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A SINGULARLY PERTURBED CONVECTION-DIFFUSION
PROBLEM WITH A MOVING INTERIOR LAYER

J.L. GRACIA AND E. O’'RIORDAN

Abstract. A singularly perturbed parabolic equation of convection-diffusion
type with an interior layer in the initial condition is studied. The solution
is decomposed into a discontinuous regular component, a continuous outflow
boundary layer component and a discontinuous interior layer component. A
priori parameter-explicit bounds are derived on the derivatives of these three
components. Based on these bounds, a parameter-uniform Shishkin mesh is
constructed for this problem. Numerical analysis is presented for the associated
numerical method, which concludes by showing that the numerical method is
a parameter-uniform numerical method. Numerical results are presented to

illustrate the theoretical bounds on the error established in the paper.
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1. Introduction

The solutions of singularly perturbed parabolic equations of convection-diffusion
type typically contain boundary layers [1, 6, 16], which can appear along the bound-
ary corresponding to the outflow boundary of the problem. Additional interior
layers can form in the solution if either the coefficients, the inhomogenous term
or the boundary/initial conditions are not sufficiently smooth [2]. In this paper,
we examine a linear singularly perturbed parabolic problem with smooth data and
an interior layer in the solution, which is created by artificially inserting a layer
into the initial condition. This problem is motivated from studying a singularly
perturbed parabolic problem of convection-diffusion type, with a singularity gener-
ated by a discontinuity between the boundary and initial conditions at the inflow
corner. At some distance from this inflow corner, the solution is characterized by
the presence of an interior layer moving in time along the characteristic of the re-
duced problem, which passes through the inflow corner. This paper formulates a
related problem which captures this effect of an interior layer being transported in
a convection-diffusion parabolic problem. Our interest is to design and analyse a
parameter-uniform numerical method [6] for such a problem.

Parameter-uniform numerical methods for several classes of singularly perturbed
parabolic problems of the form

—EUgy + auy +bu+ur = f, (z,t) € (0,1) x (0,7,

with discontinuous coefficients (or discontinuous inhomogeneous term) have been
constructed and analysed in [4, 15]. These methods are based on upwind discretiza-
tions combined with appropriate piecewise-uniform Shishkin meshes [6], which are
aligned to the trajectory of the point where the data are discontinuous [15]. In
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[4, 15], it is assumed that the boundary/initial conditions are sufficiently smooth
and compatible at the corners. The nature and width of any interior layers ap-
pearing in the solutions of these problems, is dictated mainly by the sign of the
convective coefficient a either side of a discontinuity. In this paper, we examine a
problem where the coefficient a is smooth and always positive, but the solution con-
tains a strong interior layer, generated solely from the fact that the initial condition
contains an internal layer.

Parameter-uniform numerical methods for singularly perturbed parabolic prob-
lems with a discontinuous initial condition have been examined by Shishkin et al.
in a series of papers (see [7, 10, 11] and the references therein). Rather than using
simple upwind finite difference operators on a piecewise-uniform mesh, Shishkin et
al. use suitable fitted operator methods to capture the singularity in the neighbour-
hood of the discontinuity. In this paper, the initial solution is smooth, but contains
an interior layer. We will see that it is not necessary to use a fitted operator method
here, as a suitable Shishkin mesh combined with a standard upwind finite difference
operator suffices to generate a parameter-uniform method.

This paper is structured as follows: In §2, we state the problem to be investigated.

In §3, we employ a mapping [5] which is used to align the mesh to the location of
the interior layer. The solution is decomposed into a sum of a regular component,
a boundary layer component and an interior layer component. In §4, we examine
the regular component and deduce parameter-explicit bounds on its derivatives. In
85 parameter-explicit bounds on the derivatives of the layer components are estab-
lished, which are central to the design of a piecewise-uniform Shishkin mesh, given
in §6. In §7, the associated numerical analysis is presented and in the final §8 some
numerical results are given to illustrate the theoretical error bounds established in
7.
Notation. The space C°T7 (D), where D C R? is an open set, is the set of all
functions that are Holder continuous of degree v with respect to the metric || - ||,
where for all u = (u1,uz2), v = (v1,v2) € R?, [[u—v|? = (u1 — v1)? + |uz — val.
For f to be in C°T7(D) the following semi-norm needs to be finite

(ﬂ 0+v,D = sup M

u#v, u,veD HU*V”V

The space C"*7(D) is defined by

C" (D) ={ o €C'™ (D), 0<i+2j<n}
=17 : - - (3 n
9x19y-] Y —_ ] — )
and H . |‘n+A, |_'—|n+’y are the associated norms and semi-norms. I lr()llgl out the

paper, ¢ or C denotes a generic constant that is independent of the singular per-
turbation parameter ¢ and of all discretization parameters.

2. Continuous problem

In this paper, we examine the following singularly perturbed parabolic problem:
Find @ such that

(1a) Lot := —eligs + a(t)iis 4+ Gy = f(s,1), (s,1)
(1b) a(s,0
(1C) ﬂ(ovt) = ¢L(t)a ﬁ(lat
(1d) a(t) > a >0,
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where the initial condition ¢ is smooth, but contains an interior layer in the vicinity
of a point s =d,0 < d < 1 and d is independent of €. The function ¢ is defined as
the solution of the singularly perturbed two point boundary value problem

(10) et 1 b(s)6 = fu(s) = q(s) + Atanh<%>,
af) b(s) = B> 2a, az > 2a, 6(0) = 60(0), 6(1) = do(L),

where ¢o(s) is the reduced discontinuous initial condition defined by
b(s)¢o(s) :==q(s) = A, s <d;  b(s)go(s) :==q(s) + A, s>d.

Our focus will be on the influence this interior layer has on the solution of the time
dependent problem. Hence, the boundary values (1f) for the initial condition have
been chosen to dampen boundary layers appearing in the initial condition. We also
design ¢ so that

0(0) =dg(1) =0,
which further reduces the amplitude of any boundary layers in the initial condition.
The zero level of compatibility required such that « is continuous on the boundary

Q \ Q is specified by
(g) ¢r(0) = ¢(0), ¢r(0) = ¢(1).
We can increase the level of compatibility by assuming that

¢ d¢  dor ;
(—E@ + GE + W)(0,0) = f(0,0),
and a similar condition is assumed to hold at the corner (1, 0).

Differentiate (1a) with respect to time and let § = 4, then

(1h)

—ess + afis + G = fo — arils, (s,1) € Q,
Q(S,O) = ¢1(5) = f(S,O) + E¢N(S) - d(O)(b/(S),O <s<1,
9(0,t) = ¢1.(t), 9(1,t) = ¢(t), 0<t <T.

