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AN ELASTO-VISCOPLASTIC CONTACT PROBLEM: AN A
POSTERIORI ERROR ANALYSIS AND COMPUTATIONAL
EXPERIMENTS

JOSE R. FERNANDEZ

Abstract. In this paper, we reconsider a contact problem between an elasto-viscoplastic body
and a deformable obstacle. The contact is modeled by the classical normal compliance contact
condition. Then, fully discrete approximations are obtained by using the finite element method
to approximate the spatial variable and the forward Euler scheme to discretize time derivatives.
An a posteriori error analysis is provided and upper and lower error bounds are obtained. Finally,
some two-dimensional numerical simulations are presented to demonstrate the accurary and the
behavior of the error estimators.
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1. Introduction

During the past twenty years many problems have been studied dealing with
elasto-viscoplastic materials modeled using the constitutive law introduced in [9]
(see the monograph [19] and its references). Then, numerous nonlinear problems
including this kind of materials (as, for instance, contact problems) were considered
(see, e.g., [1, 2,5, 6, 10, 13, 16, 24, 25, 26], the well-written monograph [17] and the
large number of references cited therein). We note that, as it was justified in [9],
this law is mechanically correct and it can be used for the modeling of some types
of metals or rocks since it allows both creep and relaxation phenomena.

In this work, we revisite the contact problem between an elasto-viscoplastic body
and a deformable obstacle. The contact is modeled using the classical normal
compliance contact law described, for example, in [20, 21]. This problem was
already studied in [14] (see also the paper [11] where internal variables were also
considered). A priori error estimates were proved there (see Section 3 where they are
recalled) and numerical simulations were provided in order to show the accuracy of
the algorithm and the behavior of the solution. However, even if many other papers
were published since then, only a priori error estimates were obtained. Recently,
an a posteriori error analysis was presented in [12] in the case without contact,
extending some arguments already applied in the study of the heat equation (see,
e.g., [22, 23, 28]), some parabolic equations ([3]) or the Stokes equation ([4]). Hence,
this work continues the above referenced work by Ferndndez and Hild [12], extending
the analysis presented there to the case including the contact with a deformable
obstacle and also the previous paper [14], where the a priori error analysis was
conducted. Moreover, here we also perform several two-dimensional numerical si-
mulations in order to demonstrate the accuracy of the algorithm and the behavior
of the error estimators.

The paper is outlined as follows. In Section 2 the mechanical model and its
variational formulation are briefly described following the notation and assumptions
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introduced in [14]. Then, fully discrete approximations are provided in Section 3,
by using the finite element method to approximate the spatial variable and the
forward Euler scheme to discretize the time derivatives. An a priori error analysis
obtained in [14] is recalled. Then, by using some results obtained in the study of
the heat equation, an a posteriori error analysis is done in Section 4, providing an
upper bound for the error, Theorem 4.1, and a lower bound, Theorem 4.2. Finally,
some two-dimensional numerical simulations are presented in Section 5 in order to
demonstrate the accuracy and the behavior of the error estimators introduced in
the previous section.

2. Mechanical and variational formulations

In this section, we present a brief description of the contact problem between an
elasto-viscoplastic body and a deformable obstacle (further details can be found in
[14, 17]).

Denote by S? the space of second order symmetric tensors on R% and by “” and
| - | the inner product and the Euclidean norms on R? and S%.

Let Q ¢ R%, d = 2,3, denote a domain occupied by an elasto-viscoplastic body
with a smooth boundary I' = 902 decomposed into three disjoint parts I'p, I'r and
I'c such that meas (I'p) > 0 and meas (I'¢) > 0. Moreover, let [0,7], T > 0, be
the time interval of interest and denote by v the unit outer normal vector to I
The body is being acted upon by a volume force of density f,, it is clamped on
I'p and surface tractions with density fp are applied on I'r. Finally, we assume
that the body may come in contact with a deformable obstacle, on the boundary
part I'c, which is located at a distance g measured along the outward unit normal
vector v (see FIGURE 1).

Deformable
obstacle

F1GURE 1. Physical setting: an elasto-viscoplastic body in contact
with a deformable obstacle.

Let x € Q and t € [0,T] be the spatial and time variables, respectively, and, in
order to simplify the writing, we do not indicate the dependence of the functions
on x and t. Moreover, a dot above a variable represents the derivative with respect
to the time variable.

Let us denote by u = (u;)l,, o = (O’ij)fijzl and e(u) = (sij(u))ﬁjzl the
displacement field, the stress tensor and the linearized strain tensor, respectively.
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We recall that

1 0ui (i‘)u]‘
fi(w) =3 (azj i 8:@-) '
The body is assumed elasto-viscoplastic and satisfying the following rate-type
constitutive law (see [9, 14]),

(1) & = Eeli) + Glo,e(w)),
where £ and G denote the fourth-order elastic tensor and the viscoplastic function,
respectively.

We turn now to describe the boundary conditions.

On the boundary part I'p we assume that the body is clamped and thus the
displacement field vanishes there (and so u = 0 on I'p x (0,7)). Moreover, we
assume that a density of traction forces, denoted by f, is applied on the boundary
part I'p; i.e.

ov=yfp on I'px(0,T).

