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ASYMPTOTIC EXPANSION AND SUPERCONVERGENCE FOR
TRIANGULAR LINEAR FINITE ELEMENT ON A CLASS OF
TYPICAL MESH

HAIYUAN YU AND YUNQING HUANG

Abstract. In this paper, we present a new approach to obtain the asymptotic expansion and
superconvergence for the linear element on Union Jack mesh. First, we construct a generalized
interpolation function and its discrete harmonic extension by using the energy embedding method
and the method of separation of variables. Then, we present elaborate estimates for the gen-
eralized interpolation function and the harmonic extension. Finally, the asymptotic expansion,
superconvergence and extrapolation are obtained based on those estimates.
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1. Introduction

The research of superconvergence of triangular linear finite element can be traced
to [2,3] in the late 1970’s, but the work was only aimed at uniform meshes in the
sense of 3-directional parallel. Later, the superconvergence results of triangular
quadratic element were also obtained for uniform meshes in the sense of 3-directional
parallel[15].

In the middle of 1990’s the local symmetry theory developed by Schatz et.al [12]
verified that on the quasi-uniform meshes, the finite element solution has the su-
perconvergence at the mesh symmetry points far from the boundary. Babuska et.al
[1] considered four typical quasi-uniform mesh patterns: Regular mesh, Criss-Cross
mesh, Chevron mesh and Union Jack mesh. Applying ”computer based proof”,
they found that the mesh symmetry points on the whole domain are derivative
superconvergent points for the triangular linear finite element.

In recent years, superconvergence of finite element methods has been a subject
of active research due to its strong relevance with a posteriori error estimations for
the adaptive finite element method. Lin and Zhang in [10] demonstrated that under
the above mentioned four mesh patterns, the mesh symmetry points are ”almost”
all superconvergent points for linear and high order elements. The authors of [4]
and [15] proved that the mesh symmetry points are all superconvergent points for
Chevron and Criss-Cross triangular linear finite elements.

In the above four meshes, the topological structure of the Union Jack mesh is
comparatively complex. Furthermore, for general mesh with periodic structure, it
is difficult to get the superconvergence, extrapolation and asymptotic expansion by
the traditional methods, because it can’t accurately characterize the influence of the
Dirichlet boundary to the finite element asymptotic states. For example, numerical
experiment indicates that the symmetry points near the boundary for triangular
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cubic element are not superconvergent points. Combining the numerical results of
[1], they show the surprising property of the finite element superconvergence.

In this paper, we consider the Union Jack triangular linear element for the
Poisson equation with Dirichlet boundary condition. Using the energy embedding
method, first we construct a generalized interpolation function, whose value at the
node is only high accuracy approximation to the interpolated function. Note that
this interpolated function does not belong to the finite element space, because it
doesn’t satisfy the homogeneous boundary condition. Then, we construct a discrete
harmonic extension corresponding to the interpolation function by the method of
separation of variables. The difference between this discrete harmonic extension
and the interpolation fuction belong to the finite element spaces. By this means,
we can get asymptotic expansion, superconvergence and extrapolation. The key
idea is to construct the discrete harmonic extension of the generalized interpolation
function.

An outline of this paper is as follows. In section 2, we will introduce the Union
Jack triangular linear finite element space and construct a generalized interpolation
function with high accuracy approximation. In section 3, we introduce the discrete
harmonic function and give the characteristic lemma to construct discrete harmonic
function by the method of separation of variables. Then in section 4, we get the
main theorem about the asymptotic expansion for the Union Jack triangular linear
finite element. Also, we present superconvergence and extrapolation results for the
Union Jack triangular linear finite element.

2. Union Jack Linear Element and Preliminary Lemmas

As shown in Fig.1, let Q = (0,1) x (0,1), Q" be the Union Jack partition of 2,
2h and N be the mesh size and the partition number, respectively, and N = %
Linear finite element space on the Union Jack mesh is defined by

Vi ={v:veCQ)nNHYQ),v|r € P,VT € Q"},

where P, is the set of polynomials of degree k.
We consider the following model problem

_Au:fa (x,y)GQ,
ulan = 0.
The finite element solution of the above equation u; € V}, satisfies

A(uhavh) = (fa vh)v Yoy, € Vha

where

Au,v) = A VuVudzdy, (u,v) :/qudxdy.

