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NUMERICAL SOLUTIONS FOR NONEQUILIBRIUM SOLUTE
TRANSPORT WITH FIRST-ORDER DECAY AND
ZERO-ORDER PRODUCTION

MING CUI* AND YAZHU DENG

Abstract. Solute transport in the subsurface is often considered to be a nonequilibrium pro-
cess. Nonequilibrium during transport of solutes in porous medium has been categorized as either
transport-related or sorption-related. For steady state flow in a homogeneous soil and assuming a
linear sorption process, we will consider advection-diffusion adsorption equations. In this paper,
numerical methods are considered for the mathematical model for steady state flow in a homoge-
neous soil with a linear sorption process. The modified upwind finite difference method is adopted
to approximate the concentration in mobile regions and immobile regions. Optimal order I2- error
estimate is derived. Numerical results are supplied to justify the theoretical work.
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1. Introduction

Solute transport in the subsurface is often considered to be a nonequilibrium pro-
cess. Nonequilibrium during transport of solutes in porous medium has been cat-
egorized as either transport-related or sorption-related. Transport nonequilibrium
(also called physical nonequilibrium) is caused by slow diffusion between mobile
and immobile water regions. These regions are commonly observed in aggregated
soils [8, 12] or under unsaturated flow conditions [2, 13, 14, 15], or in layered or
otherwise heterogeneous groundwater systems. Sorption-related nonequilibrium re-
sults from either slow intrasorbent diffusion [1] or slow chemical interaction [7]. In
most of these models, the soil matrix is conceptually divided into two types of sites;
sorption is assumed to be instantaneous for one type and rate-limited for the other
type.

Solute transfer between immobile/mobile water regions or instantaneous,/ rate-
limited sorption sites is commonly described by a first-order rate expression or by
Fica’s law if the geometry of the porous matrix can be specified. Models that
are based on well-defined geometry are difficult to apply to actual field situations,
they require information about the geometry of the structural units that are rarely
available [6]. Hence, the first-order rate formulation has been extensively used to
model underground contaminant transport. We start with a brief outline of two-site
nonequilibrium models as well as the two-region physical nonequilibrium models
which were given in [16]. General solutions are derived for the volume-averaged
solute concentration using Laplace transforms in [16].

Model
(1) Two-site Nonequilibrium Transport Model
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The two-site sorption model makes a distinction between type-1 (equilibrium)
and type-2 (first-order kinetic) sorption sites [9] and is given by

kO 0? 5}
W e EHZT = DIE v P Phe- s - pue
- fp/;s’—ec + () + fmT(x)
(2) % =af(1 — flke — si] — pspsk + (L — f)vsk(x).

where ¢ is the volume-averaged concentration of the liquid phase; s is the con-
centration of the sorbed phase; D is the dispersion coefficient; 6 is the volumetric
water content; v = ¢/6 is the average pore water velocity in which ¢ is the vol-
umetric water flux density; p is the bulk density; yu; and ps are first-order decay
coeflicients for degradation in the liquid and sorbed phases, respectively; v; and ;s
are zero-order production terms for the liquid and sorbed phase, respectively; k is a
distribution coefficient for linear sorption; « is a first-order kinetic rate coefficient;
f is the fraction of exchange sites assumed to be at equilibrium; x is distance; ¢
is time; and the subscripts e and k refer to equilibrium and kinetic sorption sites,
respectively.

(2) Two-Region Nonequilibrium Transport Model

The two-region transport model assumes that the liquid phase can be partitioned
into mobile (flowing) and immobile (stagnant) regions and that solute exchange
between the two liquid regions can be modeled as a first-order process. The model
is given by

e 820m dem
(3) (Hm + fpk/’)w = emDmW - QE - Oé(Cm — Cz’m)

- (emﬂl,m + fpk',us,m)cm + Hm'W,m(x) + fp%,m(fﬂ),

= a(cm - Cim) - (eim,ufl,im + (]- - f)Pst,zm)clm

where the subscripts m and im refer to mobile and immobile liquid regions, respec-
tively; the subscripts | and s refer to the liquid and sorbed phases, respectively;
f represents the fraction of sorption sites that equilibrates with the mobile liquid
phase and « is a first-order mass transfer coefficient governing the rate of solute
exchange between mobile and immobile liquid regions. Note that 6 is equal to
O + i

