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ON ERROR ESTIMATES OF THE PENALTY METHOD FOR
THE UNSTEADY CONDUCTION-CONVECTION PROBLEM
I: TIME DISCRETIZATION

HAIYAN SUN, YINNIAN HE, AND XINLONG FENG

Abstract. In this paper, the penalty method is proposed and discussed for the unsteady
conduction-convection problem in two dimensions. In addition, we analyze its time discretiza-
tion which is based on the backward Euler implicit scheme. Finally, the main results of this paper
that optimal error estimates are obtained for the penalty system and the time discretization under
reasonable assumptions on the physical data.
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1. Introduction

In this paper, let Q be a bounded domain in R? with C? boundary 9 or a
convex polygon. Now we consider the following unsteady conduction-convection
problem (cf. [3, 5]).

Problem (I) : Find u, p and T such that for tx > 0,

up — vAu+ (u-Vi)u+ Vp = M\jT, (x,t) € Q x (0,tn),
div u =0, (x,t) € 2 x (0,tNn),

(1) T, — A AT +u-VT =0, (z,t) € Q x (0,ty),
u(z,t) =0, T(x,t) =0, (x,t) € 9 x (0,tNn),
u(z,0) =0, T(z,0) = (), x € 9,

where u = (u1(z,t), uz(z, t)) represents velocity vector, p(x,t) the pressure, T'(x,t)
the temperature, v > 0 the viscosity, A™! > 0 the thermal diffusivity, j = (0,1) the
two-dimensional unit vector, p(z,y) is the given function, ¢y is the final time.
The unsteady conduction-convection Problem (I) is an important dissipative
nonlinear system in atmospheric dynamics. It is the coupled equations governing
viscous incompressible flow and heat transfer process [6, 22|, where the incompress-
ible flow is the Boussinesq approximation to the unsteady Navier-Stokes equations.
There are many numerical methods have been studied on the conduction-convection
problem (see [2, 5]) and many literatures (see [12, 13, 14, 15, 18]) are put into
the construction, analysis and implementation for conduction-convection problem.
Shen [19] firstly analyzed the existence uniqueness of approximation solution for
steady conduction-convection equations with the Bernadi-Raugel element. Luo
and his coworkers gave an optimizing reduced PLSMFE in [14] and a least squares
Galerkin/Petrov mixed finite element method in [15]. Shi provided nonconforming
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mixed finite element method in [18]. An analysis of conduction natural convec-
tion conjugate heat transfer in the gap between concentric cylinders under solar
irradiation was studied in [11], etc.

As we known, the velocity u, the pressure p and the temperature T are coupled
together by the impressibility constraint “dive = 0” and two dissipative nonlin-
ear equation, which make the system is difficult to solve by using the numerical
methods. In order to overcome coupled problem, the penalty method as a popular
pseudo-compressibility strategy which initially proposed by Courant [4] is popular
used (see [7, 16, 17]). Temam [22] firstly applied it to the Navier-Stokes equations.
Then, many works appeared on this subject. Shen [16] derived the optimal error
estimates for the unsteady Navier-Stokes equations as follows:

7% (o) |lutn) — ue(tn)llpz + 7(ta) |u(tn) — ue(tn)|m < Ce,

for ¢, € [0,tn], where 7(t,) = min{1,¢,}, C is a general positive constant and
u(ty), ue(ty,) are the solution of the Navier-Stokes equations and its penalty system,
respectively. Recently, He [7] extended it to the finite element method. For the
viscoelastic Oldroyd flow problem, Wang et al derived the optimal error estimates
for the penalty system [23] and extended it to the fully discrete schemes [24]. This
motivates our interest in solving more complicated problem by this method and we
have investigated the unsteady conduction-convection problem. For the unsteady
conduction-convection problem, the penalty method for Problem (I) is as follows.
Problem (IT): Find u. = (u1e, u2e), pe and T. such that for ¢y > 0,

Uey — VAU + Blue,us) + Vpe = \jTe, (x,t) € @ x (0,ty),
div ue + £pe. = 0, (x,t) € Q% (0,tn),

(2) T.. — N 'AT. 4+ B(u.,T.) = 0, (z,t) € Q x (0,ty),
ue(x,t) =0, Te(z,t) =0, x,t) € 9 x (0,tn),
ue(x,0) =0, Tc(x,0) = p(x), z €,

where 0 < € < 1 is a penalty parameter,

1 ~ 1
Blue,ve) = (ue - V)ve + E(divug)v5 and B(ug,T.) = ue - VI: + g(divus)TE

is the modified bilinear term, (divu.)v. and (divu.)7T. are introduced to ensure
the dissipativity of Problem (II) as (divu)v is introduced in the Navier-Stokes e-
quations by Temam [21] to ensure the dissipativity of the Navier-Stokes equations.
In this way, p. can be eliminated to obtain a penalty system that only contains
ue, T, which is much easier to solve than the original equations. Zhang and He
have analyzed the penalty finite element for the stationary conduction convection
problems [25] and the non-stationary conduction convection problems [26], they
have given that, for all ¢, € [0,tn],