Denote the node index sets by
S={(k1): k,1=1,2,...,2N — 1},
S={(k,0):k,1=0,1,...,2N},

k+1
Sp=A0n0): (k) € 5, L e 73,
_ — k+1
Sp={(k): (k1) € 5, L c 7y,

where p = 0,1, and Z represents the set of integers.
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Yi

0 1 X
F1G 1. Union Jack mesh.

Let ¢1,; be the interpolation basic function corresponding to the node (kh,lh)
of V},. Then we have

Vi, = Span{@w : (k,l) € S}

By simple calculation , we have

4, (iuj):(kvl)u

(1) A((bi,jad)k,l) = _17 (17.7) = (kﬁ:l:l,l)OT(k,l:tl),
0, otherwise,
4

§h2, (k,1) € S,
(2) (1, ¢,) =

§h2, (k,1) € S1.

Lemma 2.1. Let F(u) be a linear operator, which, for any u € P,,, salisfies

boh™up, (k1) € So,

A(F(u)7¢k¢,l) =
bih™up, (k1) € St
here yod — 07 d =m, bo and b independ
where w)" = W(kh,lh), and a+ 5 =m, by and by are constants independent

of k,l,h and u. Furthermore let
Gm = Z (Gm)i,jd’i,jv
(i,5)€S
where B
0 ) (Zv.]) € SO;

(Gm)ij = 2b1 — by —
> B (o
Ty Yij o (i,7) € S1.

and W, satisfy
bo+b
—AWp, = %ua’ﬁ, (x,y) € Q,

Winlaa = 0.
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Then for any u € Py, (k,1) € S, we have
A(F(u) — h"Gypy — W™ * Wiy, 1) = 0.

Proof. Using (1) and (2) noting that u € P, implies u®” is a constant, we have

A(Grm d11) = 4GCm)ki = > ((Gm)ktps + (Gm)kiip)

p==£1
2by — b
—=5—us (kD) e s,
) 2 -b
5w, (kD esy,
and
2 m OZB
g(bo + bl)h uk:l , (k,l) € So,
(3) A(F(u) = K™ G, diy) = i

3 (bo +0)R™ ), (kD) € S1.

For any (k,1) € S, the definition of W, yields
AW, ¢1) =(=AWin, dr1)
bo + b1
=(=——u"", 1)

(4) 2
bo+b1 o
== 9 1uk,)16(17¢7€,l)'
And combining (2), (3) and (4), we complete the proof of Lemma 2.1. O

Remark 2.1 In Lemma 2.1, because the function G,, does not satisfy G,|aa = 0,
it does not belong to the space Vj,.

Denote
ur = Z Ui jGi g, Ur = Z Ui jPijs
(i,5)€8 (i,)€S
i.e., us is the interpolation function of u in Vj,. If ulgg = 0,%; = u;.
In the following, based on Lemma 2.1, we will construct a generalized interpola-
tion function @, of w in three steps.
Step 1. If u € Py, by direct calculation, we deduce

1
—§h2(Au)kﬁl, (k,l) S S(),
(5) A(u =g, pry) = 1
§h2(Au)k,l, (k1) € Sy.

From Lemma 2.1, we have

(6) Go= Y (Ga)ijdij,
(i,J)€S
where
0 9 (Zvj) € §07
(7) (G2)ij =19 1 _
’ E(AU)ZJ R (’L,]) S Sl.

Notice that by + by = 0. Hence we have
W2 =0.
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Step 2. If u € Py, similar to the above calculation, we deduce

1 1
h4(%A2u — —u2’2)k71, (k,1) € S,

8)  Alu—1ur —h>Ga,dpy) = | 6
4 2 2,2
h (%A u — g’u )k,l’ (k,l) S Sl.
From Lemma 2.1, we have
Gy = Z (Ga)ijbij,
(i,5)€S
where
0 9 (Zvj) € g07
(9) (Ga)ij = | R
(EA u — E'LL ’ )i,] ) ('L,]) S Sl

Furthermore, we obtain

1 1
_AW4 = ﬂAQU - 6“2727 (xvy) € Qa

W4|aQ =0.

