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FINITE ELEMENT APPROXIMATIONS OF OPTIMAL
CONTROLS FOR THE HEAT EQUATION WITH
END-POINT STATE CONSTRAINTS

GENGSHENG WANG AND LIJUAN WANG

Abstract. This study presents a new finite element approximation for an optimal control problem
(P) governed by the heat equation and with end-point state constraints. The state constraint set
S is assumed to have an empty interior in the state space. We begin with building a new penalty
functional where the penalty parameter is an algebraic combination of the mesh size and the time
step. Based on it, we establish a discrete optimal control problem (P, ) without state constraints.
With the help of Pontryagin’s maximum principle and by suitably choosing the above-mentioned
combination, we successfully derive error estimate between optimal controls of problems (P) and
(Pp+), in terms of the mesh size and time step.

Key words. Error estimate, optimal control problem, the heat equation, end-point state con-
straint, discrete.

1. Introduction

Let © be a bounded convex domain (with a smooth boundary 99) in R?, d =
1,2,3. Let w be an open subset of 2 and T be a positive number. We write )
for the product set Q x (0,7 and x,, for the characteristic function of the subset
w. Let (-,-) denote the inner product of the space L?(2). Consider the following
optimal control problem:

(P) MinJ (y, u)

over all such pairs (y,u) € L%(0,T; H*(Q)NH (Q))NH (0, T; L*(Q))x L*(0,T; L*(Q))
that

Oy — Ay =xou in Qx(0,T),
(1.1) y=0 on 9INx (0,7),

y(0) = o in 0

and
y(T) e S.

Here, the initial data yo is a given function in HZ(2) N H%(Q), the cost functional
J is defined by

e e
J(y,u):a/o /Q(y—yd)dedt—i—g/O /Qu2dxdt,

the reference function y, is taken from the space H'(0, T’; L%(Q)), and the constraint
set S satisfies the following conditions:

(A1) S C Hi is a convex and closed subset with a nonempty interior in Hi.
Here, Hi- denotes the orthogonal subspace of H; in L?(Q2), while H; is a subspace
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spanned by fi, fa, -+, fn, With fi, ¢ = 1,2,--- ,ng, being functions in the space
H}(Q) and ng being a positive integer.

(A2) The boundary of S, denoted by 95, is a C*—manifold with one codimen-
sion in Hi-. Furthermore, dS = {y € Hi- : F(y) = 0}, where F' € C'(H{") holds
the property that F'(¢) € H}(Q2) whenever & € H}(Q) N Hi-.

The purpose of this paper is to build a discrete approximating optimal control
problem (Py,) (where h and 7 are the mesh size and time step, respectively), and
then present an error estimate between optimal controls for those two problems.
The main steps to reach the goals are as follows: We first set up a new penalty
functional, where the penalty parameter is a suitable algebraic combination of the
mesh size and the time step, then establish, with the aid of the penalty functional,
a discrete approximating optimal control problem (Py,) without state constraint,
and finally, derive, with the help of the Pontryagin’s maximum principle, an error
estimate of optimal controls for those two problems. The main result of the paper
can be approximately stated as: the order of the L?—error between optimal controls
of the problems (P) and (Pyy) is h? whenever 7 ~ O(h?).

In general, for parabolic equations, the study of optimal control problems with
state constraints is much more difficult than the study of those without state con-
straints. This can be seen from the following points of view: (1) It is harder to show
the existence of optimal controls for the problems with state constraints than those
without state constraints. It may happen that a problem without state constraints
has optimal controls while the same problem with a state constraint has no solution.
(2) Some optimal control problems without state constraints hold the Pontryagin
maximum principle, while the same problems with some state constraints do not
have the Pontryagin maximum principle (see [5]). Therefore, to guarantee the prob-
lem (P) having optimal controls and holding the Pontryagin maximum principle, it
is necessary to impose some conditions on S. It will be proved that when S satisfies
the above-mentioned conditions (A1) and (A2), the problem (P) has a unique op-
timal control and holds the Pontryagin maximum principle. These two conditions
are quite close to the finite codimensionality condition provided in [5].

The end-point state constraint is a very important kind of state constraints in
the field of optimal controls for parabolic equations. To our surprise, the stud-
ies on error estimates for numerical approximations to optimal control problems
for parabolic differential equations with end-point state constraint are very lim-
ited. Here we quote two related papers [11] and [12]. In [11], the authors studied
numerical approximations of optimal controls for linear parabolic equations. The
state constraint set in that paper was assumed to have interior points in the state
space. In [12], the authors studied such a problem where the constraint set is a
non-degenerate closed unit ball centered at the origin of the state space. An error
estimate was established in [12]. Moreover, that estimate is better than what we
have in this paper. However, the problem studied in the current paper properly
covers the case in [12]. This will be seen from the following example:

Write {ef}32., C H () for an orthonormal basis of L(Q2). Set Hi- = span{e,, 11
€not2,° - - }, where ng is a positive integer. Let S = {y € H{" : ||yl 2 < 1}. It is
easy to check that S satisfies (A1). Moreover, if we define F : Hi- — (—o0, +00)
by F(y) = llyllzq) — 1,V y € Hi, then 9S = {y € Hi" : |[yllr2) = 1} = {y €
Hi : F(y) =0} and F'(y) = 2y, which imply that S satisfies (42).

Obviously, the above-mentioned S is a degenerate closed unit ball centered at the
origin of the state space. Therefore, the framework of this paper properly covers
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the cases studied in [12]. Moreover, the above-mentioned example on the state
constraint fits in our setting but not in one of [11]. The essential difference between
S and the state constraint sets in [11] and [12] is that S can have no interior point
while the constraint sets in those papers have interior points. From both perspective
of infinite dimensional optimal control theory and numerical approximations for
optimal controls, the case where the state constraint set has no interior points is
much more complicated than the case that the state constraint set has an interior
point.

Because of the constraint set S, the discrete problem cannot be constructed
by directly projecting the problem (P) via the classical space-time discretization
scheme (The authors of [11] and [12] did in this way). The reason is that if we did
it in such a way, then the constraint set .S would be projected into the set S NV},
where V}, is a finite element space with the mesh size h. Thus, we cannot guarantee
the existence of admissible controls for this discrete problem (and it is very hard to
prove otherwise). As a result, we are not able to guarantee the existence of solutions
for the above-mentioned discrete problem. To overcome this difficulty, we create a
penalty functional where the penalized parameter is chosen to be the combination
2(h+ T%) of the mesh size h and the time step 7. This penalty functional leads us
to a right way to set up our discrete problem (P, ), which is an optimal control
problem without state constraints. Furthermore, the problem (Pj.) has a unique
optimal control.

When we apply Pontryagin’s maximum principle to study error estimates be-
tween optimal controls to the problems (Py,) and (P), another barrier appears.
Namely, the multipliers, which are the initial data of the adjoint state equations
in Pontryagin’s maximum principle of problems (P) and (P;), respectively, lack
quantitative information. Therefore, one cannot expect to estimate the difference
between optimal controls for problems (P) and (Ph;) by directly estimating the
errors between solutions for the state equations or adjoint state equations. Fortu-
nately, in the paper [12], the authors observed that this barrier can be passed if the
multipliers belong to the space HE (). Because of the specific construction of our
discrete problem (P.), the multiplier for the problem (Pj,) stays in this space.
Thus, we only need to have the Hj(Q2)—regularity for the multiplier, denoted by
—p*, corresponding to the problem (P). In general, this is not the case. How-
ever, we can prove that it is true whenever the set S holds the above-mentioned
properties (A1) and (A2).

Next, we would like to explain that the assumption (A1) and the assumption
(A2) on the constraint set S are fairly reasonable from the perspectives of Pontrya-
gin’s maximum principle and the numerical approximation to the problem (P). On
one hand, because of the difference between finite and infinite dimensional spaces,
for optimal control problems of the infinite dimensional spaces and with end-point
state constraint, Pontryagin’s maximum principle doesn’t necessarily hold for only
closed and convex constraint set ([5]). It is known ([5]) that if the constraint set
S is finite codimensional when it is convex and closed in the state space, Pontrya-
gin’s maximum principle holds for problem (P). The most important characteristic
of the sets of finite codimension in L*(Q) can be roughly stated as: if S is a set
of finite codimension in L*(Q), then it may have an empty interior in L2(S)), but
inevitably have a mon-empty interior in a finite codimensional subspace of L*(£2).
There are indeed other conditions on the constraint set S, under which, Pontrya-
gin’s maximum principle of the corresponding optimal control problem holds ([2]).
However, in our specific case, these conditions are related to the attainable set of
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the internally controlled heat equation. And we have quite limited knowledge about
this sophisticated attainable set. Hence, if we only assume that the constraint set
S satisfies the above-mentioned conditions, then it would be very hard to study
the numerical approximation to the corresponding optimal control problems by ap-
plying Pontryagin’s maximum principle. Thus, it appears that in order to apply
Pontryagin’s maximum principle to get our error estimates, we should assume that
the constraint set is of finite codimension when it is a convex and closed subset.
On the other hand, the following argument may not be correct: if the constraint
set S is of finite codimension in L*(Q)) when it is convexr and closed, then the
above-mentioned multiplier —p* is in the space H}(Q) (and it is very hard to prove
otherwise). From this point of view, it is quite reasonable to study such constraint
sets that have realistically stronger properties than the finite codimension. Clearly,
when the set S satisfies the property (A1) and the property (A2), it is a set of finite
codimension in L?(€)). Moreover, we can prove that the corresponding multiplier
—u* has H}(Q)-regularity (Proposition 2.5) . To conclude, the assumption (A1)
and the assumption (A2) are rational assumptions for our study.