[ultn) — ue(tn)ll L2 + (/0 ut) — ue(t) 3 dt)® + 1T () — To(t)] 2

(3) <HAWTm—QW@mﬁscﬁ,

under the assumptions that the exact solutions are sufficiently smooth. When
we consider the discrete problem for the penalty system (2), the estimate (3) is
misleading. For instance, if the backward Euler scheme is applied to the penalized
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system (2), the estimate (3) would lead to

n S m 1 n
ultn) = ulllce + (kY lultn) = ull[F0)2 + T (ta) = T2 12
m=1

(4) + (kDT (tm) = T 30)F < Ok + VE).

where 0 < k < 1 is the time step size, t, = nk and (u?,T) is a penalty approxi-
mation of (u,T') at the time ¢,,. (4) suggests the choice ¢ = At?, which would result
in a very ill conditioned system when we make a further spatial discretization (see
[16]).

The main focus of this paper is to apply the techniques in [16] to unsteady
conduction-convection problem and derive the optimal error estimates for the penal-
ty system and its time discretization. Under some realistic assumptions of the initial
value (ug, ¢(x)), we have the following error estimates

7'% (tn)”U(tn) - us(tn)HL2 + T(tn)”u(tn) - us(tanl + 7'% (tn)HT(tn) - Ts(tn)HL2
+ T(tn)HT(tn) - Ts(tn)”Hl < Ck,

T3 ()| u(tn) — ulll 2 + 7(ta) |ultn) — ul g + 7% ()| T (t0) — T2 12

+ ()T () — T2 | < Clk +e),

for sufficiently small e and k, which substantially improve the previous results (3)
and (4) and lead to the proper choices of ¢ for time discretizations of the penalized
system.

The remainder of this paper is organized as follows. We firstly introduce some
notations and preliminary results for Problem (I) in the next section. Then we
provide error behavior for the linearized penalty system in Section 3 and for the
nonlinear penalty system in Section 4. In Section 5, we analyze the backward Euler
time discretization scheme for the nonlinear penalty system. Finally, conclusions
are given in Section 6.

2. Preliminaries

In this section, we describe some of the notations and results which will be fre-
quently used in this paper. For the mathematical setting of conduction-convection
Problem (I) and the penalty conduction-convection Problem (II), we introduce the
following Hilbert spaces

X = H}Q)? W = H}Q), M:{qeLZ’(Q);/ﬂqdaz:()}.

The norm corresponding to H*(2)? or H*(Q2) will be denote || - ||; for i=1, 2. In
particular, we use (+,-) and || - [|o to denote the inner product and norm in L?(£2)?
or L?(Q). The spaces X and W are equipped with their usual scalar product and
norm

((uvv)) = (VU,V’U), HVUHO = ((uvu))1/2'
We also introduce the Hilbert space H and V defined by
H={veL*Q)? dive=0, v-nlpgg =0}, V = {v e X;dive = 0},

Define Au = —Aw and A.u = —Au—Vdivu/e, which are the operators associat-
ed with the conduction-convection problem and the penalty conduction-convection
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problem, respectively. They are the positive self-adjoint operators from D(A) =
H2(Q)2N X (or H3(Q) NW) onto L2(2)2(or L2(£2)). Tt is valid that

(Au,v) = (AY?u, AV?v), Vu € D(A),v € X (or W),
where A = A or A.. In particular, there holds
(5) (AY2u, AY20) = (Vu, Vo), Yu,v € X (or W).
(6) (AY 2, AV 20) = (AY 20, AY %) + é(divu, divo), Yu,v € X.

It is known that (see [1, 9]):

1 1 1 1
(M) lullze < yollullg 1Az ulig, llullo < vollAZullo, VueX (or W),
1 1,3 1 1

®)  [[AzulLs <vollAZullg [|Aullg, [AZullo < voll Aullo, Vu e D(A),
where 7 is a positive constant depending only on €2, which may stand for different
values at its different occurrences. Furthermore, we recall the following lemma
given in [16].

Lemma 2.1. There ezists a constant C' > 0, depending only on Q and such that
for e sufficiently small, we have

[Aullo < C||Acullo, Yu € D(A),
1A ullo < C|AZullo, Yu € X,
1A ullo < Cllu|—2, ¥ u € H ().

Associated with the conduction-convection Problem (I) and the penalty conduction-
convection Problem (IT), we define the continuous bilinear forms

a(u,v) = v(Vu, Vo),  ac(u,v) = v(AY?u, AY?0), Yu,v € X,
a(T, ) = X" (VT, V), VT, p € W,
d(v,q) = (¢,divv), Yv € X,q € M,

respectively. We also introduce a continuous trilinear form B(, w)on X x X x X,
b(-,+,-) on X x W x W, respectively.