Finally, since the contact is assumed with a deformable obstacle, the well-known
normal compliance contact condition is employed (see [20, 21]); that is, the normal
stress 0, = ov - v on I'¢ is given by

*Uu:p(uufg) on FCX(OaT)a

where u,, = u-v denotes the normal displacement in such a way that, when u, > g,
the difference u, — g represents the interpenetration of the body’s asperities into
those of the obstacle. The normal compliance function p is prescribed and satisfies
p(r) =0 for r <0, since then there is no contact. As an example, we use in Section
5 the following function,

(2) p(?‘) = KUT,

where p > 0 represents a deformability constant (that is, it denotes the stiffness
of the obstacle), and ry = max {0, r}. Moreover, we also assume that the contact
is frictionless, i.e. the tangential component of the stress field, denoted by o, =
ov — o,v, vanishes on the contact surface.

Therefore, the mechanical formulation of the quasistatic contact problem bet-
ween an elasto-viscoplastic body and a deformable obstacle, within the small dis-
placements theory, is written as follows.

Problem P. Find a displacement field w : Q x (0,T) — R¢ and a stress field
o:Qx(0,T) = S? such that,

(3) 6=C(u)+G(o,e(u)) in Qx(0,7T),

(4) —Dive = f, in Qx(0,7),

(5) u=0 on Tpx(0,7T),

(6) ov=Ffr on Tpx(0,T),

(7) c.=0, —o,=pu,—g) on TIcx(0,T),
(8) u(0) =ug, o(0)=09 in €.

Here, ug and o represent initial conditions for the displacement field and the
stress tensor, respectively. Moreover, we notice that equilibrium equation (4) does
not include the acceleration term because the problem is assumed quasistatic.

In order to obtain the variational formulation of Problem P, let H = [L?(Q)]¢
and define the following variational spaces:

V={we[H Q) w=0 on Tp},
Q = {T = (Tij)fijzl S [LQ(Q)]dXd 5 Tij = Tjia Z,] = 1,.. ,d}
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The following assumptions are required on the problem data.
The elastic tensor £(x) = (eijkl(m))gj,k,lzl c17 €8% = E(x)(T) € SY satisfies:

(a) €ijkl = €krlij = €jik  for 4,5,k l=1,...,d.

(b) eijr € L*(QY) for 4,5,k 1=1,...,d

(c) There exists mg > 0 such that E(z)T - 7 > me |T|?
Vres? ac xeq.

9)

The viscoplastic function G : Q x S x S¢ — G(z)(T,€) € S? satisfies:
(a) There exists Lg > 0 such that
|G (w,01,61) — G (w,02,62)| < Lg (|e1 — &2| + |01 — 02)
(10) for all £1,€2,01,02 €S?%, ae. xzcQ.
(b) The function = — G (z,0,¢e) is measurable.
(c¢) The mapping  — G (z,0,0) belongs to Q.
The normal compliance function p : I'c x R — R satisfies:
(a) There exists L, > 0 such that
|p(x, 1) —p(a,re)| < Ly|r1 —ra] Vri,re €R, ae x el
(11) (b) The mapping x — p(x,r) is Lebesgue measurable on I'c, Vr € R.
(c) (p(x,r1) — p(x,r2)) - (r1 —r2) >0 Vry,re €ER, ae. x €Te.
(d) The mapping « +— p(x,7) =0 for all r <0.
The following regularity is assumed on the density of volume forces and tractions:
(12) fo €CUOTIH),  fr € CL0.T): [LATR)]).
Using Riesz’ theorem, from (12) we can define the element f(t) € V given by

(F(t)w)v = /Q Folt) - wda + / Fol) wdy(z) VweV,

and then f € C'([0,T]; V).
Let us define the contact functional j: V x V — R as,

ju,v) = / plu, — g) vy dr(@) Vu,v €V,
I'c

where we let v, = v-vforallveV.
Finally, we assume that the initial displacement and stress fields satisfy the
following regularity and compatibility conditions,

up €V, o9€q,

(00,&(u0))q + j(uo, uo) = (£(0), uo)v-

Using the previous boundary conditions and applying Green’s formula, we obtain
the following variational formulation of Problem P.

Problem VP. Find a displacement field w : [0,T] = V and a stress field o :
[0,T] = Q such that u(0) = ug, o(0) = o¢ and for a.e. t € (0,T),
(14) o(t) = Ee(u(t)) + G(o (1), e(u(t))),
(15) (o(t),e(w))q + j(u(t), w) = (f(t),w)y VweV.
The existence of a unique weak solution to Problem VP has been considered in
[14]. The following theorem, which establishes the existence of a unique solution to

Problem VP, was proved there by using Banach fixed point theorem and well-known
results on nonlinear variational equations.

(13)

Theorem 2.1. Let assumptions (9)-(13) hold. Therefore, there exists a unique
solution to Problem VP such that u € C'([0,T];V) and o € C*([0,T]; Q).
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3. Fully discrete approximations

In this section, we introduce a finite element algorithm to approximate solutions
to Problem VP and we recall an a priori error estimates result proved in [14].

The discretization of Problem VP is done as follows. First, we assume that €
is a polyhedral domain and we consider the finite dimensional spaces V" € V and
Q" C Q, approximating variational spaces V and Q, respectively, and given by

(16) V'={w" e [CQ)]*; w, € [P(])* TeT" w"=0onTp},
17) Q"={r"eQ; 7 e[P(T)™* TeT"},

where P,(T), ¢ = 0,1, represents the space of polynomials of global degree less or
equal to ¢ in T and we denote by 7" a triangulation of Q compatible with the
partition of the boundary I' = 0 into I'p, I'r and I'¢; i.e. the finite element
space V" is composed of continuous and piecewise affine functions and the finite
element space Q" is made of piecewise constant functions. Here, h > 0 is the spatial
discretization parameter. Moreover, we assume that the discrete initial conditions,
denoted by u? and o, are given by

(18) ufl =Hyrug, of =Ignoy,

where Iys @ [C(Q)]Y — V" and TIgn : Q@ — Q" are the standard finite element
L2-projection operators onto V" and Q", respectively (see, e.g., [7]).

