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A STABILIZED NONCONFORMING QUADRILATERAL FINITE
ELEMENT METHOD FOR THE GENERALIZED STOKES
EQUATIONS

ZHEN WANG, ZHANGXIN CHEN, AND JIAN LI

Abstract. In this paper, we study a local stabilized nonconforming finite element method for the
generalized Stokes equations. This nonconforming method is based on two local Gauss integrals,
and uses the equal order pairs of mixed finite elements on quadrilaterals. Optimal order error
estimates are obtained for velocity and pressure. Numerical experiments performed agree with
the theoretical results.
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1. Introduction

Much attention has recently been attracted to using the equal order finite element
pairs (e.g., P1 — P1—the linear function pair and (1 — Q1—the bilinear function pair)
for the fluid mechanics equations, particularly for the Stokes and Navier-Stokes
equations [1, 10, 11, 12]. While they do not satisfy the inf-sup stability condition,
these element pairs offer simple and practical uniform data structure and adequate
accuracy. Many stabilization techniques have been proposed to stabilize them such
as penalty [7, 8], pressure projection [1, 10], and residual [15] stabilization methods.
Among these methods, the pressure projection stabilization method is a preferable
choice in that it is free of stabilization parameters, does not require any calculation
of high-order derivatives or edge-based data structures, and can be implemented at
the element level. As formulated in [1, 10, 11, 14], it is based on two local Gauss
integrals.

Nonconforming finite elements [4] are popular for the discretization of partial
differential equations since they are simple and have small support sets of basis
functions. These elements on triangles have been studied in the context of the
pressure projection stabilization method [9]. However, due to a technical reason,
the nonconforming finite elements on quadrilaterals have not been studied for this
stabilization method. In this paper, an argument is introduced to study this class
of nonconforming finite elements for the stabilization method of the generalized
Stokes equations. As examples, the nonconforming rotated element span{1,x,y,z —
y?} [3, 13] and the element span{1x,y,((32? — 5z*) — (3y? — 5y*))} proposed by
Douglas et al. [6] will be analyzed. After a stability condition is proven for the
pressure projection stabilization method, optimal order error estimates are obtained
for velocity and pressure. Numerical experiments will be performed to check the
theoretical results derived.
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An outline of this paper is given as follows: In the second section, we intro-
duce some basic notation and the generalized Stokes equations. Then, in the third
section, the nonconforming quadrilateral finite elements and the local stabilization
method are given. In the fourth section, a stability result is shown. Optimal order
error estimates are derived in the fifth section. Finally, numerical experiments are
presented in the sixth section.

2. Preliminaries

We consider the following generalized Stokes problem:

ou—vAu+Vp=f in Q,
(2.1) V.eu=0 in €,
u=0 on 09,

where () represents a polygonal convex domain in R? with a Lipschitz-continuous
boundary 99, u(z) = (u1(z), uz(z)) the velocity vector, p(x) the pressure, f(z) the
prescribed force, v > 0 the viscosity, and ¢ > 0 a nonnegative real number. For a
time dependent problem, for example, o can represent a time step.

To introduce a weak formulation of (2.1), set

X = (H}(Q)? Y =(L*(Q)?,

M{qELQ(Q):/ﬂqdzO}.

Below the standard notation is used for the Sobolev space W7 (), with the norm
| - | m.~ and the seminorm |- |, -, m,r > 0. We will write H™(Q) for W™2() and
| llm for || - |lm,2 when r = 2. The spaces (L?(Q2))™, m = 1,2, 4, are endowed with
the L?(Q)-scalar product (-,-) and L?(2)-norm || - ||o, respectively, as appropriate.
Also, the space X is equipped with the scalar product (Vu,Vv) and the norm
|ul1, u,v € X. Because of the norm equivalence between || - ||; and |- |1 on X, we
sometimes use the same notation for them.

We define the continuous bilinear forms:

a(u,v) = o(u,v) + v(Vu, Vo) Vu, ve X,
d(v,p) = (V- v,p) YVve X, pe M.