2
Owy,
u,v,w /Z Uig—— wk—uZ - vg)dx, Y u,v,w € X,

Qlkl al
2
b(u, T, ) = /QZ T — gi’T)dx VueX, T,¢eW.

Some estimates of the trilinear b(-, -, ) can be found in [8, 20, 27].

(9) I;(u,v,w) = —I;(u,w,v), Yu,v,w € X,
- 1

(10) b(u, v, w)| < CllullillvllF l0]I3 [wllo,  Yu,w € X,v e D(A),
|l~)(u, v, w)| + |l~)(v,u, w)| + |l~)(w,u, v)|

(11) < Cllullzllvllillwllo, Yu € D(A), v, we X.
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Similarly, it is easy to verify that I;(, -, ) satisfy the following important property
(12) b(u, T, ) = —b(u, ), T), Yue X, T,3p €W,
. 1 1
(13)  o(w, T, )| < Cllull [ITNFITNS [¥llo, Vue X, T € D(A),4p €W,

|b(u, T, )| + [B(T, u, )| + [b(, T, u)]
(14) < Cllull||IT)2ll¥llo, ¥ T € D(A), ue X1 € W.

With above notations, the variational formulation of Problem (I) is written as

follow.
Problem (III): Find (u,p,T) € (X, M, W), for all ¢ € [0,¢x], such that for all
(v,0,0) € (X, M, W):

(ug, v) + a(u, v) + b(u, u,v) — d(v,p) = A(JT,v),
(15) d(u, ¢) =0, A
(Ti, ) +a(T, ) + b(u, T, ) =0,

and the variational formulation of the penalty system Problem (II) reads as.
Problem (IV): Find (ue,pe,T:) € (X, M, W), for all t € [0, tx], such that for all
(v, ¢,9) € (X, M, W):

(Uet, v )—i—a(ua, v) + b(ue, ue, v) — d(v, pe) = A(j§T:,v),
(16) d(ue, ¢) + (pE; ¢) = 07
(Tstaq/}) ( 1/})4_ (UE, va):()a
with u(z,0) = us(z,0) =0, T(z,0) = Tc(z,0) = p(x), respectively.
Theorem 2.2. [13] If p(z) € H?(Q2), Problem (III) has a unique solution
(u,p, T) € [L2(0,tn; X) N HY(0,tn; V)] x L?(0,tn; M) x HY(0,ty5; W), satisfies

IVNTO o + |70 + [[Vu@]fo + [u@ o < 0(t), 0<i<3,

where 6(t) is continuous general positive function about ¢ only depends on the data
o().

Theorem 2.3. If ¢(z) € H?(Q), Problem (IV) has a unique solution (u., p-, T:) €
[LOO(Ou In; H2(Q)) n L2(07 in; X)] X L2(07 in; M) X Hl(()?tN; W)

The proof of Theorem 2.3 and the solution (u., pe, T-) of Problem (IV) converges
to the solution (u, p, T) of Problem (IIT) uniformly as e — 0 are similar to the proof
of Theorem 3.1 and Theorem 3.2 of [26] and much easier than that, here we omit
it.

By using a similar argument to [21], we have the following properties.

(A1). Assume that the initial velocity ug € V, the initial temperature p(x) €
W, then T' € L>(0,T; L*(Q)), there exists a finite time ¢;1 < ¢y such that

u € C([0,tana]; V) N L2([0, tann]; H?(Q)),
(17) T € L*([0,tan]; H*()), p € L*([0,tan]; HY(Q)/R).
(A2). Assume that p(z) € H?(), then tT; € L?([0,tn]; L2(Q)).

By using the smoothing property of the conduction-convection problem, that

(18) tps € L2([0,tn]; H(Q)).

Similar to the penalty Navier-Stokes equation [16], one can show that assumption
(A1), there exists a finite time ¢p2 < ty and a constant C' independent of e such
that

t
n%mM+An%mM@sa vt € [0, tars).
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In the sequel, we restrict ourselves to the interval [0, t5/] with ¢y = min{tas1, tare}
We also recall two lemmas of Gronwall type which will be frequently used [21].
Lemma 2.4. (Gronwall Lemma). Let y(t), g(t), h(t), f(t) be nonnegative func-

tN
tions such that / g(t)dt <M and
0

y(t) +/0 h(s)ds < y(0) +/0 (9(8)y(s) + f(s))ds, VO <t<tn,

then

y(t) + /Oth(s)ds < exp(M)(y(O) + /Otf(s)ds), VO<t<tn.