(10)

Step 3. Denote
Te = Uy + h*Ga + Gy + W2 Wy

Using Lemma 2.1 and noting the symmetry of the node base ¢y ;, we have
(11) A(u — Ue, (bk.,l) =0, Yu € Ps, (k, l) es.

Using the Bramble-Hilbert lemma, we get
Lemma 2.2. For any u € C%(Q), we have

A(u - Eea d)k,l) = O(h’G)a (kv l) €S

3. The Discrete Harmonic Extension and Asymptotic Expansion

Denote

Vi, = Span{(bk,l : (k,l) S S}

It is easy to see that V3 C V. Hence, we can obtain the orthogonal decompo-

sition
Vh - Vh S¥) th_v

where th- is the orthogonal complementary subspace of V}, corresponding to V7.

The complement element is defined as follows
Definition 3.1 Let G € V,. If g satisfies
(1) g € Vs
(2) Alg, o) =0, V(k,1) € S;
(3) glon =G.
Then g is called the complement element or the discrete harmonic extension of G.
From the basic property of the finite dimensional inner product space, we have

Lemma 3.1. For any G € V,, the discrete harmonic extension of G erists and is
UNLQUE.

Lemma 3.2. Let G € Vj,g be the discrete harmonic extension of G. Then we
have

910,00 < 11GIlo,00-
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Proof. Noting A(g, ¢r,;) = 0 and from (1), we deduce
(12) Ag9k0 = Y (Grapit + Gratp) =0, ¥ (kD) € S,
p==£1

which is an irreducible diagonally dominant linear system. By the discrete maxi-
mum principle, we have

max _|gy,| = lgkt| =  max |G| < |Gllo,00-

(kh,lh)€Q (kh lh)eaﬂ (kh,lh)€dQ

This is the desired result of the lemma. O
Denote
13 AL () = 2 T \/ P I L
(13) ~(t) + (-1 cos —|— + ( COS2N) ,
/\h( ) /\h( )4N7j

(14) Sp(t) =

L= A
where r = 1, 2.

In the following ,we will give the following characteristic lemma to construct a
discrete harmonic extension by using the method of separation of variables.

Lemma 3.3. Let g satisfy
(1) g € th‘
(2) A(ga d)k,l) = Oa V(k,l) € S;
(3) gian = go; =g2n,; =0, 1,5 =0,1,...,2N and
0, 1 1s even,
i,0 = Lot
Ji0 251n;—]7vr,ms odd,

where t € ZT and t is not integral multiple of 2N.
Then for any (i,j) € S, we have

(15) 9is = (S}A(8) + (=1 71Sa(8)) sin 5.
Proof. Substituting (15) as the undetermined formula of g; ; to (12), we deduce
[4811(6) = (SI0.a(8) + 8411 (6) = 2501 (8) cos 5]
(- DM[ASE (1) — (SIa(0) + Sly2(0) + 250 (1) cos T3] =0, (k1) € 5.
Hence
Sty () =224 (-1)" cos 5 )Sl SO+ St () =01=1,2,.,2N —1,r =1,2.

And combining the boundary conditions of the function g, we get the conclusion of
the lemma. O

In the following ,we will use Lemma 3.3 to construct the discrete harmonic
extension gs of G (see (6) and (7)).

For any u € C3(12), based on (6), we consider the trigonometric sine expansions
of the function Au on the boundary of €2

AU |p—py= ZAn(t) sintry, ye€ (0,1);
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AU |y=p= Z B, (t)sintrz, x € (0,1),

where n = 0,1, A,(t) and B, (t) are the Fourier coefficients corresponding to the
function Au |z=, and Au |,—,, respectively, i.e.