The rest of this paper is organized as the following: In section 2, we first prove
that the problem (P) has a unique optimal control. Then we state the Pontryagin’s
maximum principle for the problem (P). Finally, we show the regularity of the
above-mentioned multiplier —u*. In section 3, we introduce some notations and
existing results that will be used in the rest of the paper. In section 4, we first set
up a discrete problem (P, ) for the problem (P), and then show that the problem
(Ppr) has a unique solution. Finally, we establish Pontryagin’s maximum principle
for the problem (P, ). Section 5 presents the main result of this paper, namely, an
error estimate between optimal controls to the problems (P) and (P ).

2. Some properties of the optimal control for the problem (P)

First of all, we derive the existence and uniqueness of the optimal control for the
problem (P). The proof is based on the following existing result.

Lemma 2.1. ([9]) Let E be a subspace of L?(Q) of finite dimension and g be
the orthogonal projection over E. Given zy and z; in L*(Q) and € > 0, then there
exists a control f € L*(0,T; L3(Q)) such that the solution of

Oz — DNz =xof i Qx(0,T),
z=0 on 00 x (0,7T),
2(0) = zo(x) in Q

satisfies simultaneously g(2(T)) = Hg(z1) and ||2(T) — 21| 12(0) < €.

Theorem 2.2. If the constraint set S has the finite codimension in L*(Q2) when it
is closed and convez, then the problem (P) has a unique optimal control.

Proof. Let Uyq = {u € L*(0,T;L3()) : y(u)(T) € S}, where y(u)(-) denotes
the solution of the equation (1.1) corresponding to the control u. Each u in Ugg
is called an admissible control for the problem (P). Two observations are given in
order. First, if we can show that U,q # (), namely, the problem (P) has admissible
controls, then the existence of optimal controls for the problem (P) follows from
a standard argument. Second, since the functional E U,g — RT, defined by
J(u) = J(y(u),u), is strictly convex, the optimal control for the problem (P), if
exists, is unique. Hence, it suffices to show the existence of admissible controls for
the problem (P). We argue it as follows.
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According to the definition of the finite codimension (see page 134 in [5]), there

exists an element sg in the set S such that the space

span{S—so} = the closed subspace spanned by {s—so: s € S}
is finite codimensional in L?*(2) and the set {S—so} has a nonempty interior
in this subspace. Hence, on one hand, there exist linearly independent vectors
21,29, 5 Zme in L2(2) such that
(2.1) span{S—so} @ span{Z1,--- , Zm, } = L*(),
while on the other hand, the space L?(Q) contains a closed ball B(s*—sg,ep),
centered at (s*—so) with s* € S and of radius ¢ > 0, such that
(2.2) B(s*—sp,e0) Nspan{S—sp} C S—sp.

Now we write
(23) 2i:2i1+2i27 Z:].,Q, , Mo,
where Z;; € span{S—sg} and Zj5 € (span{S—so})*, i = 1,2,--- ,mg. It follows
from (2.1) and (2.3) that

span{S—so} @ span{Zia, -+, Zmy 2} = L*(Q)
and
(span{S—so})* = span{Z12, - , Zmp.2}

An application of Lemma 2.1 to the case, where E = (span{S—so})*, 20 = 5o
and z; = s*, gives the existence of such a control w € L?(0,T;L*(Q)) that the
corresponding solution y(u)(-) to the equation (1.1) holds the following properties:

* * €o
L (y(u)(T)) = T () and. [y(u)(T) — " ) < 2.
These imply that
* * €0
e (y(u)(T) - s0) =g (s"=s0) = 0 and [[(y(u)(T)=s0) = (s"=s0)llz2(0) < 5-
Therefore, we find that

y(u)(T)—sp € span{S—so} and y(u)(T) — so € B(s*—s0,€0),
which, together with (2.2), yield that y(u)(T") € S. This completes the proof. O

Next, we state the Pontryagin’s maximum principle for the problem (P) which
is indeed a necessary and sufficient condition for the optimal control in this case,
and will be frequently used in the rest of the paper. It can be proved by standard
methods. For the sake of completeness, we will give its proof in Appendix of this

paper.

Theorem 2.3. Let S C L%(Q) be a closed and convex subset of finite codimension.
Then u* and y(u*) are the optimal control and the corresponding optimal state
for the problem (P), respectively, if and only if there exist a function u* in L?(Q)
and a function p* in HY(0,T; H-1(Q)) N L*(0,T; H} () such that the following
properties hold:

(2.4) y(u*)(T) € 8, ("5 — y(u*)(T)) <0, Vs € 5,
Oy(u*) — Ay(u*) = xou* i Qx(0,7T),

(2.5) y(u*) :6 on 00 x (0,7),
)(0) = yo(x) in
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Op* + Ap* =y(u*) —ya in Qx(0,T),

(2.6) p*=0 on 00 x (0,7),
pH(T) = - in 0

and

(2.7) u* = xup® in Qx(0,T).

Remark 2.4. When a constraint set S satisfies the conditions (Al) and (A2), it
has mnonempty interior in Hi-, by Definition 1.5 of Chapter 4 in [5], one can check
that S is of finite codimension in L?(). Furthermore, it is a convex and closed
subset. Hence, Theorem 2.2 and Theorem 2.3 hold for the optimal control problem
(P) with such constraint sets that have the properties (Al) and (A2).

Now, we are going to study the regularities of the multiplier —p*, the adjoint
state p* and the optimal control u* in Theorem 2.3, which are very important in
the investigation of our error estimate.

Proposition 2.5. Let S satisfy the properties (Al) and (A2). Then, it holds that
wreHY(Q), p*eL?(0, T; HE(Q)NH?2(Q))NH(0,T; L3(Q)) and u*€ H(0,T; L%(Q))N
L2(0,T; H*(w)).

Proof. Since the desired regularities for p* and u* are direct consequences of the
H}(Q)—regularity of u*, together with (2.6) and (2.7), respectively, it suffices to
prove that p*€H}(Q).

For this purpose, we write

(2.8) p* = w4 py, where pi € Hy ¢ HY(Q) and uj € Hi-.
By (A1) and (2.4), we get
(2.9) (k5,5 — y(u)(T)) <0, Vs €S,

Since y(u*)(T) € S, there are only two alternatives: either y(u*)(T) € intS or
y(u*)(T) € 0S. In the first case, it follows at once from (A2) and (2.9) that u5 = 0,
which, together with (2.8), gives

(2.10) W= i € HY(Q).
In the second case, we first assert that

Here T}y(y+)(1)0S denotes the tangent space of the manifold 05 at the point y(u*)(T').
The argument is as follows: Given a vector v € Ty(y»)(7)05, we can find a C'—para
metrized curve on the manifold 95 given by «(t) : [-1,1] — 9.5, such that

(2.12) a(0) = y(u*)(T) and o'(0) = v.
On one hand, by (2.9) and (2.12), we get

s, 0(t) — a(0) <0, Vi€ [~1,1],
which implies that

(2.13) (st (a(t) — a(0))) <0, Ve (0,1]
and
(2.14) (u3,t~H(a(t) — a(0))) >0, Ve [~1,0).

Passing to the limits for ¢ — 07 in (2.13) and for ¢ — 0~ in (2.14), respectively, we
derive that

(u3,0/(0)) = 0.
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This, together with (2.12), shows that (u3,v) = 0, for all v in the tangent space
Ty(u=)(1)0S. Hence, the first property in (2.11) holds. On the other hand, it follows
from (A2) that

F(a(t)) =0, Vte[-1,1],
which leads to
(F'(a(0)),a'(0)) = 0.