Lemma 2.5. (Discrete Gronwall Lemma). Let C and an, by, dn, for integer
1<m< tTN, be nonnegative numbers, such that

19 m+EkY bpy<k ndn +C, V1<m< —.
(19) am + Z Za + m< —

n=0 n=0

Assume that kd,, < % and forall 1 <n < tTN then

m m—1
t
20 m kS b, < Cexp(2k W), V1<m< N
(20) . exp n§:lja> m<

n=1
3. Error estimates for the linearized problem

In this section, we will consider the following linear problem. The results in this
section will be used in the next section as an intermediate step for analyzing the
nonlinear conduction-convection problem.

ug — vVAu 4+ Vp = A\jT,divu =0, (x,t) € Q x (0,tn),
(21) T, — A\LAT =0, (z,t) € Q x (0,tn),
u(z,t) =T(z,t) =0, (x,t) € 00 x (0,tN).

The penalty method of (21) is as follows:

Ut — VAU + Vpe = AT, div ue + £p. =0,  (x,1) € Q x (0,tn),
(22) T, — A AT, =0, (z,t) € Q x (0,tn),
ue(x,t) =0, Te(x,t) =0, (z,t) € 002 x (0,tn),

with u(z,0) = uc(z,0) =0, T(z,0) = Tc(z,0) = p(x), respectively.
Similarly, the variational formulation of the problem (21) is defined as follows:
find (u,p,T) € (X, M, W), for all t € [0,tn], such that for all (v, ¢,v) € (X, M, W),

(23) (uta 1)) + CL(’U,, 1)) - d(’U,p) + d(ua ¢) = /\(.]Ta 1)),
The penalty method applied to (23) is that: find (ue,pe, Te) € (X, M, W), for all
t € [0,tn], such that for all (v, ¢,¢) € (X, M, W),
(24) (tet,v) + a(ue,v) — d(v, pe) + d(ue, ) + %(psa ¢) = A(JT:,v),

(Tst; 1/}) + a(TEa 1/}) = Oa

with u(z,0) = us(z,0) =0, T(z,0) = Tc(z,0) = p(x), respectively.
Setting e = u — ue, ¢ =p —pe, £ =T — T., it follows that e(0) = £(0) = 0. We
shall derive a sequence of estimates for the penalty error e, q and &.
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Subtracting (24) from (23), we obtain

25) { (e1,v) +ale,v) — d(v,4) +d(e, ) + 2(0,6) = A(j&,0) + 2(0, )
(6 9) +al, ) = 0.

Lemma 3.1. Suppose (A1) is valid, € sufficiently small, for all t € [0,tp], we

have
t t
(26) leli+ [ IVelids+< [ lalids < ce.
0 0
t
(27) /||e|\§ds§052,
0
t
(28) €2 + / IVE|2ds = 0.

Proof. Taking (v, ¢,%) = (e,¢,€§) in (25) and using (7), we have

+ V| Velly + = llalld = = (p.0) + AGE €)

= el
€
(29) 2_||q||0+_HpHO —I\V€|\3+CHV€||§,
and
(30) ||€||mLA HIvEls = o.

2 dt
Integrating the above two inequalities from 0 to ¢ < ¢, thanks to e(0) = 0, £(0) =0
and (17), we have

t t
(31) lell2 + / |Vell2ds + / lall2ds < Ce,
0

(32) €2 + / |Ve|2ds = 0.

Now we use the standard parabolic duality argument. For any 0 < t < tps, we
define (w, @) by

= <
(33) {ws—i—qu—i—ch e(s), YV0<s<t,

divw =0, w(t) =0.
There are the following inequality (see [16]),
(3) o [ twlgas+ [ 1velias < [ elias
Taking the inner product of (33) with e(s), because of (25) and divw = 0, we derive
lell§ = (ws, ) + v(Aw,e) + (Vi,e)
d . €
= E(’w? e) - )\(35711}) - ;(@ap&)

Integrating from 0 to ¢, using Schwarz inequality, (7), (32) and (34), since w(t) =
e(0) = 0, we have

t t
/ le|l2ds < 052/ Ipel2ds < G2, Vit € [0, tad].
0 0

Remark: Note that equation (27) implies that ¢ is equal to zero, this indicates
that equation (25) is the same as equation (3.3)-(3.4) in Shen [16]. Now, we recall
some results from the reference [16] .
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Lemma 3.2. Suppose (A1) and (A2) are valid, ¢ sufficiently small, for all
t €10, tap], we have

¢
/ §%||pet||Zds < C.
0

Theorem 3.3. Suppose (A1) and (A2) are valid, e sufficiently small, for all
t €10, tap], we have

t t
(35) t||6|\3+/ SI\V6|\3d8+€/ sllqllgds < Ce?,
0 0

t
(36) t2||Vel|2 +/ 52|\ qll3ds < Ce2.
0

4. Error estimates for the nonlinear problem

We consider the following intermediate linear problem:

vy — vAv + Vy = MT — Blu,u),
(37) divo+Sy=0,
T, —- A"'AT = —B(u,T),
with v(z,0) =0, T(x,0) = p(z), where (u,T) is the solution of Problem (I).
Letting p = v — u, 0 = — p and subtracting Problem (I) from (37), we obtain

(38) pt —vAp+ Vo =0,
(39) divp+ S0 = —Zp,

v v
with p(z,0) = 0.

