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OPTIMAL ERROR ESTIMATES OF THE LOCAL

DISCONTINUOUS GALERKIN METHOD FOR WILLMORE

FLOW OF GRAPHS ON CARTESIAN MESHES

LIANGYUE JI AND YAN XU

Abstract. In this paper, we analyze a local discontinuous Galerkin method

for the willmore flow of graphs. We derive the optimal error estimates for

this nonlinear equation in one-dimension and in multi-dimensions for Cartesian

meshes using completely discontinuous piecewise polynomial space with degree

k ≥ 1.
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1. Introduction

In this paper, we consider the error estimates of the local discontinuous Galerkin
(LDG) method [23] for the Willmore flow of graphs
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where Q is the area element

Q =
√
1 + |∇u|2(1.2)

and H is the mean curvature of the domain boundary Γ

H = ∇ ·
(∇u
Q

)
.(1.3)

In [23], we developed a LDGmethod for the for the Willmore flow of graphs and gave
a rigorous proof for its energy stability. In this method the basis functions used are
discontinuous in space. The LDG discretization also results in a high order accurate,
extremely local, element based discretization. In particular, the LDG method is
well suited for hp-adaptation, which consists of local mesh refinement and/or the
adjustment of the polynomial order in individual elements. In this paper, we will
present the optimal error analysis for the LDG method of the Willmore flow of
graphs on Cartesian meshes. The analysis is made for the fully nonlinear case
and the results are valid for all space dimension d ≤ 3 and polynomial degree
k ≥ 1. We generalize the analysis to fully nonlinear case comparing with analysis
for linear fourth order equation in [13]. We also obtain the optimal accuracy results
comparing with the results for continuous linear finite element method in [12].

The DG method is a class of finite element methods, using discontinuous, piece-
wise polynomials as the solution and the test space. It was first designed as a
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method for solving hyperbolic conservation laws containing only first order spatial
derivatives, e.g. Reed and Hill [17] for solving linear equations, and Cockburn et al.
[5, 4, 3, 6] for solving nonlinear equations. It is difficult to apply the DG method
directly to the equations with higher order derivatives. The LDG method is an
extension of the DG method aimed at solving partial differential equations (PDEs)
containing higher than first order spatial derivatives. The first LDG method was
constructed by Cockburn and Shu in [7] for solving nonlinear convection diffusion
equations containing second order spatial derivatives. Their work was motivated
by the successful numerical experiments of Bassi and Rebay [1] for the compressible
Navier-Stokes equations. The idea of the LDG method is to rewrite the equations
with higher order derivatives into a first order system, then apply the DG method
on the system. The design of the numerical fluxes is the key ingredient to ensure sta-
bility. The LDG techniques have been developed for convection diffusion equations
(containing second derivatives) [7], nonlinear one-dimensional and two-dimensional
KdV type equations [25, 22] and Cahn-Hilliard equations [20, 21]. Recently, there
is a review paper on the LDG methods for high-order time-dependent partial dif-
ferential equations [24]. More general information about DG methods for elliptic,
parabolic and hyperbolic partial differential equations can be found in the three
special journal issues devoted to the DG method [9, 10, 11], as well as in the recent
books and lecture notes [15, 14, 18, 19].

The paper is organized as follows. In Section 2, we give some notations, definition
and projections. In Section 3, we show LDG scheme for the Willmore flow of graphs
and the main results in this paper. In section 4, we give some auxiliary results
which is important for our analysis. In section 5, we present the proof of the error
estimates. Concluding remarks are given in Section 6. Some of the more technical
proofs of several lemmas are collected in Appendix A.

2. Notations, definitions and projections

We first introduce notations, definitions and projections to be used later in the
paper. We define some projections and present certain interpolation and inverse
properties for the finite element spaces that will be used in the error analysis.

2.1. Tessellation and function spaces. Let Th denote a tessellation of Ω with
shape-regular elements K. Let Γ denote the union of the boundary faces of elements
K ∈ Th, i.e. Γ = ∪K∈Th

∂K, and Γ0 = Γ\∂Ω.
In order to describe the flux functions we need to introduce some notations. Let

e be a face shared by the “left” and “right” elements KL and KR (we refer to [25]
and [24] for a proper definition of “left” and “right” in our context). Define the
normal vectors νL and νR on e pointing exterior to KL and KR, respectively. If
ψ is a function on KL and KR, but possibly discontinuous across e, let ψL denote
(ψ|KL

)|e and ψR denote (ψ|KR
)|e, the left and right trace, respectively.

Let Qk(K) be the space of tensor product of polynomials of degree at most k ≥ 0
on K ∈ Th in each variable. The finite element spaces are denoted by

Vh =
{
ϕ ∈ L2(Ω) : ϕ|K ∈ Qk(K), ∀K ∈ Th

}
,

Σh =
{
η = (η1, · · · , ηd)T ∈ (L2(Ω))d : ηl|K ∈ Qk(K), l = 1 · · · d, ∀K ∈ Th

}
.

For one-dimensional case, we have Qk(K) = Pk(K) which is the space of polyno-
mials of degree at most k ≥ 0 defined on K. Note that functions in Vh and Σh

are allowed to have discontinuities across element interfaces. Here we only consider
periodic boundary conditions. Notice that the assumption of periodic boundary
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conditions is for simplicity only and not essential: the method can be easily de-
signed for non-periodic boundary conditions. The development of the LDG method
for the non-periodic boundary conditions can be found in [16].

2.2. Notations for different constants. We will adopt the following conven-
tion for different constants. These constants may have a different value in each
occurrence.

We will denote by C a positive constant independent of h, which may depend
on the solution of the problem considered in this paper. For problems considered
in this section, the exact solution is assumed to be smooth with periodic. Also,
0 ≤ t ≤ T for a fixed T . Therefore, the exact solution is always bounded.

2.3. Projection and interpolation properties.

2.3.1. One-dimensional case. In what follows, we will consider the standard
L2-projection of a function ω with k + 1 continuous derivatives into space Vh,

P± : H1(Ω) −→ Vh,

which are defined as the following. Given a function η ∈ H1(Ω) and an arbitrary
subintervalKj = (xj−1, xj), the restriction of P±η toKj are defined as the elements
of Pk(Kj) that satisfy∫

Kj

(P+η − η)wdx = 0, ∀w ∈ Pk−1(Kj), and P+η(xj−1) = η(xj−1),(2.1)

∫

Kj

(P−η − η)wdx = 0, ∀w ∈ Pk−1(Kj), and P−η(xj) = η(xj).(2.2)

For the projections mentioned above, it is easy to show (c.f. [2])

‖ηe‖Ω + h‖ηe‖L∞(Ω) + h
1
2 ‖ηe‖Γ ≤ Chk+1,(2.3)

where ηe = πη−η or ηe = P±η−η. π is the standard L2 projection of the function
η. The positive constant C, only depending on η, is independent of h. Here and
below an unmarked norm ‖ · ‖Ω, ‖ · ‖Γ refers to the usual L2 norm for the space
variables on the domain Ω and the boundary Γ.

2.3.2. Two-dimensional case. To prove the error estimates for two-dimensional
problems in Cartesian meshes, we need a suitable projection P± similar to the
one-dimensional case. The projections P− for scalar functions are defined as

P− = P−
x ⊗ P−

y ,(2.4)

where the subscripts x and y indicate that the one-dimensional projections defined
by (2.2) on a two-dimensional rectangle element I ⊗ J = [xj−1, xj ]× [yj−1, yj ].

The projection Π+ for vector-valued function ρ = (ρ1(x, y), ρ2(x, y)) are defined
as

Π+ρ = (P+
x ⊗ πyρ1, πx ⊗ P+

y ρ2).(2.5)

Here πx, πy is the standard L2 projection in x or y direction. It is easy to see that,
for any ρ ∈ [H1(Ω)]2, the restriction of Π+ρ to I ⊗ J are elements of [Qk(I ⊗ J)]2

that satisfy ∫

I

∫

J

(Π+ρ− ρ) · ∇wdydx = 0(2.6)

for any w ∈ Qk(I ⊗ J), and
∫

J

(Π+ρ(xi−1, y)− ρ(xi−1, y)) · νw(x+i−1, y)dy = 0 ∀w ∈ Qk(I ⊗ J),(2.7)
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∫

I

(Π+ρ(x, yj−1)− ρ(x, yj−1)) · νw(x, y+j−1)dy = 0 ∀w ∈ Qk(I ⊗ J),(2.8)

where ν is the normal vector of the domain integrated. For the definition of similar
projection on three-dimensional case, we refer to [8].

Similar to the one-dimensional case, there are some approximation results for
the projections (2.4) and (2.5) in [13]

‖ηe‖Ω + h
1
2 ‖ηe‖Γ ≤ Chk+1‖η‖Hk+1(Ω), ∀η ∈ Hk+1(Ω),

‖ρe‖Ω + h
1
2 ‖ρe‖Γ ≤ Chk+1‖ρ‖Hk+1(Ω), ∀ρ ∈ [Hk+1(Ω)]d,

where ηe = πη − η, ρe = πρ − ρ or ηe = P±η − η, ρe = Π±ρ − ρ and C is
independent of h.

The projection P− on the Cartesian meshes has the following superconvergence
property (see [13], Lemma 3.7).

Lemma 2.1. Suppose (η,ρ) ∈ Hk+2(Ω)⊗ Σh and the projection, then we have

|
∫

Ω

(η − P−η)∇ · ρdΩ−
∫

Γ

(η − P̂−η)ρ · νdΓ| ≤ Chk+1‖η‖Hk+2(Ω)‖ρ‖L2(Ω),(2.9)

where “hat” term is numerical flux.

2.4. Inverse Properties and Approximation. Finally we list some inverse
properties of the finite element space Vh that will be used in our error analysis.
For any ωh ∈ Vh, there exists a positive constant C independent of ωh and h, such
that

(i) ‖∂xωh‖Ω ≤ Ch−1‖ωh‖Ω, (ii) ‖ωh‖Γ ≤ Ch−
1
2 ‖ωh‖Ω,(2.10)

(iii) ‖ωh‖L∞(Ω) ≤ Ch−
n
2 ‖ωh‖Ω,

where d = 1, 2 or 3 is the spatial dimension. For more details of these inverse
properties, we refer to [2].

3. The LDG method for the Willmore flow of graphs

In this section, we consider the local discontinuous Galerkin method for the
Willmore flow of graphs equation (1.1) in Ω ∈ Rd with d ≤ 3. We will give the
energy stability property of the LDG method. The main error estimates results
will be presented.

3.1. The LDG method. To define the local discontinuous Galerkin method, we
rewrite equation (1.1) as a first order system:

ut
Q

+∇ · (s− v) = 0,(3.1a)

s−E(r)p = 0,(3.1b)

v − 1

2

H2

Q
r = 0,(3.1c)

p−∇W = 0,(3.1d)

W −QH = 0,(3.1e)

H −∇ · q = 0,(3.1f)

q − r

Q
= 0,(3.1g)

r −∇u = 0,(3.1h)
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with

E(r) =
1

Q

(
I − r ⊗ r

Q2

)
,(3.2)

Q =
√
1 + |r|2,(3.3)

where s, v, p, q, r are vectors, E(r) is the d× d matrix and I is the d× d identity
matrix.