This, combined with (2.12), yields that (F'(y(u*)(T)),v) = 0 for all v in Ty (=) ()05,
and the second property in (2.11) follows. Thus, we have proved the above-
mentioned assertion. Next, we deduce from (2.11) and (A2) that u5 = kF'(y(u*)(T)),
for some constant k, which, together with (A2), gives u3 € Hg(Q2). Then, we in-
fer from (2.8) that u* € HJ(f) in the second case, and conclude that p* has the
H}(Q)—regularity. This completes the proof. O

3. Some notations, hypotheses and existing results on (Py;)

We begin with introducing some notations and certain existing results on finite
element spaces, which will be used later. Associated with a positive parameter h,
we consider a family 7;, of triangulations in Q. Let Q) = UreT,T be the polygonal
approximation of . Write €, and 9, for the interior and boundary of the set
Qy,, respectively. The vertices of Ty, which are on the boundary 9, belong to
0. Corresponding to each element 7 € 7Tp, we denote by p(7) and o(7T) the
diameters of the set 7 and of the biggest ball included in 7T, respectively. Let
h = maxteT, p(T). In the rest of this paper, the following hypotheses are effective:

(i) There exist two positive constants p and o independent of h, such that

_(PT((;-—; <o and % < p, for each element T € Ty,.

(ii) The subset w is a polygon. Moreover, for any triangulation Ty, there exists
a subset T, C T, such that w = Up 7 T.

We shall set up the discrete state space and control space to our problem in
different manners. With regard to the state space, we define, corresponding to each
triangulation 7T, the following discrete space:

Vi = {pn € C(Q); ¢n|lr € Pi(T), for every T € Ty, and ¢rla\a, = 0},

where P;(T) is the space of all polynomials, defined on 7 and with the degree less
than or equal to 1 on 7. It is obvious that V;, C H}(Q2). Regarding the control
space, we set

U = {v € L*(Q) : v|7 is a constant function for each T € Ty, v|o\a, = 0}
Let Qp be the L?2—projection from L?(2) to V}, defined by

(3.1) (Qnep, n) = (o, 0n), ¥V ¢ € L*(Q), op € V.

The following well-known inequalities ([1] and [10]) will be frequently used in the
rest of the paper:

(3.2) lenllm @) < Ch™HenllL2), ¥ @n € Va,

(3.3) 1Qrell2) < llellLzy, ¥ @ € L),
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and

(3.4) o — @rellzz(o) + hlle — Qnellmp o)
< Ch™llgmer (), ¥ @ € H™(Q) N Hy (),

for m = 0,1. Here and throughout this section, C stands for several positive
constants independent of h (and also 7), which may be different in different contexts.
Define a L?—projection operator II;, from L2(€2) to Uy by

(3.5) (v, vp) = (v,0n), ¥ v € L3(Q), v, € Up.
Clearly, it follows that

~ 1
(3.6) Hhv|7—:—/ vdr, Vv e L(Q), VT €T,
Tl Jr
and
(37) HﬁhUHL2(Q) < HU||L2(Q), Voe LQ(Q)

Moreover, we have (see page 164 in [3]),
(3.8) o = vl| L2y < Cp(T)|0ll iy < Chllollmi(ry, Y v € H(T), VT € Th.

Next, we turn to the time discretization. We divide the time interval (0,7") into
N equally-spaced subintervals by the nodal points:

O=to<ti <---<ty=T.
Here t; = i¢7 withi=10,1,--- ,N,and 7 = % For a sequence of functions {Z* iALO

Zi_gi—1

T

given in the space L%(Q), we denote by 9, Z! the difference quotient
i=1,2,---,N.
Now, we consider the semi-discrete equation

<6tzha @h) + <v2h7v(,0h> = <Ua Sph>7 v Ph S Vha te (OaT)a
(3.9) )
21(0) = zon in Q

, Where

and the fully discrete equation

{ <arZ;”<Ph>+<VZ}INV<Ph> = <Ui590h>a v@h th7 1 SZSNa

(3.10) Zg = Zon in Q,

respectively. The following results are quoted from [12] and will be used later.

Lemma 3.1. Let 2o, € V}, and v € L*(Q). Then the equation (5.9) has a unique
solution zp, in the space H*(0,T;V},) with the following estimate:

||Zh|\2c([o,T];Hé(Q)) + [10eznl|72(g) < C(”ZOh”?{é(Q) + [[0lZ2(g))-

Lemma 3.2. Let zop € V), and (U, U2,--- ,UN) € (L%(Q))N. Then the equation
(8.10) has a unique solution Zp, = (Z},Z2,---,ZY) € (Vi)N. Moreover, the
following estimate holds:

N N

max ||ZZ|\§{5(Q) +TZ ||‘9¢ZZH%2(Q) < C(HzohH?{g(Q) +TZ |\Ui|\%2(9))-

1<i<N - :
i=1 =1

Lemma 3.3. Let zo € H}(Q) and v € L*(Q). Write z and z, € H(0,T;V},) for
the solutions to the equation

{ (Bi2(t), @) + (V2(t), Vo) = (v,9), Ve HF(RQ), te(0,T),
2(0) = zo(x) in Q
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and the equation

{ (Opzn(t), on) + (Vzn(t),Von) = (v,0n), Y on € Vi, t€(0,T),
zr(0) = Qn2o(z) in Q,

respectively. Then it holds that
12 = znllz2@) + Az = znlloqomL2) + 12 = 2nllL20,15m2 (9))
< Ch2(||20||H(}(Q) + vl z2(@))-

Lemma 3.4. Let v € HY(0,T;L*()), UL, U?,--- ,UN) € (L2(Q)N and 2 €
H}(Q)NH?(Q). Write z, € HY(0,T;V,) and Zpr = (Z}, Z2, -+, ZN) € (V)N for
the solutions to equations:

{ (Orzn(t), on) +(Vzn(t), Von) = (Xwv,0n), Y on € Vp, te(0,T),

z1(0) = Qpzo(z) in Q
and
<a‘rZ;1a Sah> + <VZ;L7VSDh> = <Xin790h>a v Ph € Vh; 1 § { < Na
Z}? = tho m Q,
respectively. Then it holds that
s, 204 = Z3ll o)+ 7 2 lanltn) = Zilg o
N 1 t;
2 2 2
(rll; [ vt =gy 00l s + lee)

and

T
2 2 2 2
tgfgf)}] HachHL?(Q) +/0 ||atzh||H(}(Q) dt < C(HU||H1(0,T;L2(Q)) + ||ZOHH2(Q))'

4. Approximating scheme for the problem (P)

We start with building a discrete problem according to the problem (P). Write
ds(+) for the distance function from - to S in L?(£2). We define a penalty functional
Jnr from (V)N x(Up)YN to R by setting

(41) JhT(Yh‘r; Uh'r)

N
[ds(V;N )+h+r% T
L 52 1Y, — HL2(Q) + ||UhHL2(Q))

2(h + 7'2
where Yy, =(Y;}, Y2, --- ,Y,V) € (Vi)N, Upr=(UL, U2, - ,UN) € (Up)N. The first
right hand term in (4.1) is responsible for the elimination of the end-point state
constraint, while the combination 2(h 4+ 72) of the mesh size and the time step
plays the role of the penalized parameter. Consider the following discrete problem:

(PhT) MinJp- (Yh7'7 Uh7)7
over all such pairs (Y-, Upnr) € (Vi)Y x (Un)N that
(4 2) <8TY}faSDh>+<VY}:avcph>:<XwU}IL1aSDh>ﬂ VQDhGVh, 2:172a aNa
' Y = Qryo(x) in Q.
When (Y}, Uy ) solves the problem (Py;) , it will be called an optimal pair, while
Uy, and Y} are called an optimal control and an optimal state, respectively.

With regard to the problem (P, ), the existence and uniqueness of the optimal
control and the Pontryagin maximum principle are given in order.
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Lemma 4.1. The problem (Py;) has a unique optimal control.
Proof. Let

d* = ianhT (Yh7'7 UhT)7

where the infimum is taken over all pairs (Y, Up,), with V3, = (V;}, V2, -+ Y, V) €
(Vu)N and Uy, = (UL, UZ,--- ,UN) € (Uy)", satisfying the equation (4.2). It is
obvious that d* > 0. Hence, there exists a sequence {(Yanrm,Uhrm)}oo_q, with
Yiem = (Vs Yi2 oo Vi) and Une o = Uy 1,0, UR s - -+ U, such that

[ds(Y;N,) + h+ 73]

(4.3) d* <
2(h+77%)
T N 1
+§Z 1Yy — )HL2(Q + ||Uhm||L2(Q )< d” JF
i=1
and
(4 4) { <8TY}§’mﬂ Sah> + <VY}fym7V30h> = <XwU}i17ma Sah>a v Ph S Vh7 1 S 1 § Na
. Yhom = Qnyo(x) in Q.

