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NUMERICAL SOLUTIONS OF NONLINEAR PARABOLIC
PROBLEMS BY MONOTONE JACOBI AND GAUSS-SEIDEL
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Abstract. This paper is concerned with solving nonlinear monotone difference
schemes of the parabolic type. The monotone Jacobi and monotone Gauss—
Seidel methods are constructed. Convergence rates of the methods are com-
pared and estimated. The proposed methods are applied to solving nonlinear
singularly perturbed parabolic problems. Uniform convergence of the mono-
tone methods is proved. Numerical experiments complement the theoretical

results.
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1. Introduction

Many reaction-diffusion-convection-type problems in the chemical, physical and
engineering sciences are described by nonlinear parabolic equations. The parabolic
problem under consideration is in the form

0
M S~ Lut flatu) =0, (ot) €wx (0,7],
u(z,t) = g(x,t), (x,t) € 0w x (0,T], wu(x,0)=1u’(z), zcw,
where w is a connected bounded domain in R* (k = 1,2,...) with boundary dw.

Lu is given by
"9 ou & ou
Lu = l; a—% (k’y(.ﬁ,f)a—zy) + ;’UV(I,t)a—%,

where the coefficients of the differential operator are smooth and k, > 0, v =
1,...,k, in w. It is also assumed that the functions f and g are smooth in their
respective domains.

In the study of numerical methods for nonlinear parabolic problems, the two
major points to be developed are: i) constructing convergent nonlinear difference
schemes and ii) computing solutions of nonlinear discrete problems. A major point
about the nonlinear difference schemes is to obtain reliable and efficient computa-
tional methods for computing the solution. The reliability of iterative techniques for
solving nonlinear difference schemes can be essentially improved by using compo-
nentwise monotone globally convergent iterations. Such methods can be controlled
every time. A fruitful method for the treatment of these nonlinear schemes is the
method of upper and lower solutions and its associated monotone iterations [7].
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Since an initial iteration in the monotone iterative method is either an upper or
lower solution, which can be constructed directly from the difference equation with-
out any knowledge of the exact solution, this method simplifies the search for the
initial iteration as is often required in the Newton method. In the context of solving
systems of nonlinear equations, the monotone iterative method belongs to the class
of methods based on convergence under partial ordering (see Chapter 13 in [7] for
details).

The purpose of this paper is to extend the monotone iterative method from [4]
to monotone relaxation methods of Jacobi- and Gauss—Seidel type iterations for
solving nonlinear monotone difference schemes in the canonical form and to apply
the monotone methods to nonlinear singularly perturbed equations of the parabolic
type. Convergence rates of these relaxation methods are compared and estimated.

The structure of the paper is as follows. In Section 2, we present the nonlinear
monotone difference scheme in the canonical form and formulate the maximum
principle. In Section 3, we construct the monotone Jacobi and monotone Gauss—
Seidel methods, prove monotone convergence of the methods and compare their
convergence rates. Section 4 is devoted to estimation of convergence rates of the
monotone methods. In the final Section 5, the monotone methods are applied
to solving nonlinear singularly perturbed parabolic problems. We prove that on
layer-adapted meshes the monotone methods converge uniformly in a perturbation
parameter. Numerical experiments complement the theoretical results.

2. The nonlinear difference scheme

On @ and [0, 7], we introduce meshes @" and @™, respectively. For simplicity,
we assume that the mesh w” is uniform with the time step 7. For a mesh function
U(p,t), (p,t) € @" x @™, consider the nonlinear implicit difference scheme in the
canonical form [9]

(2) EU(p7t)+f(pat7 U) _T_IU(pat_T) 207 (pat) Ewh X (57\0)7

U(p,0) =u’(p), pe@, Ulp,t)=gp1t), (pt)edw"x @ \0),
where Ow” is the boundary of @", and the difference operator £ is defined by

LU(p,t) = L'"U (p,t) + 77 'U(p,1),
L'U(pt) = dp, U (p,t) — > e(@,HUW,1).

p'€a’(p)
Here o'(p) = o(p) \ {p}, o(p) is a stencil of the scheme at an interior mesh point
p € wh.
On each time level ¢, we make the following assumptions on the coefficients of
the spatial operator £" :

(3) d(p,t) >0, e(p,t)>0, pewh,
d(p, t) - Z e(plat) 2 07 p/ € O—/(p)
p’ €0’ (p)

We also assume that the mesh @” is connected. It means that for two interior
mesh points p and p, there exists a finite set of interior mesh points {p1,p2,...,ps}
such that
(4) p1 € O—/(ﬁ)v p2 € U/(pl)a ...y, Ds € O—/(psfl)a ﬁ € O—/(pS)'

On each time level ¢, introduce the linear problem

(5) (L+W(p,t) = fo(p,t), pewW,
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W(p,t) =g(p,t), pe€dw, clp,t)>co=const>0, peca.
On each time level ¢, for a mesh function W (p, t), p € @", define the maximal norms

HW('7t)Hwh = m%}}{ |W(p7t)|7 ||W()t)||wh = ma')}{ |W(pat)|a
pEW” pEWn

W (-, t)[[gur = max [W(p,t)].
pEdwh

We now formulate the maximum principle for the difference operator £+ ¢ and give
an estimate of the solution to (5).

