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OPERATOR SPLITTING METHODS FOR
THE NAVIER-STOKES EQUATIONS WITH NONLINEAR
SLIP BOUNDARY CONDITIONS

YUAN LI AND KAITAI LI
(Communicated by Zhangxin Chen)

Abstract. In this paper, the 8 scheme of operator splitting methods is applied
to the Navier-Stokes equations with nonlinear slip boundary conditions whose
variational formulation is the variational inequality of the second kind with
the Navier-Stokes operator. Firstly, we introduce the multiplier such that the
variational inequality is equivalent to the variational identity. Subsequently, we
give the 6 scheme to compute the variational identity and consider the finite
element approximation of the 6 scheme. The stability and convergence of the

6 scheme are showed. Finally, we give the numerical results.
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1. Introduction

Numerical simulation for the incompressible flow is the fundamental and signif-
icant problem in computational mathematics and computational fluid mechanics.
It is well known that the mathematical model of viscous incompressible fluid with
homogeneous boundary conditions is the Navier-Stokes equations

0
(1) a—?—uAu—l—(zrV)u—l—Vp:f,
divu = 0.

It is obvious that (1) is a coupled system with a first-order nonlinear evolution
equation and an imposed incompressible constrain so that the numerical simulation
for the Navier-Stokes equations is very difficult. The popular technique to overcome
this difficulty is to relax the solenoidal condition in an appropriate method and
to result in a pesudo-compressible system, such as the penalty method and the
artificial compressible method. The operator splitting method is also very useful to
overcome this shortage. The main advantage is that it can decouple the difficulties
associated to the nonlinear property with those associated to the incompressible
condition. For more detail, see [1].

The operator splitting method has been a popular tool for the numerical simula-
tion of the incompressible viscous flow. Based on the main idea of the operator split-
ting method, there have some different schemes, such as the Peaceman-Rachford
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786 Y. LI AND K. LI

scheme [2], the Douglas-Rachford scheme [3] and the 6 scheme [4-5]. In this pa-
per, we only apply the 6 scheme to the Navier-Stokes equations with nonlinear slip
boundary conditions. This class of boundary conditions are introduced by Fujita in
[6-7], where he investigated some hydrodynamics problems under nonlinear bound-
ary conditions, such as leak and slip boundary conditions involving a subdifferential
property. These types of boundary conditions appear in the modeling of blood flow
in a vein of an arterial sclerosis patient and in that of avalanche of water and rocks.
Moreover, the variational formulation of the Navier-Stokes equations with these
nonlinear boundary conditions is the variational inequality of the second kind.

The stability analysis of the 6 scheme for the Navier-Stokes equations with the
whole homogeneous Dirichlet boundary conditions has been investigated in [8].
The difficulty lies in the treatment of the trilinear term in the right-hand side.
However, in this paper, besides the trilinear term, another difficulty is due to that
the variational formulation is the variational inequality. To overcome this difficulty,
we introduce the multiplier such that the variational inequality is equivalent to the
variational identity.

2. The Navier-Stokes Equations

Consider the following Navier-Stokes equations:

0
@) = —vAu+(w-Vu+Vp=f,  inQr,
divu = 0, in Qr,

where Qr = Q x [0,T] for some T > 0, u(t,x) denotes the velocity, p(t, z) denotes
the pressure, f(t,x) denotes the external force and v > 0 is the kinematic viscous
coefficient. The domain Q C R? is a bounded domain.
Given the initial value u(0,2) = up(z) in Q, we consider the following nonlinear
slip boundary conditions:
(3) { u=0 on ' x (0,7,
up =0, —or(u)€ gdlu,| on S x (0,77,

where T NS =, TUS = 9Q with |T| # 0,|S| # 0. g is a scalar functions; u,, =
u-n and u, = u — uyn are the normal and tangential components of the velocity,
where n stands for the unit vector of the external normal to S; o, (u) = 0 — oun,
independent of p, is the tangential component of the stress vector o which is defined
by 0, = 0(u,p) = (nesj(u) — pdij)n;, where e;;(u) = gZ; + gzz ,i,7 =1,2. The set
OY(a) denotes a subdifferential of the function ¢ at the point a:

op(a) ={beR?:9(h) —¢(a) >b-(h—a), VheR?}.

Denote
V={ue H Q)% ulr =0, un|s =0}, Vo =HN? V,={ueV |divu=0};

H={ue L2AQ)% u-nlpo =0}, M = L2(Q) = {q € L2(Q); /qu:v=O}.

Let || -||x be the norm of the Hilbert space H*(Q) or H*(2)2. Let (-,-) and || - || be
the inner product and the norm in L?(Q)? or L?(2). Then we can equip the inner
product and the norm in V by (V-,V-) and || - ||v = ||V - ||, respectively, because
[|V -] is equivalent to || - ||1 according to the Poincare inequality.