If we employ dimensionless parameters listed in Table 1, equations (1), (2) and
(3), (4) reduce to the same dimensionless form. Dimensionless equations of the
nonequilibrium model for the case of linear sorption are given by

oC 1 0%2C oC
(5) BR—— = =5 — = —w(C1 — C2) — 11C1 +n(X),

() (1= BRDZ = w(Cr — C3) — s + 12 (X).
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TABLE 1. Dimensionless Parameters for the Two-Site and Two-
Region Transport Models

parameter two-site two-region
T vt/L vt/L
X x/L x/L
P vL/D UmL/Dm,
R 1+pk/0 14+pk/0
3 0+fpk Om+fpk
0+ pk 0+kp
a(1—B)RL L
w T T
C2 (1—?)@0 %
(9H1+fpkus,e)L (Gmul,m +fpklts,m)L
H1 Ov Ov
(A=f)pkps,i L (Oimpur,im+A—=f)pkpis,im)L
H2 Ov Ov
L(O@vi+fpys,e) LOmYt,m+Fpys,m)
M Ovco Ovcy
LA=f)pvs.k LOimy1,im+A=F)pYs im)
Y2 Ovco Ovcy

Here ¢y and L represent characteristic concentrations and lengths, respectively.

where C; is the reduced volume-averaged solute concentration, Cs is the reduced
kinetically adsorbed concentration, u is a first-order decay coefficient, v is a zero-
order production coefficient, X and T are space and time variables, respectively; 3,
R, P and w are adjusted model parameters and subscripts 1 and 2 on p and ~y refer
to equilibrium and nonequilibrium sites, respectively. We shall assume that w and
w cannot be negative. Notice that zero-order production terms in (5) are functions
of position X, but that first-order rate coefficients are assumed to be constant.
Subscripts 1 and 2 refer to mobile and immobile regions if dimensionless transport
equations are interpreted in terms of the two-region model.

These dimensionless transport equations given by (5) (6) will be solved for the
following general initial and boundary conditions:

(7) C1(X,0) = C2(X,0) = Ci(X),
©) (552t + Co)lx=o = Co(T),

with 6 = 0 for a first-type and 6 = 1 for a third-type boundary condition and

0 1
where C; is the initial concentration and (Y is the boundary concentration.

The organization of the paper is as follows. In section 2, the modified upwind
difference methods is proposed to the dimensionless mathematical model for steady

(OO, T) =0,
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state flow in a homogeneous soil with a linear sorption process. Optimal order
estimate in [?- norm is derived. In section 3, numerical results were presented for
the nonequilubrium transport model which was given in [16].

2. The modified upwind finite difference method

There have been many numerical methods for miscible displacement in porous
media. In [5] the finite difference method is proposed combining with the method
of characteristic method for convection-dominated problems in porous media. An
alternating direction method combined with a modified method of characteristic is
presented in [4] for miscible displacement influenced by mobile water and immobile
water. Yi-rang Yuan [17] formulated a modified upwind finite difference procedure
for compressible two-phase displacement problems. The modified upwind finite
difference method is efficient to treat the equation with significant convection and
has the second-order accuracy in space variable.

We assume that coefficients satisfy:

0<a.<a(r)<a*, 0<b,<bx)<b", 0<D.<D(zx)<D

where a,,a*, by, b*, D,, D* are positive constants.
We also assume that the solution ¢;, o of (5) and (6) satisfy:

(10)

dc1 0O
c1,Co € wiee ﬂLOO(W4’°O) a ge

ot ot

8201 8202
ot?’ ot?

€ L(Wh™), € L(Wh™).

For convenience, we introduce new parameters:
u=1, D=1/P, a=pRb=(1-B)R.

For the sake of simplicity, denote the bounded domain 2 = [0, 1], the space step
h = %, code z; = ih, i = 0,1...N, the time step t" = nAt, and ¢} = c(z;,t"),
wit = w(zij, t").
Let 6,06, and 0z, 05 stand for standard backward difference respectively.
Define

Diy1,;+ Di Di_1,; + Di
Di+%7j - f’DF%J - 9
Similarly, we can define Di’j+%,Di7j_%.

Now, assume {C7,;, C3 ;. } are known. Then the modified upwind finite difference
method for (5) (6) is given by: finding that {C7F!, CoFY, for 1 <i,j < N —1

1,5 > “2,ij
satisfying

ot —crp,. oyt —cy..
aij 1] 1] “l‘bij 517 1] +5U"+1,zC{LZ’1 +5W"+1,yCT;§'1
At R i T ,
(11) upt 1 (Wit 1
1+ g—Daij 3:(D8,CIY) + (1 + g—wa_ 85(D5,CIH)
+M1,ijcf;rjl + N2,ijcgjjl = V145 + V2,55
cntl Cy .
(12) by = w(C1f = O3 — i O3 + 2

where

Sun 2Cllij = Uf{H(Ug)Dijlpié’jafoj + <1 - H(U;;))Dijlpi%,j(sggcg},

J
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Swn yCliy = W;;{H(Wg) D, 105Ch + ( H(Wg;)) Dijlpi,j%aycg;},
1, z2>0,
H(z){ 0, 2<0.
and initial values are given by:
CY 5 = cro(wij), CF,; =capo(wij), 0<i,j<N.
3. Convergence Analysis

Let ( = ¢1 — Cy and £ = ¢a — Oy, where ¢1, ¢o are the solutions of (5) (6) and
(4, Cy are numerical solutions of difference scheme (11) (12) respectively. Then we
define the inner product and norm in discrete space (%(12).