Applying the LDG method to the system (3.1), we have the scheme: Find uh,
Hh, Wh ∈ Vh, sh, vh, ph, qh, rh ∈ Σh, such that, for all test function ϕ, ξ, ϑ ∈ Vh
and φ, ψ, η, ρ, ζ ∈ Σh,

∫

K

(uh)t
Qh

ϕdK −
∫

K

(sh − vh) · ∇ϕdK +

∫

∂K

(ŝh · ν − v̂h · ν)ϕds = 0,(3.4a)

∫

K

sh · φdK −
∫

K

E(rh)ph · φdK = 0,(3.4b)

∫

K

vh · ψdK −
∫

K

1

2

H2
h

Qh

rh · ψdK = 0,(3.4c)

∫

K

ph · ηdK +

∫

K

Wh∇ · ηdK −
∫

∂K

Ŵhν · ηds = 0,(3.4d)

∫

K

WhξdK −
∫

K

QhHhξdK = 0,(3.4e)

∫

K

HhϑdK +

∫

K

qh · ∇ϑdK −
∫

∂K

q̂h · νϑds = 0,(3.4f)

∫

K

qh · ρdK −
∫

K

rh

Qh

· ρdK = 0,(3.4g)

∫

K

rh · ζdK +

∫

K

uh∇ · ζdK −
∫

∂K

ûhν · ζds = 0,(3.4h)

where ν is the normal vector to ∂K. E(rh) and Qh are similarly defined as follows:

E(rh) =
1

Qh

(
I − rh ⊗ rh

Q2
h

)
,(3.5)

Qh =
√
1 + |rh|2.(3.6)

The “hat” terms in (3.4) at the cell boundary obtained after integration by parts
are the so-called “numerical fluxes”, which are functions defined on the cell edges
and should be designed based on different guiding principles for different PDEs to
ensure stability. It turns out that we can take the simple choices

ŝh|e = sh,R, v̂h|e = vh,R, q̂h|e = qh,R, Ŵh|e =Wh,L, ûh|e = uh,L,(3.7)

which ensure energy stability. Numerical examples for the schemes (3.4)-(3.7) can
be found in [23].

The LDG method for the Willmore flow equation satisfies the following energy
stability.

Proposition 3.1. (Energy stability [23]) The solution of the Willmore flow equa-
tion using the schemes (3.4)-(3.7) satisfies energy stability

1

2

d

dt

∫

Ω

H2
hQhdΩ+

∫

Ω

((uh)t)
2

Qh

dΩ = 0, ∀uh, Hh ∈ Vh.(3.8)
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3.2. The main results of error estimates. In this section, we state the main
error estimates of the semi-discrete LDG scheme (3.26) in Cartesian meshes.

We introduce notations

eu = u− uh, eH = H −Hh, eW =W −Wh, er = r − rh,
eq = q − qh, ep = p− ph, es = s− sh, ev = v − vh.

We assume the periodic boundary conditions and the equation has a unique solution
u, which satisfy

u ∈ L∞((0, T );W 3,∞(Ω)) ∩ L2((0, T );H4(Ω)) ∩ L∞((0, T );Hk+4(Ω)),(3.9)

ut ∈ L∞((0, T );W 2,∞(Ω)) ∩ L2((0, T );L2(Ω)) ∩ L∞((0, T );Hk+4(Ω)),(3.10)

which implies ‖u‖L∞((0,T ),Hk+4(Ω)), ‖ut‖L∞((0,T ),Hk+4(Ω)) , ‖r‖∞, ‖rt‖∞, ‖H‖∞,
‖Ht‖∞, ‖p‖∞, ‖ut‖∞ are all bounded. ‖ · ‖∞ denotes ‖ · ‖L∞((0,T );L∞(Ω)).

Theorem 3.2. Assume that (3.1a)-(3.1h) with periodic boundary conditions has a
unique solution u, which satisfies (3.9)-(3.10). Let uh be the numerical solution of
the semi-discrete LDG scheme (3.4)-(3.7). For rectangular triangulation of Ω, if
the finite element space is the piecewise tensor product polynomials of degree k ≥ 1,
then for small enough h there holds the following error estimates

max
t

‖er‖Ω +max
t

‖eH‖Ω ≤ Chk+1,(3.11)

max
t

‖eq‖Ω +max
t

‖eW ‖Ω +max
t

‖ev‖Ω ≤ Chk+1,(3.12)

∫ T

0

‖eut
‖2Ωdt+

∫ T

0

‖ep‖2Ωdt+
∫ T

0

‖es‖2Ωdt,≤ Ch2k+2,(3.13)

max
t

‖eu‖Ω ≤ Chk+1,(3.14)

where C depends on ‖u‖L∞((0,T );Hk+4(Ω)), ‖ut‖L∞((0,T );Hk+4(Ω)), ‖r‖∞, ‖rt‖∞,
‖H‖∞, ‖Ht‖∞, ‖p‖∞, ‖ut‖∞, T .

4. Auxiliary results

In this section, we present some basic geometric formulas and auxiliary results
which are used for error analysis.

4.1. Basic geometric formulas. We start by introducing the following notation:

γ =
(−r, 1)T

Q
, γh =

(−rh, 1)T
Qh

,

NK
h (t) =

∫

K

|γ − γh|2QhdK.

Here, rh is finite element approximation to r. And we denote

Qh :=
√
1 + |rh|2, Nh(t) :=

∑

K

NK
h (t).

Here | · | is used for 2-norm of a vector or 2-norm of a matrix depending on the
situation.

Lemma 4.1. Using the notation introduced above, the follow inequalities hold:∣∣∣∣
1

Q
− 1

Qh

∣∣∣∣ ≤ |γ − γh|, |Q−Qh| ≤ QQh|γ − γh|,(4.1)

∣∣∣∣
r

Q
− rh

Qh

∣∣∣∣ ≤ |γ − γh|,
∣∣∣∣
r ⊗ r
Q

− rh ⊗ rh
Qh

∣∣∣∣ ≤ 3QQh|γ − γh|,(4.2)

|γ − γh| ≤ |r − rh|.(4.3)
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Proof. The proof of this lemma will be given in Appendix A.1. �

4.2. A priori assumption. To derive the error estimates. We need to make a
priori assumption:

• d ≤ 3

‖H −Hh‖Ω ≤ h
7
4 ,(4.4)

‖r − rh‖Ω ≤ h
7
4 .(4.5)

Then we get

‖r − rh‖∞ ≤ Ch
1
4 ,(4.6)

‖H −Hh‖∞ ≤ Ch
1
4 ,(4.7)

where C is a constant independent of h. So we get

‖Hh‖∞ ≤ C,(4.8)

where C depends on ‖H‖∞ and T .

Recalling that Qh =
√
1 + |rh|2, we immediately get

‖Qh‖∞ = ‖
√
1 + |rh|2‖∞ ≤ R,(4.9)

where R depends on ‖r‖∞ and T . Without loss of generality, let us assume ‖r‖∞ <
R and take R = max{R, ‖r‖∞} otherwise. This assumption will be used to get the
Auxiliary Estimates Lemmas in Section 5.

Remark 4.1. The assumption will be satisfied if k ≥ 1. We will give the explana-
tion in the end of the proof.

4.3. Properties of matrix E(r). The matrix E(r) has the Lipschitz continuity
and coercivity. We have the following properties of E(r) [12].

Lemma 4.2.

|E(q)−E(p)| ≤ c|q − p|,(4.10)

|E(p)| ≤ 2, E(p)q · q ≥ |q|2
√
1 + |p|23

, ∀p, q ∈ Rd.(4.11)

Proof. The proof of this lemma will be given in Appendix A.2. �

5. Proof of the main result

In this section we will give the proof of the main results. We present some
auxiliary lemmas which are very crucial to our estimates. Finally, with the help of
these lemmas, we obtain the error estimates.

5.1. Error equations. The numerical solutions satisfy the LDG scheme (3.4a)-
(3.4h). Obviously the exact solutions of the equation (3.1) also satisfy (3.4a)-(3.4h).
Differentiating (3.4f)-(3.4h) with respect to time t and using the relations such that

(Q)t = (
√
1 + |r|2)t =

r · rt
Q

,

(
r

Q

)

t

=
rt

Q
− rr · rt

Q3
= E(r)rt,

(Qh)t = (
√
1 + |rh|2)t =

rh · (rh)t
Qh

,

(
rh

Qh

)

t

=
(rh)t
Qh

− rhrh · (rh)t
Q3

h

= E(rh)(rh)t,

we combine them with (3.4a)-(3.4e) to get the error equations
∫

K

(
ut
Q

− (uh)t
Qh

)
ϕdK −

∫

K

((s− v)− (sh − vh)) · ∇ϕdK
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+

∫

∂K

( ̂(s− sh) · ν − ̂(v − vh) · ν)ϕds = 0,

(5.1a)

∫

K

(s− sh) · φdK −
∫

K

(E(r)p−E(rh)ph) · φdK = 0,

(5.1b)

∫

K

(v − vh) · ψdK −
∫

K

1

2
(
H2

Q
r − H2

h

Qh

rh) ·ψdK = 0,

(5.1c)

∫

K

(p− ph) · ηdK +

∫

K

(W −Wh)∇ · ηdK −
∫

∂K

̂(W −Wh)ν · ηds = 0,

(5.1d)

∫

K

(W −Wh)ξdK −
∫

K

(QH −QhHh)ξdK = 0,

(5.1e)

∫

K

(Ht − (Hh)t)ϑdK +

∫

K

(qt − (qh)t) · ∇ϑdK −
∫

∂K

̂(qt − (qh)t) · νϑds = 0,

(5.1f)

∫

K

(qt − (qh)t) · ρdK −
∫

K

(E(r)rt −E(rh)(rh)t) · ρdK = 0,

(5.1g)

∫

K

(rt − (rh)t) · ζdK +

∫

K

(ut − uht)∇ · ζdK −
∫

∂K

̂(ut − (uh)t)ν · ζds = 0.

(5.1h)

Denote

eu = u− uh = u− Pu+ Pu− uh = u− Pu+ Peu,

eH = H −Hh = H − PH + PH −Hh = H − PH + PeH ,

eW =W −Wh =W − PW + PW −Wh =W − PW + PeW ,

er = r − rh = r −Πr +Πr − rh = r −Πr +Πer,

eq = q − qh = q −Πq +Πq − qh = q −Πq +Πeq,

ep = p− ph = p−Πp+Πp− ph = p−Πp+Πep,

es = s− sh = s−Πs+Πs− sh = s−Πs+Πes,

ev = v − vh = v −Πv +Πv − vh = v −Πv +Πev,

where P and Π be the projections onto the finite element spaces Vh and
∑

h,
respectively. We choose the projection as follows

(P,Π) = (P−, P+) in one dimension,(5.2)

(P,Π) = (P−,Π+) in multi-dimension.(5.3)

We will choose the initial data uh(x, 0) which can satisfy following estimates

Lemma 5.1.