Lemma 1. Let the coefficients of the difference operator L satisfy (3) and the
mesh @" be connected (4).
(i) If a mesh function W (p,t) satisfies the conditions

(L+c)W(p,t) >0(<0), pewh, Wi(pt)>0(<0), peadu,

then W(p,t) >0 (<0), p e @".
(ii) The following estimate of the solution to (5) holds true

®) WOl < mas{llgC 1) lawr 1ol 1) lur /(o + 7)1

The proof of the lemma can be found in [9].

3. The monotone iterative methods
Assume that f(p,t,u) from (1) satisfies the two-sided constraint
(7) 0 < fulp,t,u) <c*, ¢ =const, (f,=0f/0u).
On a time level t € @™ \ 0, we say that U(p,t) is an upper solution of (2) with
respect to U(p,t — 1) if it satisfies the inequalities
LU(p,t)+ f(p,t,U) — 7 WU (p,t —7) >0, pecwh,

Ulp,t) > g(p,t) pE o

Similarly, U(p, ) is called a lower solution if it satisfies all the reversed inequalities.

Upper and lower solutions satisfy the inequality
(8) Ulp,t) <Ul(p,t), pew”

Indeed, by the definition of lower and upper solutions and the mean-value theorem,

for U = U — U we have
LU (p,t) + fulp,t, W)SU (p,t) >0, pewh,

sU(p,t) >0, peow,

where W (p,t) lies between U(p,t) and U(p,t). In view of the maximum principle
in Lemma 1 and assumption (7), we conclude the required inequality.

We now introduce two monotone iterative methods based on the Jacobi and
Gauss—Seidel methods and on the method of upper and lower solutions. On each
time level t € @™ \ 0, the iterative sequence {U(™}, n > 1, generated by the Jacobi
and Gauss—Seidel methods, is defined by the recurrence formulae

9) L.ZMW(p,t) = —R(p,t,U"V), pewl,
ZW(p,t) = g(p,t) =UV(p,1), Z™M(p,t) =0, n>2, peow
U™ (p,t) =0 V(p,t) + 2" (p,t), ped”,
Rp,t, U V) = 0V (p,t) + f(p,t, U™ D) = 77 U (p,t - 7),
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where R(p,t, U~ 1) is the residual of the difference scheme (2) on U™~V and
U(p,t — 1) is given. For the Jacobi method, L, is defined by
LincZ™ (p,t) = (d(p,t) + 77" + )2 (p, 1),
and for the Gauss—Seidel method,
LesZ™ (p,t) = (d(p,t) + 771+ ¢)Z2M (p,t) — Z e(p’,t) 2™ (P, 1),
p'€ol (p)
where o7 (p) is a set of stencil points corresponding to a strictly lower triangular

part of o(p).

Lemma 2. Let the coefficients of the difference operator L from (2) satisfy (3)and
@h be connected (4). Then for the difference operators Lxc and Leg, the mazimum
principle in Lemma 1 holds with L, c and Lgs instead of L + c.

Proof. The coefficients of the difference operators L£;,c and Lqg satisfy the condi-
tions from (3). Indeed, in the case of Ljsc, d(p,t) +77 1 +c* > 0 is a diagonal entry
and e(p',t) = 0, p’ € o’(p). In the case of Lgs, d(p,t) + 771 + ¢* > 0 is a diagonal
entry, e(p’,t) > 0, p’ € o7 (p), and

dp.t)+77 et = D e ) =dp. )+ = D e 1) 2 0.
p'€c’ (p) p'€0’(p)
Thus, from Lemma 1, we conclude the maximum principle for £, and L. [l

3.1. Monotone convergence of the iterative methods. The following theo-
rem gives the monotone property of the iterative methods (9).

Theorem 1. Assume that the coefficients of the difference operator L in (2) satisfy
(3), f(p,t,u) satisfies (7) and @W" is connected (4). Let U(p,t — T) be given and
U(O)
Then the upper sequence {U(n) (p,t)} generated by (9) converges monotonically from
above to the unique solution U(p,t) of the problem

LU (p,t) + f(p,t,U) =7 'U(p,t =7) =0, pe dw",

Ulp,t) = g(p,t), p € ",
the lower sequence {U"™ (p,t)} generated by (9) converges monotonically from below
to U(p,t) and the following inequalities hold

U (p,t) < U™ (p,t) < U(p,t) <T™

(p,t), u® (p,t) be upper and lower solutions of (2) corresponding to U(p,t—T).

) <T" 1), pedh.

Proof. We consider only the case of the upper sequence for the Gauss—Seidel method.
All other cases can be proved in a similar way.

If Ug;) is an upper solution, then from (9) we conclude that

LosZE (1) <0, pew”, ZE ) =gp.t) UL (p,t) <0, pedu
From Lemma 2, it follows that
(10) 2 (p,t) <0, ped, UG (p.t)=g(p,1), peduh

Using the mean-value theorem and the equation for Zéé) from (9), we represent
R(p,t, Uég)) in the form

Rp,t.UG) = (" = [P (p.0) 28 (b, 1) —

(11) S e HZ8 W, pewh,

p’'€oy (p)
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where £ (p,t) = fulp,t. T (p) + 0D (p, ) 282 (p,1)], 0 < 0D (p, 1) < 1, and o, (p)
is a set of stencil points correspondmg to a strictly upper triangular part of o(p).