According to Lemma 3.2, and by (4.4), (3.4) and (4.3), we have the estimate:

N
(45)  max IVl @ < C(Iolfge + 7D 10kl ) < C
- i=1

Here, C stands for two different positive constants independent of m. Then by (4.3)
and (4.5), we can take a subsequence of {m}$°_;, still denoted in the same way,
such that when m — oo,

Uy — Up* weakly in L*(Q), Yy, ,, — Y}** weakly in Hj(€2) and strongly in L*(9),

wherei = 1,2, .-, N. Furthermore, one can easily check that foralli =1,2,--- | N,
Uyt € Uy, and Y} € Vj,. Therefore, by passing to the limit for m — oo in (4.3) and
(4.4), respectively, we derive that

N
[dS(Y*N) + h’ + T2 T %4 *
(4.6) 2t + 5 Z 1Y = ya(t)ll 2 + 1UR 7 20) < d
=1
and
(4 7) <67Yh*i7(ph> + <VY};,”7VSD}1> = <XwU;;i7(ph>7 v Ph € Vh; 1 S 1 S N7
’ Y0 = Qpyo(x) in Q.
Now, we write Y = (Y1, .-+, V;N) and Uy = (UL, -+ ,U;N). Then, according

to Lemma 3.2, it follows at once from (4.6) and (4.7) that (Y;*,U} ) is an optimal
pair to the problem (Py).

Next, we shall prove the uniqueness of the optimal control to the problem (P, ).
For this purpose, we define a functional Jp, : (Un)N — R* by setting th(UhT) =
Jhr (Ynr, Unr), where Yy, € (Vi)Y is the unique solution of (4.2) corresponding to
Up+. One can easily check that the functional th is strictly convex. Therefore, the
above-mentioned uniqueness follows immediately. This completes the proof. O

Theorem 4.2. Let (Y}, U;.) € (Vi)Y x (Up)N be the optimal pair for the problem
(Pnr), where Y5, = (YL, V2, YN and Uy = (UL U2, - USN). Then
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there exist a positive constant A, functions pj.. = (p;°, pil, - ,p;‘LN*l) e (V)N

and apr € L*(Q) satisfying:
(4 8) (87Y,fl,<ph>+<VY}jl,Vgah> = <XwU}>:i7<ph>7 v Ph GVha 1 SZSNa
' Y0 = Quyo(x) in Q,

(0031, o) — (VD) 1, Veon) = (Vi — ya(ts), n), ¥V on € Vi, 1 <i < N,

W piy =y, & oo in 6
hTt
(4.10) Ut =Tpxepi ™", 1<i <N,
(4.11) anpr € 0ds(Yh*N),
1 ifyyN¢gs,
(412) HahT||L2(Q) = { 0 ZfY:*N c S,
and
b b
(4.13) Anr = nrT .
h+712 +ds(Y;V)
Proof. Corresponding to each vy, = (v}, v2, -+ ,0&) € (Up)N and A > 0, we let
Yhra = (Y}S’A, Yh2,/\’ e ,thy)\) be the solution to the following equation:
(0:Y)! x,m) + (VY 3\, Vion) = (X (Ui* + M}, 1), ¥ @n € Vi,
(4.14) 1<i<N,
Yi)s = Qnyo(@) in €.
Then, we write
) Y’L’ _ Y*i
(4.15) zﬁ:%, 0<i<N.

Noticing that the optimal pair (Y}: , U} ) solves the equation (4.8), we infer from
(4.14) that

<aTZ;-1a Sah> + <V227V80h> = <Xw7};”90h>7 v Pn € Vha 1 < { < Na
(4.16) 0 .
2z, =10 in Q.
Let Uprx = (Ut + Mo}, U2 + M2, URN + 2olY). Since the pair (Y5, U;)
is optimal to the problem (P}, ), we find that
JhT (YhT,A; UhT,A) - JhT (Y};:—a U}Tq—)
A

By (4.1) and (4.15), we can pass to the limit for A — 0T in the above inequality to
get

> 0.

ds(YN) + h+ 73 i . .y

@) SO TRETE 0 o) e SO0~ walt), o) + (U5 wd)] 20,
h+72 =
where
N 1 ifyNées,

(4.18) anr € 0ds (Y, ™) and ||anr||2) = { 0 if Y;}N cg
Let Apr be the number given by (4.13). Then it follows from (4.17) that
(4.19) (anrs 2 ) + Anr -7 Y LY = walts), 24,) + Uy oh)] > 0.

=1
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Write (p,---,pp ') € (Vi,)N for the solution to the following equation:

(0:1%, on) — (VD) Veon) = (= Anr (Vi = ya(ti)), on), ¥ @n € Vi,
(4.20) 1<i<N,
p}]l\] = Qhah‘r in €.

By taking @5, = pj, ' in (4.16), we obtain that

(zhoph ) — (2 Lol D)+ (V2 V) = 7wy Py ), 1< i< N.

Summing the above equalities over i+ = 1,2,---, N, after some calculations, we
conclude that

N-1 N N

421) =y =T Y (= O+ (Ve Vo) =7 ) (xwvhpy ).

i=1 i=1 i=1

Taking p = z}L in (4.20) and then summing them over i = 1,2,---, N, after some
calculations, we derive that

N N
7> (Orph,2h) — 7> VDl L V2 :—TZ)\hT it = yalti), z1),
=1 =1

which, together with (4.21) and the second equation in (4.20), gives

N
(20 Qnans) =7 _(xwh.Ph ") — TZMT —ya(t:), z1)-
i=1

This, combined with (3.1), leads to the equality:

(4.22) <Z}17,V7a'h7-> = TZ<pr§;17 B — TZAhT — yalti), z1,)-

Now, we derive from (4.19) and (4.22) that

N
(423) Z<prh + )\h‘rUh 7vh> - 0; v Vhr = (1)}11,1}}2” e ,’U}le) S (Uh)N

i=1
Next, we let p;* denote —p}, /An-, for ¢ = 0,1,2,---, N. Then, the equation (4.9)
follows at once from (4.20). Moreover, by (4.23), we deduce that

N
(424) Z<pr;:b ! U ) h> - O v Uhr = (U}17,7U}27,a e 7U}]7,V) € (Uh)N

i=1

The remainder is to prove (4.10). For this purpose, we arbitrarily fix an element
T in Tp,. By taking vp, = (0,---,0,v8,0,---,0) with v}, = x7,i=1,2,---,N, in
(4.24), we get

0:/(pr;;l ! U;;i)dx:/ Xop "t — | T Ui 7.
T

Hence, it holds that

*1 ]‘ *7—
Uy, |7’: m/Tpr;f 1d=’U,

which gives (4.10). This completes the proof. O
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5. An error estimate between the solutions of (P) and (P,,)

In this section, we shall give an error estimate between the optimal controls to
problems (P) and (Pp,). In what follows, C stands for several positive constants
independent of h and 7, which may be different in different contexts.

Lemma 5.1. Let (Y7, Uy ) be the optimal pair for the problem (Py.), where Y, =
(Yt YNy and Uy = (UL, - URN). Then, the following estimates hold for
sufficiently small h and 7:

(5.1) ds(YiN) < C(h +72)7,
N . .
(5.2) TZ(IIY;Q” —ya(t)llZ2) + HUZ’IIQH(Q)) <C
1=1
and
(5.3) Jax, HYJZH%T[%(Q) + TZ 10: Y5 |72y < C
- 1=1

here and throughout proof of this lemma, C denotes several positive constants de-
pendent on yo, u* and yd
Proof. Write u}’ = ft u*dt) € Up,i=1,2,---, N, where II,, is the opera-
tor defined by (3.5). For each i=1,2,---,N, we let y;* € V, denote the solution
of the discrete equation:

(5.4) (@ryi's on) + VYt Vo) = (xwtiy', on), Y on € Vi,
Y0 = Qnyo(z) in €.

Then, by the optimality of the pair (Y}’ , U} ) for the problem (Pj-), we find that
(5.5)  Jnr(Yi7, Upyr)
1

* T *74
= e )[ds(YhN)+h+T2] +§Z(||Yh — yalto)| 220y + 1T 122 (q))

N

1 * 1 T I *q
m[dS(th) + h+ 72]2 + 5 Z(Hyh - yd(ti)H%?(Q) + |luy, H%Q(Q))'
Since it follows from (3.7) that

N N 1 t; T
CONEES M UAANESS I CF A" < [ 1l
i=1 i=1 ti—1

we can apply Lemma 3.2 and use (5.4) and (3.4) to get the estimate:

N

(5.7) max [y 1) + 7 D 19:93 )
- i=1

N
2 )
< C(Ioldy@ + X luillam) < C.
i=1
Now, we write yp,(u*) for the solution to the following semi-discrete equation:

(Oeyn(u*), on) + (Vyn(u*), Vonr) = (Xou™ ¢n), Y on € Vi,
CO I RS ' o



FINITE ELEMENT APPROXIMATIONS OF OPTIMAL CONTROLS 857

According to Lemma 3.4 and Proposition 2.5, it follows from (5.4) and (5.8) that

max {lyn(u”)(t:) - Ui i) + 7 Z llyn (u*) () = 9" 132 )
N 1 ti

C( H—/‘ b —

T; T tq,,lu ! L2()

Mot ]t

C(TZH—/ u*dt—Hh—/ u d‘ 72).
—r Ji T Ji, L2(Q)

Since u* € L2(0,T; H'(w)) (by Proposition 2.5), we deduce from the latter estimate,
(2.7), the assumption (ii), (3.6) and (3.8) that

IN

+ 72 s o,rszzcany + Iollfrzce)

IN

(5.9) max [lyn(u”)(t:) - ui' 2@ +TZ||yh — vl @

N 1 i .1 [t
C(TZH—/ u*dt—Hh—/ u dt‘
o Tt T Jt;1
N 1 t; 9
< C<Tzh2H_/ u*dtH +¢2)
=1 T Jt H(w)

< O +h?).