Let us denote by 0 =ty < t; < ... < t§y = T a uniform partition of the time
interval [0, 7], and let k be the time step size, k = T'/N. For a continuous function
f(t), let f, = f(t.) and for a sequence {w,}N_, we let dw, = (w, — w,_1)/k be
its corresponding divided differences.

In order to simplify the writing and the calculations, we assume, without loss
of generality, that G(Q", Q") C Q". Tt is straightforward to extend the results
presented in the next section to more general situations by using the operator IIn
(see [11]).

Therefore, using the classical forward Euler scheme, we obtain the following fully
discrete approximation of Problem VP.

Problem VP"*. Find a discrete displacement field u* = {u*}N_ c V" and
a discrete stress field o™t = {og"kIN_ . Q" such that ul* = ul, ob* = ol and
foralln=1,...,N,

(19) dot = Ee(dur®) + Glonty e(urty)),

(20) (00" e(w")q +j(up®, w") = (£, w")y  Vw" e V"

Using well-known results on nonlinear variational equations (see [15]), it is easy to
obtain the following theorem which states the existence of a unique discrete solution
u"* c V" and e"* C Q" to Problem VP"*,

Theorem 3.1. Let assumptions (9)-(13) hold. Therefore, there exists a unique
solution to Problem VP,

We recall now an a priori error estimates for Problem V P"** | which were proved
in [14] for the case of an implicit time scheme. Since the modifications are minor,
proceeding in a similar way we have the following.

Theorem 3.2. Let assumptions (9)-(13) hold. Let us denote by (u, o) and (u"*, o)
the respective solutions to problems VP and V P" . Therefore, there exists a posi-
tive constant ¢ > 0, independent of the discretization parameters h and k, such that



378 JOSE R. FERNANDEZ

for all {wl}N_, c VI,

hk |2 hk |2 h 12
_ _ < _
o) Jmase ([l —wl¥ 3+ low - ol¥ 2} < o max, flu, — wl]F

+ max To, + uo — [ + oo — o).

where the integration error Ig, 1is given by

2

tn n
Ig, = G(o(s), e(u(s)ds = > kG(o1,e(u; 1))
0 —

Jj=1 Q

These error estimates are the basis for the analysis of the convergence rate of
the algorithm. Hence, under additional regularity assumptions, we obtain the linear

convergence of the algorithm that we state in the following (see again [14]).

Corollary 3.3. Let the assumptions of Theorem 8.2 hold. Under the additional
reqularity conditions

w e C((0,T); [H*(Q)Y), o0 € [H' ()™,

there exists a positive constant ¢ > 0, independent of the discretization parameters
h and k, such that

hk hk
(22) Jmax {[un =l + o — ok} < c(h+ k),

4. An a posteriori error analysis

In this section, we will use the finite element spaces and the notations introduced
in the previous two sections. Moreover, throughout this section, we will assume that
the mesh of the domain {2 may change during the time, and so, for any 0 < h < 1
and for any n = 0,1,..., N, let 7" be a mesh of Q composed of finite elements
T with diameter less than h. We will also assume that, for each n = 1,..., N,
the mesh {(t,_1,t,) x T; T € T""} is regular in the sense of [7] and, to simplify
the calculations, that 7" ¢ TM"=1 . Thus, for any n = 1,..., N and for any
T € T™, let h% (respectively p%) be the diameter of the smallest (resp. largest)
ball containing (resp. contained in) (¢,,—1,%,) x T. Therefore, there exists a positive
constant 8 such that

n
L <B vreT" n=1,...,N.
Pr
In order to simplify the writing and the calculations, in this section we assume
that fr = 0 and so (f,w)y = (f,w)y, where f = f, € C([0,T]; H). It is
straightforward to extend the results presented below to more general situations.
Moreover, for an element 7' € 7", we denote by " its set of interior edges
or faces, and for the triangulation 77", let us define as ", M and EA™ its set
of edges or faces, its set of interior edges or faces and its set of edges or faces that
belong to ¢ (i.e., E&" = {E € "™ ; E C T'¢}), respectively.
Finally, the notation ¢ < b means that there exists a positive constant ¢ inde-
pendent of @ and b (and of the discretization parameters) such that a < ¢b. The
notation a ~ b means that a < b and b < a hold simultaneously.
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Let us define the continuous and piecewise linear approximations in time given

by

t—tn_ - _
ul (e, t) = — 2Ll (@) + Z—ult (@)t <t<t, =xe€Q,

k n k n—1
t—1tp— th, — 1 —
o (x,t) = Tnlazk(m) + nTo'Zlil(m) thoy <t <t,, ®c.
Since 4" = dul* and 6" = §o!*, we can write discrete problem VP in the
following more general form, forn =1,..., N,

(23) " =Ee(uT) + Glank  e(uyty)),
(24) (" (1), e(w"))g +j(u"",w") = (F(t),w" )y Ywh e V" t, <t <t,.

We have the following theorem which provides an upper bound for the numerical
errors.