Since the mesh function Z((;é)

is nonpositive on w” and taking into account (3) and
(7), we conclude that Uéé) is an upper solution to (2). By induction on n, we obtain
that Zég)(p, t) <0, p € @w", n > 1, and prove that {Uéz)(p, t)} is a monotonically
decreasing sequence of upper solutions.

We now prove that the monotone sequence {U } converges to the solution of
(2). The sequence {UGS } is monotonically decreasing and bounded below by U,
where U is any lower solution (8). Now by linearity of the operators L, £ and
continuity of f, we have also from (9) that the mesh function U defined by

U(p,t) = hm U( (p,t), pew,

is the exact solution to (2). If by contradiction, we assume that there exist two
solutions Uy and Uy to (2), then by the mean-value theorem, the difference 6U =
U, — Us satisfies the problem

LU (p,t) + fudU(p,t) =0, pe€ wh, oU(p,t) =0, pEe€ Awh.

By Lemma 1, 6U = 0 which leads to the uniqueness of the solution to (2). This
proves the theorem. O

Remark 1. Consider the following approach for constructing initial upper and

lower solutions U(O) (p,t) and u® (p,t). Suppose that a mesh function M(p,t) is
defined on @" and satisfies the boundary condition M(p,t) = g(p,t), p € wh.
Introduce the difference problems

(12) LZ0O(p,t) = V|R(p,t, M)|, pewh,

ZOp,t)=0, pedut, v=1-1

(0)

Then the functions U M—i—Z(O) U = M—l—Z( 1) are upper and lower solutions,

respectively. We check only that U( ) is an upper solution. From the maximum

principle in Lemma 1, it follows that Z(O) >0 on @w".
)

Now using the difference

equation for Zf and the mean-value theorem, we have

R(p,t, 7)) = Rip, t, M) + [R(p, t, M)| + £ 2.

0)

Since féo) >0 and Z{O) s nonnegative, we conclude that U( s an upper solution.

Remark 2. Since the initial iteration in (9) is either an upper or lower solution,
which can be constructed directly from the difference equation without any knowledge
of the solution as we have suggested in Remark 1, this method simplifies considerably
the search for the initial iteration as is often required in Newton’s method. This gives
a practical advantage in the computation of numerical solutions.

3.2. Comparisons of the monotone sequences. We now give a comparison
result for the monotone sequences obtained by the monotone Jacobi and Gauss—
Seidel methods from (9). Let 7 and U be upper and lower solutions to (2).
Denote the upper and lower sequences from (9) by {US@ {Uﬁ%} and {U (n)},

{Qéz)}, respectively. The following theorem gives the comparison result for these
sequences.
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Theorem 2. Assume that the coefficients of the difference operator L in (2) satisfy
(3), f(p,t,u) satisfies (7) and @W" is connected (4). Let U(p,t — 7) be given and
T )(p t), u® (p,t) be upper and lower solutions of (2) corresponding to U(p,t—T).
If UJA)c = Ug;) — 79 and Q§% = Qé? =UO, then for everyn=1,2,...,

(13) T, t) <Tp.t), UDpt) > U0, t), pewh.

Proof. We prove (13) in the case of the upper sequences. The case of the lower
sequences can be proved in a similar way.
We use the notation

n) _ 77(n) _ 77(n—1) n) _ ) =) 77(n)  7(n)

ZJ(A) = UJAC UJ/\C ’ ( ) UGS UGS ? W(n) UGS UJ/\C'

From (9) with n = 1, we conclude
(@, t) + 77+ W) = 37 e, 0ZE @),
p'eay(p)
From here, (3) and (10), it follows that
(14) W) <0, peah.
From (9) with n = 2, we get
(@@ 1) + 7+ )W) =W E0) = 37 e DZD 1) -
p'€ay (p)

(1) 77(1)
[R(p,t, UGS ) - R( t UJAL)]

By the mean-value theorem,

(dp,t) +7 + W (p,t) = (= P, )W (p,t) + 7 WD (p, 1) +
> e WO )+

p'€a’(p)

S e 2R W),

p'€al (p)

where £ (p,t) = fulp.t, U]Ac(p, t) + 0D (p, YWD (p, )], 0 < 6N (p,t) < 1. From
here, (3), (7), (10) for Z((;S) and (14), it follows that

W3 (p,t)<0, pew”.
By induction on n, we can prove that
W(”)(p,t) <0, pew’, n>1.
This proves the theorem. O
Remark 3. The comparison result (13) shows that with the same initial itera-

tion, which is either an upper or lower solution, the sequence of the Gauss—Seidel
iterations converges not slower than the sequence of the Jacobi iterations.
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4. Convergence rates of the monotone methods

Here we analyze convergence rates of the monotone Jacobi and Gauss—Seidel
methods from (9).