‖q(x, 0)− qh(x, 0)‖Ω + ‖r(x, 0)− rh(x, 0)‖Ω ≤ Chk+1,

‖H(x, 0)−Hh(x, 0)‖Ω + ‖u(x, 0)− uh(x, 0)‖Ω ≤ Chk+1,

where C is some positive constant depends on the ‖u(x, 0)‖Hk+3(Ω).

Choice of the initial data uh(x, 0) and the proof of Lemma 5.1 will be given in
Appendix A.3.
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Choosing the test functions

ϕ = Peut
, φ = Πert

, ψ = −Πert
, η = Πeqt

,

ξ = −PeHt
, ϑ = PeW , ρ = −Πep, ζ = Πev −Πes,

a simple calculation gives

LHS = RHS(5.4)

where

LHS =

∫

K

(
ut
Q

− (uh)t
Qh

)
Peut

dK(5.5)

+

∫

K

(E(r)rt −E(rh)(rh)t) ·ΠepdK −
∫

K

(E(r)p−E(rh)ph) ·Πert
dK

+

∫

K

1

2

(
H2

Q
r − H2

h

Qh

rh

)
· Πert

+

∫

K

(QH −QhHh)PeHt
dK,

and

RHS =

∫

K

((s−Πs)− (v −Πv)) · ∇Peut
dK −

∫

∂K

( ̂(s−Πs) · ν − ̂(v −Πv) · ν)Peut
ds

−
∫

K

(s−Πs) · Πert
dK +

∫

K

(v −Πv) · Πert
dK −

∫

K

(p−Πp) ·Πeqt
dK

−
∫

K

(W − PW )∇ ·Πeqt
dK +

∫

∂K

̂(W − PW )ν ·Πeqt
ds+

∫

K

(W − PW )PeHt
dK

−
∫

K

(Ht − PHt)PeW dK −
∫

K

(qt −Πqt) · ∇PeW dK +

∫

∂K

̂(qt −Πqt) · νPeW ds

+

∫

K

(qt −Πqt) ·ΠepdK −
∫

K

(rt −Πrt) · (Πev −Πes)dK

−
∫

K

(ut − Put)∇ · (Πev −Πes)dK +

∫

∂K

̂(ut − Put)(Πev −Πes) · νds.
(5.6)

For the calculation of the LHS, please refer to the proof for stability in [23].

5.2. Auxiliary Estimates. In this section we shall estimate some variables and
nonlinear terms appeared in (5.4)

Lemma 5.2. For any time t, there exists C > 0 depending on ǫ which is an any
positive constant, such that

‖Peu‖2Ω ≤ ǫ

∫ t

0

‖Peut
‖2Ωdt+ C

∫ t

0

‖Peu‖2Ωdt+ ‖Peu(·, 0)‖2Ω.(5.7)

Proof. We get the estimate easily by Hölder inequality
∫ t

0

d

dt
(‖Peu‖2Ω)dt = 2

∫ t

0

∫

Ω

PeuPeut
dΩdt

≤ 2

∫ t

0

‖Peu‖Ω‖Peut
‖Ωdt

≤ ǫ

∫ t

0

‖Peut
‖2Ωdt+

1

ǫ

∫ t

0

‖Peu‖2Ωdt,

where we use Cauchy-Schwarz inequality with ǫ in the last step for any positive
constant ǫ > 0.

�
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Lemma 5.3. For any time t, there exists C > 0 depends on ‖Q‖∞ and constant
R defined in (4.9) such that

‖er‖2Ω ≤ CNh(t).(5.8)

Proof.

er = r − rh = Q

(
r

Q
− rh

Qh

)
−Q

(
1

Q
− 1

Qh

)
rh.

Using (4.1) and (4.2), we have

|er| ≤ Q|γ − γh|+Q|γ − γh||rh|.
Thanks to a priori assumption, we have

|er|2 ≤ C‖Q‖2∞|γ − γh|2Q2
h ≤ CR|γ − γh|2Qh

≤ C|γ − γh|2Qh,

where C depends on ‖Q‖∞ and constant R defined in (4.9). Then we integrate
both sides with spacial variable to get the estimates (5.8). �

Lemma 5.4. For any time t, there exists C = C(‖s‖Hk+1(Ω), ‖r‖∞, ‖p‖∞) > 0
such that

‖Πes‖2Ω ≤ C(Nh(t) + h2k+2 + ‖Πep‖2Ω).(5.9)

Proof. We consider (3.4b) separately to get the error equation
∫

K

(s− sh) · φdK −
∫

K

(E(r)p−E(rh)ph) · φ = 0.

Let φ = Πes, we have∫

K

|Πes|2dK =−
∫

K

(s−Πs) · ΠesdK

+

∫

K

((E(r)−E(rh))p+E(rh)(p− ph)) · ΠesdK.

Using the Cauchy-Schwarz inequality and Lemma 4.2, we get∫

K

|Πes|2dK ≤ ε

∫

K

|Πes|2dK +
1

4ǫ

∫

K

|s−Πs|2dK

+ C

∫

K

|r − rh||Πes|dK + 2

∫

K

|p− ph||Πes|dK

≤ ε

∫

K

|Πes|2dK +
1

4ǫ

∫

K

|s−Πs|2dK

+ ε

∫

K

|Πes|2dK + C(

∫

K

|r − rh|2dK +

∫

K

|p− ph|2dK).

Summing up all the elements K and using the projection error estimates, we obtain

‖Πes‖2Ω ≤ C(‖er‖2Ω + h2k+2 + ‖Πep‖2Ω)
≤ C(Nh(t) + h2k+2 + ‖Πep‖2Ω),

where C depends on ‖s‖Hk+1(Ω) and ‖r‖∞, ‖p‖∞. The last step is due to Lemma
5.3. �

Lemma 5.5. For any time t, there exists C = C(‖H‖∞, ‖v‖Hk+1(Ω)) > 0, such
that

‖Πev‖2Ω ≤ C

(
Nh(t) + h2k+2 +

∫

Ω

e2HQhdΩ

)
.(5.10)
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Proof. We consider (3.4c) separately to get the error equation.
∫

K

(v − vh) ·ψdK −
∫

K

1

2

(
H2

Q
r − H2

h

Qh

rh

)
·ψdK = 0.

Taking the test function ψ = Πev, we have
∫

K

|Πev|2dK

= −
∫

K

(v −Πv) · ΠevdK +

∫

K

1

2

(
H2

Q
r − H2

h

Qh

rh

)
·ΠevdK

= −
∫

K

(v −Πv) · ΠevdK +
1

2

∫

K

(
H2

(
r

Q
− rh

Qh

)
+
rh

Qh

(H2 −H2
h)

)
·ΠevdK.

Using the Cauchy-Schwarz inequality, we obtain
∫

K

|Πev|2dK

≤ 3ǫ

∫

K

|Πev|2dK +
1

4ǫ

∫

K

(v −Πv)2dK

+
1

16ǫ

(∫

K

H4

∣∣∣∣
r

Q
− rh

Qh

∣∣∣∣
2

dK +

∫

K

|rh|2
Q2

h

(H +Hh)
2(H −Hh)

2dK

)

≤ 3ǫ

∫

K

|Πev|2dK +
1

4ǫ

∫

K

(v −Πv)2dK

+
1

16ǫ

(
‖H‖4∞

∫

K

∣∣∣∣
r

Q
− rh

Qh

∣∣∣∣
2

dK + (‖H‖∞ + ‖Hh‖∞)2
∫

K

|rh|2
Q2

h

(H −Hh)
2dK

)

≤ 3ǫ

∫

K

|Πev|2dK +
1

4ǫ

∫

K

(v −Πv)2dK

+
1

16ǫ

(
‖H‖4∞

∫

K

|γ − γh|2QhdK + (‖H‖∞ + ‖Hh‖∞)2
∫

K

(H −Hh)
2QhdK

)
.

where the last step is due to Lemma 4.1 and the relations

Qh ≥ 1, Q2
h = 1 + |rh|2, |rh|2 ≤ Q2

h.

Adding all the elements K, the estimate follows by employing L2 projection error
and a priori assumption. �

Lemma 5.6. For any time t and every ǫ > 0, there exists a constant C, such that

‖ep‖2Ω ≤ ǫ

∫

Ω

e2ut

Qh

dK + C(Nh(t) + h2k+2 +

∫

Ω

e2HQhdΩ)(5.11)

with C depending on ǫ, ‖u‖Hk+4(Ω), ‖r‖∞, ‖H‖∞, ‖ut‖∞, ‖p‖∞.

Proof. The proof of this lemma will be given in Appendix A.4. �

Lemma 5.7. For any time t, there exists C = C(‖H‖∞, ‖W‖Hk+1(Ω), ‖r‖∞) > 0,
such that

‖PeW ‖2Ω ≤ C(Nh(t) + h2k+2 +

∫

Ω

e2HQhdΩ).(5.12)

Proof. We consider (3.4e) separately to get the error equation.
∫

K

(W −Wh)ξdK −
∫

K

(QH −QhHh)ξdK = 0.
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Let ξ = PeW , we have
∫

K

(PeW )2dK = −
∫

K

(W − PW )PeW dK +

∫

K

(QH −QhHh)PeW dK

= −
∫

K

(W − PW )PeW dK +

∫

K

H((Q−Qh) + (H −Hh)Qh)PeW dK

≤ 3ǫ

∫

K

(PeW )2dK +
1

4ǫ

∫

K

(W − PW )2dK

+
‖H‖2∞
4ǫ

∫

K

((Q −Qh)
2 + (H −Hh)

2Q2
h)dK,

where the last step is due to the Cauchy-Schwarz inequality. Again we use (4.1) to
get
∫

K

(PeW )2dK

≤ 3ǫ

∫

K

(PeW )2dK +
1

4ǫ

∫

K

(W − PW )2dK

+
‖H‖2∞
4ǫ

∫

K

(Q−Qh)
2dK +

‖H‖2∞
4ǫ

∫

K

(H −Hh)
2Q2

hdK

≤ 3ǫ

∫

K

(PeW )2dK +
1

4ǫ

∫

K

(W − PW )2dK

+
‖H‖2∞
4ǫ

∫

K

Q2Q2
h|γ − γh|2dK +

‖H‖2∞
4ǫ

∫

K

(H −Hh)
2Q2

hdK

≤ 3ǫ

∫

K

(PeW )2dK +
1

4ǫ

∫

K

(W − PW )2dK

+
‖H‖2∞
4ǫ

‖Q‖2∞‖Qh‖∞
∫

K

|γ − γh|2QhdK +
‖H‖2∞
4ǫ

‖Qh‖∞
∫

K

(H −Hh)
2QhdK.