Theorem 4.1. Let assumptions (9)-(13) hold. Denote by (u, o) the solution to
Problem VP and by (u7,o"™) the continuous piecewise linear approzimation of
the solution to Problem VP" . Then

= @ lleqoian + o = " lleqoria) < lluo — uf v + oo~ aflo
N
+ Y kni+ ma ma 5 (t) + ma ma 5 (1
r; SN te[tnff(,tn] 72 (1) 1<nEN te[t"*ft"]m( :

+ max max ng(t
1<n<N tefty 1,tn] i)

where the error estimators 0y, ny, Ny and ) are given by

(25) 0= ot — otk g+ ult — k|,
1/2
(26) @)= S ITPIF® ey |
TeThn
1/2
(27) @y = 3 ST 1Bl @wllF gy
TeTh Eeghn
1/2
ni @) = S 1Elet (0)]2 g
Eeghlr
1/2
(28) ST Blp@l @) + ol ON2emy |
Eeghn

and [Tv] denotes the jump of TV across the edge or face E. Moreover, |T| and
|E| represent the size of the T and E, respectively. Note that, since the mesh is
assumed regular, we have |T'| ~ |E| ~ h.

Proof. Proceeding as in [12], let us estimate the error on the stress field. Therefore,
integrate (14) and (23) between t¢,,—1 and t € (t,—_1,t,] to obtain
t
o(t)=Ce(ut)) +opn_1—Ee(up_1)+ G(o(s),e(u(s))) ds,

tn—1

t
o7 (1) = Ee(uhT (1)) + oM | — Ee(ul® ) + / Gt |, e(ul® ) ds,

tn—1
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and therefore, by induction it follows that

o(t) = Ee(u(t)) + a9 — Ee(ug) + z_: /tJ G(o(s),e(u(s)))ds

t

(29) + G(o(s), e(u(s))) ds,
tn—l
a7 (t) = Ee(u'(t) + af — Z o3ty e(ugty)) ds
tJ 1

(30) / G(om* | e(ul* ) ds.

By subtracting now (29) and (30), we find that
lo(t) — " (t )||Q Hu( ) u"T(t)|v + lloo — ogllg + lluo — ugllv

+Z [llo(s) = % llq + Ilu(s) — uj®y[lv] ds

tj—1

+/ llo(s) = ontillq + lluls) —up®sllvlds vt € (taor,ta],

tn—1

and we immediately get (see [12] for details),

lo(®) =" (B)l@ S llu(t) —u"B)llv + oo — gl + lluo — uglly

+/O llo(s) = a"(s)llq + lluls) — w7 (s)]lv] ds

n
+ D Kl — ot g+ lluf —ubt ] VEE (tamr,tal:

Next, we estimate the numerical errors on the displacement field. Then, we subtract
equation (15) for w = w”" € V* C V and equation (24) to obtain

(0 — " e(w")g + j(u,w") — j(u"",w") =0 Vw"c V"

Therefore, since u"™ € V", we have

hT) ht hT)

(0 — " e(u—u"))g +j(u,u —u"") — j(u"" u—u

(31) =(c—o" e(u—w"))g +ilu,u—w") - (W u—w") vw'eV"

We consider the left-hand side of the previous equation. Using again equations (29)
and (30) it leads to the following,

hT,E(’U, u ))Q+](u u — uh'r) 7‘7( ht uiuh'r)
— (Eelu— ), e(u = uh))g + j(u, w— whT) — j(uhT,u — ul)

+(og — ol — Ee(ug — ub), e(u — u}”))Q
t

+(/ [g(U(S); E(U(S))) — Q(aﬁ’il, E(ugﬁl))] ds, E(u _ uhT))Q

(o

S Gl (s) elue) - Gt el )] ds. el - w o,



AN ELASTO-VISCOPLASTIC CONTACT PROBLEM 381

and taking into account properties (9)—(11) and the previous algebra, we have

(Ee(u—u"),e(u—u"))q > mellu — w7},

J(u,w—ulT) — (T u - uhT) >0,

(o0 — ol = Ee(ug — uf). e(w—u"))g| }
< (loo — ohll + lluo — wl vl - u" v,

K/i[ﬂd@Eu@mgwﬁpewﬁnnw@mumﬂ

tn—1

o

Z/ c(u(s)) — Glot, eluly )] s, efa ')

o
s(ﬁnu<%1 "Gy + llo(s) = o (s) o] ds

+Y klloht = olF o + lluf® — ul® ||v]> [ — "y,
and therefore, for all w" € V",

lu —u"lv < lloo — oo + Zk o™ — 3%l + [luf® — ul®y |Iv)
Jj=1

/Hu ) = u"(s)lv + [l (s) — " (s)llq ds + |[uo — ugllv

o — o™ eu—wh)g + j(u,u — wh) — (T u—wh).

Let w € V and denote by H}Cﬂ the Clément’s interpolant on the triangulation
T (see [8]). We recall that this operator satisfies:

lw = TEwll g2y S [Tl arye,

lw = Tgwll 2 eya S 1BV (lwll s arya,

where AT denotes the set of elements having a common edge or face with 7', and
FE being an edge or a face of T'.
We consider now the right-hand side of equation (31) which equals to

(Fou— ")y — (0" e(u — w")g — (", u —wh).