N
(f".g") = Z z]gmh2a ||fn||2 (f" ).
ij=1
By introduce the induction hypothesis

(13) sup {[[€" [ [I<" 1], [162¢™ I + 10,C™ I} = 0, (h, At) — 0.

0<n<L
and some techniques and applying discrete Gronwall Lemma, the following theorem
can be obtained.

Theorem 3.1. Suppose that the solution of the problem (5) (6) satisfies the condi-
tion (10) and the time and space discretization satisfy the relationship At = O(h?),
then the following error estimate holds for the modified upwind difference scheme

(11) (12):
ller = CIHLT([O,T];}LI) +[lez = C2HLT([0,T];12) + [lde (1 — Cl)”ﬁ([o,T];lz)

+ ||dt (02 - C2)Hﬁ([0,T];l2) S ]\4>.< {At + h2} s

where

ol = sup lollx Nolzsgr = sup {Zm ||XAt} 7

6201 8202
N LA Y P
L
Proof. (6) and (12) can be combined to get:
gntl _¢n
(15) bijW =w (I =€) = pa,i €T + ea (i, 1)
8202

where 21! < M{

2,15

At, then g3 = O (At).
7,

Suppose the time step and the space step satisfy the relationship At = O (h2) .
and introduce the hypothesis (13)

sup {1 1€ M1 162" | + (16, ¢ [} — 0, (R, At) =0
0<n<L

Take the inner product of the relation (15) against the test function 0&py =
EEHT — &8 = dy&l5 At then

)

(bde€™, di€") At = (w (¢! = €"1)  di€™) At—(u2€™, di€") At (51}, di€") At
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Thus, we get:
(16) g™ |* At < M (J|¢m P + [l |*) At + M ((a0)?) At
From (5) and (11), we get:
(17)
CZ+1 _ Z gzanrl n n+1
Qij At + bij S 4 5Un+1 z by Opyn+1 W

At
+ ,Ufl,ierL'] + M2, zjfnJrl

= {(+ 305D 05 (Doagy ™) + (1 + §IW D565 (Doy ¢ )}

+ El(xijathrl)v 1§Z,]§N71

(18) C-n'Jrl = 0, xij S 891

)

where, we have used the fact that

nt10c”
6U'n,+l’zc7(] (U +1 Cx )
ij

Uittt + ot Uit —|uptt
2 =505 2

h n+1 —1 n+1 83 2
— 5 |U5T | Dij o (Ddac™™) . + O h?,

2 dz3 Loo(Loo)

dcn Tl
n+1 n+1

6WW+1’yCi]' — (W 8y )”
Wit Wit Wit — |wptt

7 7 - n+1 7 7 n+1

=Dy Dy 1y + =Dy i Dy 18yc; (W

h n - n

3¢
— > h2,
Lo (L)
and the facts that
o [ _cmtt T B
%<D ox )z‘j ( ‘Un |Dij> 9 (Dde H)ij

i“c h2.
ozt Loo (L)
0 (D Octl

h n+1 —1 ! 1
i (2%), - (e gmneg) s,

i% h2.
ay4 Loo(Loo)

h n — 7
- bl ipgia s, vo |

[ _ .
= 5 (Wi D550y (Déye ), + 0 (H

Then, we get the following estimates:

C?H - Chaj ~ B

0 X9 52 5] “+1 +1

aij—>2 N + by —2 ~ + Oyt o1 1+ Ot )

(19) Urtt ! 1 wrtt -1 1
(8D s sty + (14 4 56,

n+1
+p1, ZJcl Jij 4 K2, 1]02 z] — Mij — V2,ij = €7, g

B 8 n+1
Dilei+ 5xcn+1 _ (Un+lc—

),
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where
n+1
€1, <M {‘

Take the inner product of the relation (17) against the test function 5,5(1-”]- =
Gt — ¢ = diClh AL, we get

82 C1

ot?

6202
ot?