Theorem 3. Suppose that the coefficients of the difference operator L in (2) satisfy
(3), f(p,t,u) satisfies (7) and @W" is connected (4). Let U(p,t — T) be given and

U(O) (p,t), u® (p,t) be upper and lower solutions of (2) corresponding to U(p,t—T).
Then the monotone Jacobi and Gauss—Seidel methods from (9) converge at the
following convergence rates:

- 1
(15) 1250l < anell 28Dl ane = 1= o

1
14 7(er 4 )
128520, D)l = max | Z32(p,0), 1262, Dl = max |28 (p, 1),
pew™ pew™

16) 128 O)llor < qesllZ8TVC ) lons gas =1

where d* and e* are defined by
d*= max d(p,t), €= max Z e(p',t).

(p,t) Ewh xw™ (pt)Ewh xw™
p'€ou(p)

Here oy;(p) is a set of stencil points corresponding to a strictly upper triangular
part of o(p).

Proof. Monotone convergence of upper and lower solutions has been proved in
Theorem 1.
We now prove (15). Using the mean-value theorem, we represent the residual
R(p,t, UJ(Z?I)) in the form
R(p,t, Ul V) = £250 (p, t HZ5 M (0,t) + R(p, t, U™
(pa yUjac ) JAC (p, )+fu(p7 ) Z3ac (p, )+ (pa yUjac ™)
From here and (9) with Z}fcfl), we have
_R(pa l, UJ(/(lcil)) = EJACZ}%J”@; t) - (ﬂZJ(/T\lcil)(pv t) + fu(pa t)ZJ(/(lcil)(p))v
where
LZie Vpt) = (dp.t) + 7 Z0 T ) - Y e )2 (),
p'€a’(p)
LaseZire D (p.t) = (dlp, ) + 77+ ) Z5 (p.1).
Thus,
17 —R@.tUS ) = (€ = fulp.0)Z0 )+ > e )25 V(. b).
p'€c’(p)
From here and (9), we conclude that
(dp, ) +7 "+ 200, 1) = (" = fulp. ) 206 V0. )+ D e, HZ1 D (pit).
p'€a’(p)

Let max |ZJ(,@ (p,t)| over w" attain at point p.. Then from the last equation, (3)
and (7), we have

(dlps,t) + 7+ N E) <O+ DD e 7"V,
p' €0’ (px«)

where (") (t) = ||Z§:g(,t)||w; From here and (3), we conclude (15).
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Similar to (17), we can obtain
“R(p.t.UE™) = (¢~ fup.)ZE V) + Y e, )Z25% (1),
p'€ay (p)
From here and (9), we conclude that
([dp.t) + 771+ 2 ) = D e )2 (p.t) =
p'€ol,(p)
(c — fupt)ZE V) + Y e )25V (p.t).
p'€oy;(p)
Let max |Z((;Z) (p,t)| over w" attain at point p.. Then from the last equation, (3)
and (7), we have
(d(pe,t) + 71+ c)8M () = Y e )8 (t) < s () +
p'€ol, (p+)

> e, )0 D),

p'€oy; (px)
where 6" (t) = ||Zé2)(, t)||gn. From (3), we have
d(p,t) - Z e(plat) > Z e(p/at)'
p'€ay(p) p'€oy(p)
From here and the previous inequality, we conclude (16). O

Without loss of generality, we assume that the boundary condition g = 0. This
assumption can always be obtained via a change of variables. On each time level,

let U (p,t) be chosen in the form of (12), that is, ul® (p,t) is the solution of the
difference problem
(18) cul(p,t) =v|f(p,t,0) =7 'U(p,t —7)|, pewh,
UP(p,t) =0, peduh, v=1,-1,
where M (p,t) = 0. Then the functions UI(O) (p,t), UEOI) (p,t) are upper and lower

solutions.

Theorem 4. Let initial upper or lower solutions be chosen in the form of (18),
and let [ satisfy (7). Suppose that on each time level the number of iterates n, > 2.
Then for the monotone iterative methods (9), the following estimates on convergence
rates hold

19) \max [[Usne(t) = UGt on < Cunele® + )l
1SRN, 1Ues (-, tk) = UCs tn)llon < Cas(c™ +e")als ™,

Une(p,te) = Ui (0,t), - Ues(p, ) = UL (p, ta),
where U(p,t) is the solution to (2), constants Cyre, Cas are independent of T, and
Qiac, Gas, d* and e* are defined in Theorem 3.

Proof. We prove estimate (19) for the monotone Gauss—Seidel method. Similar to
(11), using the mean-value theorem and the equation for Zég) from (9), we have

LU (p,t) + f(p, 6, US) =7 Weas(p t —7) = —[c* — £ (p, )] 252 (p, 1) —
(20) S e 2P W 1),

p’'€oy;(p)
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£ 1) = fulp t,US D (0,0) + 0 (0,) 28 (,1)), 0 <00 (p, 1) < 1.
Introduce the notation

W(pa t) = U(pa t) - UGS(p7t)a

where Ugs(p, t) = U(n*)(p, t). Using the mean-value theorem, from (2) and (20), we
conclude that W (p, 7) satisfies the problem

LW (p,7) + fulp, YW (p,7) = ("= [ (p,7) 2% (p,7) +
S e 0z W), pewh
p’' €y, (p)

W(p,7)=0, p€ W™,

where f(n* (p,7) = fulp, 7, U(p,7) + 0(p, )W (p,7)], 0 < 8(p,7) <1, and we have
taken into account that Ugs(p,0) = U(p,0) = u%(p). By (6), (7) and (16),

Wl < (¢ + e )rags 268 m)
Using (7), (18) and the mean-value theorem, estimate Z((;é)(p, 7) from (9) by (6),
128 )llon < TILUE C)llon + € Tl|UES () fon

+7( f(p, 7,0) — 70 n
@7+ )| f(p, 7, 0) = 77 g
2+ )Tl (0, 7, 0) g + 1w’ ln) < Cn,
where C is independent of 7 (7 < T'). Thus,
(21) W, T)llgn < (" +€")Crmqes .