Taking w” = u"™ + H}é (u — u"™) in the previous expression, applying Green’s
formula on each finite element and using the approximation properties of H}é, it
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follows that

(f u—w")y — (0", e(u—w"))q —.7'( "ou—wh)

= X | F+Div(e") - (-l (")) de

TEThn

- > Z/avu T ) dy ()

TeThn Eeghn

+ Y [ ~ T (u — u')) dy (@)

Eeglr

+Z/ (ul) (e — ™ — T (. — '), dy(a)

Eeghw
S Z HerDiV(UhT)H 2y llu — u — I (u— u MNiz2 e
TEThn

+ > > e vllemyallu — v = IE(w = u)|p2 ()

TGThnEeghw
+ D o lamyalle — w7 = T1E(u — w722 (e

Eeghw
+ Z Ip(ul™) + o} | 2em lw — whT = TIE (w — u™7)[[ |12 ()
EES}”L
1/2 1/2
s(X |T|2|\f|\%L2<T>]d) (> = u" sy )
TeTh TeThn /2 12
1
(X X Bl ) (DD = w s arye)
TeThn Ecghn TeThn
1/2 1/2
(X 1Bl eye) (DD M= I arye)
Eeghn TEThn
1/2 . 1/2
(X 1Bl + ol ) (D lu— w s ary)
Eeghn TeThn

< (3 (1) + 05 () + 03 (1)) |w — u" |y,
where we take into account that Div (6"7) = 0 in T, the decomposition
v ow= U}T” cw, + JL”wl, Yw €V,
and the notations
ulmT =uhm v, o =0"v.v, ol =0"v -0

Combining the previous estimates, we conclude that

[u(t) = t’”( v +llo(t) =" (t)lle < oo — oo + lluo — uglly

+/O[I\U(S)—u "(8)lv + llo(s) — a7 (s)llo ds

+ D Kllloh — o g+ lluf = ufE v+ 05 () + 0 () + g (1),
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for all t € (tp—1,tn]. Using Gronwall’s inequality we find that
[ — "o, 1) + o = " lleoqore) S o —uglly + oo — oglle
N

+ kn" + max max 2(t) + max max w(t
Z " 1§n§Nte[tn,1,tn]n2() 1Sn§Nte[tn,1,tn]n3()

+ max  max 7yt
1NN teftn1.ta] i),

which concludes the proof. O

Now, we prove a lower bound for these error estimators that we provide in the
following.

Theorem 4.2. Let assumptions (9)-(13) hold. For all elements T € Th", the
following local lower error bounds are obtained forn=1,...,N:

M S o =",y tnsnacryexa) + llu — uhT”C([tn i (T)))
+||un Un— 1||[H1 e + lon = on_illiz2(ryaxa,

m(t) S o (t) — o™ ()| p2eryaxa  t € (tn-1,tnl,
ngjq(t) 5 ||O'(t) ( || AT) dXd te (tn lat ]7
miz(t) S o (t) — o (@)l pzeryaxa + [w(t) — w7 (@)l )

+||0}”()—0u( M2y € (tar,tal,
where we denote by an, nhr nhiand nin the local errors given by

nkT = |lan* P illiweyaxa + ul® =l g e,
ot (t) = |T|||f( )||[L2(T) o

)= (2 IEle" <>v1||sz<E>]d) ,

Eeghn

T T 2 1/2
nig () = (3 1B e @l pacope + Ip(l @) + ol @ll2m]”)

Eegl

Here, Eg represents the set of edges or faces of T that belong to I'c.

Obuviously, we have
1/2
i~ (O )

TeThn /2
1
=Y mh?)
TeThn p
1
=3 wh?)
TeThn ;
1/2
i~ (O3 )
TeThn

Proof. First, error estimator nf was bounded in [12]. We proved there that

n =t —onk o + lupt — upty v
<" —0||c< bt 6" = ulloq, )
+lwn — U 1||v+||0n—‘7n—1||Q’

and therefore,
(n?)* < Z <||UhT - U||20([tn,1,t,L];[Lz(T)]dxd) + [T - “||20([tn,1,tn];[H1(T)]d)
TeThn

Hlttn = 1l e + 100 = FnFacrojana)-
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Proceeding in a similar way we also obtain that

h hT hT
mr S o™ — U||2C([tn,1,tn];[L2(T)]d><d) + u" - g||20([tn,1,tn];[H1(T)]d)
+lwn — un—1||[H1(T)]d +llon — O'n—lH[m(T)]dM'

We estimate now 75 (see again [12]). Let wr be the bubble function associated
with the element T and define the function wr = (w;)4, € [H}(T)]? which is
constructed as w; = wp fori=1,...,d.

It is easy to check that function ¥, = wy - f satisfies (see [27]),

£ S [ (o= o) - elbr) da.
Using the inverse inequality, we find that

le(@r)llip2eryaxa STl L2y,
and therefore,
(32) 1 £llir2crye S 1T o — UhTH[L2(T)]dXd~
Estimate 0% is bounded now proceeding like in the previous estimate. Thus, let us
consider the bubble function wg associated with the edge or face E. Hence, taking
now wg = [wg]? we deduce that (see again [27]),
H[UhTV]H[QL?(E)]d S |E|71||0 - a'hT”[LQ(AE)]Wd”wE”[L?(AE)]dv

where ¥, = wg - [0"7v] and AFE stands for the set of elements of 77" sharing the
common edge or face E. From the definition of ¢, it follows that ||[¢ g/[L2(aE)« <

|E|1/2H[O'hTV]H[L2(E)]d, and we conclude that
e vl 2eye S EIT 2o — ol 2 amyexa,

which implies, for all 7' € Th,

1/2
(2 BN IEamge) S o= o laamye
Ee&hn

Finally, it only remains to estimate n?*. Assume that wp is constructed in such a
way that (wg), =0 and (wg), = wga’™. Hence,

o2 1z (yya ~ /EUQT (wp)r dy(x)
:/O'hT -e(wg) dx

[T(ghTa)-e(wE)dm+/a~e(wE)da:

T
S I fllizaerpelwelizeye + 1717 o — a7

L2(T)]d><d||'lUE||[L2(T)]d.
We only need to estimate now the second term of 772%. Taking into account that
p(uy(t)) + o, (t) =0,
we find that
Ip(up™ () + o™ (Ml 2y < Ip(u™(t) = p(uy () |2(m) + lop7 (t) = 00 (t) |2
S llu(t) = w" (@Ol (ryje + o™ () = 00 ()| 2(8)-
Combining all these results and taking into account the definitions (25), (26), (27)
O

and (28), we obtain the desired lower error bounds.