IN

+72)
12(w)

On the other hand, an application of Lemma 3.3 to the equations (2.5) and (5.8)
yields

(5.10)  ly(u®) = yn(u")lleqo.miL2@) < Chlllyollmye) + 1u”llL2@) < Ch.

Finally, putting the estimates (5.5), (5.6), (5.7), (5.9) and (5.10) together, we
conclude that

Jh"’ (Y;T ’ U;;T)

N
1 * 1 T *q *i
= S lds () H b AP 23 (I~ walt) e + 10 e

(h+T2) i=1
< mm —y(W) (D) r2() + h +72]* + C
< ﬁny — g () (1) | 2o
Hlyn () (T) = y(u*) (T 2@y + b+ 752 +C
< Ch+13)+C
< C.

The desired estimates (5.1) and (5.2) follow at once from the latter inequality, while
the estimate (5.2), together with (4.8), Lemma 3.2 and (3.4), gives

N N
max V3 @) + 7 D10 ey < € (o3 ey +7 D 10U 320 ) < C

1<i<N ‘ :
i=1 =1

Thus, we complete the proof of the lemma. O
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Lemma 5.2. Suppose that (Y,'., U} ) is the optimal pair for the problem (Pp),
where Yy = (Y;LY2, VN € (V)N and Uy = (UL U2, UGN €
(Un)N. Then, it holds that

N
I =Y ) < Clr+ R (4 797,

i=1

here and throughout proof of this lemma, C' denotes several positive constants de-
pendent on yo,u” and yq.

Proof. Let Z;* = Y;** — Y;"' where i = 1,2,---,N. Then, by subtracting two
consecutive equations in (4.8), we deduce that

(0-Z5 on) + (V25 Von) = (X (U = U 1), 0n), ¥V on € Vi, 2<i < N.
Taking ¢, = 7Z;" in the above equality, after some simple calculations, we get

12502 20) = 125 320 + TIVZE 720y < CTIUR = Up HlTeg), 2<i <N,

Summing the above inequalities over ¢ = 2,--- |, N, we obtain the estimate:
N N

1ZiM 72y = 125 G2y + 7 DIV Z3i T2y < CT DU = Un'HiZeo)-
i=2 i=2

This implies that

N
(5.11) T IVZi T
=1
N .
< TIVZit ey + 12 ) + O DU = U 2qy-
=2

Now, we shall estimate the right hand terms in (5.11) by the following two steps.
Step 1. To prove the estimate:

N
(5.12) Y NUE = Ui 3oy < CT2(h+72) 7 Th 2
1=2

For this purpose, we first infer from Lemma 3.2 and (4.9) that

N

(5.13) (167 B ) + 7 D 10057 g0
- =1

N
< C<)‘;T2||Qhahf||§{g(n) + TZ 1Yy — yd(ti)||2L2(Q)>'
i=1

Here, we recall that Ay, is the positive constant given by Theorem 4.2. Because of
(4.13) and (5.1), we find that

h+72 4+ dg(Y;N L
(5.14) N = T Sl( h )§C(h+ﬂ)*§.
h+ 72
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Hence, putting the estimates (5.13), (3.2), (5.2), (3.3) and (4.12) together gives

N
*7—1 112 *7 (|2
(5.15) QA 125%™ 2 ) + TZ; [0P3 122
< Clh+72) " h 2| Quans |32y + 1]
< Clh+75) 7 h2lane 22 + 1)
< Clh+72)"'h72,

which, together with (4.10) and (3.7), yields that

N N
TZ 10 = Ui 22 = TZ IMxwpy ™ = xepy’ ™[ 22q)
i—2 i—2
N N-1
< TZ Iy =t =y 2y = 7 Z [ A P9
=2 1=1
N-1
= Y 1093 1720
=1
< Cr(h+72)7'h2

Step 2. To show estimates:
(5.16) TIVZit T2y < O and || Z3H 32y < O
To this end, we observe first that the second estimate in (5.16) is a direct conse-

quence of the estimate (5.3). In order to prove the first estimate in (5.16), we write
yn(-) and (Y71, V2, -+ Y;N) for the solutions of the equation

{ (Oryn(t), on) + (Vyn(t), Von) = (xoUpt, on), Y on € Vi, t€(0,7),
yn(0) = Qnyo(z) in 0

and the equation

QaTY;iaSD}J + <v}~/hmav§oh> = <XwU;:1;§0h>a v ©n € Vha 1= 1527 T aN
V0 = Qnyo in Q,

respectively. It is clear that Y,;" ' =Y, hence, an application of Lemma 3.4 gives
lyn(T) — Y};IHQL?(Q) + 7llyn(r) — Yf;kl”?{g(sz) < CTQ(HU;lH%z(Q) + ||y0||%rz(§z))

and

tlen[gui] ||3tyh||%2(9) +/0 ||atyh||%rg(g) dt < C(||U;{1||%2(Q) + ||yo||%{2(n))~



860 G.WANG AND L.WANG

These two inequalities, together with (5.2), yield that
TIVZiH 220y = TIVYT = VY22
O VYt = Vyn(n)lZ2 () + CTlIVyn(7) — VQnyollZ2(q)

< CT(T||U;1||§2(Q)+T)+CTHV/ (yh)tdt‘
0

IN

2
L2(Q)

< Orion / 1V ()3 dt
0

< Cr+Cr(r|U 32y + 7)

< (T

Thus we have proved the first estimate in (5.16) and reached the aim of Step 2.

Finally, by (5.11), (5.12) and (5.16), we obtain that

N
T NVZiifiaq) < Clr + 72h 2 (h+72) 7).

=1

This completes the proof of this lemma. (I

Now, we turn to the main result of this paper.

Theorem 5.3. Suppose that u* and Uy are the optimal controls for the problems
(P) and (Py), respectively, where Uy = (UL, U2, -+ JUN) € (Up)N. Then the
following error estimate holds:

- " ] 1.1 . N
Z/ ||u*_U;;’L||%2(Q) dtSC(h+T§)§+C7'h_1(h+7—§)—§.
=1 i

ti—1

Furthermore, it holds that
N t;
Z/ [|u* — U;Z”%z(g) dt < Chz, whenever T ~ O(h?),
i=1 7 ti—1

here and through proof of this theorem, C' denotes several positive constants depen-
dent on yo,u*,yq and u*.

Proof. We shall write Y} = (Yh*l,Y,:‘Q, e 7Y,:‘N) for the optimal state to the
problem (Py,). Namely, (Y, ,U; ) is the optimal pair to the problem (P,). Note
that the second estimate in the theorem is obviously a consequence of the first one.
Hence, it suffices to show the first estimate. We shall carry out the proof by several
stages as follows:

Stage 1. To prove the estimate:

N
*q— *i— 1 -
617 max b7 3 73 V5 [y < Ol 7).
== i=1
Here, we recall that p;' € V;,, i =0,1,--- ,N — 1, are given by (4.9).

*i—1

For this purpose, we take @5, = p;'~ "~ in the first equation of (4.9). After some
calculations, we find that

*i—1

Ion ™ 72) = o3 1720) + TIVEE 2@ < CTIYE = ya(ti)| 72y, 1< i< N.
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Summing up the above inequalities over i = k,--- , N, with 1 < k < N, we get
N N

I3 1320 + TZ VPR 72 < IR 17200y + CTZ 1Y = yati)|1 220
i=k i=1

This, together with (5.2), the second equation in (4.9), (3.3), (4.12) and (5.14),
yields that

N
Hp;;k_IHQL?(Q) + TZ VPR 720y < C+ X2 1Qnans 720
1=k
< O+ N2llanr |30y < C + Clh +78) 7
< C(h+73)7", V1<k<N,

which leads to the estimate (5.17).

Stage 2. To show the equality:
N t;
(5.13) S [ - U de
i=17ti-1
N . 1o 1 t; 1 t;
= T <U’”7pr“_ ,Hh<—/ u* dt) f—/ u* dt>

; " " T Jtis T Jt;4
N ti N ti .