Lemma 4.1. Suppose (A1) and (A2) are valid, ¢ sufficiently small, for all
t €10, tam], we have

t t t
oll? + 2Vpl2 + / loll3ds + / sIVpl2ds + / 2||o|2ds < C=2.

Proof. From Section 3, we note that the assumption (A1) for a linear problem can
be replaced by the weaker condition AjT" € L2([0, tar]; L*(2)). Thanks to (17), we
have \jT — B(u,u) € L?([0,t]; L*(Q)). On the other hand, it can be easily shown
(see for instance [9] that tu, € L%([0, tar); L2(€2))). Hence

0

ta()\jT — B(u,u)) = t(\jT: — B(us, u) — B(u,u) € L*([0, tar]; L3()).
Lemma 4.1 is then a direct consequence of Lemma 3.1 and Theorem 3.3 applied to
(38)-(39).

Now, letting n = v — v, 6 = p. — v, ¢ = T. — T and subtracting (37) from
Problem (II), we obtain

ne = vAn + Blue, 1+ p) + B+ p,u) + V8 = Aje,
(40) divp + £6 =0, )
S — A 1A¢+ B(ue,<) + B(n+p,T) =0,

with n(z,0) = 0, ¢(x,0) = 0, respectively. The variational formulation of the
problem (40) is defined as follows.
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Find (n,d0,¢) € (X,M,W), for all t € [0,txn], such that for all (v,¢,®) €
(X, M, W),

(e, v) +a(1,0) + (ua,n+p,v)+5(n+p,u,v)—d(v,5)=>\(j<7v)7
@) ) o)+ 2(5.6) =0, A
(Se,1p) + a(< Y) + b(ue, s, 9) + b(n + p, T,1p) =0,

(42) { (110, 0) + ac(n, v) + b(ue,n + p,v) + b(n + p,u,v) = A(js, v),
(gtaw) + d((, dj) + b(u87§7¢) + b(77 + P, T7 dj) = 07

Lemma 4.2. Suppose (A1) and (A2) are valid, € sufficiently small, for all
t €10, tam], we have

t
Hll2 + 29nl12 + tl |2 + 2] Vs 2 + / 2||6][2ds < Ce2,

Proof. Taking v = AZ!n in (42), thanks to Lemma 2.1, (11) and Schwarz inequal-
ity, we get

2dtIIA 77||0+V||77||0—— (ue,n+ p, AZ'n) = b(n + p,u, AZMn) + A(js, A ')

1 _1 A
< ZJlnl3 + §||p||3 + C(l[ull3 + fucllz + DIIA< 2 nll§ + Tllcllﬁ-

Taking ¢ = A71¢ in (42), thanks to (14) and Schwarz inequality, we get

5—||A“ Sl + AT NS = =blue, s, A7) = b(n + p, T, A7)
A~ _1 14
< 7|I<II3 + CITIS + el IZ)IIA™ 2115 + 5 Unl§ + llo1I6):

tnm
Since / (17|13 + |luel|3 + |lul|3)ds < C, we can apply Lemma 2.4 to above two
0

inequalities, use Lemma 4.1, we obtain

. . t ot
@3) ATl AR o [ alds £ x7 [elas < o2
0 0

Now, taking (v, ¢) = t(n,d) in (41), summing up the two relations, using (11) and
Schwarz inequality, we derive
1d
2 dt

= §||77||o — tb(ue,n+ p,n) — th(n + p,u,n) + At(js,n)

—tnll§ + vt Vall§ + f||5||o

1 vt ATt
< §II77II3 + gllvnllg + Ct[|Vpllg + Ct(llull3 + lluellz + D0l + TIWCII%-

Taking ¢ = t¢ in (41), using (9), (14) and Schwarz inequality, we derive
1d

5 SISl + XTSI = S1l — huers.5) — 1h(n + . T, )
vt
< §|I<Ilo +Ct| T3 <115 + g(llvnllﬁ +1Vpll3)-

Integrating over [0, ¢], we can apply (43), Lemma 4.1 and Lemma 2.4 to above two
inequalities, such that

t t t
3
(@) thalf+ sl +v [ sIValids+ a7 [ slVelas+ S [ slalas < 2
0 0 0
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Next, we take the partial derivative with respect to t of the second term of (41) to
obtain

, €
(45) (divige, ¢) + —(0¢,¢) = 0.
Now, taking v = t?1, in (41) and ¢ = 2§ in (45). Then adding them up, using (11)

and Schwarz inequality, we get

2 — 2|V ——t2 5
||77t||0+2dt I nllo+2 7 1613

& ~ .
= vt|| V|5 + ;t||5||3 — 2b(ue,n + p, ) — £2(n + p,u, 1) + A2(js, 1)
2, € 2 t? 2 2 2v/.2 2 A%t?
< wt|| Vg + ;t||5||o+ §||77t||o + C(Jull3 + |lucll3)(€® + £ Vnll§) + —|| 13-