Taking ǫ = 1/6 and adding all elements yields (5.12). Here we use a priori assump-
tion and the error for the projection. �

Lemma 5.8. For any time t, there exists C = C(‖q‖Hk+1(Ω)) > 0, such that

‖Πeq‖2Ω ≤ C(Nh(t) + h2k+2).(5.13)

Proof. We consider (3.4g) separately to get the error equation
∫

K

(q − qh) · ρdK −
∫

K

(
r

Q
− rh

Qh

)
· ρdK = 0,

Choosing the test function ρ = Πeq, we have
∫

K

|Πeq|2dK = −
∫

K

(q −Πq) · ΠeqdK +

∫

K

(
r

Q
− rh

Qh

)
· ΠeqdK,

Adding all elements K and using Lemma 4.1, we get
∑

K

∫

K

|Πeq|2dK ≤ ǫ
∑

K

∫

K

|Πeq|2dK + Ch2k+2 +
∑

K

∫

K

|γ − γh||Πeq|dK,

where C comes from the error for the projection which depends on ‖q‖Hk+1(Ω). For
any positive constant ǫ > 0, again we employ the Cauchy-Schwarz inequality to get
∑

K

∫

K

|Πeq|2dK ≤ 2ǫ
∑

K

∫

K

|Πeq|2dK + Ch2k+2 +
1

4ǫ

∑

K

∫

K

|γ − γh|2dK
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≤ 2ǫ
∑

K

∫

K

|Πeq|2dK + Ch2k+2 +
1

4ǫ

∑

K

∫

K

|γ − γh|2QhdK

= 2ǫ
∑

K

∫

K

|Πeq|2dK + Ch2k+2 +
1

4ǫ
Nh(t).

By taking ǫ = 1/4 we get the estimate (5.13). �

Lemma 5.9. For any time t, there exists C = C(‖rt‖∞) > 0, such that
∫

K

(
r

Q
− rh

Qh

)
· ert

dK ≥ 1

2

d

dt
NK

h (t)− CNK
h (t).(5.14)

Proof. The proof of this lemma will be given in Appendix A.5. �

Lemma 5.10. For any time t and every ǫ > 0 there exist a positive C such that

d

dt
Nh(t) ≤ C

(
Nh(t) + h2k+2 +

∫

Ω

e2HQhdΩ

)
+ ǫ

∫

Ω

e2ut

Qh

dΩ,(5.15)

where C depends on ‖ut‖Hk+1(Ω), ‖H‖Hk+1(Ω), ‖rt‖Hk+1(Ω), ‖q‖Hk+1(Ω).

Proof. The proof of this lemma will be given in Appendix A.6. �

Lemma 5.11. For any time t,
∫

Ω

(
ut
Q

− (uh)t
Qh

)
Peut

dΩ ≥ 1

2

∫

Ω

e2ut

Qh

dΩ− C(Nh(t) + h2k+2),(5.16)

where C depends on ‖ut‖∞, ‖r‖∞,‖ut‖Hk+1(Ω).

Proof.
∫

K

(
ut
Q

− (uh)t
Qh

)
Peut

dK

=

∫

K

(
ut
Q

− (uh)t
Qh

)
(ut − (uh)t)dK −

∫

K

(
ut
Q

− (uh)t
Qh

)
(ut − Put)dK

=

∫

K

e2ut

Qh

dK +

∫

K

ut

(
1

Q
− 1

Qh

)
(ut − (uh)t)dK

−
∫

K

ut

(
1

Q
− 1

Qh

)
(ut − Put)dK −

∫

K

(ut − (uh)t)(ut − Put)

Qh

dK.

For any positive constant ǫ > 0, employing Cauchy-Schwarz inequality and (4.1),
we have ∣∣∣∣∣

∑

K

∫

K

ut

(
1

Q
− 1

Qh

)
(ut − (uh)t)dK

∣∣∣∣∣

=

∣∣∣∣∣
∑

K

∫

K

ut
√
Qh

(
1

Q
− 1

Qh

)
(ut − (uh)t)√

Qh

dK

∣∣∣∣∣

≤ ǫ
∑

K

∫

K

e2ut

Qh

dK +
‖ut‖2∞
4ǫ

∑

K

∫

K

(
1

Q
− 1

Qh

)2

QhdK

≤ ǫ
∑

K

∫

K

e2ut

Qh

dK +
‖ut‖2∞
4ǫ

∑

K

∫

K

|γ − γh|2QhdK

= ǫ
∑

K

∫

K

e2ut

Qh

dK +
‖ut‖2∞
4ǫ

Nh(t).
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Similarly we can estimate the other two terms
∣∣∣∣∣−
∑

K

∫

K

ut

(
1

Q
− 1

Qh

)
(ut − Put)dK

∣∣∣∣∣

≤ 1

2

∑

K

∫

K

(ut − Put)
2 +

‖ut‖2∞
2

∑

K

∫

K

(
1

Q
− 1

Qh

)2

dK

≤ 1

2

∑

K

∫

K

(ut − Put)
2 +

‖ut‖2∞
2

∑

K

∫

K

|γ − γh|
2
dK

≤ 1

2

∑

K

∫

K

(ut − Put)
2 +

‖ut‖2∞
2

∑

K

∫

K

|γ − γh|2QhdK ≤ Ch2k+2 +
‖ut‖2∞

2
Nh(t),

and∣∣∣∣∣−
∑

K

∫

K

(ut − (uh)t)(ut − Put)

Qh

dK

∣∣∣∣∣ ≤
∣∣∣∣∣−
∑

K

∫

K

(ut − (uh)t)√
Qh

(ut − Put)√
Qh

dK

∣∣∣∣∣

≤ ǫ
∑

K

∫

K

e2ut

Qh

dK +
1

4ǫ

∑

K

∫

K

(ut − Put)
2

Qh

dK

≤ ǫ
∑

K

∫

K

e2ut

Qh

dK +
1

4ǫ
Ch2k+2,

where C depends on ‖ut‖Hk+1(Ω), ǫ. Using three terms above,we get

∑

k

∫

K

ut

(
1

Q
− 1

Qh

)
(ut − (uh)t)dK

−
∑

K

∫

K

ut

(
1

Q
− 1

Qh

)
(ut − Put)dK −

∑

K

∫

K

(ut − (uh)t)(ut − Put)

Qh

dK

≥ −2ǫ
∑

K

∫

K

e2ut

Qh

dK − C(Nh(t) + h2k+2),

where C depends on ‖ut‖Hk+1(Ω) and ǫ. By taking ǫ = 1/4, we get estimates
(5.16). �

Lemma 5.12. For any time t and every ǫ > 0, there exists C > 0, such that

∑

K

(∫

K

(E(r)rt −E(rh)(rh)t) · ΠepdK −
∫

K

(E(r)p−E(rh)ph) · Πert
dK

)

≥ − d

dt

∫

Ω

((
Qh

Q̃h

− 1

)
(γ̃h − γh)−

1

2

(
Qh

Q̃h

|γ̃h − γh|2γ̃h

))
· (Πp, 0)TdΩ

− d

dt

∑

K

∫

K

(E(r)p−E(Πr)Πp) ·ΠerdK

− C(Nh(t) + h2k+2)− ǫ‖Πep‖2Ω
with C depending on ǫ, ‖r‖∞, ‖p‖∞, ‖r‖Hk+1(Ω), ‖rt‖Hk+1(Ω), ‖p‖Hk+1(Ω), ‖pt‖Hk+1(Ω),
where

Q̃h =
√
1 + |Πr|2, γ̃h =

(−Πr, 1)T

Q̃h

.

Proof. The proof of this lemma will be given in Appendix A.7. �
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Lemma 5.13. For any time t, there exists a positive C, such that
∫

Ω

(QH −QhHh)PeHt
dΩ +

∫

Ω

1

2

(
H2

Q
r − H2

h

Qh

rh

)
·Πert

dΩ

≥ 1

2

d

dt

∫

Ω

e2HQhdΩ+
d

dt

∫

Ω

(Q−Qh)(H −Hh)HdΩ +

∫

Ω

1

2
H2∂t(

1

2
|γ − γh|2Qh)dΩ

− C

(
Nh(t) +

∫

Ω

e2HdΩ + h2k+2

)
,

where C depends on ‖r‖∞, ‖H‖∞, ‖rt‖∞, ‖Ht‖Hk+1(Ω).

Proof. The proof of this lemma will be given in Appendix A.8. �

5.3. Proof of the estimates. We firstly estimate the right hand of (5.4). Using
the projection Π and numerical fluxes, we get

∑

K

RHS = X1 + X2 + X3 + X4,

where

X1 = −
∫

Ω

(s−Πs) ·Πert
dΩ+

∫

Ω

(v −Πv) ·Πert
dΩ−

∫

Ω

(p− Πp) · Πeqt
dΩ

+

∫

Ω

(W − PW )PeHt
dΩ,

X2 = −
∫

Ω

(Ht − PHt)PeW dΩ+

∫

Ω

(qt −Πqt) · ΠepdΩ−
∫

K

(rt −Πrt) · (Πev −Πes),

X3 = −
∫

Ω

(ut − Put)∇ · (Πev −Πes)dΩ +

∫

Γ

̂(ut − Put)(Πev −Πes) · νdΓ,

X4 = −
∫

Ω

(W − PW )∇ · Πeqt
+

∫

Γ

̂(W − PW )ν ·Πeqt
dΓ.

Now we estimate X1, X2, X3, X4.

• Estimate X1.

Integrating X1 with respect to time t
∫ t

0

X1dt =−
∫

Ω

(s−Πs) · ΠerdΩ +

∫ t

0

∫

Ω

(st −Πst) · ΠerdΩdt

+

∫

Ω

(v −Πv) · ΠerdΩ−
∫ t

0

∫

Ω

(vt −Πvt) · ΠerdΩdt

−
∫

Ω

(p−Πp) ·ΠeqdΩ−
∫ t

0

∫

Ω

(pt −Πpt) ·ΠeqdΩdt

+

∫

Ω

(W − PW )PeHdΩ−
∫ t

0

∫

Ω

(Wt − PWt)PeHdΩdt.

In view of Lemma 5.3 and Lemma 5.8, we have
∣∣∣∣
∫ t

0

X1dt

∣∣∣∣ ≤ ǫ

∫

Ω

(e2H + |Πeq|2 + |er|2)dΩ + C

(
h2k+2 +

∫ t

0

(
Nh(t) +

∫

Ω

e2HdΩ
)
dt

)
,

where C depends on ε, ‖u‖Hk+4(Ω), ‖ut‖Hk+4(Ω).

• Estimate X2.

|X2| ≤ ǫ

∫

Ω

(PeW
2 + |ep|2 + |ev|2 + |es|2)dΩ + Ch2k+2,
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where C depends on depending on ǫ, ‖ut‖Hk+3(Ω). Using Lemma 5.4, Lemma 5.5,
Lemma 5.6, Lemma 5.7

|X2| ≤ ǫ

∫

Ω

e2ut

Qh

dΩ + C

(
Nh(t) +

∫

Ω

e2HQhdΩ + h2k+2

)
,

where C depends on ǫ, ‖u‖Hk+4(Ω), ‖r‖∞, ‖H‖∞, ‖ut‖∞, ‖p‖∞.

• Estimate X3.