Now, the variational formulation of problem (2.1) is to find a pair (u,p) € X x M
such that

(2:2) B((u,p), (v,q)) = (f,v)  V(v,q) € X x M,
where
B((“aP)? (U7 Q)) = a(“’? U) - d(va) - d(’U’v Q)-

The bilinear form d(-,-) satisfies the inf-sup condition [4]:

d(v
sup ld(v, q)|
ozvex |V

> Bllallo, g€ M,

where § is a positive constant depending only on the domain €.
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3. Nonconforming Quadrilateral Finite Elements
Let K} be a quasi-regular partition of (2 into convex quadrilaterals. Set
O=|JK;, I;=00nK;, Ty=Iy=KnkK, KK
J

We denote the centers of I'; and I'j; by ¢; and cji, respectively. Let K be the
reference square [—1,1] x [—1,1] in the (£, n)-plane. On this reference element, we
define the nonconforming rotated element [3, 13]

(31) X(I?) :span{l,f,n,§277}2}
or the element [6]
(3:2) X (K) = span{1,&,n, ((3¢” — 5¢*) — (3n° — 5n™))}.

For every convex quadrilateral K € K, with vertices (z;,y;), ¢ = 1,2, 3,4, there
is a unique bilinear mapping F : K — K:

4 4
(z,y) = Fx(&n) = (Fg, Fi) = <Z$i¢i,zyi¢i> :
where
g1 =31-1-n), ¢2=31+H01-n),

o3 =214+ +n), ¢s=11-E1+n).
Then we define the element on the quadrilateral K € Kp:

1
4
1
1

X(K)={v:v=00F;', 1€ X(K)},

where X (K) is defined by either (3.1) or (3.2). With the above notation, we
construct the following velocity-pressure finite element spaces:

Xn

{’UGY:’UlKJGX(Kj)XX(Kj),/ [v] ds:O,/vds:O Vj,k:},
T r,

J
My, = {qeM:qlg, € Qi(K;) Vj},

where [v] = VP, — Ury, denotes the jump of the function v across the interface I';.

~

When X (K) is defined by (3.2), the space X}, can equivalently be defined as follows
[6]:

Xn = {veYivk, € X(Kj) x X(K;), v(cjr) = v(erg), v(e;) =0 Vi k}.
Define the energy norm
1/2
loln = | D 1ol &, + D 1005k, ;v E X
J J

The two finite element spaces X} and M}, satisfy the approximation property: For
(v,q) € (H*(2) N X) x (HY(Q) N M), there are two approximations v; € X}, and
qr € Mj, such that

(3-3) lv—=wvrllo + % (v = vrllun + llg = arllo) < Ch? ([vll2 + llall)

where (and below) C' > 0 is a generic constant independent of the mesh size h.



452 Z. WANG, Z. CHEN, AND J. LI

Set ('a')j = ('7')Kja <'a'>j = ('a')aKjv H : ||0,j = ” : ||0,Kj7 and | : |07]' = | : |0,Kj'
Then the discrete bilinear forms are given as follows:

ap(u,v) :JZ(U,U)j+I/Z(VU,VU)j, u, v € Xy,
J J

dh(an):Z(v'vatnj' UEX}L, QEM}L.

J

For the nonconforming vector space X, we define the local operator II; :
HY(K;) — X(K;) by

(3.4) /6K.(v —1II;v) ds = 0.

This local operator satisfies [4]:
(3.5) lv — o]y ; < Ch'vliy1,  ve HTYK;), i=0,1,
(3.6) Mol < Cllolhyy,  ve HY(K;).
The global operator I : X — X}, is now defined by
Mpol; =;v Yve X.
The operator II;, has the following properties:
(3.7) dp(v —Tlpv,qn) =0 Vqn € Wh, IMpo|l1n < Clvlli Yo € X,

where W), C L*(Q2) denotes the piecewise constant space associated with Kp,. As a
result, the discrete inf-sup condition holds [4]:
|dh (Ua q)'

sup ———— > Bllqllo, ¢ € Wh,
ozvex,, |[vll1n

where 8 > 0 is independent of h.
As noted, the X x M}, pair does not satisfy the inf-sup condition. However,
following [9], we can add a simple local, effective stabilization term Gy, (-, -):

Gu(pg) = Y {/K pqu—/K pqdw}, p,q € L*(),

KjEKh

where [ k. . pq dr indicates an appropriate Gauss integral over K;; that is exact for
J,t

polynomials of degree i (i = 1,2), and pq is a polynomial of degree not greater

than two. Thus, for all test functions ¢ € My, the trial function p € M} must be

piecewise constant when i = 1. Consequently, we define the L?—projection operator
7 L?(Q) — W), by

(3.8) (p.an) = (mapyan)  Yp € LX), a1 € Wy
The projection operator 7, has the following properties [9]:
(3.9) Imnpllo < Clipllo  Vp € L2(Q),

and

(3.10) lp = mnpllo < Chllplly  Vp € H' ().