Imposing the first level compatibility conditions on this problem leads to the second
level compatibility conditions for problem (1). At the corner (0,0), we require that
Pé  dd | dPop _0f  dady
1i - =L — 22
(1) "W Vs TTaE T ot ards
and analogously at the corner (1,0). With all these compatibility conditions (1g),
(1h),(1i), at both corners and if a, f € C**7(Q) then the solution of problem (1)
i € C*(Q) [12, pg. 320].
The characteristic curve associated with the reduced differential equation (for-
mally set ¢ = 0 in (1a)) can be described by the set of points

= {(d(t),t)|d'(t) = a(t), 0 <d(0) =d < 1}.
We also define the two subdomains of @) either side of I'* by
Q ={(s,t)]s <d(t) <1} and Q" :={(s,t)|s > d(t) > 0}.

The solution of problem (1) will have an interior layer of width O(y/€) (emanating
from the initial condition) which travels along I'*. In general a boundary layer of
width O(e) will also appear in the vicinity of the edge = 1. We restrict the size
of the final time T so that the interior layer does not interact with this boundary
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layer. Since @ > 0, the function d(t) is monotonically increasing. Thus, we limit
the final time T such that 0 < ¢ < 1 — d(T). We define the parameter
. 1—d(T)
(2) 0= T—a 0,
which plays an important role throughout this paper.

In later sections, we construct a piecewise-uniform mesh, which is designed to be
refined in the neighbourhood of the curve I'*. To analyse the parameter-uniform
convergence of the resulting numerical approximations on such a mesh, it is more
convenient to perform the analysis in a transformed domain where the location of
the interior layer is fixed in time. As most of the paper deals with this transformed
domain, we have adopted the notation (s,t) for the solution in the original do-
main and we use the simpler notation of u(z,t) for the solution in the transformed
domain.

3. Mapping to fix the location of interior layer

Consider the map X : (s,t) — (z,t) given by

d
— <d(t
3) 2(s1) = L
- —F—(1 - > .
T (1= s s> dw)
Note that z = s at ¢ = 0 and « = d for all ¢ such that s = d(¢). This maps
(4) Q = Q =100,d x[0,7], Q" —Qt:=1d,1] x[0,7).

Remark 3.1. We employ the following notation in subsequent sections:
u(x, t) = u(X (s, t),t).
Noting that d'(¢) = a(t),d(0) = d, we have for s < d(t) or z < d that
ot —a(t) Ou  Ou Ou d Ou

5" dw) Cox Tar 05 di) o

Using this map, the differential equation (1a) transforms into

(5a) Lou = (—EUgy + £(x, t)ug) + gz, uy = g(z,t) f(2,t), © #d,
(5b)‘(1'a0) - (15(1';5), 0<z< ]_,’U,(O,t) - ¢L(t)a u(]-at) - ¢R(t)7 0<t<T,
d(t)a(t) (1 B f)’ v <d,
(5¢) Mohi=9 ! d(t))a(t)d 1-z
T—a  Uo0gh vl
(@ wca
(50) set) =

2
( 1= d ) , x>d.
Note that for any ¢ such d(t) # d, then g(d—,t) # g(d*,t). Also for x > d,

—d x—d
S 52 rTe o < .
9w, t) 20° >0, adT— < n@t) < llaflT—

In this transformed problem, the coefficient k(z,t) of the first derivative in space is
positive, except along the internal line x = d where it is zero. To have a well-posed
problem for u, we seek a solution u € C(Q) satisfying (5). As @& € C*t7(Q) then
u € (C4+7(Q*) U C4+7(Q+)) ncHQ).
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Note that, by using a comparison principle for the steady state differential op-
erator (—ew” + bw)(x), z € (0,1); w(z), x € {0,1}, we deduce that ||¢(z)|| < C,
where ¢ is defined in (1e). We also associate the following differential operator

w(x,t), x=0,1,t >0,
£’w(ac t) o 75{“}11(1';0) + b(m)w(m,O), T = (07 1);
emvm —eWgey + K(2, t)wy + g(x, t)w, = (0,d)U(d,1), t >0,
_[wa,]a I:d; t207

with the problem (5) where [2](d,t) := z(d",t) — z(d ", t).
For the operator £, a comparison principle holds.

Theorem 1. Assume that a function w € CO(Q~UQT) N C3(Q~ UQT) satisfies
Llw(x,t) >0, for all (z,t) € Q= UQT then w(x,t) >0, for all (z,t) € Q- UQT .

Proof. Consider the continuous function v(z,t), defined by
(1) = eieéu(ac,t), (x,t) € 0,
exZe = v(z,t), (z,t)€Qt.
Apply a standard proof by contradiction argument, where z # d and d are treated
seperately. O

From this, we deduce that the solution of problem (1) satisfies ||if o < C.

4. Discontinuous regular component

The initial function ¢ defined in (le) is assumed to be sufficiently smooth and
can be split into the sum of two discontinuous functions ¢, ¢,,, where ¢ = ¢, + ¢y
and

_Ed){ul + b¢’u - b¢07 S 7& da
$0(0) = 6(0), b(d)d,(dF) = b(d)¢o(dF) + ey (d*), du(1) = (1),
*5(,25;/, + b(bw = f1(8) — bgf)o, S 7& d.

The discontinuous component ¢,, satisfies a linear second order differential equation
on the two subintervals (0,d) and (d, 1). Hence, ¢, is well defined when we impose
the additional four conditions:

[bwl(d) = =[du](d), [¢,](d) = =[¢,](d), ¢u(0) = du(1l) =0.

We can further decompose the regular component ¢, such that
$u(s) = do(s) +e01(s) +2a(s), s #d,

where b1 = ¢f, —edy + bda = ¢, 5 # d, $2(0) = ¢2(1) = ¢2(d) = 0. For s # d,
one can establish the following parameter-explicit bounds on the derivatives of the
individual components ¢;,7 = 0,1,2

[B0(s)]k < C, [o1(s)|k < C, [ga(s)]x < C(1 +e M2V ),
For the layer component ¢,,, we see that on (0, d)

24~ VE(d=9)

el by =
w 1 +67\/§(d75)

[¢w(d)] < C.
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Use the barrier function Ce™V (@2 and a maximum principle to bound ¢, ()
on the interval [0,d]. Then following the arguments in [3], one can deduce that at
all points s # d and for all K <7

(6a) 6o (s)|k < C(1+>7F/2),
(6b) ()| < CeP/2e=V 5]

On the domain @~ we will define the regular left component 9~ (s,t) such that

L™ = fa (Sat) € Qiaﬁi(ovt) = ¢L(t)7 67(570) = ¢U(S) + ¢c(s)

In the next theorem, we construct a function r(t) = o~ (d(¢),t) satisfying second
order compatibility at the corner (d,0), so that there are no layers in ¢~ in the
vicinity of (d(t),t). Recall that ¢, ¢ and f satisfy compatibility up to second
order at the inflow corner (0,0). The function ¢.(s) is a polynomial designed so
that ¢,, ¢r and f satisfy compatibility up to second order and ¢.(s) = 0,s > 0.5d.
From the bounds on ¢, in (6a) one can then deduce that

|e(s)|k < Ce VEL k< 7.