Taking ¢ = t%¢ in (41), using (9), (14) and Schwarz inequality, we derive

1d
§Et2||<|lo + AT VS = tllslF — #b(us, <, ) = £2b(n + p, T, <)
< tll<llg + CENT 31111 + st (IVll + 1VAll5)-

Integrating over [0, t], using (44), Lemma 2.4 and Lemma 4.1 to above two inequal-
ities and taking d3 sufficiently small, we derive

t t
9
(46) Il + 2l + SEISIE + [ Plmlds+ a7 [ I elfds < €2
0 0

Taking ¢ = t%¢; in (41), using (11), (14) and Schwarz inequality, we have

2 Ahd o,
llsellg + A4, IVsllg

2 dt
= A7V — 2b(ue, 5, 50) — 2b(n + p, T 1)
_ 2
<A Velg + §||<t||3 + C|uc |3 Vsll§ + CENTIEIIV (0 + p)II5-

Integrating over [0, ¢], using (44), (46), Lemma 2.4 and Lemma 4.1, we derive

t
12 w2 + / 2|l 2ds < C=2.
0
From (40) , there holds

V6 =~ + vAn — B(ue,n + p) — B(n + p,u) + Ajs.

Therefore by using previous estimates on the above equation, we derive

tar tar
[ siotias < [ oz < o2
0 0

By combining Lemma 4.1 with Lemma 4.2, we obtain the following error estimate
result.

Theorem 4.3. Suppose (A1) and (A2) are valid, € sufficiently small, for all
t €[0,tprr], the following error estimates holds.

tllu(t) — ue(§ + IV (ut) — ue ()5 + T ) — T-(O]3

HEV(T(E) - To)2 + / 2||p(t) — pe()|2ds < Ce2.



886 H.Y. SUN, Y.N. HE, AND X.L. FENG

5. Time discretizations of the penalized system

In this section, we will analyze the backward Euler time discretization scheme
for the nonlinear penalty system. Let 0 < k < 1 is the time-step size and ¢,, = nk.

Lemma 5.1. In addition to (A1) and (A2), we assume ug € H?(Q2)?, then the
solution (ue, T:) of Problem (II) satisfies

(47) uet € L2([0,tm]; X), A;%uatta Vituen € L2([0,ta]; L2(Q)?),
(48) Tey € L2([0, tar]; W), A= 2 Tegy, V/tTerr € L2([0, tas]; L2()).

Proof. By using a similar argument which used by He in [7], we known that
luet (0)]]o and || Te(0)]]o is bounded. We take the partial derivative with respect to
t of problem(IV) to obtain

(49) { (uattav) + aa(uatu ) + E(UEtu Ue, U ) é(u€7u€t7 ) = )\(jTEtu ’U),
(Tstta 1/}) + a( Etvw) + b(ust; 571/)) b(usa ety 1/}) = 07

Now, taking v = wuz in (49), using Lemma 2.1, (14) and Schwarz inequality, we
obtain

et 6 + VIAZ uey |3 = MNiTer, uee) — bluer, ue, uer)

N =
&|g‘

< D AR el + CUITutl® 4 + ClluelBllucell?
=9 e Wet|lo et|l—1 ell2 et|l0-

Taking ¢ = T.; in Problem (IV), using (14) and Schwarz inequality, we obtain
A td
2 dt

Integrating over [0, t], using Lemma 2.4 to above two inequalities, we derive

ITeell§ + == VTG = —blue, T2, Ter) < HTat”o + Cllue 3V T3

(50) usell2 4 72112 + / | A2 ey |2ds + / | Tee2ds < C.

Taking ¢ = T.; in (49), using Lemma 2.4, (14) and Schwarz inequality, we obtain

1d

2dtHTstH0+/\ 1HA2 st”O_ - (usthsaTst)

< Ljabua g+ )migima
=3 e Uet||o ell2llLet|lo-

Integrating over [0, t] and using Lemma 2.4, we derive

t
(51) Tl + [ 143 Tualfds < C.
0
From Problem(IT), we known that
ATAT. = Toy + B(ue, To).

Taking the inner products of the last relation with AT., using Theorem 2.3, and
(51), we derive readily that

T[]z < C.

t
By using Lemma 2.1 and (50), we have / ||A%uat||%ds < C. Then, we get
0

_1- - buet, ue,
JAZ® Bluce, u)lo < || Bluce, ue) |1 < sup 2ette V)

< Clluetlo]|uell2-
vex vl
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The same is true for E(ua, Uet), E(ugt, T.) and f?(ug, T.t). Thus
_1 _1 - .
AE zustt = A 2 {)\]Tst — A elUgt — B(ust, ’U,E) — B(us,ust)} (S L2([0, tM], LQ(Q)2)
A73Toy = AN AT, — Bluer, Te) — Blue, Toy)} € L2([0, tag], L2(Q)).