Now, using (3.8 ), we can define the bilinear form Gj(-,-) as follows:

(3.11) Gh(p,q) = (p — mnp,q) = (p — TP, ¢ — Th).
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Finally, the nonconforming finite element approximation of problem (2.1) is to
find a pair (un,pn) € (Xn, Mp) such that

(3.12) By((un,pn), (n,qn)) = (f,on)  Y(vn,pn) € (Xn, Mp),

where

By ((un,pn), (Vn,qn)) = an(un, vy) — dp(vn, pr) — dn(un, qn) — Gu(pn, qn)

is a bilinear form defined on (Xp, M}p,) x (Xp, My). In the subsequent two sections
we will establish stability and convergence results for method (3.12).

4. Stability

The stability result will come from the next theorem.
Theorem 4.1. The bilinear form Bp((-,-), (-,-)) satisfies the continuous property

(4.1) B ((un, pr), (vn, gn)) < Clunll1n + |[pallo)([[onll L + llgnllo)
v(uhaph)a (Uh,CIh) S (Xfth)a

and the coercive property

sup B ((un,pr), (vn, qn))
(4.2) 0#£(on.an)e(Xn M) [VnllLn + llanllo

> B (||unl
V(un,pr) € (Xn, Mp),

where B is a positive constant depending only on €.

Proof. By the continuous property of the bilinear forms a(-,-), d(-,-), and
Gh(-,-), we can easily obtain the continuous property of By ((-,-), (,-)) so it suffices
to show the coercive property.

For all pj, € L?(Kj), there exists w € (Hl(Kj))2 such that [4]

1.n + [[pnllo)

(V-w,pn); =llpalls;  llwlhy < Collpal

Setting wy, = Ipw, we see that

(4.3) lwnlln < Cillpnllo-

Choosing (vp, qn) = (up — ewp, —py) for some constant € > 0 yet to be determined,
we have

(4~4) Bh((uhaph)a (Uh - €wh;ph))
= ap(un, un) — €an(un, wn) + edp(wn, pr) + Gn(Ph, D).
From (4.3) it follows that

0,5+

(45) can(un, wn) < I’Ila,XQ{O',l/} max{;f,z/}fy6
Y

where 7 > 0 is another constant to be determined. Note that, by (3.7),

eCallunll3 , + Cslpnll3,

Ipnlls = (pn, V- w)

(pn — Thpn, V - w) + (mppp, V - w)
= (ph — 7hph, V W) + (Thpr, V - wp)

(Ph — Thpn, V - (W — wp)) + (pr, V - wh),
and, by (3.7) and (4.3),

|(pr = 7apn, V- (w —wp))| <l — 7apallol|V - (w — wp)llo
2
< C’4G}L/ (P pr)llpnllo
1 1
< §|\20h||c2>Jr §Cth(ph,ph)~
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Consequently, we obtain

1
(4.6) §||ph||(2) < C5Gh(prspr) + (Pr, V - wp).
Combining (4.4)—(4.6) gives

By ((un,pn), (un — ewn, pr))

. max{o, v
> winfo, ) funl — 257 ol
maxfo, 1y L
= 5 <Csllpnlls + ellpullo — CseGpn, pn) + G(pn, pr)
. max{o, v
> (minfo,v} - "0 0y )
Y
1
+  5e(l - max{o,v}yCs) Ipnllg + (1 = C5€)G(pn, pn)-
Choosing
1 . min{o, v} 1
N € = min S —
2max{o,v}Cs 2max{o,v}2C5C5’ 2C5
we see that
(4.7) | Bu((uns pn)s (un — ewn, pr))| > Co([|unllin + [Ipnllo)*.
Clearly, using (4.3) and the triangle inequality, we have
(4.8) lun — €wnll1,n + [IPallo < Cr([[unllsn + [lpallo)-

Finally, setting 8 = Cg/C7, combining (4.7) and (4.8) yields (4.2). I

5. Error Estimates

The next lemma will be used [2].
Lemma 5.1. For any ¢, w € X U X,

0
6.) > (5me0) | < Chlulalo
J

Lhs we XN (H*(Q))?,

J

(5.2) > (a6 n5);| < Chlall]¢]

J

1,h> q € HI(Q)

Set

Bu((u,p), (v,9)) = Bu((u,p), (v,9)) + Gr(p, ).
We introduce the projection operators (Rp, Qr) : (X, M) — (Xn, My) by