Theorem 2. There exist functions ro(t),r1(t),ro(t) such that the solutions 6, v
of the problems

L™ =F, (s,t) €Q, 07 (0,t) = ¢r(t), 9 (5,0) = du(5) + de(s),
, (s t)GQ*% 0) = ¢u(s),
() )—7“1( (1,t):’f2(t),

satisfy 0~ € CH(Q7), ot € C4+7(Q ) and the bounds

(7a) o7 llg- <O, [lo¥]lgr < G,
§Itmp— )

(7b) ‘ as]atm HQ* S C(l + 82_(J+m))a 1 S ,7 +2m S 4)
aJerer 2 (j4m) .

(7¢) HW o+ = C(l+e ), 1<j+2m<A4.

Proof. The main argument is similar to the proofs given in [13, Theorem 3.3] and
[15, Theorem 3.3]. Using smooth extensions of the data, the problem L0~ =
f,(s,t) € @~ can be extended to the domain (0,2) x (0,7] so that
= %, 97(0,1) = ¢z (t), 87(s,0) = (¢}, + ¢7)(s), 0 (2.8) = 1" (1),
where ¢, ¢ are extensions of ¢, ¢. to the interval [0, 2] so that the bounds (6a)
are applicable for all s € [0,1]. Then boundary data r*(t) can be specified so that
o* € C*([0,2] x [0,T7]). Using the expansion 9* = 0 + b} + €203, where 0j is
the solution of the extended reduced problem
Lyog = (2705 + 0)vg = [*,05(0,) = 0%(0,1), 85 (s, 0) = 0" (5,0),
and L5067 = (03)" then the bounds in (7a)-(7b) hold. We now choose
ro(t) := 0" (d(t),t).

In the case of 91, we again extend the problem to the domain (—2,2) x (0,7] so
that
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Boundary data can be chosen on the boundaries s = —2, s = 2 so that the bounds
(6a) apply to the extension 9**. Then we choose

ri(t) = 0" (d(?),1), ra(t) == 07 (1,1).

The fact that the initial condition ¢ depends on ¢ introduces additional issues into
the proof of this result. These technical issues are addressed in the appendix. Note
that for 9~ we use a transformation in space of the form [0,d] — [0,1] (and for o,
[d,1] — [0,1]) before using the arguments from the appendix. O

5. Layer Components

The numerical method presented below in §6 is specified in the transformed
domains 0~ U Q7. In the subsequent numerical analysis section, it is more conve-
nient to have bounds on the derivatives of the layer components in the transformed
variables. Note that u,vt € C4#+7(Q%) and so

L.(u—vT)=0, and u—ov" €™ (Q).
Hence, (u —v™) and (¢ — ¢,) satisfy second order compatibility conditions at the
corner (1,0). We further decompose the function u — v+ into two subcomponents
u— vt =w+ z, where

Low=Lz=0, and w(d,t)=z(1,t)=0.
The boundary layer function w is the solution of
(8a) Low=0, (z,t)eQ;  w=0, (2,t)eQ;
(8b) w(d,t) =0, w(z,0) = pr(x)e T2 w(lt) =u(l,t) — vt (L,1),

where ¢r(x) is a polynomial function such that w satisfies the second order com-
patibility conditions at the corners (d,0), (1,0). At the corner (1,0), we specify the

values of q/)gc)(l),O < k <4 so that ¢r(1) =0,
—e¢i (1) + a(0)¢), (1) = —e(gr(z)e™ ¥ 1) (1) + a(0)(¢r(z)e~ ¥ 1)) (1),

and, in addition, second order compatibility is also satisfied. For example, by

setting ¢ (d) = 0,0 < k < 2, ¢p(1) = ¢,(1) and ¢f(1) = (41, — 228¢/,)(1)
we ensure that the first order compatibility condition is satisfied at both corners.
Using the bounds on the derivatives of ¢,, at s = 1, we can deduce that |(Z)¥C ) 1)<

Ce,\/g(kd), 0 <k < 5. Hence, we can have that

ald
€

pr(x)|p < CeVELD o<k <5,
Theorem 3. The solution of (8) w € C°(Q) NC**(QT) and

ad 1 s—d

w(z, )| < Ce™ < Joma 150 Bet®an | (2,1) € Q7
o7 R T,
871;}(30’0‘ < Cele” = ,1<j<4, (2,t) €QF,
am
at—;ﬂ(x,t)‘ < Ot (x,t) €QT, m=1,2.

Proof. Consider the barrier function
_as 1 s—d at
Dy (z,t) :=Ce™ ¢ Joeo 750 ds om0 |

Note first that for x > d,

ad 1 s—d ds

lw(z,0)] < Ce™ ¥ (1-2) < Qe Joms 7=
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and for (z,t) € QF,

x—d (x —d)?, &
B, > - :
L 1_045(/-@ 5 aé(l—d)s)l—d_o

This yields the first bound on |w(z,t)|. Introduce the stretched variables ¢ =
(1 —x)/e, 7 =t/e. Then w((,t) satisfies

L4y 0Dy,

£

aT) =0, '(D(O,T) - U(].,T) - UJF(]-?T)'

771)(( - ’%d}C +§7I)T = 07 (Ca’r) € (Oa

B(C,0) = Gr(Q)e%, a2

We employ the a priori interior estimates in [8, pg. 123] or [12, pg. 352], where
we also split the region between ¢ > 1 and ¢ < 1 (see also the argument in [13,
Theorem 4]). Transforming back to the original variables and using

iz, 1) < Ce=2292 (IGO0 o yEFa-aai <<
) ) aC’L ,
we deduce that
grtm , asi—s
9) ()| < CeTemem 5 1< j1am <4, (1) €.