In one-dimension, X3 = 0. In multi-dimension, recalling Lemma (2.1), we get

|X3| ≤ Chk+1(‖ev‖2Ω + ‖es‖2Ω),
where C depends on ‖ut‖Hk+2 . Employing Lemma 5.4, Lemma 5.5, Lemma 5.6 we
obtain

|X3| ≤ ǫ

∫

Ω

e2ut

Qh

dΩ + C

(
Nh(t) +

∫

Ω

e2HQhdΩ + h2k+2

)
,

where C depends on ǫ, ‖u‖Hk+4(Ω), ‖r‖∞, ‖H‖∞, ‖ut‖∞, ‖p‖∞.

• Estimate X4.

In one-dimension, X4 = 0. In multi-dimension, integrating X4 with respect to time
t
∫ t

0

X4dt =−
∫

Ω

(W − PW )∇ ·ΠeqdΩ +

∫

Γ

̂(W − PW )ν · ΠeqdΓ

+

∫ t

0

∫

Ω

(Wt − PWt)∇ · ΠeqdΩdt−
∫ t

0

∫

Γ

̂(Wt − PWt)ν · ΠeqdΓdt.

Using Lemma 2.1 and Lemma 5.8, we get

|
∫ t

0

X4dt| ≤ ǫNh(t) + C

(
h2k+2 +

∫ t

0

Nh(t)dt

)
,

where C depends on ‖W‖Hk+1 , ‖Wt‖Hk+1 , ‖q‖Hk+1 .
Collecting the estimates X1, X2, X3, X4, we obtain

|
∫ t

0

4∑

i=1

(Xi)dt| ≤ ǫ

∫ t

0

(∫

Ω

(
e2ut

Qh

+ e2H)dΩ +Nh(t)

)
dt(5.17)

+ C

∫ t

0

(
Nh(t) +

∫

Ω

e2HdΩ

)
dt+ Ch2k+2,

where C depends on ε, ‖u‖Hk+4(Ω),‖ut‖Hk+4(Ω), ‖r‖∞, ‖H‖∞, ‖ut‖∞, ‖p‖∞. Using
Lemma 5.11, Lemma 5.12, Lemma 5.13, we obtain from (5.4)

1

2

∫

Ω

e2ut

Qh

dΩ +
1

2

d

dt

∫

Ω

e2HQhdΩ(5.18)

≤ − d

dt

∫

Ω

(Q −Qh)(H −Hh)HdΩ−
∫

Ω

1

2
H2∂t(

1

2
|γ − γh|2Qh)dΩ

+
d

dt

∫

Ω

((
Qh

Q̃h

− 1

)
(γ̃h − γh) +

1

2

(
Qh

Q̃h

|γ̃h − γh|2γ̃h

))
· (Πp, 0)TdΩ

+
d

dt

∑

K

∫

K

(E(r)p−E(Πr)Πp) · ΠerdK + ǫ‖Πep‖2Ω

+ X1 + X2 + X3 + X4 + C

(
Nh(t) +

∫

Ω

e2HdΩ + h2k+2

)
,
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Denote

X5 = − d

dt

∫

Ω

(Q −Qh)(H −Hh)HdΩ−
∫

Ω

1

2
H2∂t(

1

2
|γ − γh|2Qh)dΩ

+
d

dt

∫

Ω

((
Qh

Q̃h

− 1

)
(γ̃h − γh) +

1

2

(
Qh

Q̃h

|γ̃h − γh|2γ̃h

))
· (Πp, 0)TdΩ

+
d

dt

∑

K

∫

K

(E(r)p−E(Πr)Πp) ·ΠerdK

= − d

dt

∫

Ω

(Q−Qh)(H −Hh)HdΩ

− d

dt

∫

Ω

1

2
H2(

1

2
|γ − γh|2Qh)dΩ +

∫

Ω

HHt(
1

2
|γ − γh|2Qh)dΩ

+
d

dt

∫

Ω

((
Qh

Q̃h

− 1

)
(γ̃h − γh) +

1

2

(
Qh

Q̃h

|γ̃h − γh|2γ̃h

))
· (Πp, 0)TdΩ

+
d

dt

∑

K

∫

K

(E(r)p−E(Πr)Πp) ·ΠerdK.

Integrating X5 with respect to time t, we have estimate

|
∫ t

0

X5dt| ≤
1

4

∫

Ω

e2HQhdΩ + C

∫ t

0

Nh(t)dt+ Ch2k+2 + C1Nh(t),

where C depends on ‖r‖Hk+1(Ω), ‖p‖Hk+1(Ω), ‖Ht‖∞, ‖H‖∞. And C1 depends on
‖r‖∞, ‖H‖∞, ‖Πp‖∞, ‖γ̃h‖∞. Taking

R0 = C1 + 1,

we sum the following terms

(5.15)× R0 + (5.18) + (5.11).

Integrating with respect to time t and choosing ǫ sufficiently small, we obtain
∫ t

0

(‖eut
‖2Ω + ‖ep‖2Ω)dt+Nh(t) + ‖eH‖2Ω

≤ C

∫ t

0

(Nh(t) + ‖eH‖2Ω)dt+ Ch2k+2,

where we use the error estimate for the initial date on Lemma 5.1. Gronwall
inequality yields

max
t

(Nh(t) + ‖eH‖2Ω) ≤ Ch2k+2,

∫ T

0

(‖eut
‖2Ω + ‖ep‖2Ω)dt ≤ Ch2k+2,

where C depends on ‖u‖L∞((0,T );Hk+4(Ω)), ‖ut‖L∞((0,T );Hk+4(Ω)), ‖r‖∞, ‖rt‖∞,
‖H‖∞, ‖Ht‖∞, ‖p‖∞, ‖ut‖∞, T .

Recalling Lemma 5.4, Lemma 5.5, Lemma 5.7, Lemma 5.8, we obtain estimates

max
t

(‖eq‖2Ω + ‖eW ‖2Ω + ‖ev‖2Ω) ≤ Ch2k+2,

∫ T

0

‖es‖2Ωdt ≤ Ch2k+2.

Recalling Lemma 5.2 and Lemma 5.1, we can also get the following estimates

‖u− uh‖Ω ≤ Chk+1.
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To complete the proof, let us verify the a priori assumptions (4.4)-(4.5). For

k ≥ 1 and d ≤ 3, we can consider h small enough so that Chk+1 < 1
2h

7
4 , where C is

the constant determined by the final time T . Then, if t∗ = sup{t : ‖r(s)−rh(s)‖ ≤
h

7
4 , ‖H(s) − Hh(s)‖ ≤ h

7
4 , s ∈ [0, t)}, we would have ‖r(t∗) − rh(t∗)‖ = h

7
4 ,

‖H(t∗) −Hh(t
∗)‖ = h

7
4 by continuity if t∗ is finite. On the other hand, our proof

implies that (4.4) and (4.5) holds for t ≤ t∗, in particular

‖r(t∗)− rh(t∗)‖ ≤ Chk+
1
2 <

1

2
h

7
4 , ‖H(t∗)−Hh(t

∗)‖ ≤ Chk+
1
2 <

1

2
h

7
4 .

This is a contradiction if t∗ < T . Hence t∗ ≥ T and our a priori assumptions (4.4)
and (4.5) are justified when d ≤ 3.

6. Concluding remarks

In this paper, we have presented the optimal error analysis for the LDG method
of the Willmore flow of graphs on Cartesian meshes. The analysis is made for
the fully nonlinear case and the results are valid for all space dimension d ≤ 3
and polynomial degree k ≥ 1. And our results for ‖u − uh‖Ω is just true for one
dimension. Another important issue not addressed in this paper is L2 a priori
error estimates on triangular meshes. If we follow the same proof technique in this
paper for triangular meshes, we could easily lose half an order or even one order in
accuracy, because of a lack of control for certain jump terms at cell boundaries and
difficulty from the nonlinear terms. Such error estimates are left for future work.

Appendix A. Appendix: Proof of several Lemmas

A.1. Proof of Lemma 4.1. We obverse that the second inequality of the (4.1) is
a consequence of the first inequality. Recalling the definition of γ and γh, we have

γ − γh =

(
− r
Q

+
rh

Qh

,
1

Q
− 1

Qh

)T

Obviously,

|γ − γh|2 =

∣∣∣∣
r

Q
− rh

Qh

∣∣∣∣
2

+

(
1

Q
− 1

Qh

)2

(A.1)

We get
∣∣∣∣
1

Q
− 1

Qh

∣∣∣∣ ≤ |γ − γh|,
∣∣∣∣
r

Q
− rh

Qh

∣∣∣∣ ≤ |γ − γh|.

To prove (4.2), let us introduce the notation z = r

Q
, zh = rh

Qh
, thus

∣∣∣∣
r ⊗ r
Q

− rh ⊗ rh
Qh

∣∣∣∣ = |z ⊗ zQ− zh ⊗ zhQh|

= |(z − zh)⊗ zQ+ zh ⊗ z(Q −Qh) + zh ⊗ (z − zh)Qh|.
Therefore, the triangle inequality and the fact that |z − zh| ≤ |γ − γh| yield (4.2).
It remains only to demonstrate (4.3). By the definition of γ and γh,

(−r, 1)T = γQ, (−rh, 1)T = γhQh,

We have

(r − rh, 0)T = γhQh − γQ.
In view of |γ| = |γh| = 1

|r − rh|2 = (Q −Qh)
2 + |γ − γh|2QQh.
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Clearly, Q ≥ 1 and Qh ≥ 1, we have

|γ − γh|2 ≤ |γ − γh|2QQh ≤ |r − rh|2.
Consequently, we obtain (4.3).

A.2. Proof of Lemma 4.2. For any vector p and q we define γ1 and γ2 as follows

γ1 =
(−p, 1)T
R1

, γ2 =
(−q, 1)T
R2

.

We denote

R1 =
√
1 + |p|2, R2 =

√
1 + |q|2,

then

R2
1 = 1 + |p|2, R2

2 = 1 + |q|2.
According to the definition of E(p), we have

|E(p)| =
∣∣∣∣
1

R1
(I − p⊗ p

R2
1

)

∣∣∣∣ ≤
∣∣∣∣
1

R1

∣∣∣∣
(
1 +

|p|2
R2

1

)
≤ 2.

And

E(p)q · q =
q · q
R1

− |p · q|2
R3

1

=
1

R3
1

(
|q|2R2

1 − |p · q|2
)

≥ 1

R3
1

(|q|2R2
1 − |p|2|q|2)

=
|q|2
R3

1

(R2
1 − |p|2) = |q|2

R3
1

=
|q|2

√
1 + |p|23

.

Now we finish the proof of (4.11).
We follow the proof in A.1, we have∣∣∣∣

1

R1
− 1

R2

∣∣∣∣ ≤ |γ1 − γ2|,
∣∣∣∣
p

R1
− q

R2

∣∣∣∣ ≤ |γ1 − γ2|.

