(beHeJe’l)dS

e e

:/ (a(un, Vup) — a(u, Vu)) - V(bep)dx +/ (ag(up, Vup) — ag(u, Vu)) (bep)dz

We

+/ (f + Vi -a(un, Vup) — ag(un, Vup)) (bep)da + /(HeJeJ — Je1)(belleJe1)ds

e

=Ri1 4+ Ros + Rs + Ry,

where V¢ is the function whose restriction to element K € 7T}, is equal to V.
From the definitions of b, and ¢, we know that

(4.39) 1bell . < M0ll6w, = /(HeJe,l)Ql(S)dS < hellTeJea|[f .

(&)

where [(s) is the length of line segment which is perpendicular to the edge e and
intersects the boundary of w.. Using (2.8), Cauchy-Schwarz inequality, inverse in-
equality [14] and (4.39), we have

[R1| + [Ra| < Cllu — unll1,nw.|be@l]1 0.
(4.40) < Ch Ml = unll1nw. | begllow,
< Che ®flu — unl 1| e Te ] o,
By Cauchy-Schwarz inequality and (4.39)
|Rs| < [|f + Vi - aun, Vun) — ao(un, Vun)|low. | [be@l]o,w.
(4.41) < ChZ||f + Vi - alun, Vun) — a0 (un, Viun)lo.w. |[Te e o.c.
Applying Cauchy-Schwarz inequality gives
(442)  |Ry| < Heden — JealloellbelleJenlloe < [[Meder — JealloelMede o
Combining (4.38), the equality R = Ry + Ra + R3 + Ry, (4.40)-(4.22), we have

(e Jello,e < Che ?[|u — up|li,nw, + ChE|If + Vi - alun, Vur) — ao(un, Vur)lfow.
(4.43) + |[Mede,1 = Jealloe-
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Multiplying he% on both sides of (4.43), and applying (4.37) and assertion (i) yield

the result.

Assertion (iii): This is a simple consequence of the fact that [u] = 0,Ve € T". O
Using Theorems 4.7 and Lemma 2.3, we have

Theorem 4.8. Assume that u € H' () and uy, € Vj, are the solutions of (2.1) and

(2.11), respectively. Then, we have the following a posteriori lower bounds on the

error u — up, in the energy norms ||| - |||-

nr+ns1 +ns2 < Cf||lu — upl|||- + Coscr (up).

Remark 4.2. Since oscp(up) is a higher order term, from Theorems 4.6 and 4.8,
we see that nr + 17,1 + 7,2 is a reliable and efficient a posteriori error estimator of
[ = unl]]-

5. A priori error estimate

In this section, we derive the error estimate in the energy norm |||u — wup||| of
(2.11). We first prove an abstract lemma.
Lemma 5.1. Assume that u € HY(Q) and uy € Vi, are the solutions of (2.1) and
(2.11), respectively. Then, for~y > 7o, there exists a positive constant C independent
of h and =y such that

: ,on — %) — ap(vn, o — 5
lu—unll <C int (u—oalll + sup LPn=9¢h)—anlonon= i) )
vnE Vi oneVi\{0} sonll|

where ¢, is the conforming part of op.
Proof. Choose v, € V}, such that vy # wup. Let ¢ = up — vp,. From Lemma 3.3,
(2.11) and (2.9), we have
Clllun —wnlll> < anlun, dn) — an(vn, )
(fa ¢h) - a/h(vha ¢h)
(5.1) = a(u,¢p) — an(vn, ¢5,) + (f, o0 — @) — an(vn, on — ¢4),

where ¢§, € V) is the conforming part of ¢y. Therefore,

(52) |||uh *'Uh||| S C <(l(u,¢2) 7ah(vh7¢(}:1) + (fa‘ybh 7(725(}:1) 7ah(vh7¢h (b(}i)) )
I[[un — vnlll [Hawn = wnlll

Since ¢¢ € Vi, N H (), by the definitions of a(-,-) and ap(-,-), we have

a(u, 3) — ap(vn, ¢5,) = Z /K(a(u,Vu) —a(vp, Vup)) - Voida

KeTn
(5.3) + Z /(ao(u,Vu) — ag(vp, Vop))ohdz.
KeT, 7K
Then, by (2.8), Cauchy-Schwarz inequality, (2.12) and Lemma 4.1

la(u, ¢4) — an(vn, ¢7)| < Clllu—onll] [|65]]1.n
< Olllu—wnlll (165, + én llin + [1di111.0)
(5.4) < Clllu—wnlll |l[&nlll
< Ollfu = wnl] [fun = vnlll
Obviously,

(f,¢h—¢2)—ah(vh,¢h—¢ﬁ)< sup (f,on — ¢5) — an(vn, on — ©5,)

(5.5) <
llnlll erneVi\{0} [Hnlll




1020 C. BI AND Y. LIN

The desired result follows from (5.2), (5.4) and (5.5). O

(f#Ph*tpi)‘iahl(lilfhﬁphfwi) ]
Ph

Lemma 5.2. There ezists a positive constant C' independent of h and ~ such that

The following lemma gives the upper bound on the term

(f,on — ¢5) — an(vn, on — ¢5,)