OxI ot™
To obtain the final bound on the time derivatives, we follow the argument in [14,
Lemma 3.9]. Note that

w(zx,t) = w(z,0) + (w(1,t) —w(1,0))d(z,t) + eR(x, t),
where —e¢,, + k(1,8)¢, = 0, ¢(d,t) = 0,¢(1,t) = 1. As in [14], one can deduce

that e||R;|| < C,e?||Ry|| < C. O
The discontinuous multi-valued interior layer function z is defined as the solution

of

(10a) Lez=0, (z,t)eQ UQT,

(10b) [2](d,t) = —[v](d, 1), [z:](d,t) = —[vz + wa]( t), t=0,
(10¢)  2(0,¢) = =(1, )—0 2(2,0) = Pu () = ¢e(z) —w(z,0), z # d.
Theorem 4. The solution of (10) z € C**7(Q~) UC**7(QT) and we have

(11a) l2(z,8)] < Ce_\/z(d_x) (2, t) QT

(11b) l2(z,t)] < Ce° DT D (x,t) €t
Ifd(1 — d(T))<ac<dcme<t<T then

J . o
(110) Pwn)| < ceirevE 1<y
(11d) ‘;tm (z, t)‘ < 0, m=1,2
Ifd<z<d+(1—-d(T)) and 0 <t <T, then
j v
(11e) %(z,t)} < Qe il EPVEED 1< i<y
(11f) %z t)} < 0, m=1,2

otm
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Proof. Recall that z = u — (v +w) and so z € C*+7(Q~) UCH(QF). Since u, v, w
are bounded, we have that ||z|| < C. Note that |z(z,0)] < Ce_\/g(d_“'), O<z<d

and
L. (eiﬁ(dfz)%)eat) =0.
Thus we have established
(12) I2(z, 8)] < Ce~VEUDE cat < 0e=V/EE=2) (1 1) € O
To the right of the interface x = d we introduce the barrier function,
Doz, t) = Ce® ~ VE@ DS (4 4y e oF,
Note first that |z(x,0)| < ®3(z,0),d < x < 1 and for 6C*(1 —d) > |lal,

Lo > (00 —ae 4 [2UE 1 a)e” el o - e,

e (1—d)?
> (60" —ae™* \/g((llidg))(m —d)C" — [a]))(x — d)e” ") 2
> 0.

Hence, |z(z,t)| < ®a(z,t), (z,t) € QF.

We now again use the interior estimates from [8, pg. 123] or [12, pg. 352]. Let
us first determine bounds on the time derivatives of the solution u of (5) along the
line x = d. We introduce the time dependent stretched variable

(13) ¢= \/a% - \/as—\/‘é(”.

Note that with @(¢,t) := 4(s,t) then
Ju _ adu n aA ()au au
ou_ " dnon @*QC%%
or d\/e OC ot dt)>o¢ ot

Hence the function @((,t) satisfies the Poisson equation

—atiee + U = f.
On the rectangle R := (—+/a,v/a) x (0,T] use Ladyzhenskaya estimates [12, pg.
352]. Hence

|ﬂ(<7t)|4+’y S Ca (Cat) ER

Transforming back to the variables (z,t) we have
0"u o™
Z_Z(d.t)| =
otm (1) = otm
On the left domain Q~, we use the same time dependent stretched variable (13).
The function 2(¢,t) := z(x, ) satisfies the heat equation —aZ¢c + 2, = 0. Consider
the rectangular region (¢,t) € S := (0, K) x (0,T], where K < \/a%. Recall that
from (12) we have that

(15)

—(d, t)‘gc, m<247.

EC ) <Ce™, (G eSs
Using (7b), (15) and

9"z 0"z o™i omo-
o (@) = 7 (0,0), —=(d(), 1) = -2

(0,t), m<247,
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we have

oz
(16) }Wf(o,t)}ga 0<t<T, m<2+y.
Note further that

(17) Do) < Gt ceVEL j<atn,

0CJ
where the second term is due to the presence of the function ¢..
If 0 < ¢ <1, from (16) and (17), [12, (10.5)] yields

oitmsz ¢ ¢ )
agJatm(Ct)‘Sce 4O<CeS, 0<C¢<1, 0<j+2m<A4,
since ( < 1. If 1 < ¢ < K, use [12, (10.5)] again but now
gitmz —¢ .
agjatm(ct)‘gce L 1<C<K, t>0, 0<j+2m<A4.
Hence
gitmsz —¢ .
SEge (G0 S0 0<C<K 120, 0<jtom<a
Thus, in particular, the space derivatives satisfy
gj(z t)‘<Cs i/2¢=/E(d=2) d(l%)<z_d, t>0, 0<j<4

For the time derivatives, noting (14) for the first order time derivative and
0%z 0 0%z 0 0z 92 0%z
R S
ot ¢ o¢ot ot 0C Ot ot
for the second order time derivative, we deduce that

0z

5 @ t)’ <o(C+1e<a, ’— @ t)‘ <O+ ¢+ e S <,
for d(1 — aAT )) <z <dand 0 <t <T. An analogous argument applies on the
region (d,d + (1 —d(T))) x (0,T] c Q. O

6. Numerical method

Let N and M be two positive integers. To approximate the solution of problem
(5) we use a uniform mesh in time {t; = jA¢, | At = T/M} and a piecewise uni-
form mesh of Shishkin type in space {z;}2; (described below) in the transformed
variables (x,t). The grid is given by

—N,M  =N,M _ — —N,M | =N,M
Mo My x fz} Y, TV o™ a@\e), oM =gt T
The local spatial mesh sizes are denoted by h; = z; —x;-1, 1 <1 < N.

To describe the numerical method we use the following notation for the finite

difference approximations of the derivatives

T($i,tj) —T(Ii,t]‘_l) T($i,tj) —T(Ii_l,tj)

D;T(xl,t_]) = At , D;T(.ﬁ“t]) = n ,
T ) ;t' -7 iat'
DY (z,t5) = B ;l)“ & ]),

2

B (i ty) = —
x (x J) hi+hi+1

(DY (i, t5) — Dy T (i, t5))-
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Discretize problem (5) using an Euler method to approximate the time variable and
an upwind finite difference operator to approximate in space. The finite difference
equation associated with each grid point is given by

(18a) —e62U + k(wi, t;) D, U + g(xi,t;) Dy U = g(zi, ) f (i, t5), @ #d, t; >0,
(18b) D, U(d,t;) = DFU(d,t;),t; > 0,

(18¢) —e62U (4,0) + b(x;)U (x4,0) = fi(xs), 0 < x; < 1,

(18d) U(0,t5) = or(t;), U(1,t;) = or(t;), t; = 0.