Let us introduce the notation z1 = p

R1
, z2 = q

R2
, so

|z1 − z2| =
∣∣∣∣
p

R1
− q

R2

∣∣∣∣ ≤ |γ1 − γ2|,

thus we can obtain∣∣∣∣
p⊗ p
R3

1

− q ⊗ q
R3

2

∣∣∣∣ =
∣∣∣∣
z1 ⊗ z1
R1

− z2 ⊗ z2
R2

∣∣∣∣

=

∣∣∣∣(z1 − z2)⊗ z1
1

R1

∣∣∣∣+
∣∣∣∣z2 ⊗ z1

(
1

R1
− 1

R2

)∣∣∣∣+
∣∣∣∣z2 ⊗ (z1 − z2)

1

R2

∣∣∣∣
≤ 3|γ1 − γ2|.

By the definition of γ1 and γ2,

(−p, 1)T = γ1R1, (−q, 1)T = γ2R2,

we have

(p− q, 0)T = γ2R2 − γ1R1.

In view of |γ1| = |γ2| = 1,

|p− q|2 = (R1 −R2)
2 + |γ1 − γ2|2R1R2.

Clearly, R1 ≥ 1 and R2 ≥ 1, we have

|γ1 − γ2|2 ≤ |γ1 − γ2|2R1R2 ≤ |p− q|2.
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So we finally get

|E(p)−E(q)| =
∣∣∣∣I
(

1

R1
− 1

R2

)
−
(
p⊗ p
R3

1

− q ⊗ q
R3

2

)∣∣∣∣

≤
∣∣∣∣
1

R1
− 1

R2

∣∣∣∣+
∣∣∣∣
p⊗ p
R3

1

− q ⊗ q
R3

2

∣∣∣∣
≤ 4|γ1 − γ2| ≤ 4|p− q|.

A.3. Proof of Lemma 5.1. For the given the initial function u0(x), we choose

qh(x, 0) = Π+q(x, 0), q(x, 0) =
∇u0(x)√

1 + |∇u0(x)|2
.

The initial data uh(x, 0) is the solution of the following equations
∫

K

HhϑdK +

∫

K

qh · ∇ϑdK −
∫

∂K

q̂h · νϑds = 0,(A.2)

∫

K

qh · ρdK −
∫

K

rh

Qh

· ρdK = 0,(A.3)

∫

K

rh · ζdK +

∫

K

uh∇ · ζdK −
∫

∂K

ûhν · ζds = 0,(A.4)

and also satisfies ∫

Ω

u(x, 0)dΩ =

∫

Ω

uh(x, 0)dΩ,(A.5)

where ∀ϑ ∈ Vh and ∀ρ, ζ ∈ Σh.
For given qh, we can easily see that rh is well-defined. Now we use rh to find a

well-defined uh. We consider the elliptic linear problem

−ζ∗ = ∇ξ∗, in Ω

η∗ = ∇ · ζ∗, in Ω

with the periodic boundary conditions. To make the problem well-defined, we
should assume that the average of ϕ∗ on Ω is a given constant and that of η∗ is
zero. We have the elliptic regularity result

‖ζ∗‖H1(Ωh) + ‖ξ∗‖H2(Ωh) ≤ C‖η∗‖L2(Ωh).

The existence is obvious. We know very well that if uh satisfies (A.4) then uh + c
also satisfies (A.4). Here c is any constant. If there are two solutions uh1 and uh2
both satisfying (A.4) and the assumption (A.5)

∫

Ω

u(x, 0)dΩ =

∫

Ω

uh1(x, 0)dΩ =

∫

Ω

uh2(x, 0)dΩ,

then we can easily get
∫

K

(uh1 − uh2)∇ · ζdK −
∫

∂K

(ûh1 − ûh2)ν · ζds = 0,

∫

Ω

(uh1(x, 0)− uh2(x, 0))dΩ = 0.

Taking η∗ = uh1(x, 0) − uh2(x, 0) in the corresponding elliptic linear equation we
get

(uh1 − uh2, uh1 − uh2)K

=(uh1 − uh2,∇ · ζ∗)K
=(uh1 − uh2,∇ · (ζ∗ −Πζ∗))K + (uh1 − uh2,∇ ·Πζ∗)K
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=(uh1 − uh2,∇ · (ζ∗ −Πζ∗))K− < ûh1 − ûh2,ν · (ζ∗ −Πζ∗) >∂K + < ûh1 − ûh2,ν · ζ∗ >∂K

=− (∇(uh1 − uh2), ζ
∗ −Πζ∗)K+ < uh1 − uh2,ν · (ζ∗ −Πζ∗) >∂K

− < ûh1 − ûh2,ν · (ζ∗ −Πζ∗) >∂K + < ûh1 − ûh2,ν · ζ∗ >∂K

Recalling that ûh = u−h , we take Πζ∗ = Π+ζ∗ and sum over K. By the continuity
of ζ∗ and the definition of the projection Π+ we obtain

(uh1 − uh2, uh1 − uh2) = 0.

Then we get uh1 = uh2. Finally we have proved that uh is well-defined.
In the following, we will give the proof of the error estimate in Lemma 5.1. We

have the error equations
∫

K

(H −Hh)ϑdK +

∫

K

(q − qh) · ∇ϑdK −
∫

∂K

̂(q − qh) · νϑds = 0,(A.6)

∫

K

(q − qh) · ρdK −
∫

K

(
r

Q
− rh

Qh

)
· ρdK = 0,(A.7)

∫

K

(r − rh) · ζdK +

∫

K

(u − uh)∇ · ζdK −
∫

∂K

̂(u− uh)ν · ζds = 0.(A.8)

From the property of the special projection we have known that

‖q(x, 0)− qh(x, 0)‖Ω = ‖q(x, 0)−Π+q(x, 0)‖Ω ≤ Chk+1

and (A.6) becomes
∫

K

(H −Hh)ϑdK +

∫

K

(q −Π+q) · ∇ϑdK −
∫

∂K

̂(q −Π+q) · νϑds = 0,

Taking ϑ = P−H −Hh and summing over K we can get the estimate

‖H(x, 0)−Hh(x, 0)‖Ω ≤ Chk+1

according to the special projection and fluxes we choose. Now we use (A.7) to
estimate ‖r − rh‖Ω by taking ρ = (rh −Πr)

0 =

∫

K

(q − qh) · (rh −Πr)dK −
∫

K

(
r

Q
− rh

Qh

)
· (rh −Πr)dK

=

∫

K

(q − qh) · (rh −Πr)dK

−
∫

K

(
r

Q
− Πr

Q̃h

)
· (rh −Πr)dK −

∫

K

(
Πr

Q̃h

− rh

Qh

)
· (rh −Πr)dK.

Here we denote Q̃h =
√
1 + |Πr|2. Recalling that

γ =
(−r, 1)T

Q
, γh =

(−rh, 1)T
Qh

,

similarly we denote

γ̃h =
(−Πr, 1)T

Q̃h

,

then we easily get

(rh −Πr, 0) = γ̃hQ̃h − γhQh,

and also (
Πr

Q̃h

− rh

Qh

)
· (rh −Πr)
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=
Πr

Q̃h

· (rh −Πr)− rh

Qh

· (rh − Πr)

= −
(
−Πr

Q̃h

,
1

Q̃h

)
· (rh −Πr, 0) +

(
− rh
Qh

,
1

Qh

)
· (rh −Πr, 0)

= −γ̃h · (γ̃hQ̃h − γhQh) + γh · (γ̃hQ̃h − γhQh)

= −(γ̃h − γh) · (γ̃hQ̃h − γhQh)

= −(Q̃h +Qh)(1− γ̃h · γh)

= −1

2
|γ̃h − γh|2(Q̃h +Qh)

Consider

Πr − rh = Q̃h

(
Πr

Q̃h

− rh

Qh

)
− Q̃h

(
1

Q̃h

− 1

Qh

)
rh.

Using (4.1) and (4.2), we have

|Πr − rh| ≤ Q̃h|γ̃h − γh|+ Q̃h|γ̃h − γh||rh|.
Thanks to a priori assumption, we have

|Πr − rh|2 ≤ C‖Q̃h‖2∞|γ̃h − γh|2(1 + |r2h|) = C‖Q̃h‖2∞|γ̃h − γh|2Q2
h ≤ C|γ̃h − γh|2,

where C depends on ‖Q‖∞ and constant R defined in (4.9). Then we have

1

2
|γ̃h − γh|2(Q̃h +Qh) ≥ |γ̃h − γh|2 ≥ C|Πr − rh|2.

Now we have

0 =

∫

K

(q − qh) · (rh −Πr)dK −
∫

K

(
r

Q
− rh

Qh

)
· (rh −Πr)dK

=

∫

K

(q − qh) · (rh −Πr)dK

−
∫

K

(
r

Q
− Πr

Q̃h

)
· (rh −Πr)dK +

∫

K

1

2
|γ̃h − γh|2(Q̃h +Qh)dK.

Then we have

C

∫

K

|Πr − rh|2dK ≤
∫

K

1

2
|γ̃h − γh|2(Q̃h +Qh)dK

= −
∫

K

(q − qh) · (rh −Πr)dK +

∫

K

(
r

Q
− Πr

Q̃h

)
· (rh −Πr)dK.

Using Cauchy-Schwarz inequality we get the following estimate

‖Πr(x, 0)− rh(x, 0)‖Ω ≤ Chk+1, ‖r(x, 0)− rh(x, 0)‖Ω ≤ Chk+1.

Now we estimate ‖u−uh‖Ω. We use the same technique above by taking η∗ = u−uh
(u− uh, u− uh)K = (u− uh,∇ · ζ∗)K
= (u − uh,∇ · (ζ∗ −Πζ∗))K + (u − uh,∇ ·Πζ∗)K
= (u − uh,∇ · (ζ∗ −Πζ∗))K− < u− ûh,ν · (ζ∗ −Πζ∗) >∂K + < u− ûh,ν · ζ∗ >∂K

− (r − rh,Πζ∗ − ζ∗)K − (r − rh, ζ∗)K
= −(∇(u − uh), ζ

∗ −Πζ∗)K+ < u− uh,ν · (ζ∗ −Πζ∗) >∂K

− < u− ûh,ν · (ζ∗ −Πζ∗) >∂K + < u− ûh,ν · ζ∗ >∂K
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− (r − rh,Πζ∗ − ζ∗)K − (r − rh, ζ∗)K
= −(∇(u − Pu+ Pu− uh), ζ

∗ −Πζ∗)K+ < ûh − uh,ν · (ζ∗ −Πζ∗) >∂K

+ < u− ûh,ν · ζ∗ >∂K −(r − rh,Πζ∗ − ζ∗)K − (r − rh, ζ∗)K .

Recalling that ûh = u−h we take Πζ∗ = Π+ζ
∗ and sum over K. By the continuity

of ζ∗ and the definition of the projection Π+ we obtain

(u− uh, u− uh)

= −
∑

K

(∇(u − Pu), ζ∗ − Πζ∗)K −
∑

K

(r − rh,Πζ∗ − ζ∗)K −
∑

K

(r − rh, ζ∗)K

≤ Chk+1‖ζ∗‖H1(Ωh) + Chk+2‖ζ∗‖H1(Ωh) + Chk+1‖ζ∗‖L2(Ωh)

≤ Chk+1‖ζ∗‖H1(Ωh)

≤ Chk+1‖u− uh‖L2(Ωh).