From Theorem 4.2, we can prove a similar convergence order than in the a priori
error analysis that we state in the following.
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Corollary 4.3. Let assumptions (9)-(13) hold. If the continuous solution has the
following additional regularity:

ue C([0,T)[H*(Q)Y), o< C(0,T);[H(Q)]),
there exists a positive constant ¢ > 0, depending on the given data and the conti-
nuous solution, such that
N
D ki +lloo - oflle + lluo — ully + max  max

<n<N te tn—1,tn
n=1

+ max max 73+ max max 0y <c(h+k).
1<n<N t€ltn—1,tn] 1<n<N t€ltn—1,tn]

Proof. Using estimates (22), under the required regularity we conclude that
(33) lu = u"oqo. vy + o — " lloo,ryq) < e(h + k),
which implies that

max max 7y + max max 75 <c(h+k).
1SN t€[tn_1,tn] 1<n<N t€ltn—1,tn]

From the regularity w € C1([0,7]; V) and o € C1([0,T]; Q) (see Theorem 2.1), we
easily find that

N
Elllwn — wn—1llv + llon — UnleQ] < ck,

n=1

and using again (33), it follows that

N
> knp < c(h+ k).

n=1

Next, we estimate the numerical error on the approximation of the initial conditions.
From the definition of the finite element projection operators Ily» and IIgn (see
[7]), we have

[uo — ugllv < chlluollimzye,  lloo = aglle < chllooll g @yaxa-

Finally, we only have to bound the second part of estimator ny. Without loss of
generality, assume that d = 2 (i.e. the two-dimensional setting), and that I'c is
a straight line segment parallel to the z-axis. Taking into account the following
inequality for all £ € £X,

[ollr2cmy < 1|20l 2 am) + |EIY2 IVl iz2aryz Yo € HY(AE),
we find that

|E|Y2)joh7 () - gu(t)l\m(E) = |E['?||oh7(t) — Uyg(t)”N(E)
S I\U%;(t) —oyy(B)llL2ap) + BV (oyy (t) = oy )22 (aE)2
S o™ = ealleqorie) + 1Ellolloqo,m;m @)2x2)-

Keeping in mind that |E| ~ h, this concludes the proof. O
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5. Numerical results

5.1. Numerical scheme. First, we recall that the variational spaces V' and @) are
approximated by using the finite element spaces V" and Q" defined by (16) and
(17), respectively.

Let u*, € V* and o"* | € Q" be known. For n = 1,..., N, the fully discrete
problem V P"* can be written in the following form,

(e (). e(w")g + F(ulk,wh) = (£, wh)y
(ot — Ee(ull) + KG(ah et ) ewh)g vt € V1.

n—1
This leads to a nonlinear variational equation which was solved by using a penalty-

duality algorithm (see, for instance, [29]), already applied in other contact problems.
Then, the discrete stress field is updated from the equation:

ol = okt Eelulf) — Eelulfy) + G(oTE  olulf )

n—1

The numerical scheme was implemented on a Intel Core2 Duo 2.4GHz PC using
MATLAB, and a typical 2D run (h = k = 0.05) took about 5 seconds of CPU time.

5.2. A first 2D-example: error estimators with respect to the exact er-
ror. As a first two-dimensional example, the following problem is considered.
Problem T2D. Find a displacement field w : [0,1] x [0,1] x [0,1] — R? and a

stress field o : [0,1] x [0,1] x [0,1] — S? such that,

6 =2Ze(d) +Ze(u) in [0,1] x [0,1] x (0,1),

—Dive =0 in [0,1] x[0,1] x (0,1),

u=0 on {0} x][0,1] x (0,1),

ov=7Ffr on ([0,1] x{1}uU{1} x[0,1]) x (0,1),

o.=0, —o,=(u,)+ on [0,1] x {0} x (0,1),

2 2
u(0) = 0.1 x (2(0.1 % +0.1y), —%(o.m +0.1)) in [0,1] x [0,1],

o(0) =Ze(u(0)) n [0,1] x [0,1],

where traction forces f are given by
2
0.1x (0,——=e7%0.1) if z€]0,1], y=1,
.fF(xvyat) = 22
0.1 % ((0.1% +0.1y)et0) if yel0,1], z=1.

Problem T2D corresponds to Problem P with the following data:

T =1, Q:[O,l]X[O,l], FD:{O}X[Oal]a FC:[Ovl]X{O}v g =0,

I'p= [07 1] X {1} U {1} X [07 1]7 25 =27, 9(20',5(14)) - IE?(’U,), fo=0,

T
p(r) =ry, wo=0.1x (z(0.1 % +0.1y), —?(0.1y +0.1)), o0=-¢e(ug).