30 [ tratyder S [ Gen U d
=1 Yti—1 i=1Yti—1

N t; N t;

=S / (™ Uy dt— S / (xopl L ") dt
=1 Yti—1 =1 Yti—1

5

> i

i=1

[I>

Here, we recall that p* is given by (2.6) and IIj, is the operator defined by (3.5).
To this end, we first derive from (2.7) and (4.10) that

N ti )
Ga9) [ U de
=1

ti—1

N t; N ti

_ Z/ <u*,u*_U;i>dt—Z/ (U — U dt
i=1Yti-1 i=17ti
N

ti—1

h - ANV _
= Z/t <xwp*,u*fU;;Z>dthZ<U;;Z,;/ u*dt—U;L”>
i=1Yti-1

i— i=1 ti-1

N t
. R ,
+TZ<U;1 *pr}kffl,ﬂh(;/ u* dt) *UZZ>-
=1

ti—1
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Since it clearly holds that

Tz<Uh ot (2 /“ urat) - U

ti—1
ti 1 t;
TZ<U —prhl ! Hh( / u* dt) — —/ u* dt>
i=1 T Jti s T Jti—1
N 1 t; .
+TZ <Uh fxwp;;l L ;/ u* dt — U,’l”>,
i=1 ti—l

we infer from from (5.19) that

Z ||U - Uy’ ||L2(Q

ti—1

2

2

t;

- TZ<Uh — XwPj Hh(l/ti u*dt)—l/ u*dt>
tii1 T Jt;—1
+Z{/ <xwp —pih, u*—U;[i>dt
t% *7— * 1 tl *
Jr/tm_1 (xopi ™", _?A,_lu ) dt}.

Notice that the last term on the above equality is identically zero because pr“
is independent of the ¢ variable. Thus, the equality (5.18) follows at once.

1

Stage 3. To estimate the right hand sum Zle Jiin (5.18).
This will be done by several steps as follows:
Step 3.1. To prove the estimate:

(5.20) Ji < Ch(h+77)73.

Indeed, it follows from (2.7), the assumption (i), (3.8), (5.2) and (5.17) that
N 1 (b 1 (b
TZ<Uh fxwphl 1 Hh< / u* dt) — —/ u* dt>
=1 T Jtiq T Jtiq
) - 1 ti
Crh S|P — xuopit™ H—/ *dtH
’ zzzl H " X ph HLz(Q) T ti—lu H!(w)

N t; 1

1 *1 *G— * 2

Ch S 4 = e e ([0 s )
i=1 t

Ji

IN

IN

i—1

N 1

i *i—1)2 2

< Ch(E || U5 = xwp), ||L2(Q))
=1

1

< Ch(h+72)73.

Step 3.2. Studies on the sum Z?:Q Ji
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About the term Jy, we have

(5.21) Jo

zt (b, ) dt = / v, Duy(u®) — Dy(u)) at

= ) T), 5 (T)) — (o0 (0))
- / (Orp* y(u®)) dt — / (Ap* () db

= *<y(u*)(T),u*>*<yo,p*(0)>*/0 (y(u"),y(W") — ya) dt.

Concerning the term Js, we infer from (4.8) and (4.9) that

ti
(5.22) J3 = Z/ (xwpy U dt—TZ P xWURY

ti—1

_ [Z<a h7 ;«L'L 1 Z *i—1>‘|

=1 =1

= *<th07p20> + (v ,p}2>
*TZ ’ Tp2i>+TZ<VYJi,VpZi_1>

=1

N

* QhahT * *7 *1

= () Qi) — 7 (Y — )
T i=1

As regards the term Jy, we shall prove the estimate:
T —*
6:29) S < Ot 07 )+ @uios O+ [ (Vi) — i) de
0

T A %
V¥, - Y
+/O H ( ht h'r) £2(Q)

VDR L2 () dt.

Here, the function Y, . € H'(0,T;V;) is glven by Y. (t) = vt 4 t_t7"1 (Yt —

Y7 when t € (ti—1,t], i = 1,2,---,N, YhT is the step function takmg value
Yh*i over the interval (¢;_1,t;] for i = 1,2,- ,N, and p; € H'Y(0,T;V}) is the
solution to the equation:

(5.24) { (0eDy> n) = (VD Veon) = (y(u”) — ya, on), ¥ ¢n € Va,
' Pi(T) = Qup*(T) in Q.

For this purpose, we let U;T be the step function that takes value U;* on the

interval (¢;—1,¢;] fori =1,2,--- , N. Clearly, ?ZT, Y, and ﬁ:w satisfy the following
equation:

<8t7:m—7 <Ph> + <v?h7—7 ngh> = <XwU;km—a ‘Ph)a vV on € Vi,
(5.25) a.e. t € (0,7,

Y,.(0) = Quyo(z) in Q.
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According to Proposition 2.5 and Lemma 3.3, we derive from (2.6) and (5.24) that
(5.26)

5% — "l L2(@) + hlIBR — P*leo,rp2(0) + 185 — ™l 220,782 (2))
< CR*(|lp* (M)l ) + lv(w*) = yall2@))
< Ch?.

Notice that

N t; )
-3 / (o™, U dt
ti

ti
*Z — Phs X UR') dt*Z/ (Pr, xwUp") dt

ti—1 ti—1
A
= Ju + Jao.

In what follows, we shall estimate the terms Jy; and Jyo separately. First, it follows
at once from (5.2) and (5 26) that

(5.27) Ju

1

(528)  Ju < ZnUh oo mr%(/ Ip* ~ 5oy )
N 1
2 ~
< () ([ 1 - il @)’
=1
< Ch2

Then, we turn to study the term Jyo. By (5.25) and (5.24), we find that

t; T .
—Z/ (B XU, dt=—/ B XUy dt
0

ti—1

Ju2

T ~ %
- / O ) dt / (VY0 (), Vi) dt
0 0
T T T
. / O 7 dt — / (VY Vi) di + / (YT, — Vo), Vi) dt
0 0 0
T
= (T D) FT) + (T (0). F(0)) + / V., 0% dt
T . T . Ak
- / (VY5 Vi) di + / V(T — Vo), Vi) dt
0 0
T
= N Qup (D)) + (@Quyo. 7 (0)) + / T y(u") — ya) dt
0

[ T T S
This, combined with (3.1), (2.6), (3.3) and (5.26), gives
Tz = =N pN(T) + (Qnyo, 57,(0) — (0)) + (Qnyo, p* (0))
+A?ﬁ;mmww@m+42VW;—?memw
Ch+ (Y;N 1) + (Qnyo, p™(0))

T T ~ K
[ Ty - a+/Hv71f77
| @) —waes [0, -V, o

IN

VD5, | L2(0) dt.
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Thus, the above estimate, together with (5.27) and (5.28), leads to the estimate
(5.23).

With regard to the term Js, we first observe that
N

N ts t;
(529) Js = *Z/ pr;;z 1au*>dt: Z<p;‘; 1)Xw/ u* dt>
=1 Yti—1 ti—a

=1

Then, by integrating the first equation of (5.8) from ¢;_1 to t;, we obtain that

(n () (6) = om0 ti-2)on) + (V[ ana) e, Von)

ti—1

= <Xw /t% u* dt,(ph>, Y on €V,

ti—1

which gives

630 )~ o)) i)+ (T [ et V5

ti—1
ti
= <Xw/ u* dt p“ 1>.
t

i—1

Now, by (5.29), (5.30) and (5.8), we get

N N t;
. —Zm(u*)(m—yh(u*)( -3 (v / ') dt, Vi)

=1 ti1
= (Qnyo,pi’) — (yn(u’ +TZ yn(u*)(t:), 0-py")
,Z< / )dt Vp*z 1>.
ti—1

This, together with (4.9), yields that
N

(531) T = (gn(u)(T), N Quans) +7 > _(Vyn(u®)(t:), Vi)
i=1

H@Quyo, i) +7 D (yn (W) (), Vi — walt:)

i=1

_zN:< / u*)dt, Vp;'~ 1>
= (yn(u*)(T), Ny Qnans) + (Qnyo, 17’

+7 Z<yh(U*)(ti) —y(u”)(t:), Y5 — ya(ts))
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Putting (5.21), (5.22), (5.23) and (5.31) together, and by (3.1), we conclude that
(5.32) Jo+ I3+ Ty + J5
< Ch+ (", Y™ = y(w)(T) + (p7(0), @nyo — o)
X (anr, yn (u*)(T) = Vi)

N

T
= [ )y =) it = 30T~ ale)

T
Hv(yhT - YhT)

T
+ / (Vo y(u®) — ya) dit + / V5L ey de
0 0

L2 ()

N
+TZ(yh(u*)(ti) = y(u)(t:), V" = ya(ts))

N
73 )6, Vi = valt)
N

+TZ <Vp}';i71, V(yh(U*)(ti) - % /

i=1 ti-1

ti

Yn(u®) dt) >

Step 3.3. Further studies on the right hand terms in (5.32).
On one hand, because S is a closed subset in L%(Q), we infer from (5.1) that
there exists an element sy, in S, such that
1V = snrllzay = ds (Vi) < Clht 73,
This, together with (2.4), yields that
(5.33) (", Vi —y(u)(T)) = (0", Yy —spr)+- (0, snr—y(u*)(T)) < Clhtr
Moreover, it follows from (3.4) that
(5.34) (™ (0), Qnyo — yo) < [Ip*(0)]| 20 |Qnyo — woll L2y < Ch*.
On the other hand, because of (4.11), we find that
(anr,s —Y; Ny <0, VseS.
This, together with (5.10), (4.12) and (5.14), gives

N

N
N|=

)z,

(5.35) Nt (anr, yn (u*)(T) = Vi)
= A ane, yn ()(T) = y(u) (D)) + Ay Hane, y(u)(T) = Vi)
< Ny (ane, yn(w*)(T) — y(u*)(T))
< Ch(h+77)73.