Taking v = tug in (49), thanks to Lemma 2.1, (11) and Schwarz inequality, we
obtain

tluce]|§ + t||A2Uat||o

2 dt
v, i . - -
= §||As2 Uet||§ 4+ NG Ter, ters) — th(uer, e, terr) — th(ue, ter, terr)
v, 1 t 1
< 5l AZucllg + CHITellg + 5 lueull + Ctllucll3) A2 uar 6.
Taking ¢ = tT,; in Problem (IV), using (14) and Schwarz inequality, we obtain

A td At

Tl + S S IVTLR = S VT — th(ue, T, )

< 2 UL+ BT+ el IV

Integrating over [0,¢], using Lemma 2.4 and (50) to above two inequalities, we
derive

3. 12 o 2
tlabual+ [ sluealfae <
0

Taking ¢ = tT.4; in Problem (49), using Lemma 2.1, (14) and Schwarz inequality,
we get

At d
Tl + 2 b
A\ 1
= —||142 st||0_tb(ust7TsaTstt) b(usaTstaTstt)
AL 1 1
<—||A? wellg + ||T5tt||3—|—C’t||TE||§||A§u5t||3—|—C’t||u5||§||A2 w3

Integrating over [0,¢] and using Lemma 2.4, we derive

tnm
/ S| Ton |2t < C.
0

The backward Euler time discretization scheme of the penalized system Problem
(IV) is as follow

(l(u”+1 —u™,v) + ac(u"t v) +
RSN

b(u' T, u T v) = AGT, v),
i)( n+1 Tn-i-l w) =0,
with u¥ = 0, T° = p(z).
Lemma 5.2. Under the assumptions of (A1) and (A2), then, for any 0 < n <
tar/k, it is valid that

tnllue(tn) — u"llg + 21V (ue(tn) — u™)3 < CK?,
tall Te(tn) = T"|Ig + 2 I V(Te(tn) — T™)Ilg < CK?.
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Proof. Letting " = uc(t,) — u™, 6™ = T.(t,) — T™ and subtracting (52), from
Problem(IV) at t = t,41, we get

(k: (enJrl ’ U). +fl€ (en+1, U) + B(un+1a enJrl’ ’U) + B(enJrl’ Ug (thrl)a U)
(53) 1( 71811 ) 5n ( ’ *7’071)-;-1 P(yn+l sn+l 7(on+1
(£ (6 ) + a0 ) + b(un 67T ) + b(e" T Te(tnt1), )
(R?T7 )7
where
N 1 1 tn41
(54) RZ, = Uet(tnt1) — E(us(tnnLl) —us(tn)) = E/ (t — tn)uce (t)dt,
tn
1 1 [l
(55) RIp =T (tns1) — E(Ts(tn—i-l) —T:(ty)) = % / (t — tn)Tets (t)dt.
t

Taking (v,v) = 2k(e" ™1, 6"T1) in (53), using (11), (14) and Schwarz inequality, we
obtain
1
le™HIg — lle™ 5 + lle™* ! — e™ I3 + 2vk|| AZe" 3

_ 2]€(Rn n+l) 2]€b( n+1 (tn-‘rl)a en-‘rl) 4 2)\k(j5n+1,€n+1)

eu’

1 tnt _1
< vk| A2 e”+1||3 + Ckz/ | Ae 2u5tt||gdt
t

n

(56) + Ck(|uec(tnsa)lI3 + 1)lle"THIG + KlI6™ TG
and
18712 — 16712 + [|67F — ™12 + 227 k[ A2 52
= 2k(R", 0"FY) — 2kb(e™ Y T (ty11), 67 FY)
tnt1
(67) < A‘lkllAéé"“II%Jerz/ | A2 Tege|2dt + CE| T2t 3] 12.

tn

Taking the summation of (56), (57) for n from 0 to m, using Lemma 2.5 and Lemma
5.1, for all 0 < m < tp/k — 1, we have

(58) |l m+1||2+||5m+1||o+kaIIA2 AR AZTE < Ok,
n=0 n=0

Thus
(59) [Vu™ o < C, |VT™ o <O, Ym <ta/k— 1.