The exact solution to Problem 72D can be easily obtained after some algebra and
it has the following form:
y? 2
u(z,y,t) = (ac(O.l? +0.1y)e™ ", —?(0.13/ +0.1)e” ") x 0.1,
2 2
o (z,y,t) = 0.1(0.1% F0.1y)et, o9 = 4.01‘%@4, 12 = 091 = 0.
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In Table 1 the numerical results obtained for several discretization parameters h
and k are shown where

N
m=>_ knf,
n=1

72 = max  max

e
75 (t) + max max
VI e, (7 ()

n
75 (f) + max max
1<N<N tE(ty_1,tn] 3 (1)

n
t
1N te(tn1.tn] i ()
and n = \/n? + n3. The exact (or true) error e is defined as

— _ o hEk _ hk
e = max un —uly + max o —olo

and e.i. denotes the so-called effectivity index and it equals to n/e.

h k m M2 n e e.l.
0.2 0.1 | 0.0331661 | 0.1686995 | 0.1719341 | 0.1108826 | 1.55
0.1 0.1 | 0.0349942 | 0.1310162 | 0.13560091 | 0.0997694 | 1.35
0.05 0.1 | 0.0358721 | 0.0895523 | 0.0964698 | 0.0969012 | 0.99

0.025 0.1 | 0.0362967 | 0.0574728 | 0.0679748 | 0.0730912 | 0.93
0.0125 | 0.1 | 0.0365051 | 0.0356754 | 0.0510426 | 0.0560903 | 0.91
0.2 0.05 |0.0161195 | 0.1784489 | 0.1791744 | 0.1113638 | 1.61
0.1 0.05 | 0.0169719 | 0.1378073 | 0.1388614 | 0.0999072 | 1.38
0.05 0.05 | 0.0173855 | 0.0939912 | 0.0955855 | 0.0965511 | 0.99
0.025 | 0.05 | 0.0175858 | 0.0602631 | 0.0627765 | 0.0660805 | 0.95
0.0125 | 0.05 | 0.0176841 | 0.0383793 | 0.0431017 | 0.0463459 | 0.93
0.2 0.025 | 0.0079436 | 0.1834036 | 0.1835785 | 0.1119439 | 1.63
0.1 0.025 | 0.0083609 | 0.1412451 | 0.1414923 | 0.1005961 | 1.41
0.05 | 0.025 | 0.0085617 | 0.0962355 | 0.0966156 | 0.0973039 | 0.99
0.025 | 0.025 | 0.0086591 | 0.0616732 | 0.0622781 | 0.0648731 | 0.96
0.0125 | 0.025 | 0.0087067 | 0.0382554 | 0.0392337 | 0.0412986 | 0.95
0.2 | 0.0125 | 0.0039443 | 0.1858967 | 0.1859385 | 0.1123063 | 1.65
0.1 |0.0125 | 0.0041499 | 0.1429723 | 0.14303254 | 0.1010041 | 1.42
0.05 | 0.0125 | 0.0042489 | 0.0973627 | 0.0974554 | 0.0976869 | 1
0.025 | 0.0125 | 0.0042968 | 0.0623815 | 0.0625928 | 0.0638702 | 0.98
0.0125 | 0.0125 | 0.0043204 | 0.0386904 | 0.0389309 | 0.0405531 | 0.96

TABLE 1. Example T2D: Numerical errors (x100) for some h and k.

As can be seen, the convergence of the discrete solution is clearly observed when
the discretization parameters converge to zero. As it was also noticed in [23], the
estimator due to the time discretization 7; is not greater than the error due to
the space discretization 72 but they oscillate. Moreover, the estimator error 7 is
not always greater than the exact error but it seems that, when the discretization
parameters decrease, both errors become closer. Finally, the effectivity index seems
to increase as parameters h and k tend to zero but it is greater than 0.9.

5.3. A second 2D-example: an elasto-viscoplastic body in contact with
a deformable obstacle. As a second two-dimensional example, we consider a
numerical example already simulated in other works. Hence, the elasto-viscoplastic
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body is assumed to occupy the domain © = (0,6) x (0,1.2), no volume forces
are supposed to act in the body and vertical constant tractions are applied on
the boundary part [0,6] x {1.2}. Due to the symmetry conditions, the middle
line {3} x [0, 1.2] has restricted its horizontal displacements. Finally, the body is
supposed to be in contact with a deformable obstacle on the contact boundary
T'c =[2,4] x {0} (see FIGURE 2).

LLLLLLLLLLlrrtty

. I-
! ! lo
Ic
Lv
Obstacle

FicURE 2. Example 2D-2: Physical setting.

The following data have been employed in the simulations:

T=1, Q=]0,6]%x[0,12], Tp=0, T'r=]0,6]x{1.2},

Pe=1[2,4] x{0}, &=2I, G(o,e(u))=e(u), fo=0, fp=(0,-001),

g=0, p(r)=1000ry, wo=0, oo=0.

Taking £ = 0.01 as the time discretization parameter, the displacement field at
final time and the reference configuration are plotted in FIGURE 3. We observe

XX XI]

N AP

FicUrE 3. Example 2D-2: Reference configuration and displace-
ment field at final time.

that no penetration into the obstacle has been produced because of the size of the
deformability coefficient p. Moreover, in FIGURE 4 the von Mises stress norm at
final time is plotted over the deformed mesh. As expected, the highest stressed
areas are located near the contact corners and also where body bends.

Finally, the error estimators 71, 72 and n have the following values:

m = 8.74594358 x 1074, 75 = 0.04147338, 1 = 0.0414826.

We notice that, even if the exact solution is unknown (and, in fact, it can not
be calculated using an analytical procedure), this estimate gives us an idea of the
error approximation and this constitutes no doubt one of the main aspects of this
a posteriori error analysis.
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FIGURE 4. Example 2D-2: von Mises stress norm at final time
over the deformed mesh.

References

[1]
2]

3]

(10]

(11]

(12]
(13]

(14]

(15]
(16]
(17]

(18]

A. Amassad, C. Fabre and M. Sofonea, A quasistatic viscoplastic contact problem with normal
compliance and friction, IMA J. Appl. Math. 69(5) (2004) 463-482.