Similarly, from (2) and (20), it follows that

LW (p.27) + fulp 20W(p.21) = (¢ = f{")(p.27) 2637 (p.27) +

S e )ZE (W 2r) + T W (p.)
p' €0y, (p)

IN A

Using (16), by (6),
(22) W27 o < W) o + (" + ) 7als 128 ¢ 27) g
Using (18), estimate Z) (p, 27) from (9) by (6),

128 ¢, 27)lon < @+ )Tl F (P, 27, 0) o + Vs (-, 7)) < Co,

where Ugs(p, 7) = ("*)(

p, 7). As follows from Theorem 1, the monotone sequences

{Uéz)(p, 7)} and {QGS (p,7)} are bounded from above and below by, respectively,

Ué? (p,T) and Qég) (p, 7). Applying (6) to problem (18) at t = 7, we have
1Vl < 7llf (.7.0) =7 )}z < Ko,

where constant K is independent of 7. Thus, we prove that C5 is independent of
7. From (21) and (22), we conclude

W (-, 27)llgn < (" +€")(C1 + Co)Tai "

By induction on k, we prove

W (st llzn < (" +e (Za)%s Lk=1,...,N;,
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where all constants C; are independent of 7. Taking into account that N7 = T,
we prove the estimate (19) with Cos = T'max;<;<n, Ci.

Estimate (19) for the monotone Jacobi method can be proved in a similar man-
ner. In this case the summation over of;(p) in (20) becomes the summation over
o'(p), and e* must be changed on d*. O

5. Applications to solving nonlinear singularly perturbed problems

We consider the two dimensional singularly perturbed reaction-diffusion problem
(23) Uyt *,Uf2(umc+uyy) +f(x,y,t) =0, (:L',y,t) € w X (OaT]a
u(z,y,t) = g(z,t), (x,y,t) € dw x (0,71,
u(z,y,0) =u’(z,y), (x,9)€w, w=(0,1)x(0,1),
where p is a small positive parameter and f satisfies (7).
The solution of problem (23) can be decomposed into two parts u = S + E,

where S and E are the regular and singular parts of u, respectively. In turn, the
singular part can be decomposed in the form

E=®+ ¥+ (Yoo + Y10+ Yor + T11),

where ® and ¥ are essentially one-dimensional boundary layer functions in some
neighborhoods of sidesz =0,z = 1 and y = 0, y = 1, respectively, and Y,,,,, m,n =
0,1 are corner layers in the neighborhood of (m,n). The following bounds on the
derivatives hold true:

‘ ok S(z,y,t)

Oxk=Oykv Otk | = 77

‘% < CpMl(z),  I(x) = Ho(x) + I (2),
% < Ou™I(y),  T(y) = Mo(y) +i(y),
‘% < Cp~Fv RO, (211, (y), mon = 0,1,

Ho(z) = exp (=rmx/p), Th(z) =exp(—ri(l —z)/p),
Ho(y) = exp (—=ray/p), Mhi(y) = exp(=ra(l —y)/n),
where k = (kg, ky, ki), ke + ky + 2k < I, k1 and kg are positive constants, and
constant C' is independent of y and the mesh parameters (see [5] for details). For
w1 < 1, problem (23) is singularly perturbed and characterized by boundary layers
of width O(p|In p|) near dw.
On @ introduce nonuniform mesh @" = T"* x W":

WM ={wi, 0< i< Nyy 29 =0, an, =1 hei = Tig1 — 33},
W ={y;, 0<j <Ny yo=0, yn, = 1; hyj = yjs1 — y;} -

To approximate (23), we use the classical difference scheme based on the five-
point stencil

(24) LU )+ f(p,t,U) =7 U(p,t = 7) =0, (pt) €w" x @ \0),

L=L" 77t LMU(pt) = —p(DF + Dy)U(p, t),
where D2U and DzU are the central difference approximations to the second deriva-
tives

DU = (hat) "' (U1 5 = U (hai) ™" = (U = UE ) (hai-1) 7',

ij
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DEUZ} = (hyj)il[(Ui]fj—i-l - Uz@)(hyj)fl - (UZIE - Uz'lfj—l)(hy,j—l)flL
hai = 27 (hai-1 + hai),  Dyj = 27" (hyj1 + hyy),
where p = (z;,y;) € w" and UZ-’; =U(zi,yj, k).
The difference scheme (24) satisfies the assumptions in (3). Thus, for the mono-

tone Jacobi and Gauss—Seidel methods (9) applied to the difference scheme (24),
Theorems 1-4 hold true.