Furthermore, by (5.10) and (5.2), we obtain that

N
T Z@h(u*)(ti) = y()(t:), Yy = ya(ti))

N 1 N

N

< (Xl )yl )t awy) " (XTI~ valt) o))
< Ch -
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Now, it follows from (5.32)-(5.35) and the above inequality that

(536) Jo+ J3+ Js+ J5

1.1 T N . .
< Ot = [ty — ) dt = 30T~ yale)

T T A%
[ v —uiyes [T =T 15 e de
0 0

L2(Q
N
+Tz<y(u*)(ti), Vit = ya(t))

N 1[4
JFTZ <Vp;;i_1a V(yh(U*)(ti) - / Yn(u”) dt) >

ti—1
Step 3.4. Estimates on the right hand terms in (5.36).

According to Lemma 5.2, by (5.26) and after some simple calculations, we obtain
that

T Ak
(537 LIV =700 g IV 0
N t; )
< 3 [ IO - OV e[V oo
i=17ti-1
N 1 T 1
*17 *T— 2 ~% 2
< (X -V ) ([ 19w )
=1

< C[T% +7h Y (h+ T%)_%].
On the other hand, by (5.8), and applying Lemma 3.4, we find that
T
/O ||0tyh(“*)|\%rg(g) dt < C(|[w* 13 07020 + 190l Fr2(0)) < €,

which, combined with (5.17), yields that

TXN: <Vpiilvv(yh(u*)(ti) - %/t yh(u*)dt)>

i=1 ti—1

N ts 1
3 * 2 *i—
< ([ 100y ) 198 e
i=1 tia
N 1 T 3
*T— 2 * ?
< (X rIVET ) (/O |9ua (") 3 )
=1
< Cr(h+717)72.
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Hence, it follows from (5.36), (5.37) and the aforementioned inequality that

(5.38) Jo+Js+ Jy+ J5

T
Clh+7%) +Crh ™ (h+7%)7% — / (y(w"),y(u") —ya) dt
0

IN

N T
SO — () + / T y(u®) — ya) dt
=1

N
73l ) (8, Vi = valt)

Step 3.5. Estimates on the right hand terms in (5.58).

We first observe that

N t; . N t;
= -3 [ e v -y Y [ ) vy,
i=17ti-1 i=17ti-1
N ot
=S W yut) — ya) dt
=1 ti-1
N t; N t; N
< 2 [ ot na Y [ e s N
i=1 ti—1 i=1 =1
which gives
T N
(6:39) = [ (ol y) o) dt - 3G pate)
0 i=1
N
< —QZ/ h,y dt+Z/ )s Yd dt+TZYhayd( i)
=1
Then, we rewrite the sum of the last two terms in (5.38) as
r —*
| @irvtt) ~ s dth o yalte)
0
Nt ti
Z/ <Yh‘r Yi;”7y dt+2/ Yh*zay d
: ti_ ti—1

*Z/ (Yo va — valt dt*Z/ (Vhrsya(ts)) dt
=1 -

t;

+Z — ya(t;)) dt.

t71
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This, along with (5.39), implies that

T N
(5.40) ——jﬁ I yl0) ) S )
T N
fA<7Lw( ) 7 SN0, i )

IN

i Mz i Mz

ti—1

:éZ@
=1

Next, we shall estimate terms Q;,1 <14 < 6 in (5.40).
With regard to the term @1, we infer from (5.3) that

N

@m>@ng/Wﬁme<Mt

i=1 ti—1

N t;
Z/<ﬁrmw dHZ/ (), Yy

/ ), Ya dtJrZ/ i)sYd — Yalti)) dt
>/

ti
Yhi” Yh.,—, yd dt Z/ Yh'r?yd (t )) dt

869

O dt

ti N .
_ Z/ (t— )Y, y(u)) dt < O 7210:Y,7 ey

ti—1 =1

N _ 3
< CT(ZTWTYJI@%Q))

i=1
< (7.

Concerning the term @2, we derive from (5.3) that

ti 4
(5.42) @y = Z / (y(u*)(t:) — y(u*), Y0 dt
ti—1
N ti %
1 *7
< Z/t T2 </t [10ey ()| 720 dt) 1Y, | L2 (q dt
t; % N 1
* *1 2
< T<Z/ 10y (u*) 120 dt) (ZTHYh H%z(g))
i=1 Y ti-1 i=1
< (7.
About terms Q; with i = 3,--- ,6, we can utilize the similar methods to get
(5.43) Qs+ Qs+ Qs+ Qs < CT.

Now, by utilizing (5.38) and (5.40)-(5.43), we find that
(5.44) Jo+Js+Ji+Js < Ch+72)7 + Crh™ " (h+77)73.
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Finally, putting (5.18), (5.20) and (5.44) together, we complete the proof of the
theorem.
O

Remark 5.4. Although the control, state and adjoint state have the same reqularity
as those in [12], estimates about the multiplier —puj_ corresponding to (Py,) are
weaker than those in [12]. For example, by the proof of (5.13)-(5.15), we know

* * — 1,_1,_
||Hhr||H(}(Q) = thNHHg(Q) < C)\hTIHQhGhTHHg(Q) <C(h+72)"2h L

However, in [12], |[p},, | m1(q) s bounded by a constant independent of h and 7.
Weak estimates about —uj_ are due to the construction of penalty functional in
(Prr), and lead to weak error estimate about optimal controls between (P) and
(PhT)'

Appendix

Proof of Theorem 2.3. The proof of the “if” part is standard. We aim to show
the “only if” part. For this purpose, we shall first build an approximation problem

(P.), with € > 0, to the problem (P). Write Y = L2(0,7; H*(Q) N H}(Q)) N
H'(0,T; L*(Q)) and recall that ds(-) denotes the distance function from - to S in
L?(2). Let J. be the penalty functional from Y x L2(0,7T; L?(2)) to R*, defined
by

1 /T
M) dn) = s+ P2y [ [ (- v

Consider the following optimal control problem (P:):
(P.) MinJ.(y,u), over all such pairs (y,u) € Y x L?(0,T; L*(2)) that (1.1) holds.

When an pair (y.,u.) solves the problem (P.), it will be called an optimal pair,
while u. and y. are called an optimal control and an optimal state, respectively.
Now, we shall carry out the proof with several stages.

Stage 1. The existence of optimal pairs (ye,u:) to the problem (P:).

Let d* = infJ.(y,u), where the infimum is taken over all pairs (y,u) € ¥ x
L?(0,T; L?(Q)) satisfying the equation (1.1). It is obvious that d* > 0. Hence,
there exists a sequence { (Y, um)}S_; in Y x L2(0,T; L?(2)), such that

T
@ st <Pty [ (o= v dear <

Otym — DYm = Xwlm in QX (OaT)a
3) Ym =0 on 00 x (0,7),

ym(0) = yo in Q.
By (2), we see that the sequence {u,,}5°_; is bounded in L2(0,T; L*(Q2)). Then,
we can use the equation (3) to get the following estimate:

lymll 20,02 @)nm2 ) + 19l 220.1:22(9)) + [[wmll L2 0,752202)) < C-
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Here, C' stands for a positive constant independent of m. Thus, we can take a
subsequence from {m}>°_,, still denoted in the same way, such that when m — oo,

Ym — ¥ weakly in  L2(0,T; H*(Q) N Hy(Q)) N HY(0,T; L*()),
Ym — § strongly in  C([0,T]; L*(2))
and
U — U weakly in L2(0,T; L*(Q)).

Therefore, by passing to the limit for m — oo in (2) and (3), respectively, we
derive that

T
@ st + P2+ 5 [ [ (= + i doar <
and
0y — AF=xot in Qx(0,T),
(5) =0 on 90 x (0,7),
9(0) = yo in Q.

It follows at once from (4) and (5) that (g, @) is an optimal pair to the problem (F:).

Stage 2. The convergence of the problem (P.). More precisely, there exists a
subsequence of the family {e}.>0, still denoted in the same way, such that when
e— 0T,

Je(ya; ua) - J(y(U*)a U’*)a

ye — y(u*) weakly in L*(0,T; H*(Q) N HY(Q)) N H'(0,T; L*(Q))
and

ue — u* weakly in L*(0,T; L*(Q)).