The space domain is discretized using a piecewise uniform mesh which splits the
space domain [0, 1] into four subintervals

(18¢) 0,d—7]Uld—7,d+ m]U[d+ 12,1 —-0]U[l —0,1],
where
2
* 2
(18f) 7y = min{%, ,/%mN}, 7y = min{1 — d(T), € T,/me},
Ll (d+m) 4e " llal
= —— = —InN = —.
(18g) o = min{ 5 s }, C 50—

The grid points are uniformly distributed within each subinterval such that
20 =0, zny=d—T1, Ty =d, Tsnig=d+ T2, Trnyg=1—0, any = 1.

In the next section, the error analysis will concentrate on the case when

/2 1 4
(19) T = —ElnN, m=eT —ElnN, Jz—slnN.
« o ad

The other possibilities for the mesh parameters will be dealt with using a classical
argument.

7. Numerical Analysis

Define the following finite difference operator LV-™ by

T($i,tj), Ty = 0, 1, tj Z 0,
LN’MT(JJ' t) _ 75631‘(1‘170) + b(l’i)’r(l'“()), T € (Oa 1)7
v (75630’1‘+KD;T+9D;T)(xiatj)v z; € (Oad)U(da]-)a t] >0
(D;—D:)T(Ii,tj), x; =d, t; >0

Theorem 5. Let Y be any mesh function defined on v M If LYMY(25,t5)
>0, V(Ii,tj) S ﬁNyM then T($i,tj) >0, V(xi,tj) S ﬁN’M

Proof. It is a standard proof by contradiction argument. First establish that
Y(x;,0) > 0 and then apply the standard argument for any ¢; > 0. The cases
of r; = d and x; # d are treated separately. O

Noting that |U(z;,0)|| < C, we can conclude from the discrete maximum princi-
ple that ||U|| < C. Let U = V+W+Z, where V, W, Z are the discrete counterparts
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to the continuous components v, w, z. The discrete regular component V' is multi-
valued and defined separately on Q= and QF by

(—e62+ kD, + gD )V— = f, (w,t;) €Q,
—e02V " (23,0) + b(z)V " (23,0) = q(x:) — A, z; < d,
Vo(0,t) = orlt;), V7 (dt;) = v (d,t), t; =20,

(—ed2+ kD, +gD )V = f, (wi,t;) € QF,
—e62V T (24,0) + b(z))VH(2,0) = q(x;) + A, z; >d,

Vt(d,t) =vt(d",t;), VT(,t) = v (1,t), t; >0.

Note that
V= (@i, ty)| <O, [VF (i, ty)] < C.
The discrete boundary layer function W is defined by

(20a) W =0, (z;,t;) € Q- NnQVM,
(20b) (=62 + kD, + gDy )W =0, (z;,t;) € QT nQVM,
(20C) I/V(Cl7 tj) = 0, W(xl, 0) = O7 W(l,tj) = w(l, tj).

Observe that |w(z;,0)| < CeVEI-D < Ce VET < CN~!. The discrete interior
layer function Z is also multi-valued and defined by:

(21a) (—ed2+ KDy +gD;)Z~ = 0, z; <d,t; >0, Z(0,t;) =0,
(21b) (02 + KDy +gD;)ZT = 0, ;> d,t; >0, ZT(1,t;) =0,
21c) —e02Z (x;,0) + b(x;)Z " (2;,0) = A(tanh 7M +1), x; < d,
21d) —e6%2Z% (2;,0) + b(x;)Z T (x;,0) = A(tanh 7“(12(%_6[) —1), z; >d,

and for all ¢; > 0

(21e) (ZT+VH(dt;) = (Z7+V7)(dty),
(21f) (D}YzZ* —D,;Z7)(d,t;) = (D,V~ —DHVT+W))(d,t;).

Theorem 6. For sufficiently large M, the solution of (20) satisfies the bound

i §(x,—d)h
W (z3,t,)| < C’H’“:N/Q(l + ST )
iy Vi)l =

HEPETIEY
Iy (L + *5i=a™)

N/2<i<N.

Proof. Consider the following discrete barrier function

i Ci(zx—d)h
ba(ont) e 01— QT i limnp(LE22) - ad
Wi ty) = T 52 Ci(zp—d)hg\’ =1 _a
OEMT Yy (1+ S 1-d
where M is sufficiently large so that
CiT
(22) 0<e<l- oo
Note first that
CiT . _y
(1)3($i,0) >0, (I)g(d,tj) >0, (1)3(1,tj) 20(1— ) >C>0.

02M
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We also observe that

ﬁ%(fﬂuta‘),

25D$@3(£L’i,tj) = Cl(l’i+1 — d)q);g(l'i,tj), Dt_(I)3(£L'“tj) = (52

26(1 + Cl (I12; Cl)hZ

) Dy ®3(xi,t5) = Ci(w; — d)®3(wi, 1),
_ 2 Clh“_l 012 (Ii - d)th

hi + h/iJrl 2 4e + 201 (QL'Z — d)hz
From this we deduce that

—£6203 + Cy(x; — d)Dy B3 + §°D; O3 > 0.

—555@3(.%',75]‘) = )@3(.%‘,@‘).

Hence,
(—ed2 + kD + gDy )(®3 £ W) > (k — Ci(z; — d)) D, @3 + (9 — 6%)D; @3 > 0.

—N.M —
Using a discrete comparison principle over the region '~ NQT will complete the

proof. O
We remark that (
Ty — d) 1 .
> f z;,>1-—o,
21-aq)—4 © =170
and so, from the bound in Theorem 6, we have that

20b0
W (1 —0,t;)| < C(1+ ]O\‘%U) N® < on-1.

|U|,|W| and |V| are all bounded we have that
12~ (@, ty)ll, 127 (d, ;)] < C.

Theorem 7. For sufficiently large M > O(In(N)), the solution of (21) satisfies
the bounds

In passing we note that |W| < C(z; — d), x; > d, and so |[D}W(d,t;)| < C. Since

I, (1 + Y5

V2e
(a) |Z(1”Mtj)| — N/2 ~h ) ngdv
I (14 X5)
e~ T Jahy,

0) 12ty < CT_y,(1+ )+ ONTUIN, w2 d

V2e

Proof. (a) For z; < d, consider the following barrier function

o —; HZ:1 (1 + \/ahk)

V2e
@4(1’1' tj) = C(]. - N
Y /2 h K
OEMT IR (14 Vo)
where M is sufficiently large so that
oI
(23) 0<c<1—52M.
Note that
_ «
V2eDf ®y(mi,t)) = Vada(wi,ty), Dy Pa(wit;) = 52 Palzi, 1)),
Vahiy -
\/%(1"' \/% )Dz q)4(l‘i)tj) = \/aq)4(x’i)tj))
h; hi\—
7553;@4(1‘1',%') = @ (1 + \/a ) lq)4(1'i;tj) Z 70[@4(1‘1',%'),

" hi+hig V2e
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and so, it follows that,
(—e02 + kD, + gDy )®y(z;,t) > 0.
Note also that ®4(0,t;) > 0, ®4(d,t;) > C > 0 and
—£62®4(24,0) + by (x4,0) > (b — a)Py(x;,0).