(5.3) B ((Rih(v,q), Qn(v,q)), (vn,qn))
= Bu((v.q), (vnan))  ¥(vn,qn) € (Xn, My).

which is well defined by Theorem 4.1 and satisfies the next approximation property,
whose proof follows [9].
Lemma 5.2. It holds that, for (v,q) € (X N (H?*())*, M N H(Q)),

(5.4) [v = Ra(v,@)llo + h([[v = Ba(v; @)llun + llg = Qnlv; a)llo)
< CR*(|lvll2 + llglh)-
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Proof. Using (5.3), we see that
(55) Bh((v7Rh(vaq)aquh(vaqna(Uhth))
= —Gn(q,qn) V(vn,qn) € (Xn, Mp).
Setting £ = v — IIpv and (w,r) = (Upv — Ru(v,q),qr — Qn(v,q)), where ¢y is the
interpolation of ¢ in M}, we have
(5.6) B((w,r), (vn,qn)) = =Bu((E,q — qr)), (v, qn)) — Gn(q: an)
V(’Uh, qh) S (Xha Mh)
From Theorem 4.1 and the continuous property of G (-, ), we obtain
B ((w,r), (v,
Blwln+ o)< sup  Dnllerhlma))
(5.7) (wnaneXnmy)  1vnllin + llanllo
|Gh(a,qn)| < Chliglli([lvallsn + [lanllo)-
From (3.3), (3.5), and the continuous property of By (-, ), it follows that
Bu((E,q = ar)), (vn,qn)) < C[E]1,n + llg = arllo)(lvallin + llgnllo)
< Ch([lvllz + llgll) lvnlln + llgallo)-

(5.8)

Combining (5.6)—(5.8) gives
(5.9) [wll1.n +lIrllo < Ch(|lvll2 + llgll2)-
Therefore, we obtain

[0 = B (v,@)ll1.n + llg = Qn(v,9)llo
(5.10) < (o = Mpolln + lwlln) + (lg = arllo + l7/lo)
< Ch(|lvllz + liqll)-

Next, we consider the following dual problem, with (¢,7) = (v — Rn(v,q),q —

Qh(va Q))
c®—vAP+ VY = in Q
(5.11) V-®=0 in Q,
®=0 on 00.

Because of the convexity of the domain €2, the solution of this problem satisfies the
regularity property:
(512) @2 + 1] < elclo

Multiplying the first and second equations of (5.11) by ¢ and 7, respectively, inte-
grating the resulting equations over 2, and using (5.5) with (v, gn) = (Up®, ¥)),
we see that

0
618 = an €. ) = (6 )~ du(#7) — v 30 () + T (G om0,
J J J J
(5.13) = ah((,q) *th)) *dh((,\I/ — \I/[) 7dh((I)7th),T) — Gh(\I/ — \I/],T)

6. = Grla ) v S (G C) +

J J

From the continuous property of the bilinear terms a(:,-), d(:,-), and Gy(-,"), the
approximation properties (3.3) and (3.5), the estimate (5.10), and the regularity
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(5.12), we have
lan(C, @ = I ®) —dp(¢, ¥V — V) — dp(® =11 ®,7) — GH (¥ — Vp,7)|

(5.14) < CUClhn + I lo) (1€ = 0] s + % — ]lo)
< CR*(|lvll2 + llgll) ¢,

and

(5.15) Gr(¥,7) = Grlg, ¥r)| < Ch¥|1I7llo + Ch?|lql|1]| @1

< CR2(|[vll2 + llall) ¢ o-
In addition, it follows from Lemma 5.1, (5.10), and (5.12) that

0
616) |3 (G = S m | < CHplla + lallIClo
j T
Finally, combining (5.13)—(5.16) gives (5.4). I
We are now in a position to obtain the error estimates for method (3.12).