1
(16) Ay(t) = 2/ AU |g=y sintmydy,
0
1
(17) B, (t) = 2/ Au |y—y sintrzdz.
0
From Lemma 3.3 and the linear superposition principle, we have
(18) g2= Y (92)i5%i
(i,5)€S
where

(92)i = 2—14 > [Ao(t) sin éLN” (SI () + (=1)7718k,(1))

(19) A () sin 2T (St () + (—1) Sl (1)

+ By(t) sin ;t;\; (SM (1) + (=1)" 1Sk, (1))

—|—Bl()sm (S2N J1()+( )l 1S2N J2( ))}

In the following, we will give the convergent result of the series (19).

Lemma 3.4. Let ¢ € C3[0,1] , a; be the Fourier sine series’s coefficient of the
function ¢. Then we have

ar = 2(6(0) - (~1)'6(1)) + o(t%), Viez*.

7t

Proof. Using integration by parts,we have

1
ay = 2/ () sintredx
0

1
= 2060 - C10) + % [ ) costraa
2 . 9 T .
= 2(60) = (1/0(1)) ~ =z [ ¢ (@)sintrada
= %(QS(O) — (-De(1)) + (wi)?’ [(¢N (z) costmc / ¢ (x)cos tmcdx}
2

Lemma 3.5. Let 0 <i < 2N,r e {1,2},t € Z+. Then
(1) SP.(4kN £1t) = SI' (1), ¥V k € Z;

(2) |5, (8)] < 4.
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Proof. (1) From (13) and (14), the conclusion is obviously valid.
(2) Noting that

SPa(t) = 87 (|t — 2N)).
Hence we only need to prove the boundness of SJ' (t).
If ¢ is the integral multiple of 4N, A\?(¢) = 1. Thus we have

)

St =1- = <4

SO =1~ g <
If t € ZTand t is not integral multiple of 4N, from(13), we have

t t
)\}f(t):2—cos%+\/(2—COS%)2—1

tm
>144/(2—cos )21
2 +\/( oS 5N
s 1
> 14 2sin—— >14—
> 1+ 2sin o> 14+,

1
(20) N =12 SN

Thus the bound

Ah t i _ )\h t AN —1
st ()] = | =0
’ 1= M @)sN
<27 AT ) <4,
is valid and the proof is completed. (I
_ i Sh (t) it
.. . g, .
Lemma 3.6. Let (i,5) € S, r € {1,2}. Then the series ; L s o

X (—1)tSh (¢ itm
and Z ()fjr() sin oN e convergent.
t=1

Proof. Let
h .
0y = @ g
t 2N
Then for any k € Z+, by Lemma 3.5, we have

! 1 1 itm
= — Sh () sin —
2 (4kN+t 4kN—t) (DS oy

t=1

aN-1
> (aarn—t + Gapn 1)

t=1

2N-1
8t 4
< < .
= ; (4kN)?2 — 2 — 4k2 —1

oo 2N—1
Hence the series Y. > (aaxn—t + GapN+¢) IS convergent.
k=1 t=1
Using Lemma 3.5 again, we have

aN-1 2N-1 1 1
B <4
; (laaxn—t| + |aapn4e]) < ; (4kN—|—t + 4kN — t)

16k
< — k .
_4k2_1—>0 (k — o0)
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o0 o0

So, we deduce that the series Y. a; is convergent. Similarly, the series > (—1)%a;
t=1 t=1

is convergent. O

Combining Lemma 3.4~Lemma 3.6, we have

Lemma 3.7. For any u € C%(QQ), the convergence of the series (19) holds true for
any (i,7) € S.

Now we will prove the main theorem of this section.
Theorem 3.1 Let u € C%(Q) N H}(Q) be the solution of the model problem.
Then the finite element solution uj, of u satisfies

(21) up = Uy + h2(G2 — 92) + h2W4 + O(h4_€),

where uy is the interpolation function of w in V},, G2 is defined by (6) and (7), Wy
by (10), g2 by (18) and (19), respectively, and ¢ is an arbitrary positive constant
independent of h.

Proof. Let (Wy);, be the finite element projection of Wy in Vj,. By the definition
(10) of Wy and [5], we know that Wy € C?7¢(Q) and

(22) (W) = Wy + O(h*7¢).