Also, we have

i Vahy
My (1 + V2e ) Va(zi—d)/V2e Vaz(zi—d)//E
N3 NG > (Ce > (Ce .
Hk:l(l + V2 )

Dy (24,0) =

Thus,
—£62®,4(24,0) 4 bP4(z;,0) > | — 62 Z(24,0) + bZ(x4,0)].

Finish using a discrete comparison principle.

(b) For z; > d, consider the following barrier function
B(QL'Z', tj) = 0@5(1'1)\111@]) + C(Nil In N)tj,

where

o N . OTInN
P5(z;) := n:N/2(1+ﬁ) v Wlty) =0 =)

and M (N) is chosen sufficiently large so that

0T In N
The parameters p, 8 are specified below. Note first that
T InN _.
B(d,t;) > C¥4(t;) > C(1 — hi )7 >C>0, B(1,t;) >0.

In addition we have that
V2eD, O5(x) = —/pOs(w;), Bs(d) =1, —edi®s(w;) > —ps(:),

and
fln N

Initially at t; =0, ®5(x;) > Z*(24,0), when p < . For d < z; < d + 7o,

) _ _ _ ' _,_ lalyp(zi—d) . _
(—€d2 + kD, + gDy )®s(z)Vy(t;) > (—p (1) +60In N) @5 (z;) Wy ()
lall\/pe® " In N

By defining, \/p == e ¢ Ty/a < Va, 0 :== 1+ ||a]|(1 — d)~!, we have that for N
sufficiently large (independently of ¢)

(—E(Si + kD, + th_)(I)5($i)‘I/1(tj) > <I>5(xi)‘111(tj), d<z; <x; + 7o.
If d+ 7 < z; <1 — o, then using the inequality nt < (14 ¢)",t > 0,

(z; —d) ) = g - (i —m2—d) VPH i 5nys)
7\/% O5(x;) = \/2_5(1)5( i)+ @s5(d + 72) NoE (1+ \/%)

< CN'lmN,
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where NH, :=8(1—0— (d+12)). If 1 —0 < z; <1, then
(z; — d) l—o—d zi—(1—o0)
)< ——®5(1—0) + ——

= o) V2e

Then for sufficiently large N and d+ m» < x; < 1,

(1)5(1'1) S CNil.

. lally/A(z: — d)
—e62 + kD, + gD )®s5(2) V1 (t;) > (—p— —X—"l +0InN)P5(2;) V4 (¢
( K 9D )5 (i) 1 (t5) (=p 0 —dae nN)®s5(w:) W1 (t;)
> (—p+0InN)®s(z;)¥1(t;) —CN 'InN.
Then C®5(z;)¥1(t;) + C(N~1In N)t; is a suitable barrier function for Z. O

Note by assuming (24) then the other constraints (22), (23) are automatically
satisfied. Constraint (24) requires M sufficiently large so that

(lal +1—d)T
1—ds

which will be more restrictive as T increases and § decreases.

(25) M > (In N)

Theorem 8. Assume (19) applies. For M sufficiently large so that (25) is satisfied,

(@) |[V-v|<CNt+OM ™,

(b) |W—-w|<C(N"'*InN+MInN,

(¢) lU—-u|<C(N"'InN+MYHInN.
Proof. (a) For the regular component, we derive the necessary bound on Q~, Q"
separately, noting that

|ILNM(VE —v)(2,0)] < CNTL
For all other time levels,
LYYV =07 )llo- < CEN oggell + N7 gl + M~ log )
< ON'4+ M.

Use the barrier function C(N~! + M~1)(1 +¢;) to bound ||[VE — v*|.
(b) Firstly, for d < x; < 1 — o, use the exponential character of this component
and the bound in Theorem 6 to get that

Wz, tj)] < [W(1—o,t;)] <CNTL

Hence, (W — w)(zi, t;)| < |W(zi,tj)| + |w(zi, t;)| < CN7Y 2; <1 — 0. Secondly,
for1 —o < x; <1 and t; > 0, we have

ILN MW — w)(z;,t;)] < C(N"'In N + M1t

Initially, we have W (z;,0) = 0 and |w(z;,0)| < Ce™ 5 (1=%) < CN L. Use a discrete
maximum principle on [1 — o, 1] with the barrier function

(N *"InN+ M YHInN(z; — (1 —0))o?

to prove the result.
(¢) From Theorem 4 and Theorem 7, we have that

|z(ziyt))] < CN™Y | Z(2i,tj)| < CN™Y for x; <d—m.

From Theorem 4, |z(x;,t;)| < CN~! for ; > d + m and from Theorem 7 we
deduce that |Z(z;,t;)] < CN~'In N, for z; > d + 7. Then

(U —u)(zi,t;)| <C(N"'InN+M Y InN, forx; € [0,d—7]U [d+ 7,1].
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We now examine the truncation error LV-™ (U — u) in the layer region (d — 71,d +
T2) x [0, T]. Initially, we have
|ILNM(U — ) (x4,0)| < Cehilltigee(z,0)]| < CN“Hn N,
Standard discrete comparison principle yields
|U(2i,0) —u(z;,0)| <CN'InN, x;€(d—m1,d+ 7).
Note that
lua(d® ;) = Diuld )| < |oa(dh,t;) — Div(d,t)
+ |w$(d+atj) - Djw(d, tj)| + |Zﬂﬂ(d+atj) - D;Z(da tj)|
N71T2
< )

CNing + CN717'2 +C

with a similar bound to the left of d. Hence,

(D = D)(U —u)(d, ;)] = |[ua] — (D} — Dy )ul

N~ +7) < C,N*1 lnN'

€ - Ve
In the fine mesh region around the points = d the truncation error will be of the
form

< C

eN2r |umm| + k(zi, t;)N T|um| + M~ |utt|, 7 := max{ry, T2}

From (9), [[w|[ja—r1,d4rs) < C; [ wetlljd—ry,d47,) < C. Here we also use the bounds
in Theorem 4 and the fact that (19) allows the use of the derivative estimates (11c)
and (11e) on the component z in the region (d —71,d+ 72). So the truncation error
in the fine mesh (for ; # d) is bounded by

CN7 272 ' 4+ CN" 12 4 CM P <CN~Y(InN)?2 + ML,
To complete the proof use the barrier function
g(zi,tj) =C(N""In N+ M Y InN(t; + 1) + ON " (In N)2®* (x4, t;),
where ®* is a piecewise linear function defined by
*(d—1,t5) =0 =" (d + 72,t;), o*(d,t;) =1
Note that

m+1 Vol - e~

—(D} — D,;)®*(d,t;) = =
( x 1) ( J) ToT1 \/%IHN

Remark 7.1. When /eInN > C., we can establish that
(26) U —ul| < C(N"'+ MY (InN)°.