Taking v = 2kt,, 11" in (53), using Lemma 2.1, (11) and Schwarz inequality, we
obtain
1
tns1 (€™ FHIG — [le™ I + le"™ — €™ [3) + 2vktnia [ A2 ™13
=2kt 1 (RD,, €™ ) + 2kt NGO e )

— thn+1b(6n+ s Ug (tn+1), €n+1)

1 tnt1
< vkt A2 E o+ OR [ tucal e+ Kt |5

tn

(60) + Chtr1(Jue(tarn) 3 + 1)lle" .
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Taking ¢ = 2kt,, 10" in (53), using (14) and Schwarz inequality, we get
tn1 (8" TS = (167118 + (187" = 6™(13) + 23kt [ A2 673
= 2kt 1 (Rlp, 6™FY) = 2kt b€ Te(tnyr), 671)

tn+1
<A Ukt | A28 2 4 OF? / | Tewe 3t

tn
(61) + Chtnya | Te (g 5] H5.
We known that
(62)  tasa (10" = 07 113) = a0 12— tallo™ 13 — K012

Taking the summation of (60), (61) for n from 0 to m, using (58), (62), Lemma 2.5
and Lemma 5.1, for all 0 < m <ty /k — 1, we derive

tinsr (€™ TG + 167 FH3) +thn+1 V| AZmTLR 4 AT RS 3) < OF2,
n=0

Taking v = 2kt2_ A.e™t! in (53), using (10), (11), (58), (59), Young inequality
and Lemma 2.1, we obtain
1 1 1
to {142 "G — 1l AZ ™1 + 142 (" — eM)IIF} + 2vkty o | Ace™ 3
= 2kt (RY,, Ace™ 1) — 2K£2 (a1 e, ALem )

—2kt2 1 b(e" T uc(tygr), Ace™ ) —|—2kt2 Aot Aenth)

n+1
< oA O [ b O 1

n

1
(63) + Chty  ([Jus(tara) |3 + 1) A2 €™ Y3

Then, taking ¢ = 2kt2,; A6" " in (53), using (13), (14), (59), Young inequality
and Lemma 2.1, we obtain

topa (A28 NS — [ AZ8" |3 + [[AZ (5" = 6")[3} + 20 ke [ AT
= 2kt},  {(Rp, AS"TY) = 2kt) b 67, AT
_thZ 1b( n+1 T ( n+1) A5n+1)}

n+

n+1
<A 1kt2+1||A5"+1||0+C/€2/ | Terel5dt

tn

n 1 n
(64) + Ckt} 4[| T (g I3 |AZem 2 + Ckt} 4[| Az6" 3.
‘We known that
(65)  t2 ("G = 0™ 13) = thgallo™ G — Eallo™ 1§ — (2ktn + k) [[0" I3

Taking the summation of (63), (64) for n from 0 to m, using (65), Lemma 2.5 and
Lemma 5.1, for all 0 < m < tp/k — 1, we derive

22,1 (JAZem™H1 2 + AR5 2) +k2tn+1 (V]| Ace™ HIg + A1 A" THE) < Ok,
n=0

Lemma 5.3. Under the assumptions of (A1) and (A2), then, for any 0 < m <
ta/k, it is valid that

kS 2lpe(tn) — p" 12 < CK2.
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Proof. Taking v = t2 (e —e™) in (53), using Lemma 2.1, (11) and Schwarz
inequality, we obtain

et —en 2 1192 3 ny2 3 on+1 2
Tﬂo*—”t +1{|\A e" TG — Az e™[|g + [|AZ (e"T —e™)ll5}
n+1 _ ) _ t2+1b( n-l-l7 en—i—l, en+1 _ en)

Kty

- tn+1(R?u7 €
tn+1b( " u(tngr), €™ — ") + Mo (O e —e™)

kt"“ ok [ el + ORE2, A2
1< o+ tluceellodt + Okt | 1o
tn

1
(66)  + th2+1|\W”“||oHA e"TH[E + Chtp o lue(tarn) 3] A2 e 5.

Taking the summation of (66) for n from 0 to m, using Lemma 2.5, (59) and Lemma
5.2, we derive

(67) thHII |\0<Ok2 Vm < ty/k — 1.

Then using the equation (53) and the available estimates for €™ and §", we can
prove

kYt pets) — p"I} < CK*, Ym <ty /k.

Finally, by combining Theorem 4.3 with Lemma 5.2, Lemma 5.3, we obtain the
following theorem.

Theorem 5.4. Under the assumptions of (A1) and (A2), € sufficiently small,
then, for any 0 < m <ty /k, it is valid that

tmn(u(tm) — ™[5+ [T (tm) = T™15) + £, 1V (w(tm) — w™)I5 + V(T (tm) = T™)I[5)
+h Y talp(ta) = p"ll5 < C(K* +€°).

6. Conclusions

In this paper, we studied the penalty method for the two-dimensional unsteady
conduction-convection problem under some realistically assumptions. By using the
penalty method, we overcome the coupled problem and can efficiently sperate the
computation of the velocity from that of the pressure. Optimal error estimate of
the numerical velocity, pressure and temperature for the penalized system and the
backward Euler scheme are derived, we will extend the present analysis to a fully
discrete scheme by combining it with the finite element approximation results in
our future work.
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