Let g, be the discrete harmonic extension of G,,(m = 2,4). From Lemma 3.2, we
have

(23) [gmllo,co < 1Gmllo,co S [1wllm, o0 m=2,4.
Set
(24) ue = us + h*(Gz — g2) + h* (G4 — g4) + h*(Wa)n.

Obviously, u. € V. Using Lemma 2.2, we have

Aup — te, ¢r) = A(u — e, drg) = O(h®), V(k,1) € 5.
From [7], the estimate
(25) Alun = ue,v) = O(hY)|Jv]l1,

holds true for any v € V},.
Combining (22)~(25), we complete the proof of Theorem 3.1 as follows

up = ue+ O(h|Inh|z)
= u1+h2(G2—gg)+h2W4+O(h4_€).

4. Superconvergence of the Union Jack Linear Element

In this section, based on Theorem 3.1, we will give the superconvergence of the
Union Jack linear element. In the asymptotic expansion (21) of the Union Jack
linear element, it is clear that u; and W, are global smooth function, G, is a
piecewise smooth function corresponding to the difference types of nodes, but gs is
a singular function. Thus the asymptotic characteristics of go will be discussed in
this section and it is the key to get the superconvergence of the Union Jack linear
element.
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4.1. Superconvergence of Finite Element Derivative.

Denote
1
(26)  (Qu)ij = D> _((92)it1-p — (92)i-1j—p + (92)it15—pt1 — (92)i1—pt1);

p=0

1
27)  (@y)ig = D ((92)ipys1 = (92)i-pj—1 + (92)iprigi1 — (92)i—pr1j1)-
p=0
Assume that the model problem solution v € C%(Q) () Hg (). From the hon-
ogeneous boundary and regularity of u, we know that Au(A;) = 0, where A;(i =

1,...,4) are the four corners of Q. Thus for the Fourier coefficients which are defined
by (16) and (17), form Lemma 3.4, we have

), Byt)=O(=

(28) Ay(t) = O =)

t3
where t € Z+t,n =0, 1.
Combining (26), (19) and Lemma 3.5, for any (4,5) € S, we have

|(Qw)zg| S Z 3 [‘Szhﬂ 1 ) Sz 1, 1 | + |S2N i—1, 1(t) - SngiJrl,l(t)‘

t=1
29 . (G—=Ditn L ogtm . (G4 D
(29) +}SIDT—2SIDW+SIDT}
. (i+Dtr . (i—1)tm
+ [sin =g = sin S5

If1<k<2N-1,1<t<N,from (13), (14) and (20), we have

tm Ntk 4 N (2)aN =+
‘Slfcl-i-l,l(t) - 52—1,1@)‘ = 2\/(2 — cos W)Q - 1‘ - ! ‘

1= Ap(t)*N
t
(30) < \/ (2 = cos )2 = LY + b () ™)
<t
~ N
Combining (29), (30) and Lemma 3.5, we have
X
(31) (@is S 52w+ > L<h
t=1 t=N+1
Similarly, we have
(32) ‘(Qy)m‘ 5 h.
Denote
— 1
(Ozun)i; = h [(Uh)wrl =1 — (Un)i—1,j-1 + 2((Uh)i+1,j — (uh)ifl.,j)
+ (uh)i+1,j+1 — (Uh>i71,j+1}7
— 1
(Fyun)i; =g {(uh)z Lj+1 — (un)ic1 o1 +2((un)ijr — (un)ij—1)

+ (Uh)iJrl,jJrl — (Uh)iJrl,j*l]
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According to Theorem 3.1, (31) and (32), we have
Theorem 4.1 Assume that the model problem solution u € C%(Q) [ H ().
Then the conclusions
( zUh

0
(5yuh

)iy =u; + O(h?),
Jig =y +O(h?),
are valid for any (7,j) € S.