5.1. Uniform convergence of the monotone iterative methods on layer-
adapted meshes. Here we investigate convergence of the monotone iterative meth-
ods (9) to the difference scheme (2) defined on meshes of general type introduced
in [8].

A mesh of this type is formed in the following manner. We divide each of the
intervals @* = [0, 1] and @¥ = [0, 1] into three parts [0,<;], [sz, 1 — <z], [1 — <z, 1],
and [0,¢,], [sy,1 — <], [1 — <y, 1], respectively. Assuming that N,, N, are divisible
by 4, in the parts [0,<,], [1 — sz, 1] and [0,¢,], [1 — sy, 1] we allocate N, /4 + 1 and
N, /44 1 mesh points, respectively, and in the parts [¢;, 1 — ¢;] and [s,, 1 — ¢,] we
allocate N /2+1 and N, /2+1 mesh points, respectively. Points ¢, (1 —¢,) and g,
(1 — ) correspond to transition to the boundary layers. We consider meshes ohe
and @™ which are equidistant in [wa/4,ac3Nw/4] and [yNy/4,y3Ny/4] but graded
in [0,2n,/4], [23n,/2,1] and [0,yn,/a], [ysn,/a.1]. On [O0,2n, 4], [23N, /1]
and [0, yNy/d, [ygNy/4, 1} let the mesh be given by a mesh generating function ¢
with ¢(0) = 0 and ¢(1/4) = 1 which is supposed to be continuous, monotonically
increasing, and piecewise continuously differentiable. Then the mesh is defined by

§1¢(€z)7 €z:Z/N;c; 22077N:c/47
T = So+ (i = Np/4hy, i=N,/4+1,...,3N,/4;
1 —:0(&), & =(Ny —i)/Ny, i=3N/4+1,..., Ny,
§y¢)(£]), gj:j/Nya ]:OaaNy/4,
Y = Sy + (G — Ny/4hy, j=Ny/4+1,...,3N,/4
1 *§y¢(§j), fj = (Ny *]‘)/Nya J= 3Ny/4+ 17"'aNya

he =2(1 —2)N; ', hy =2(1—2¢,)N, .

We also assume that d(¢(€))/d¢ does not decrease. This condition implies that
hoi < i1, i=1,...,NoJA—=1, hgi > hair1, i =3Ng/A+1,... Ny—1,
hy; <hyjst, G=1,...,Ny/d—=1, hy; > hy 1, j=3N,/4+1,...,N, — 1.

5.1.1. Uniform convergence on the piecewise uniform mesh. We choose

the transition points ¢, (1 —¢;) and g, (1 —¢,) as in [10],

gx:min{él_l,vlpln]\fx}, gy:min{él_l,vg,uln]\fy},

where v1 and wvg are positive constants. If ¢, , = 1/4, then N, , are very large
compared to 1/4 which means that the difference scheme (2) can be analyzed using
standard techniques. We therefore assume that

e =uvipInNg, ¢ =voulnNy.

Consider the mesh generating function ¢ in the form

$(§) = 4¢.
In this case the meshes @"* and @"Y are piecewise uniform with the step sizes
(25) N;Y < hy <2N; ', hyy =4oiuN; ' In N,

Nyt <hy <2N; ', hy, =4vuN, ' InN,.
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The difference scheme (24) on the piecewise uniform mesh (25) converges -
uniformly to the solution of (23):

(26) ?eléz.{ ”U('at) - u('at)llwh < C(N_l InN + T)? N = min{Nl‘vNy}a

where C' denotes a generic constant that is independent of u, NV and 7. The proof
of this result can be found in [5].

Lemma 3. For the monotone Jacobi and Gauss—Seidel methods (9) applied to the
difference scheme (24) on the piecewise uniform mesh (25), the convergent factors
Giac and qgs are defined by (15) and (16), respectively, with

N2 N

T 212 t oy ¢ T

8viIn“ N,  8v5In” N, 2
Proof. From (23), we have

2 1 1 2 1 1
dyj = - + + £ +— .
hzi hz,ifl h:m hyj hy’j,1 hyj

From (25), we obtain

max{h L h '} =ht, max{h l;h '} = hy_ul

zpr Vw T ypu 'y

(27) d*

Thus,

d* = maxd;; = 2p*(h,. + h,).
iJ

From here and (25), we conclude (27) for d*. The result for e* follows from the
fact that for interior mesh points with step-sizes hsy, hy, and not adjacent to the
boundary, we have

> elp.p)) =d(p)/2.

p'€ou(p)

O

Theorem 5. Let initial upper or lower solutions be chosen in the form of (18) and
f satisfy (7). Suppose that on each time level the number of iterates n, > 2. Then
the monotone iterative methods (9), applied to the difference scheme (24) on the
piecewise uniform mesh (25), converge p-uniformly to the solution of the difference
scheme (24), where the parameters d* and e* in the convergence rates (19) are
defined in (27).

Proof. As follows from the proof of Theorem 4, for the monotone iterative methods
(9) on the piecewise uniform mesh (25), constants Cj,c and Cgs are independent
of 7, p and N. Thus from here, Theorem 4 and Lemma 3, we prove uniform
convergence of the monotone iterative methods (9). (]

Remark 4. From (26) and Theorem 5, we conclude that the monotone iterative
methods (9), applied to the difference scheme (24) on the piecewise uniform mesh
(25), converge p-uniformly to the solution of the differential problem (23).