Theorem 5.3. Let (u,p) and (up,pp) be the respective solutions of (2.1) and
(3.12). Then

(5.17) llw = unllin+llp = prllo < Ch(([ull2 + lIpll)-

Proof: Let ((,7) = (Rn(u,p) — up, Qn(u,p) — pp). Using (5.3) and a similar
argument as for (5.15) and (5.16), we see that

Bh(((a"_)v (vha Qh)) = Eh((uap)a (Uha qh)) - Bh((uhaph)v (vha qh))
= VZ<%7vh>lz<vh'njap>j
Ch([[ullz + lIpll)llvnll1,p-

IN

Consequently, by the triangle inequality, (4.1), (4.2), and Lemma 5.2, we obtain

wnt o= pallo < c{m— () ln + Ip = Qnusp)lo

l|w — un|
1 B
(5.18) L1 sup |Br((¢,7), (Uh7Qh))|}
B (vh,qn) €(Xn,Mp) lorlli,n + llarllo
< Ch(|lunll2 + [Ipnllo)

which implies the desired result (5.17). I
Theorem 5.4. Let (u,p) and (up,pp) be the respective solutions of (2.1) and
(3.12). Then

(5.19) lu—unllo < CR(Jull2 + lIpll1)-

Proof. Asin the proof of Lemma 5.2, setting ({, 7) = (u—up, p—pp), multiplying
the first and second equations of (5.11) by ¢ and 7, respectively, and integrating
the resulting equations over €2, we see that

(5.20) KI5 = an(C, ®) — dn(¢, ) — dn(®,7)

0P
—VZ<%7C> +Z<§'”ja‘1’>j-
J (A
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Using (2.1) and (3.12) with (vp,qn) = (I ®, ¥y), it follows that

I1€¢]13 = an (¢, ® —TR®) — dp((, ¥ — V) — dp(® — TP, 7) — Gp(¥ — Uy, 7)

+U7) =Gl ) —v () + 30
+VZ< 0,3 >_—Z<th>-nj,p>j.

J J

(5.21)

Applying an analogous argument as for (5.14)—(5.16), we have

lan(C, @ — 1, ®) — dp((, ¥ — V) — dp (@ — 11,2, 7) — GR(V — ¥p,7)]
< CR*(|Jullz + llpll)I1Clo,
(5.22) |Gn (¥, 7) = Gr(p, ¥1)| < Ch*(||lull2 + lIpll1) <o,

‘Z on;’ > = D_{C 5, W) < CR3(lfullz + Ipll) IClo-
j

Note that, by the regularity of the solution u and p,

’/Z< Hh<I>> =Y (Iy®n;,p); = Z< L,® — <I>> =Y (T4 ®—®)n;,p);.
on;’ ; on;’ i 5

J

As a consequence, it follows from Lemma 5.1, (3.5), and (5.12) that
(5.23)

ou
v Y (G ) =SS | < Ol + o)
J / i
< On2(ull + Il

Finally, combining (5.20)—(5.23) yields (5.19). I

6. Numerical Experiments

In this section we present numerical experiments to check the numerical theory
developed in the previous sections. In all the experiments, Q = (0,1)? is the unit
square in R2, the exact solution for the velocity u = (u,u2) and the pressure p is
given as follows:

p = cos(mx) cos(mxa),
(6.1) uy = 2msin® (mxy) sin(mwas) cos(may),

uy = —2msin(mzy) sin? (was) cos(way),

and the right-hand side f(x) is determined by (2.1) through this exact solution.
Furthermore, the nonconforming finite element given in (3.2) is used.

When ¢ = 0 and v = 0.1, the convergence results are given in Table 1. We now
fix v = 0.1 and vary ¢ = 0.1,1,10, 100; the results are given in Table 2. These
convergence results fully agree with the theoretical results we have obtained in the
previous two sections.

Table 1. Convergence results.
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1/h Hu”;m”(’ Hulmzlll Hp”;)ﬁlzllo ure2rate | ugirate | prarate
8 0.0461 0.2981 | 0.1308
12 | 0.0205 0.2000 | 0.0602 | 1.9944 | 0.9845 1.9130
16 | 0.0116 0.1503 | 0.0352 | 1.9973 0.9929 | 1.8629
20 | 0.0074 | 0.1203 | 0.0234 | 1.9984 | 0.9960 | 1.8271
24 | 0.0051 0.1003 | 0.0168 | 1.9989 | 0.9975 1.6892
Table 2. Convergence results for different o.
16x16 24x24
o | upzrate | ugirate | pr2rate | upz2rate | ugirate | przrate
0.1 | 1.9954 | 0.9881 1.8934 | 1.9985 | 0.9967 | 1.8159
1 1.9941 0.9887 | 1.9032 | 1.9980 | 0.9969 | 1.8288
10 | 1.9884 | 0.9912 1.9546 | 1.9963 | 0.9977 | 1.9134
100 | 1.9596 | 0.9939 | 1.8649 | 1.9869 | 0.9987 | 1.9611
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