4.2. Extrapolation of the Union Jack Linear Element.

Corresponding to (19) denote
_ hy j—1 ¢hi
92 i = 9y Z [AO sin m(s (t) + (=1) Si,z(t))

+ Ar(B)sin ST (S5, _oa(8) + (<182, o(0)

+ Bo(t) sin Q”T”k(shk () + (—1)18™5(1))

+ Ba(t)sin 5 (S5, () + (<12 _(0)].

where Ny = 25N, hy = h/2F k = 0, 1.
Now, we consider the estimate of (gh*); 2 — (92°); ;. Combining (18), (28), (33)
and Lemma 3.5, we have

(95" )2i 25 — (95° ZJ‘NZ > [ngil — S ()]
(34) t=1" keE;,

#1850+ ISkl + 30 5
t=N+
where E; ; = {4,7,2N —i,2N — j}.
Lemma 4.1. The estimate
N0 = MO S ()"
holds true for 1 <t < N.
Proof. Denote

¢(2) = (1 +2sin® 2 + 2sin 2V/1 +sin? 2)* — (1 + 2sin® 22 + 25in22V/1 + sin® 2z).

Because the limit zl—iglo % exists, % is a continuous function on [0,1]. Hence,

we have

(35) 62 < 2° ¥ 2 € 0.1,

From the definition (13) of A} (¢), we have

(36) N (1 = N (0) = 0lor)-

Combining (35) and (36), we complete the proof of Lemma 4.1. O
Let

di,j = dist((ih, jh),09),
be the distance of the node (ih, jh) to the boundary of .
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Lemma 4.2. Let (i,j) € S,k € E; ;. Then the following estimate holds true

t3
h —di,
’SQIi,l(t) - Sl?,l(t)’ < me dist v 0<t<N.
Proof. Denote
Sk _ AN—k
P& =

Combining (14) and Lagrange’s mean value theorem , we have
Sata(®) = SEa(t) = FOR () = F(M (1)
(A ()7 = ML) F' (8),

where ¢ is located between A (t)) and AP (t)2.
When 1 <t < N, from (13), the estimates

tm tm tm t
hit)y = in2—— n—— in2— > —
AT(t) =14 2sin : +25m4 \/ 1+ sin : >14 —,

(37)

t t t 2 t
)2 = (1 + 2sin2& + 2sinﬁ 1+ sinzﬁ ) >1+ N
1 1 1
are valid.
Thus we obtain
1
(39) €N 1z e,
t __ 2Nt
(39) 5—2N < ((1+ N)¥+1) N+t < e—t'

Hence, we have
(40) | F'(€) |S Ne20aN < Nem i,

Combining (37), (40) and Lemma 4.1, we complete the proof of Lemma 4.2.

Lemma 4.3. The estimates

e~ kht 0<t<N,
| Spa(t) S8 37, N <t <3N,
e kh(AN=t) = 3N <t < 4N,
and
37k, 0<t<N,
| Spo(t) S e ®hi2N=t N <t <3N,
37k, 3N <t < 4N,

are valid for 1 < k < 2N.
Proof. If 0 < t < N, combining (13), (14)and (20), we have

t
h

t)y> 14+ —
A1()— +Na

and h h(p\k—4AN h k
| Seo() [ S AT + A (1)
t
S Q) hge
Similarly, if N <t < 3N, we have
M (1) = 3,

and
| Spa(t) [S 378

903

d
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The proof of other cases is similar. O
Lemma 4.4. For any u € C%(Q) (" HL(Y), the following the estimate holds true

h
th]
Proof. Combining (34), Lemma 4.2 and Lemma 4.3 , the estimate

| (95" 2125 — (gh ”|~N2Z ity 3 3k

kEE; ;

1 0 2 - ;
| (952125 — (95°)ij IS (5—)7, ¥ (i,5) € S.

h |2

holds true, which completes the proof of Lemma 4.4. (I

Using Theorem 3.1 and Lemma 4.4 , we have
Theorem 4.2 Aussme that the model problem solution u € C%(Q) (N H ().
Then for any (i, j) € Sy, we have

4 1
g(uhl - Zuh)(lhvjh) = U(Zh,jh) + O(h4(d;]2 + his))v
where hy = % and ¢ is an arbitrary positive constant independent of h.
To get the extrapolation for the derivative of the Union Jack finite element

solution, we denote
(RE)ig = (95" )ir1,5 — (95" )i-1.45
(RI%)ig = (95%)ij+1 — (95 )ij-1,
where k =0, 1.
In the following, we will estimate 2(R}" )2 2; — (RE° )i j and 2(Rj* )ai 25— (Ry°)i ;-
Assume that u € C5(Q) (N HE(), (i,7) € S. Combining (19), (28) and (33),
Lemma 3.5 and Lemma 4.3, we have