5.1.2. Uniform convergence on the log-mesh. Here we assume that p < g =
const < 1, and choose the transition points ¢, (1 —¢;) and g, (1 —¢,) as in [2],

(28) Sz =vipln (1/N)7 Sy = v ln (1/#),

_ Inf1 =401 = )e]

#(€) o
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The difference scheme (24) on the log-mesh (28) converges p-uniformly to the
solution of (23):

(29) max [U(¢) = u( )]l < CNTH+7), N = min{Ng, Ny},
where constant C' is independent of u, N and 7. The proof of this result can be
found in [5].

Lemma 4. For the monotone Jacobi and Gauss—Seidel methods (9) applied to the
difference scheme (24) on the log-mesh (28), the convergent factors qsac and qes are
defined by (15) and (16), respectively, with

d*
(30) d* =2(v1 In(1—4(1—po)N; 1) 2 +2(v2 In(1—4(1— p) N, 1)) 72, e* = 5
Proof. From (28), it follows that
2 2 2 2
1 1 1 > 1 ( 1 1 > 2u 24
maxdi; = — + +t— T+t — )5+ 5
w0 e <hx,0 hoa)  Tya \hyo = hy1) = hio i,
heo=—vipln(l —4(1 — p)N; Y, hyo = —vopIn(l —4(1 — M)Ny_l).
From here and taking into account that p < ug we prove (30). (I

Remark 5. If N, and N, are sufficiently large, then from (30), we conclude the
estimate )
LN N

8u(1 — po)?2  8v2(1— pp)?’

*

Theorem 6. Let initial upper or lower solutions be chosen in the form of (18) and
f satisfy (7). Suppose that on each time level the number of iterates n, > 2. Then
the monotone iterative methods (9), applied to the difference scheme (24) on the
log-mesh (28), converge p-uniformly to the solution of the difference scheme (24),
where the parameters d* and e* in the convergence rates (19) are defined in (30).

Proof. As follows from the proof of Theorem 4, for the monotone iterative methods
(9) on the log-mesh (28), constants Cj,c and Cgg are independent of 7, u and N.
Thus from here, Theorem 4 and Lemma 4, we conclude uniform convergence of the
monotone iterative methods (9). O

Remark 6. From (29) and Theorem 6, we conclude that the monotone iterative
methods (9), applied to the difference scheme (24) on the log-mesh (28), converge
pu-uniformly to the solution of the differential problem (23).

5.2. Numerical experiments. As a test problem for the singularly perturbed
problem (23), we use f(u) = exp(—1) — exp(—u), g = 0 and u” = 0. This problem
gives ¢, = exp(—1), ¢* = 1, and the initial lower and upper solutions are chosen in
the form of (18).

The stopping criterion for the monotone methods (9) is

[T () = U= () ||gn <6,

where § = 107° is the prescribed accuracy. We denote by n and 7 numbers of
iterative steps required to get the required accuracy on each time level over 10 time
steps using lower and upper sequences, respectively.

It is found that in all numerical experiments the basic feature of monotone
convergence of the upper and lower sequences is observed. In fact, the monotone
property of the sequences holds at every mesh point in the domain. This is, of
course, to be expected from the analytical consideration.
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We mention here that our numerical results on the piecewise uniform mesh (25)
and log-mesh (28) are almost the same, thus we present the results only on the
piecewise uniform mesh. In (25), we use N; = Ny, = N and vy = vy = 1.

In Tables 1 and 2, for various values of N, u and 7 = 1072,107!, we present
convergence iteration counts for the monotone Jacobi and Gauss—Seidel methods
(9), respectively. From the data, we conclude that for y < 1072, the numbers
of iterations are independent of the perturbation parameter pu. These numerical
results confirm our theoretical results stated in Theorem 5.

u\N 16 32 64 128 256
Nacs Maac (7' = 10_2)

10! 42; 40 74; 70  166; 159  463; 442  1410; 1337
pw<10"2| 32;30 42; 40 61; 59 94; 90 188; 180
Nyacy Miac (7' = 10_1)

10! 122; 116  308; 294 910; 864 2738; 2574 7791; 7215
w<10"2| 67;65 106; 102 195;187 431; 411 1049; 994
TABLE 1. Convergence iteration counts over ten time steps for the
monotone Jacobi method.

p\N 16 32 64 128 256
Neg; Tes (7 =107%)

1071 44; 40 62;60 116; 113 281; 272  817; 782
1w<1072{31;30 41;40  52;50 72; 71 128; 124
Ns; Mos (T = 10_1)

1071 90; 88 195; 189 534; 513 1598; 157 4695; 4397
uw<1072|59;57 81;79 133;129 266;257  617; 592
TABLE 2. Convergence iteration counts over ten time steps for the
monotone Gauss—Seidel method.