Since the pair (ye, uc) is optimal for the problem (P.), we infer from (1) that
* * € * *
Je(ye,ue) < Je(y(u'), w’) = 5 + J(y(u”), u),

which gives

(6) ma—mJa(yEaua) < J(y(U*),U*)
It also yields that

T
(7) / /ugdxdtgc and dg(y.(T)) < Ce=.
0 Q

Here, C' denotes a positive constant independent of €. By the first estimate in
(7) and (1.1), we can utilize the same arguments as those in Stage 1 to find a
subsequence of the family {e}.~0, still denoted in the same way, such that when
e — 0,
ye =y weakly in  L2(0,T; H*(Q) N H}(Q)) N HY(0,T; L*()),
(8) ye — ¥ strongly in  C([0,T]; L?()),
ue —u weakly in  L%(0,T; L?()).
Furthermore, one can easily check that (7, %) solves the equation:
Oy — ANYy=x,u in Qx(0,T),
(9) y=0 on 90 x (0,7),
7(0) = yo in Q.
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It follows from (1), (8) and (9) that

) . 1 (T o
(10) L, oJe(yerue) > i / / (g — ya)® + 2] dudt > J(7.7).
0

Note that the second estimate in (7) and (8) yield that §(T) € S. Hence, @ is ad-
missible for the problem (P). Therefore, from the optimality of the pair (y(u*), u*)
to the problem (P), it follows that J(y,w) > J(y(u*),u*), which, together with
(10) and (6) gives

lim J. (ye, ue) = J(7, 1) = J(y(u"), u").
e—0

Hence, (g,u) is an optimal pair for the problem (P). However, according to The-
orem 2.2, the problem (P) has a unique optimal control. Thus, we must have
(,w) = (y(u*),u*). This, together with (8), gives the desired convergence of

{(Ye, ue) }

Stage 3. Necessary conditions for an optimal pair (ye,u:). Namely, there ex-
ist a positive constant \c, functions a. € L*(Q) and p. € L*(0,T; H}()) N
HY(0,T; (HYQ))*) satisfying:

atys - Aye = Xowle 1IN 1 x (Oa T)a

(11) Ye =0 on 00 x (0,7T),
Y (0) = yo in  Q,
8tp€ + Ape - _)‘8 (yE - yd) Zn Q X (O7T)7
(12) pe =0 on 00 x (0,T),
p(T) = ac n
(13) XwPe = _)\EU’E7
(14) as € 0ds(y:(T)),
_ 1 ify(T) ¢S,
1 bt = { o 10 €5
and
(16) :

Y= s @)

Corresponding to each v € L(0,T; L?(2)) and A > 0, we let y, , be the solution
to the following equation:

8ty)\,v - Ayz\,'u = Xw (ua + )‘U) in Qx (O,T),

(17) Yro =0 on 90 x (0,7),
Yr,0(0) = yo in Q.
Then, we write
Yxo — Ye
18 — JAY  JE
(18) o= Do

Since (ye, ue) solves the equation (11), we infer from (17) that
Oz — Nz=x,v in Qx(0,7T),

(19) z=0 on 00 x (0,7),
z2(0) =0 in Q.
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Because the pair (y.,u.) is optimal to the problem (P.), we find that
Je(y/\,va Ue + )\U) - Je(ysa Us)

> 0.
h\ >
By (1) and (18), we can pass to the limit for A — 0T in the above inequality to get
d T
(20) Maa / / —Yd) zdxdt—i—/ /uE vdx dt > 0,

where a. satisfies (14) and (15). Let A be the number given by (16). Then it
follows from (20) that for each v € L2(0,T; L?()),

(21) (ae, 2( +)\/ / — Yd) Zd:L'dtJr)\/ /u6 vdx dt > 0.

Write p. for the solution given by (12). Then, multiplying both sides of (19) by p.
and integrating it over Q x (0,7, we obtain the identity:

((T), pe(T)) — / / (0. + Ap.)z d dt

/ /va De dx dt, Vv e L*(0,T; L*(Q)).

This, combined with (12) and (21), leads to the inequality:
/ /Q(pre + Aeue) -vdrdt >0, Ve L*0,T; L3(Q)),
which giveso(l?)).
Stage 4. Passing to the limit for e — 0 in (12)-(14).

We first observe that the property (14) is equivalent to the following:

(22) (ac,ye(T)—s) >0, VseS.
By (15) and (16), we get
(23) 1 < [lac||7zq) + A2 < 2.

This, combined with (12) and the convergence results established in Stage 2, yields
the estimate:
IPell 20,112 () + ||p;HL2(O,T;(H&(Q))*)
< Oellye —yallzzo,ms02(0)) + llacl L2)) < C.
Here, C' stands for two different positive constants independent of €. Hence, it

follows from (23) and the above estimate that there exists a subsequence of {¢}.>0,
still denoted in the same way, such that when ¢ — 0,

(24) ac — ag weakly in L*(Q), A\e — o
and
(25) pe — po weakly in L*(0,T; Hg(2)) N H'(0,T; (Hg(€2))*).

Then, by (24), (25) and the convergence results obtained in Stage 2, we can pass
to the limit for ¢ — 0 in (12), (13) and (22) to get

6tp0 + APO = _)‘O[y(u*) - yd] in 2 x (Oa T)a
(26) po=0 on 90 x (0,7T),
po(T) = ao in
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(27) XwPo = *AOU*a

(28) (ag,y(u*)(T)—s) >0, VseS.

Stage 5. Non-triviality of Ag.

To prove that A\g # 0, we may assume that Ao = 0 and arrive at a contradiction.
On one hand, we infer from (27), (26) and the uniqueness continuation for the heat
equation ([9]) that pg = 0 a.e. in Q x (0,7"). Hence,

(29) ag = po(T) = 0.

On the other hand, it follows from (23) and (24) that there exists a positive constant
€0, such that when ¢ < &g,

1
(30) lacllz2) > 5
Moreover, by (22), (23) and the convergence results obtained in Stage 2, we deduce
that

(31) (ac,y(u*)(T) — 8) > {ac,y(u*)(T) — y(T)) = 0 when & — 0.

Since S is a set of finite codimension in L?(€2), it follows from Proposition 3.4 of
Chapter 4 in [5] that so does the set y(u*)(T) — S = {y(u*)(T) —s: s € S}.
Therefore, according to Lemma 3.6 of Chapter 4 in [5], we infer from (31), (30) and
(24) that ag # 0. It contradicts to (29) and the non-triviality of Ag is proved.

Stage 6. End of the proof. Because of (16), (24), we necessarily have Ay > 0.
Let p* = —po/Ao and p* = ag/Ao. Then (2.4), (2.6) and (2.7) follow directly from
(28), (26) and (27). This completes the proof.

References

[1] P.G.Ciarlet, The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam,
1978.

[2] H.O.Fattorini, Infinite Dimensional Optimization and Control Theory, Cambridge University
Press, Cambridge, 1999.

[3] D.Gilbarg and N.S.Trudinger, Elliptic Partial Differential Equations of Second Order, Springer-
Verlag, New York, 1983.

[4] J.Li and Qi L4, State observation problem for general time reversible system and applications,
Applied Mathematics and Computation, 217(2010), 2843-2856.

[5] X.J.Li and J.M.Yong, Optimal Control Theory for Infinite Dimensional Systems, Birkauser,
Boston, 1995.

[6] Qi Lii, Some results on the controllability of forward stochastic heat equation with control on
the drift, J. Funct, Anal., 260(2011), 832-851.

[7] Qi Li, Bang-bang principle of time optimal controls and null controllability of fractional order
parabolic equations, Acta Mathematica Sinica, English Series, 26 (2010), 2377-2386.

[8] Qi Lii, J. Yong and X. Zhang, Representation of Ité integrals by Lebesgue/Bochner integrals,
Journal of European Mathematical Society, In Press.

[9] S.Micu and E.Zuazua, An introduction to the controllability of partial differential equations,
in “Quelques questions de théorie du controle”. Sari, T., ed., Collection Travaux en Cours
Hermann, (2004), 69-157.

[10] A.Quarteroni and A.Valli, Numerical Approximation of Partial Differential Equations,
Springer-Verlag, 1994.

[11] D.Tiba and F.Troltzsch, Error estimates for the discretization of state constrained convex
control problems, Numer. Funct. Anal. and Optim., 17(1996), 1005-1028.



FINITE ELEMENT APPROXIMATIONS OF OPTIMAL CONTROLS 875

[12] G.S.Wang and X.Yu, Error estimates for an optimal control problem governed by the heat
equation with state and control constraints, International Journal of Numerical Analysis and

Modeling, 7(2010), 30-65.

School of Mathematics and Statistics, Wuhan University, Wuhan, 430072, China.
E-mail: wanggs62@yeah.net and ljwang.math@whu.edu.cn