‘2 Rh1 )2i2; — (RZO)LJ"

<3 [ 28— SB 1 0) — (ST ()~ S ()]

t=1 kEE;
41 2z —|— 1)t (26 =1t
“ + > [2(si T sinZ DT g o
2N1
kEE,;
_ (SZTL(Z + l)tTr _ SZTL(Z - 1)t7T)Sh (t>|:| +3*2di,jN + i i
2N 2N k.1 3

t=N+1
where E; = {3,2N — i}, E; = {j,2N — j}.
If 1<t < N,k € Ej, using Lemma 4.2 and Lemma 3.5, we have
(42)
. (204 Dt (20— 1)t i+ D)t (= Dtr
|2(sin N, sin N, )Sgli’l(t) - (SWT - SWT)SZ@@)’

t
Ssinc Sk (8) = cos 1Sl (1)
<szn4N(‘Sg,;1()—Sk1 )|+ ( 1—005 |Sk1 )
A

t
di,'t 3
Sme ! +(N) .
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Lemma 4.5. Let (i,7) € S,k € E;. For any 1 <t < N, we have the estimate

o, t
\2(85,;“71(0 - 552—1,1@) - (S,};”+171(t) - Slg—l,l(t))‘ S e it 4 (N)3-

Proof. Denote

Zk +Z4N—k
CE) =
From (13) and (14), we have
tmw
(43 St~ SEaa() =22 — con T2 1604 ),
and
tm
) SHa ) - SH (0 = 20— cos T - 1600 ()
From (13)and(20), we have
(45) IGT®)] SAO N+ M) S L

Using the Lagrange’s mean value theorem and Lemma 4.1, and combining the
similar estimate as (40), we deduce
(46)  |a(\ (1)) = G| = | () = NG (©)] S e M
Combing (43)~(46), we obtain
[2(95841,2(8) = 51,1 (8) = (k11 (®) = Sio1a ()]
tm
_|4\/(2 - cosm)2 - 1(G(/\}1“ t)?) — G()\]f(t)))
tmw tmw
_ )2 1 — _ 2T y2 h
+2(2\/(2 0054N) 1 \/(2 cos2N) I)G()\l(t))|
o t
S Aot 4 (N)3’
which completes the proof of Lemma 4.5. O

Lemma 4.6. For any u € CS(Q) (N H () and z € {x,y}, we have the estimate
h

| 2(R21>2i,2j - (Rlz“’)m IS (d‘ ,)2'
i,J

Proof. Using the symmetry of 2 and y, combining (41),(42) and Lemma 4.5, we
have

N
1 o 1 o, .
| 2(R2 )20 — (RE)ig | S N3 D tehat 4 ~z 3 2N
t=1

h h
S R (4 o) #3720 N S ()
d; j di;j
This completes the proof of Lemma 4.6. (|

Denote

~ % + 1)ha, 2jh1) — un, ((2i — 1)h1, 24k
(8zuh)(ih,jh):% un, (26 4 1), 25 1)2h1%(( i — 1)h1,2jh)

1up ((i+ 1)k, jh) —up((i — 1)h,jh)}

4 2h




906 HAIYUAN YU AND YUNQING HUANG

and
(Dyun)(ih, jh) = g [uhl (2ih1, (25 + 1)h1)2;1uh1 (2ih1, (2 — 1)h1)
 Lup(ih, ( + 1)h) —un(ih, (j — 1)h)}

Using Theorem 3.1 and Lemma 4.6, we have

Theorem 4.3 Assume that the model problem solution u € C%(Q) (N H(),
and up, is the Union jack linear element solution. For any positive constant e
independent of h, we have

(Doun)(ih, jh) = u'C(ih, jh) + O(h*(d;? + h™F)),
(Dyup)(ih, jh) = u®(ih, jh) + O(h3(d; ? + h™9)).

2%
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