Finally we got the estimate for the ‖u(x, 0)− uh(x, 0)‖Ω ≤ Chk+1.

A.4. Proof of Lemma 5.6. We consider the (3.4a)-(3.4d) to get the error equa-
tions∫

K

(
ut
Q

− (uh)t
Qh

)
ϕdK −

∫

K

((s− sh)− (v − vh)) · ∇ϕdK

+

∫

∂K

ϕ ̂((s − v)− (sh − vh)) · νds = 0,

∫

K

(s− sh) · φdK −
∫

K

(E(r)p−E(rh)ph) · φdK = 0,

∫

K

(v − vh) ·ψdK −
∫

K

1

2

(
H2

Q
r − H2

h

Qh

rh

)
·ψdK = 0,

∫

K

(p− ph) · ηdK +

∫

K

(W −Wh)∇ · ηdK −
∫

∂K

̂(W −Wh))η · νds = 0.

Choosing the test function ϕ = PeW , φ = Πep, ψ = −Πep, η = −(Πes − Πev),
we obtain ∫

K

(E(r)p−E(rh)ph) · epdK = (I) + (II) + (III) + (IV ),(A.9)

where

(I) =

∫

K

(E(r)p−E(rh)ph) · (p−Πp)dK,

(II) =

∫

K

(
ut
Q

− (uh)t
Qh

)
PeW dK,

(III) =

∫

K

1

2

(
H2

Q
r − H2

h

Qh

rh

)
· ΠepdK,

(IV ) = −
∫

K

((s −Πs)− (v − vh)) · ∇PeW dK +

∫

∂K

̂((s−Πs)− (v −Πv)) · νPeW ds

+

∫

K

(s−Πs) ·ΠepdK −
∫

K

(v −Πv) ·ΠepdK −
∫

K

(p−Πp) · (Πes −Πev)dK

−
∫

K

(W − PW )∇ · (Πes −Πev)dK +

∫

∂K

̂(W − PW )(Πes −Πev) · νds.

Now, we estimate (I), (II), (III), (IV ), separately.

• Estimate (I).
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Adding and subtracting E(rh)p · (p−Πp), we have

(I) =

∫

K

(E(r)p−E(rh)ph) · (p−Πp)dK

=

∫

K

(E(r)p−E(rh)p) · (p−Πp)dK +

∫

K

(E(rh)ep) · (p−Πp)dK.

Using Lemma 4.2 and Cauchy-Schwarz inequality, we derive

|
∑

K

| ≤ ǫ‖ep‖2Ω + C(h2k+2 +Nh(t))

with C depending on ǫ and ‖p‖Hk+1(Ω), ‖p‖∞
• Estimate (II).

(II) =

∫

K

(
ut
Q

− (uh)t
Qh

)
PeW dK

=

∫

K

(
ut

(
1

Q
− 1

Qh

)
+
eut

Qh

)
PeWdK.

Employing Cauchy-Schwarz inequality, we obtain

|(II)| ≤
∫

K

|ut|
∣∣∣∣
1

Q
− 1

Qh

∣∣∣∣ |PeW |dK +

∫

K

|eut
|√

Qh

|PeW |√
Qh

dK

≤ 1

2

∫

K

|PeW |2dK +
1

2
‖ut‖2∞

∫

K

(
1

Q
− 1

Qh

)2

dK

+ ǫ

∫

K

e2ut

Qh

dK +
1

4ǫ

∫

K

|PeW |2
Qh

dK.

Recalling Lemma 5.7, we add all the elements K to obtain

|
∑

K

(II)| ≤ ǫ
∑

K

∫

K

e2ut

Qh

dK + C(Nh(t) + h2k+2 + ‖eH
√
Qh‖

2

Ω),

where C depends on ǫ, ‖ut‖∞, ‖r‖∞, ‖H‖∞, ‖W‖Hk+1(Ω).

• Estimate (III).

(III) =

∫

K

1

2

(
H2

Q
r − H2

h

Qh

rh

)
· ΠepdK

=
1

2

∫

K

(
H2

(
r

Q
− rh

Qh

)
+
rh

Qh

(H2 −H2
h)

)
·ΠepdK.

So, we have

|(III)| ≤ ǫ

∫

K

|Πep|2dK + C

(∫

K

e2HQhdK +NK
h (t)

)
,

where C depends on ǫ and ‖H‖∞. Summing up all the elements K, we get

|
∑

K

(III)| ≤ ǫ‖Πep‖2Ω + C(Nh(t) + ‖eH
√
Qh‖

2

Ω)).

• Estimate (IV ).

Recalling definition of the projection and fluxes, we obtain
∑

K

(IV )
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=
∑

K

(∫

K

(s−Πs) · ΠepdK −
∫

K

(v −Πv) · ΠepdK −
∫

K

(p−Πp) · (Πes −Πev)dK

)

−
∑

K

∫

K

(W − PW )∇ · (Πes −Πev)dK +
∑

K

∫

∂K

̂(W − PW )(Πes −Πev) · νds.

In one-dimension, because the choice of numerical flues and the definition of the

projection P+− we know PW = P−W, Π = P+ and P̂W = PW−, then

−
∑

K

∫

K

(W − PW )∇ · (Πes −Πev)dK

= −
∑

K

∫

K

(W − P−W )∇ · (P+es − P+ev)dK

= 0,

due to the the property of the projection (2.1)and (2.2).

∑

K

∫

∂K

̂(W − PW )(Πes −Πev) · νds

=
∑

i

(W (xi+ 1
2
)− P−W (x−

i+ 1
2

)(P+es − P+ev)(x
−

i+ 1
2

)

−
∑

i

(W (xi− 1
2
)− P−W (x−

i− 1
2

))(P+es − P+ev)(x
+
i− 1

2

)

= 0,

where the last step is due to the projection (2.2). So we have

∑

K

(IV ) =
∑

K

(∫

K

(s−Πs) ·ΠepdK −
∫

K

(v −Πv) ·Πep dK

−
∫

K

(p−Πp) · (Πes −Πev)dK

)
.

In multi-dimension, recalling Lemma 2.1, both cases we have estimates as follows
by using Cauchy-Schwarz inequality.

|
∑

K

(IV )| ≤ ǫ(‖ep‖2Ω + ‖es‖2Ω + ‖ev‖2Ω) + Ch2k+2,

with C depending on ǫ and ‖u‖Hk+4(Ω). And ǫ > 0 is any positive constant. Using
Lemma 5.4 and Lemma 5.5, we obtain

|
∑

K

(IV )| ≤ ǫ‖ep‖2Ω + C

(
Nh(t) + h2k+2 +

∫

Ω

e2HQhdΩ

)
.

where C depends on ǫ, ‖u‖Hk+4(Ω), ‖r‖∞, ‖H‖∞.
Collecting (I), (II), (III), (IV ), we obtain

|
∑

K

((I) + (II) + (III) + (IV ))|

≤ ǫ‖ep‖2Ω + ǫ
∑

K

∫

K

e2ut

Qh

dK + C(Nh(t) + h2k+2 +

∫

Ω

e2HQhdΩ).

with C depending on ǫ, ‖u‖Hk+4(Ω), ‖r‖∞, ‖H‖∞, ‖ut‖∞.
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Next, we try to use the left hand of (A.9) to get control of ‖ep‖2Ω. Adding and
subtracting E(rh)p · ep, we have

∫

K

(E(r)p−E(rh)ph) · epdK

=

∫

K

(E(r)−E(rh))p · epdK +

∫

K

E(rh)ep · epdK.(A.10)

We estimate the first term of the right hand of (A.10). In view of the definition of
E(r)

(E(r)−E(rh))p · ep = p · ep
(
1

Q
− 1

Qh

)
−
(
pT
(
r ⊗ r
Q3

− rh ⊗ rh
Q3

h

))
· ep.

Let z = r

Q
, zh = rh

Qh
. By Lemma 4.1, we have

|z − zh| ≤ |γ − γh|.
Using the triangle inequality, we get

r ⊗ r
Q3

− rh ⊗ rh
Q3

h

=
z ⊗ z

Q
− zh ⊗ zh

Qh

=
(z − zh)⊗ z

Q
+ (zh ⊗ z)

(
1

Q
− 1

Qh

)
+
zh ⊗ (z − zh)

Qh

.

So we obtain ∣∣∣∣
r ⊗ r
Q3

− rh ⊗ rh
Q3

h

∣∣∣∣ ≤ 3|γ − γh|.

With the help of above estimate, we get

|
∫

K

(E(r)−E(rh))p · epdK|

≤
∫

K

4|p||ep||γ − γh|dK

=

∫

K

4|p| |ep|√
Qh

3 |γ − γh|
√
Qh

3
dK

≤ ǫ

∫

K

|ep|2
Qh

3 dK + C

∫

K

|γ − γh|2Q3
hdK,

where C depends on ǫ, ‖p‖∞. Recalling Lemma 4.2 and the definition of NK
h (t),

we get,

|
∫

K

(E(r)−E(rh))p · epdK| ≤ ǫ

∫

K

E(rh)ep · epdK + CNK
h (t)

with C depending on ǫ, ‖p‖∞ and ‖r‖∞.
Taking ǫ = 1

2 , we get
∫

K

(E(r)−E(rh))p · epdK ≥ −1

2

∫

K

E(rh)ep · epdK − CNK
h (t).

Finally, we obtain
∫

K

(E(r)p−E(rh)ph) · epdK ≥ 1

2

∫

K

E(rh)ep · epdK − CNK
h (t).

Summing up all the elements K and using the bound of (I)− (IV ) and Lemma 4.2
yields the result.
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A.5. Proof of Lemma 5.9. Using (A.1) and the definition of Q and Qh, we have

|γ − γh|2 =

∣∣∣∣
1

Q
− 1

Qh

∣∣∣∣
2

+

∣∣∣∣
r

Q
− rh

Qh

∣∣∣∣
2

=
1 + |r|2
Q2

+
1 + |rh|2
Q2

h

− 2

QQh

− 2r · rh
QQh

= 2− 2
1 + r · rh
QQh

.

Clearly, we get

1

2
|γ − γh|2 = 1− 1 + r · rh

QQh

.(A.11)

Now, we use (A.1) to realize that

1

2
∂t(|γ − γh|2Qh) = ∂t

((
1− 1 + r · rh

QQh

)
Qh

)

= ∂t(Qh)− ∂t

(
1

Q

)
− ∂t

(
r · rh
Q

)

=
rh · (rh)t

Qh

+
r · rt
Q3

(1 + r · rh)−
1

Q
(r · (rh)t + rh · rt)

=

(
r

Q
− rh

Qh

)
· (rt − (rh)t)− rt ·

(
r

Q
− rh

Qh

+
rh

Q
− 1 + r · rh

Q2

r

Q

)

=

(
r

Q
− rh

Qh

)
· (rt − (rh)t)− (III).