Applying the argument given in the appendiz to the original formulation of the
problem (1), one can deduce that for i = 2,3,

< e b2,

H@xl qum H ot? HQ uQ+

Combining these bounds with a standard truncation error argument yields the re-

quired bound (26). Note we do not employ a decomposition of the solution u in this
case where \/eln N > C.
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The nodal error estimate established in Theorem 8 (and in (26)) is easily ex-
tended to a global error estimate using simple linear interpolation. Define

N,M
U(Zat) = Z U(Ziatj)cpi(x)wj(t)a
i=0,j=1
where ¢;(x) is the standard hat function centered at z = z; and ¥, (t) = M(t —
tjfl),t S [tjfl,tj).

Theorem 9. For M sufficiently large so that (25) is satisfied,
10— dllg < CON"' + M) N,

where U is the discrete solution of (18) and 4 is the solution of the continuous
problem (1).

Proof. Combine the arguments in [6, Theorem 3.12] with the interpolation bounds
in [17, Lemma 4.1] and the bounds on the derivatives of the components v, w, z
established in §4,5. Note that from [17, Lemma 4.1], we only require the first time
derivative of u to be uniformly bounded. In the interior layer we use [17, Lemma
4.1] and outside of the layer that the continuous singular component z satisfies
|z(z,t)| < CNL. O

8. Numerical experiments

Consider the following test problem

—efligs + Us + 0y = 4s(1 — 5), (s,t) € (0,1) x (0,0.5],
(s,0) = ¢(s;¢),0 < s <1, a(0,t) =0, a(l,t)=2, 0 <t <1,

where the initial condition ¢ is the solution of the following problem

s—0.25
27\/5)7 #(0) = 0,6(1) = 2.

For this problem, the parameters in the numerical method (18) are taken to be
a=1andd=1/3.

As the exact solution is unknown, we estimate the errors using a variant of the
double mesh principle, where the finest mesh contains the grid points of the original
mesh and its midpoints. Denoting by U and Y the solutions associated with the
coarser mesh Q™™ and the twice finer mesh respectively, we compute the maximum
two-mesh differences d¥* and the uniform differences dV-™ from

N.M _ _ . NM ._ N,M
" oénj%%og?gvl([] T)(xi, ty)|, d : II}gE:XdE )

(27a)

(27b) —e¢” + ¢ =1 + tanh(

where S. = {29,271, ...,2730}, From these values we calculate the corresponding
computed orders of convergence qév "M and the computed orders of uniform conver-
gence ¢™¥M using

qéV,M — 10g2 (déV,M/d?N,QM) , qN,M — 10g2 (dN,M/dQN,QM) )

The uniform differences and the computed orders of uniform convergence for test
problem (27) are given in Table 1. We observe uniform convergence of the finite
difference approximations, which is in agreement with the theory. In Figure 1 we
display the solution and the corresponding two mesh differences for ¢ = 1078 with
N = 64, and M = 64, observing clearly the interior layer and that the largest
differences appear in the interior layer region. Note that we compute the solution
in the transformed domain, but we display the computed solution and differences
in the original domain.
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"eps=Le-8 N=M=64" —— "eps=L.e-8 N=M=64" ——
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i
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o

FIGURE 1. Test problem (27): Solution U and two—mesh differ-
ences |(U — T)(z;,t;)| for e = 1078 and N = M = 64. The final
time is T = 0.5.

TABLE 1. The maximum two-mesh differences d¥- | the uniform

differences d™' the computed orders of convergence ¢¥* and
the computed orders of uniform convergence ¢™V*™ for test problem
(27)
N=64 N=128 N=256 N=512 N=1024 N=2048 N=4096 N=8192
M=64 M=128 M=256 M=512 M=1024 M=2048 M=4096 M=8192
e =20 0.111E-02 | 0.576E-03 | 0.293E-03 | 0.149E-03 | 0.807E-04 | 0.423E-04 | 0.218E-04 | 0.111E-04
0.950 0.976 0.974 0.886 0.931 0.960 0.977
c=22 0.288E-02 | 0.147E-02 | 0.745E-03 | 0.374E-03 | 0.188E-03 | 0.939E-04 | 0.470E-04 | 0.235E-04
0.969 0.985 0.992 0.996 0.998 0.999 1.000
c=21 0.565E-02 | 0.284E-02 | 0.142E-02 | 0.710E-03 | 0.355E-03 | 0.178E-03 | 0.889E-04 | 0.444E-04
0.995 0.998 0.999 1.000 1.000 1.000 1.000
ce=220 0.163E-01 | 0.885E-02 | 0.462E-02 | 0.237E-02 | 0.120E-02 | 0.603E-03 | 0.302E-03 | 0.151E-03
0.881 0.936 0.966 0.983 0.991 0.996 0.998
e=238 0.301E-01 | 0.197E-01 | 0.130E-01 | 0.758E-02 | 0.416E-02 | 0.220E-02 | 0.113E-02 | 0.576E-03
0.614 0.603 0.776 0.865 0.918 0.957 0.978
e=2"10 0.412E-01 0.237E-01 | 0.159E-01 | 0.100E-01 | 0.602E-02 | 0.348E-02 | 0.196E-02 | 0.108E-02
0.797 0.572 0.665 0.738 0.791 0.829 0.859
ce=2 12 0.946E-01 | 0.411E-01 | 0.190E-01 | 0.985E-02 | 0.597E-02 | 0.348E-02 | 0.197E-02 | 0.109E-02
1.202 1.113 0.948 0.721 0.779 0.826 0.857
e =217 [[ 0.202E+00 | 0.846E-01 | 0.373E-01 | 0.183E-01 | 0.924E-02 | 0.467E-02 | 0.235E-02 | 0.118E-02
1.259 1.181 1.027 0.985 0.986 0.992 0.996
e=2"10 0.259E+00 0.144E+400 0.707E-01 0.363E-01 0.180E-01 0.911E-02 0.460E-02 0.231E-02
0.848 1.025 0.962 1.012 0.984 0.986 0.992
e =290 0.259E+00 0.144E+400 0.707E-01 0.370E-01 0.203E-01 0.113E-01 0.620E-02 0.338E-02
0.848 1.025 0.933 0.866 0.851 0.861 0.876
aN-M 0.259E+00 0.144E+400 0.707E-01 0.370E-01 0.203E-01 0.113E-01 0.620E-02 0.338E-02
q"N_,;M 0.848 1.025 0.934 0.866 0.851 0.862 0.876

In Table 2 we examine if the restriction (25) is needed in practice. In this table,
we display the numerical results for problem (27) associated with different values
of the final time 7" and & = 10~8. Here, M* denotes the minimum value of M such
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that (25) holds. From these results we conclude that this theoretical constraint
appears to be required in practice.