; ||Cl||L°°(W4v°°)} (At +h%)

Lo (L) ’ ‘ Lo (L)

(adiC™, diC™) At + (bdy€7, diC™) At
+  (Spn o€ () At 4 (Sypnsr , (", diC™) AL
(Pacr sl (1 0 D7) (¢4 =)
+ (Da,¢m 8, [(1+ 4 Wt D7) T (¢ - )
(=", diC™) At + (—p2f™ diC™) At + (€71 diC™) At
The term on the left-hand side of (20) can be estimated by
(D¢, 8u[(1 + & [U™HH DT = ¢™))
= (D& ¢", 8o (1+ S{UTH D) T = (M)
+ (Do, (14 §IUT DT 6L (¢ = ¢M)

Note that
-1 h ‘Un+1 _ |yt
0z (1 —|Un+1|D ) = h |77+l H ]h n+1 —1
2 (1+3 ‘U1+1j|Dij )(1+2‘Um | D)
§ h ‘5 Un+1| Di_jl
(143 \UZﬁEIDU ) (1+ 3 |U7 Dyt)
then

(D6,¢™ 6, [(1 4 & U™ DY) =1 (¢ = ¢™)])

> 1 (D¢ (14 B U | DY) e
_ (Déz(”, (1+ L& |un+t D*1)71 51(”) — ||5I§"+1||2 At — e||d¢™||* At.
Similarly, we have

(D3¢, (1 Wt D7) (oot = ¢)])

Y

1 _

5 (D(SyC"JFl, (1 + % }WnJrl} Dil) 1 5y<n+1)

— (Doy¢n, (14 & Wt DY) a,¢n) = [la,¢n | At — eldign | At
Using the fact that

(6pnt1 ¢ diC™) AL < M Ham(”“HQ At + € ||dC™|)* At,

(S y ¢ deC™) At < M |8, P At + € ||diC || At
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Then, we have
[ deC™ IPAL + (102612 — 110:C™ 1 + 13, ¢ > — (6,67 12

(21) < M{[ldgm | + Va2 + Va2 + [ICHI2 + (1672 At
+M{(At)? + h*}At.
If (21), is summed in time for 0 <n < L, we have
L n||2 L+1 2
2 e P A+ {|VagE |
n=
L
(22) < M (P VRGP | A

L
MY {(At)2 +h4} At.
n=0
Similarly, for (16), we sum in time for 0 < n < L and get
L L
03) Dl ar< ;Y ([l e+ a0 A
n=0 n=0
Noting that ¢° = £ = 0, we have
L L
[0 < M X PP At e 3 g A

L L
" < M S len* At + e 3 Jldegn | At

L
2, (I a4 g ) + o+ e
L
< MY {HVhCn||2 + 1)1 + ||§"H2} At+M {(At)2 i h4} .
n=0

An application of the Gronwall lemma shows that

L
(25) 3 (I g ) [ FH ] 4 e+ < M { (A 4

n=
It is easy to know that the induction hypothesis holds. Thus, we get the proof

of the theorem 3.1.
O

4. Numerical Examples

For the nonequilubrium transport model in one dimension [7, 8, 16],

ocy 9?2 Cc1 Jci

6) BR—- =Dy — 5, —wla— ) —mer +mlz),
0
(1= ARG = wler = e2) = paca + 7).

Van Genuchten[7, 8, 16] presented the analytical solutions for different initial and
boundary conditions. In Fig.1 and Fig. 2, the analytical solution and the solution
of modified upwind finite difference method are compared. It is shown that the
modified upwind finite difference method(MUDM) is more accurate that upwind
difference method(UDM).
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Example 1. Initial Value Problem with Stepwise Initial Distribution.We choose
D =01,8=05R=2w=1vr =1vy =027 = = 0,At = 0.0025 and
h = 0.05. Let
0.3, 0<z<0.5,

1, 05<z<1.
0.1, 1<z

c10(x) = c2,0(x)

|

1 exact
2 modified upwind
—#— 3 upwind difference

concentration--C

Ficure 1. Calculated resident equilibrium C1 distribution versus
distance x at T =1

Example 2. Boundary Value Problem with Stepwise Boundary Condition. We
choose D = 0.25,8 =0.5,R =211 =15 = 0,7 =72 = 0. and At = 0.006,h =
0.08. Assume that the initial concentration is zero. The boundary condition is given

by
1,0<t<3,
co(t):{o t>3.

o
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— —-datal
data 2

/:\\\ data 3| |
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FIGURE 2. Calculated resident equilibrium C1 distribution versus
distance x at T = 3

In Fig.2, data 2 is the analytical solution ¢l at T = 3. data 1 is obtained by
modified upwind finite difference method and data 3 is obtained by upwind finite
difference method.
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