Here,

(III) = rt ·
(
r

Q
− rh

Qh

+
rh

Q
− 1 + r · rh

Q2

r

Q

)

= rt ·
(
r

Q
− rh

Qh

)(
1

Qh

− 1

Q

)
Qh + rt ·

r

Q2

(
1− 1 + r · rh

QQh

)
Qh.

By Lemma 4.1 and equation (A.11), we get
∫

K

(III)dK ≥ −‖rt‖∞NK
h (t).

We proceed as follows with the help of the above equality.
∫

K

(
r

Q
· ert

− rh

Qh

· ert

)
dK

=

∫

K

(
r

Q
− rh

Qh

)
· ert

dK

=

∫

K

(
r

Q
− rh

Qh

)
· (rt − (rh)t)dK

=
1

2
∂t

∫

K

(|γ − γh|2Qh)dK +

∫

K

(III)dK

≥ 1

2

d

dt

∫

K

(|γ − γh|2Qh)dK − ‖rt‖∞NK
h (t).

(5.14) follows by taking C = ‖rt‖∞.
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A.6. Proof of Lemma 5.10. Differentiating (3.4h) with respect to time and
combining with (3.4f)-(3.4g), we have

∫

K

HhϑdK +

∫

K

qh · ∇ϑdK −
∫

∂K

q̂h · νϑds = 0,

∫

K

qh · ρdK −
∫

K

rh

Qh

· ρdK = 0,

∫

K

(rh)t · ζdK +

∫

K

(uh)t∇ · ζdK −
∫

∂K

(̂uh)tν · ζds = 0.

Choosing ϑ = Peut
, ρ = −Πert

, ζ = Πeq, we obtain the error equations
∫

K

PeHPeut
dK +

∫

K

Πeq · ∇Peut
dK −

∫

∂K

Peut
Π̂eq · νds

+

∫

K

(H −Hh)Peut
dK +

∫

K

(q −Πq) · ∇Peut
dK −

∫

∂K

Peut
̂(q −Πq) · νds = 0

−
∫

K

Πeq · ert
dK +

∫

K

(
r

Q
− rh

Qh

)
· Πert

dK = 0

∫

K

Πert
· ΠeqdK +

∫

K

Peut
∇ · ΠeqdK −

∫

∂K

P̂eut
Πeq · νds

+

∫

K

(rt −Πrt) ·ΠeqdK +

∫

K

(ut − Put)∇ · ΠeqdK −
∫

∂K

̂(ut − Put)Πeq · νds = 0.

In view of,

er = r −Πr +Πer,

we derive
∫

K

(
r

Q
− rh

Qh

)
· ert

dK

=

∫

K

(
r

Q
− rh

Qh

)
· (rt −Πrt)dK

−
∫

K

PeHPeut
dK −

∫

K

(H − PH)Peut
dK −

∫

K

(rt −Πrt) · ΠeqdK

−
∫

K

(q −Πq) · ∇Peut
dK +

∫

∂K

Peut
̂(q −Πq) · νds

−
∫

K

(ut − Put)∇ · ΠeqdK +

∫

∂K

̂(ut − Put)Πeq · νds,

We firstly sum up all the elements K. Then we obtain the result by recalling the
projection we choose and using Lemma 2.1, Lemma 5.9.

A.7. Proof of Lemma 5.12. Consider the nonlinear term

(E(r)rt −E(rh)(rh)t) ·Πep − (E(r)p−E(rh)ph) · Πert

= (E(r)rt −E(Πr)Πrt) · Πep − (E(r)p−E(Πr)Πp) · Πert

+ ((E(Πr)Πrt −E(rh)(rh)t) ·Πep − (E(Πr)Πp−E(rh)ph) ·Πert
)

= (V ) + (V I) + (V II).

In view of the Lemma 4.2, obviously we have

|
∑

K

∫

K

(V )dK| ≤ ǫ‖Πep‖2Ω + Ch2k+2,
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where C depends on ǫ and ‖rt‖Hk+1(Ω).

(V I) = −(E(r)p−E(Πr)Πp) ·Πert

= − ∂

∂t
((E(r)p−E(Πr)Πp) ·Πer) +

∂

∂t
(E(r)p−E(Πr)Πp) ·Πep

≥ − ∂

∂t
((E(r)p−E(Πr)Πp) ·Πer)− ǫ‖Πep‖2Ω − Ch2k+2,

where C depends on ǫ, ‖p‖Hk+1 , ‖r‖Hk+1 .
Next, we estimate (V II). This term is the same as the paper of the Decklnick

[12]. So we just cite their result
∑

K

∫

K

(V II)dK

≥ − d

dt

∫

Ω

((
Qh

Q̃h

− 1

)
(γ̃h − γh)−

1

2

(
Qh

Q̃h

|γ̃h − γh|2γ̃h

))
· (Πp, 0)TdΩ

− C‖Πer‖2Ω − ǫ‖Πep‖2Ω,
where C depends on ǫ, ‖r‖∞, ‖p‖∞. And denote

Q̃h =
√
1 + |Πr|2, γ̃h =

(−Πr, 1)T

Q̃h

.

Combining (V ), (V I), (V II) gives the results.

A.8. Proof of Lemma 5.13. We consider

Z1 + Z2 = (QH −QhHh)PeHt
+

1

2

(
H2

Q
r − H2

h

Qh

rh

)
·Πert

.

In view of PeHt
= (Ht − (Hh)t)− (Ht − PHt), We rewrite Z1 as follows

Z1 = (QH −QhHh)PeHt

= ((H −Hh)Qh + (Q −Qh)H)((Ht − (Hh)t)− (Ht − PHt))

= (H −Hh)(Ht − (Hh)t)Qh − (H −Hh)(Ht − PHt)Qh

− (Q−Qh)(Ht − PHt)H + (Q−Qh)(Ht − (Hh)t)H

=
1

2

∂

∂t
((H −Hh)

2Qh)−
1

2
(H −Hh)

2Qht

− (H −Hh)(Ht − PHt)Qh − (Q −Qh)(Ht − PHt)H

+
∂

∂t
((Q −Qh)(H −Hh)H)− (Q −Qh)(H −Hh)Ht − (Qt −Qht)(H −Hh)H.

So we have

Z1 + Z2 =
1

2

∂

∂t
((H −Hh)

2Qh)− (H −Hh)(Ht − PHt)Qh − (Q−Qh)(Ht − PHt)H

+
∂

∂t
((Q−Qh)(H −Hh)H)− (Q−Qh)(H −Hh)Ht + Z3,

where

Z3 =
1

2

(
H2

Q
r − H2

h

Qh

rh

)
· Πert

− 1

2
(H −Hh)

2Qht − (Qt −Qht)(H −Hh)H.

Now, we deal with Z3.

Z3 =
1

2

(
H2

Q
r − H2

h

Qh

rh

)
· (Πrt − (rh)t)−

1

2
(H2Qht − 2HHhQht +H2

hQht)

− (H2Qt −H2Qht −HHhQt +HHhQht)
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=
1

2

H2

Q
r ·Πrt −

1

2

H2

Q
r · (rh)t −

1

2

H2
h

Qh

rh ·Πrt +
1

2
H2Qht −H2Qt +HHhQt

= S1 + S2 + S3 + S4 + S5 + S6.

We observe that

S2 = −1

2

H2

Q
r · (rh)t

= −1

2
H2∂t

(
r · rh
Q

)
+

1

2
H2 rt · rh

Q
− 1

2
H2Qt

r · rh
Q2

.

A simple calculation yields

1

2
|γ − γh|2 = 1− 1 + r · rh

QQh

.

Consequently, we have

r · rh = (1− 1

2
|γ − γh|2)QQh − 1.

So, we get

S2 = −1

2
H2∂t

(
r · rh
Q

)
+

1

2
H2 rt · rh

Q

− 1

2

QhQt

Q
H2 +

1

4

H2Qt

Q
|γ − γh|2Qh − 1

2
H2∂t

(
1

Q

)
.

Note that

S3 = −1

2

H2
h

Qh

rh · Πrt

= −1

2
((H −Hh)

2 + 2HHh −H2)
rh · Πrt
Qh

= −1

2

rh · Πrt
Qh

e2H −HHh

rh ·Πrt
Qh

+
1

2
H2 rh · Πrt

Qh

,

and

S4 + S5 =
1

2
H2∂t(Qh − 2Q).

Collecting S1, S2, S3, S4, S5, S6 we obtain

S1 + S2 + S3 + S4 + S5 + S6

=
H2Qt

4Q
|γ − γh|2Qh − 1

2

rh · Πrt
Qh

e2H +
1

2
H2∂t

(
Qh − 2Q− r · rh

Q
− 1

Q

)

+
1

2
H2r · Πrt

Q
+

1

2
H2 rt · rh

Q
− 1

2
H2QhQt

Q
−HHh

rh ·Πrt
Qh

+
1

2

H2

Qh

rh · Πrt +HHhQt.

Using the relation 1
2 |γ − γh|2 = 1− 1+r·rh

QQh
, again, we have

1

2
H2∂t

(
Qh − 2Q− r · rh

Q
− 1

Q

)
=

1

2
H2∂t(

1

2
|γ − γh|2Qh)−H2Qt.

With the aid of the above equality, we have

S1 + S2 + S3 + S4 + S5 + S6

=
H2Qt

4Q
|γ − γh|2Qh − 1

2

rh ·Πrt
Qh

e2H +
1

2
H2∂t(

1

2
|γ − γh|2Qh) + Z4,
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where

Z4 = −H2Qt +
1

2
H2 r ·Πrt

Q
+

1

2
H2 rt · rh

Q
− 1

2
H2QhQt

Q

−HHh

rh · Πrt
Qh

+
1

2

H2

Qh

rh ·Πrt +HHhQt

= H(Hh −H)

(
Qt −

rh · Πrt
Qh

)
+

1

2
H2

(
r

Q
− rh

Qh

)
· (Πrt − rt)

+
1

2
H2(rh − r) · rt

(
1

Q
− 1

Qh

)
− 1

2
H2Qt(Q −Qh)

2

QQh

.

We finally obtain
∫

K

(QH −QhHh)PeHt
dK +

∫

K

1

2

(
H2

Q
r − H2

h

Qh

rh

)
· Πert

dK

=
1

2

d

dt

∫

K

e2HQhdK +
d

dt

∫

K

(Q −Qh)(H −Hh)HdK +

∫

K

1

2
H2∂t

(
1

2
|γ − γh|2Qh

)
dK

−
∫

K

(H −Hh)(Ht − PHt)QhdK −
∫

K

(Q −Qh)(Ht − PHt)HdK

−
∫

K

(H −Hh)(Q−Qh)HtdK +

∫

K

H2Qt

4Q
|γ − γh|2QhdK −

∫

K

rh ·Πrt
2Qh

e2HdK

+

∫

K

H(Hh −H)

(
Qt −

rh ·Πrt
Qh

)
dK +

∫

K

1

2
H2

(
r

Q
− rh

Qh

)
· (Πrt − rt)dK

+

∫

K

1

2
H2(rh − r) · rt

(
1

Q
− 1

Qh

)
dK −

∫

K

H2Qt(Q−Qh)
2

2QQh

dK.

A simple calculation yields the result.
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