More extensive numerical experiments for other test problems are given in [9].

TABLE 2. Test problem (27): Maximum two-mesh differences and
computed orders of convergence for ¢ = 1078 and different values
of T. M* denotes the minimum value of M satisfying (25)

T =05 N,M=64 N,M=128 N,M=256 N,M=512 N,M=1024 N,M=2048
(M* = 44) (M* = 51) (M* = 59) (M* = 66) (M* = 73) (M* = 81)
aN- M 0.259E+00 0.144E+00 0.707E-01 0.370E-01 0.203E-01 0.113E-01
qi\’vM 0.848 1.025 0.933 0.866 0.851
T = 0.53 N,M=64 N,M=128 N,M=256 N,M=512 N,M=1024 N,M=2048
(M* = 60) (M* = 70) (M* = 80) (M* = 90) (M* = 100) (M* = 110)
alN M 0.325E400 0.224E+00 0.118E+00 0.599E-01 0.321E-01 0.177E-01
qiv'A/I 0.534 0.927 0.976 0.901 0.861
T=06 N,M=64 N,M=128 N,M=256 N,M=512 N,M=1024 N,M=2048
(M* = 146) (M* = 170) (M* = 195) (M* = 219) (M* = 243) (M* = 267)
aN- M 0.370E+00 0.342E+00 0.321E+00 0.282E+00 0.188E+00 0.990E-01
qi\’vM 0.114 0.090 0.190 0.582 0.927
T =0.7 N,M=64 N,M=128 N,M=256 N,M=512 N,M=1024 N,M=2048
(M* =1529) | (M* =1784) | (M* =2038) | (M* =2293) | (M* = 2548) | (M* = 2803)
a- M 0.379E+00 0.350E+00 0.329E+00 0.291E+00 0.187E+00 0.925E-01
qiv'A/I 0.118 0.089 0.178 0.639 1.011

Appendix. A priori bounds on the solution of the continuous problem

In this appendix, we restate the standard arguments (see for example [11]) to
derive a priori parameter explicit bounds on the solution of a singularly perturbed
parabolic problem of convection-diffusion type. However, in this appendix, we
allow the initial condition to depend on the singular perturbation parameter and
we track the influence of this parameter dependence in the derivation of the bounds
on the derivatives of the solution. In addition, we also examine the effect such an
initial condition has on the bounds of the regular component in a standard Shishkin
decomposition of the solution into regular and layer components.

In this appendix, let L. denote the differential operator defined by

Lew(z,t) := —cwgy + a(z, t)wy + b(z, t)w + wy,
where a(x,t) > a > 0, b > 0. We also define
Low(z,t) := a(z, )w, + b, t)w + w;.

Consider the following parabolic problem

(28a) Lou = f, (z,t) € (0,1) x (0,T] =: Q,
(28b) U(O,t) = ¢L(t)vu(]-at) = ¢R(t)v
(28¢) w(z,0) = (z;¢), ¢l < C(L+e"%),i<n+3.

Note that the initial condition for the above problem is not as in the main part of
the paper, but it does correspond to the initial condition used in the definition of
the regular component v~ defined in Theorem 2 after transforming in space from
[0,d] to [0,1]. Throughout this appendix we assume sufficient compatibility and

regularity so that the solution of (28) u € C"1t7(Q2). We can write
z=u—¢(x) — (1 —2)(¢L(t) — ¢2(0)) — 2(Pr(t) — or(0))-

Then, z has zero initial/boundary conditions and

Lez = Fi=f — Le(¢(x) + (1 — 2)(¢L(t) — ¢£(0)) + 2(or(t) — or(0))).
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Note that

(i+1) .
2 ), i<n+lLl

|l < O(1 + "
From the maximum principle, we have that
2] < C(1 4 32).
Introduce the stretched variables ¢ := x /e, 7 :=t/e, §(s,7) := g(z,t). Then
Zec +aZ. —ebz —di =¢eF.
Using [8, pg. 65] or [12, pg. 320], we have
12lies < CIEN+ CellFllors, Nlnen < ClEN+ CellFllnoniyy n=i+2j>2.

Observe that [|Z||, < ||Z]|nt+y, n =1+ 27, and

n n
1Elln =D |l =) &' Fli.
i=0 i=0

Note that |||, < C, for k > 0.5. In the unstretched variables, for k > 0.5,
Izlli < Ce™l lzlla < Ce™ 4 Ce™ V|| Py < Ce™™

It easily follows that, for k& > 0.5, ||u|l, < Ce™™. Let the regular component v of
the solution to problem (28) be further decomposed by v := vy + ev; + £2v,. Here
v is the solution

Lovo = f, v9(0,t) = ¢r(t), wvo(z,0) = ¢(z;¢€).
From the explicit closed form solution representation given in [1, pg.396]
[volm < C(1+€¥%), m=i+j<n+3.
The second term v; in the expansion of v is defined by
Lovi = (v0)az, v1(z,0) =0, v1(0,t) =0.

Then using [1, pg.396] again |vi|m < C(1 +e*717%), m =i+ j <n + 1. Finally,
define v as the solution of

Levy = ('Ul)a:x; ’Ug(x, 0) = U2(Oa t) = U2(17t) =0.

Note that |(v1)ez|m < C(1+e¥27%) m =i+ j < n — 1. Hence, using the
arguments for the parabolic problem given above,

Jvg|| < C¥2, ua]y < OF3,
|vg < CF2e™™ 4 CF= 5" m=i+2j<n.

To conclude, we have established the following bounds

(m—1)

Ul S C(A+e~"2 4™ <CU+e™), m=i+2j<n
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