Convergence rates of the monotone Jacobi and Gauss—Seidel methods, A ¢ and
Ags, respectively, can be estimated using the formulae
Nyac(2N)
nJAG(N ) ,

nas(2N)
Aas(2N) = ———=.
s (2N) nas(N)
For 7 = 1072,107!, Tables 3 and 4 present uniform convergence rates of the mono-
tone Jacobi and Gauss—Seidel methods, respectively. From (15) and (16), we can

estimate theoretical convergence rates of the monotone methods in the form

In(gsac(N)) In(gas(N))
In(gyac(2N))’ In(ges(2N))’

where ¢ac, s are defined in (15) and (16), respectively, and d*, e* are given in
(27). In Tables 3 and 4, we give the theoretical convergence rates as well. From
the data in these tables, we can conclude that the numerical convergence rates are
close to the theoretical convergence rates.

We next compare the monotone iterative methods (9) with the monotone itera-
tive method from [3]. The last method is defined by the recurrence formulae

(L+c)ZM™(p,t) = —R(p,t,U"), peuwh,

)\J/\C (2N) =

Ahe(2N) = AE(2N) ~
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T Asacs XJAc% )\gkc
1072 ] 1.31; 1.33; 1.18 | 1.45; 1.48; 1.31 | 1.54; 1.53; 1.53 | 2.00; 2.00; 1.90
10~1 | 1.58; 1.57; 1.37 | 1.84; 1.83; 1.71 | 2.21; 2.20; 2.18 | 2.43; 2.42; 2.67

2N 32 64 128 256
TABLE 3. Convergence rates for the monotone Jacobi method.

T Acs; Aas; A
10-2 [ 1.32; 1.33; 1.12 | 1.27; 1.25; 1.23 | 1.39; 1.42; 1.40 | 1.78; 1.75; 1.67
1071 | 1.37; 1.39; 1.23 | 1.64; 1.63; 1.48 | 2.01; 1.93; 1.90 | 2.32; 2.30; 2.42
2N 32 64 128 256

TABLE 4. Convergence rates for the monotone Gauss—Seidel method.

ZW(p,t) = g(p,t) —UD(p,t), ZMW(p,t) =0, n>2, pedwh,
U™ (p,t) = U D(p,t) + 2™ (p,t), ped”,
R(p, t, UMV = LU Y (p,t) + f(p,t, U V) — 77U (p, t — 1),
where £ is defined in (2). As a linear solver at each iterative step, we employ the

conjugate gradient method with the preconditioner based on the incomplete LU
factorization (ILUCG) (see [1] for details).

u\N 128 256 512
tiac; tas; tiuce (7' = 10_2)

107! 20; 12; 15 231; 136; 116 2581; 1653; 873
n <1072 4;3;9 31; 24; 50 342; 196; 273
tiac; tas; tuce (T = 1071)

1071 111; 62; 48 1105; 659; 394 8362; 6209; 3386
p <1072 | 17;11;20  176; 104; 127  1447; 943; 1006
TABLE 5. Execution times for the monotone Jacobi, monotone
Gauss—Seidel and ILUCG methods over twenty time levels.

Table 5 displays the execution times of the monotone Jacobi, monotone Gauss—
Seidel and ILUCG methods over 20 time levels. All execution times are rounded
up to the nearest second. The data show that for g < 1072 the monotone Gauss—
Seidel method executes faster than the monotone Jacobi and ILUCG methods. For
T=10"2, p <1072, N < 256 and 7 = 107!, < 1072, N < 128 the monotone
Jacobi method executes faster than ILUCG method.

References

[1] R. Barrett, M. Berry et al., Templates for the Solution of Linear Systems, STAM, Philadelphia
PA, 1994.

[2] I. Boglaev, Finite difference domain decomposition algorithms for a parabolic problem with
boundary layers, Comput. Math. Appl., 36 (1998) 25-40.

[3] I. Boglaev, Monotone iterative algorithms for a nonlinear singularly perturbed parabolic
problem, J. Comput. Appl. Math., 172 (2004) 313-335.

[4] I. Boglaev, Monotone algorithms for solving nonlinear monotone difference schemes of para-
bolic type in the canonical form, Numer. Math., 14 (2006) 247-266.

[5] I. Boglaev and M. Hardy, Uniform convergence of a weighted average scheme for a nonlinear
reaction-diffusion problem, J. Comput. Appl. Math., 200 (2007) 705-721.



614 BOGLAEV

[6] J.J.H. Miller, E. O’Riordan and G.I. Shishkin, Fitted Numerical Methods for Singular Per-
turbation Problems, World Scientific, Singapore, 1996.

[7] J.M. Ortega and W.C. Rheinboldt, Iterative Solution of Nonlinear Equations in Several Vari-
ables, Academic Press, New York-London, 1970.

[8] H.-G. Roos and T. Linss, Sufficient conditions for uniform convergence on layer adapted grids,
Computing, 64 (1999) 27-45.

[9] A. Samarskii, The Theory of Difference Schemes, Marcel Dekker Inc., New York—Basel, 2001.

[10] G.I. Shishkin, Grid Approximations of Singularly Perturbed Elliptic and Parabolic Equations,

Russian Academy of Sciences (Ural Branch), Ekaterinburg, 1992 (in Russian).

Institute of Fundamental Sciences, Massey University, Private Bag 11-222, Palmerston North,
New Zealand

E-mail: 1.Boglaev@massey.ac.nz

URL: http://ifs.massey.ac.nz/staff/boglaev.htm