(56) Tonl

< C(|llw = vnll] + oscn(vn))-

Proof. Let ¢, = ¢ — ¢f,. From the definition of ay(-,-), we have

(Fn) =an(onn) = (o) = 3 [ alon Vo) - Vinds

KeTn
(5.7) - K;’ /K ag(vp, Vop )ndz
+3 [(@n v onds = 3 7 [nlfvnas

It follows from Green’s formula and (4.9) that

a(vp, Vuy) - Vipde
K;-h/K hs VUn h
— Z /K V- a(vh, Vop)pdx + Z

/ a(vh, Vvh) . VKwhdS
0K

KeTn KeT,
= — Z/V.a(vh,Vvh)whdx+Z {a(vn, Vup) Yon]ds
KeTn K ec vV ¢®
+ 37 [[alvn, Von){vn Hds.
ecl'; V¢

Then, (5.7) becomes

(fs¥n) —an(vn,¥n) = Z /K(f + V- a(vp, Vo) — ag (v, Vop))bpda

KeTy,
(5.8) =Y [l e wnds = 3 L [fownlas
= T+ }2 + T5.

From the proof of Theorem 4.7, we know that

(5.9) > Billf + V- a(vn, Von) — ag(vn, Vor)|[§ i < Cllu = vnl[3 ;, + Cosci (vn),
KeTh

and

(5.10) > hellla(on, Vou)Ig.e < Cllu = val[f 5, + Cosc (vn).

ecl'y
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Applying Cauchy-Schwarz inequality, (5.9) and (4.4) gives
Ty < Y (I + V- a(on, Vou) = ag(vn, Vou)|lo.x [0,

KeTh
1
2
(5.11) < C(llu = val[1,n + oscp(va) <Z hK||90h—<Ph||0K>
KeTy
< C(llu = wall1,n + oscn(vn)|llenll]-
< C(llu = wall1,n + oscn(vn)llenll]-

The second term on the right-hand side of (5.8) can be estimated as 77 by using
(5.10), Lemma 2.2 and (4.4),

l 1
2
Tl < (zhn V) ||Oe) (zhluwh}nw)
ecl'r ecl'r
1
2
< C(llu = val[1,n + osc(va) (Z h 1||¢h||omr<)
KeTn
1
2
(5.12) < C(llu = val[1,n + oscp(va) <Z hK||90h—<Ph||0K>
KeTy
< C(llu = wnll1,n + oscn(vn)|llenll]-
< C(llu = wall1,n + oscn(vn)llenll]-

Since u € H}(Q), we have [u]. = 0,Ve € I'. Then, the third term on the right-hand

side of (5.8) becomes
Z /vh — u][¢hn]d

eEF

Using Cauchy-Schwarz inequality, [¢f] = 0 and Lemma 4.1, we get

(Z ol mnae) (Z hlemwhmae)

Clllw = walll lllenlll
= Cllfu=wnlll llen = 5]

- 0|||u—vh|||<|soh—soh|1h+2 - [lonpa )

ecl

| T35

(5.13)

IN

< Clllu = wnlll lllnlll-
Then, the desired result follows from (5.8), (5.11)-(5.13) and (2.12).
From Lemmas 5.1 and 5.2, we have
Theorem 5.3. Assume that u € H' () and uy, € Vj, are the solutions of (2.1) and
(2.11), respectively. Then, there exists a positive constant C independent of h and
~ such that
(5.14) llu—unl[] < C inf ([|lu—wvnl[| + oscn(vn)) -
v €V

h

If u € H'T5(Q),0 < ¢ < 1, and using the discontinuous piecewise linear finite
element space V;! in (2.11), we have
Theorem 5.4. Assume that w € H'™(Q),0 < & < 1, and up, € V;' are the
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solutions of (2.1) and (2.11), respectively. Then, there exists a positive constant C
independent of h such that

(5.15) [lu —un|l] < Ch®|uli4e,2 + o(h).
Proof. It follows from Theorem 5.3 that
(5.16) [[lu — un|]| < C|||lu — usl|| + Coscp(ur).

Then, by the definition of the energy norm ||| - |||, Lemma 2.1 and the following
interpolation estimates

llu—urllox < Ch' e ulipenk, |u—urli,x < Che|ulites K,

we get
i
= wrl[P = Ju—wrlfy + 5= —urlff
ecl  ©
g
< Ch*|ulfi o+ Z h_||U*UI||g,aK
KeT K
(5.17) < On*luffn +C Y (hilllu—wrllf g+ lu—uslf )

KeTy
< Ch2€|u|%+a,2'

From the definition of the total oscillation, we know that oscy (ur) is a higher or-
der term, which tends to zero faster that O(h), i.e., oscp(ur) = o(h), see [10, 54] for
details. Then, the desired result follows from (5.16) and (5.17). O
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