A. Amassad and M. Sofonea, Analysis of a quasistatic viscoplastic problem involving Tresca
friction law, Discrete Contin. Dynam. Systems 4(1) (1998) 55-72.

A. Bergam, C. Bernardi and Z. Mghazli, A posteriori analysis of the finite element discretiza-
tion of some parabolic equations, Math. Comp. 74(251) (2005) 1117-1138

C. Bernardi and R. Verfiirth, A posteriori error analysis of the fully discretized time-
dependent Stokes equations, M2AN Math. Model. Numer. Anal. 38(3) (2004) 437-455.

O. Chau and J.R. Ferndndez, A convergence result in elastic-viscoplastic contact problems
with damage, Math. Comput. Modelling 37(3-4) (2003) 301-321.

J. Chen, W. Han and M. Sofonea, Numerical analysis of a nonlinear evolutionary system with
applications in viscoplasticity, STAM J. Numer. Anal. 38(4) (2000) 1171-1199

P.G. Ciarlet, The finite element method for elliptic problems, in: (P.G. Ciarlet and J.L. Lions
Eds.), Handbook of Numerical Analysis, Vol. II (North Holland, 1991) 17-352.

P. Clément, Approximation by finite element functions using local regularization, RAIRO
Anal. Numér. 9 (1975) 77-84.

N. Cristescu and I. Suliciu, Viscoplasticity, Mechanics of Plastic Solids, 5. Martinus Nijhoff
Publishers, The Hague, 1982.

S. Drabla and M. Sofonea, Analysis of a Signorini problem with friction, IMA J. Appl. Math.
63(2) (1999) 113-130.

J.R. Fernandez, W. Han, M. Sofonea and J.M. Viano, Variational and numerical analysis of
a frictionless contact problem for elastic-viscoplastic materials with internal state variables,
Quart. J. Mech. Appl. Math. 54(4) (2001) 501-522.

J.R. Fernandez and P. Hild, A residual a posteriori error estimator for elasto-viscoplasticity,
Int. J. Numer. Anal. Model. 6(4) (2009) 803-814.

J.R. Fernandez, P. Hild and J.M. Viano, Numerical approximation of the elastic-viscoplastic
contact problem with non-matching meshes, Numer. Math. 94(3) (2003) 501-522.

J.R. Ferniandez, M. Sofonea and J.M. Viano, A frictionless contact problem for elastic-
viscoplastic materials with normal compliance: numerical analysis and computational ex-
periments, Numer. Math. 90 (2002) 689-719.

R. Glowinski, Numerical methods for nonlinear variational problems, Springer-Verlag, New
York, 1984.

W. Han and M. Sofonea, Numerical analysis of a frictionless contact problem for elastic-
viscoplastic materials, Comput. Methods Appl. Mech. Engrg. 190(1-2) (2000) 179-191.

W. Han and M. Sofonea, Quasistatic contact problems in viscoelasticity and viscoplasticity,
American Mathematical Society-International Press, 2002.

P. Hild and S. Nicaise, Residual a posteriori error estimators for contact problems in elasticity,
M2AN Math. Model. Numer. Anal. 41(5) (2007) 897-923.



390

JOSE R. FERNANDEZ

[19] L.R. Ionescu and M. Sofonea, Functional and numerical methods in viscoplasticity, Oxford

Science Publications. The Clarendon Press, Oxford University Press, New York, 1993.

[20] A. Klarbring, A. Mikeli¢ and M. Shillor, Frictional contact problems with normal compliance,

Internat. J. Engrg. Sci. 26 (1988) 811-832.

[21] J.A.C. Martins and J.T. Oden, Existence and uniqueness results for dynamic contact prob-

lems with nonlinear normal and friction interface laws, Nonlinear Anal. 11 (1987) 407-428.

[22] S. Nicaise and N. Soualem, A posteriori error estimates for a nonconforming finite element

discretization of the heat equation, M2AN Math. Model. Numer. Anal. 39(2) (2005) 319-348.

[23] M. Picasso, Adaptive finite elements for a linear parabolic problem, Comput. Methods Appl.

Mech. Engrg. 167(3-4) (1998) 223-237.

[24] M. Rochdi, M. Shillor and M. Sofonea, Quasistatic viscoelastic contact with normal compli-

ance and friction, J. Elasticity 51(2) (1998) 105-126.

[25] M. Rochdi and M. Sofonea, On frictionless contact between two elastic-viscoplastic bodies,

Quart. J. Mech. Appl. Math. 50(3) (1997) 481-496.

[26] M. Sofonea, On a contact problem for elastic-viscoplastic bodies, Nonlinear Anal. 29(9) (1997)

1037-1050

[27] R. Verfiirth, A review of a posteriori error estimation and adaptive mesh-refinement tech-

niques, Wiley and Teubner, 1996.

[28] R. Verfiirth, A posteriori error estimates for finite element discretizations of the heat equation,

Calcolo 40(3) (2003) 195-212.

[29] J. M. Viafo, Andlisis de un método numérico con elementos finitos para problemas de con-

tacto unilateral sin rozamiento en elasticidad: Aproximacién y resolucién de los problemas
discretos, Rev. Internac. Métod. Numér. Célc. Disefi. Ingr. 2 (1986) 63-86.

Departamento de Matematica Aplicada I, Universidade de Vigo, ETSI Telecomunicacién, Cam-

pus As Lagoas Marcosende s/n, 36310 Vigo, Spain

E-mail: jose.fernandez@uvigo.es
URL: http://webs.uvigo.es/jose.fernandez