If X is a Banach space, LP(0,T,X),1 < p < +oo will be the linear space of
measurable functions from the interval (0,7") into X such that

T
/ [|u(t)]|5dt < oo.
0
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If p = 400, we require that

ess sup |u(t)||x < oo.
te[0,T)

Introduce the following bilinear forms:

a(u,v) = v(Vu, Vv) Y u,v €V,

d(u,p) = (p, divu) YueV,pe M,

c(p,u) = / purds Ve L3S),ueV,
S

and the trilinear form
1
blu,v,w) = ((u-V)v,w)+ 5((divu)v, w)
:—((u-V)v,w)—%((u-V)w,v) YVu,v,weV.

N[ —

It is obvious that b(u,v,w) satisfies the antisymmetric property:

b(u,v,w) = —b(u,w,v) YV u,v,w e V.

Denote j(-) = / g|-|ds. Givenug € V,, f € L*(0,T,H) and g € L*(0,T, L>(S))

s
with g(t) > 0, the variational problem of the problem (2)-(3) is: find w € L>(0,T, H)N
L2(0,T,V) with v’ € L?(0,T,V’) and p € L*(0,T, M) such that

<u,v—u>+a(u,v —u) + blu,u,v —u) — d(v — u,p)
(4) +i(vr) = j(ur) = (fiv—u) VoeV,
d(u,q) =0  VqgeM,

which is the variational inequality of the second kind with the Navier-Stokes oper-
ator.

Using a regularized method, in [9] we show the following theorem about the
existence and uniqueness of the solution to (4):

Theorem 2.1 Given ug € V,, f € L*(0,T,H) and g € L?(0,T, L>°(S)), there
exists a unique solution u € L>(0,T, H) N L*(0,T,V) with «/ € L%(0,T,V’) and
p € L?(0,T, M) of the variational inequality (4). Moreover, the following energy
inequality holds:

2 T 2 4 (" 2 2 2
sup (@)l +v [ 1©Idg <5 [ (AR + g(©IEE +2luol .
0<t<T 0 VJo

3. Existence of Multiplier

Define the convex set A by
A= {pe L*9), |u(@)| <1ae onS}

The next theorem from the idea in [10] shows the existence of the multiplier such
that the variational inequality (4) is equivalent to the following variational formu-
lation (5).

Theorem 3.1 For almost everywhere t € (0,T], that w € L*(0,T,H) N
L2(0,T,V) with u' € L*(0,T,V') and p € L*(0,T, M) is the solution of the varia-
tional inequality (4) if and only if there exists a A(t) € A such that
()

<, v > +a(u,v) + b(u, u,v) — d(v,p) +/ Agurds = (f,v) YoveV,
s

d(u,q) =0 Vqe M,
My = |ur] a.e. on S.
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Proof We first prove that (4) implies (5). Setting v = 0 and v = 2u in (4)
yields
(6) <u',u> +a(u,u) + j(ur) — d(u, p) = (f,u).
Hence
(f,v)— <u',v>—a(u,v) — blu,u,v) +d(v,p) < j(vs) VvelV,
which implies that
[(f,v)— <u,v>—alu,v) — b(u,u,v) + d(v,p)]
™) <) = [glurlds  voev

Then there exists a continuous linear functional I(-) on H=(S) such that
®)  (fyv)— <u,v>—alu,v) — blu,u,v) +d(v,p) = l(vr]s) YoveV.
From (7), we have

1) < ellgllpes)llullzzs)y Y ue HZ(S).

Since H2 (S) C L2(S), according to the Hahn-Banach theorem, there exists a A € A
such that

l(u):/x\g,uds VMEH%(S).
s

Therefore, according to (8), we have
(f,v)— <u',v > —a(u,v) — b(u,u,v) +d(v,p) = / Agurds VYovelV,
s

which shows the first formulation of (5). Taking v = w in the above equation, we
obtain

<u' u > +a(u,u) — d(u,p) +/ Agu,ds = (f,u).
s

In view of (6), one has

(9) /S (Agur — glur|)ds = 0.

Since |A| < 1,
glur| = Agur >0,
which, together with (9), implies that
M, = |ur| a.e. on S.

This completes the proof of (5). Next, we will show that (5) implies (4). For almost
everywhere ¢t € (0,7, let (v/(t),u(t),p(t), A(t)) € V' x V x M x A be the solution
of (5), then

<u,v—u> —|—a(u,v—u)+b(u,u,v—u)—d(v—u,p)—l—/S Ag(vr —ur)ds = (f,v—u).
From the third identity in (5), we obtain

<u',v—u > —I—a(u,v—u)—l—b(u,u,v—u)—d(v—u,p)—l—/g )\gdes—/Sg|uT|ds = (f,v—u).
Since \v, < |v;| a.e. on S,

<, v—u > —I—a(u,v—u)—l—b(u,u,v—u)—d(v—u,p)—l—/ g|vT|ds—/ glurlds > (f,v—u).
S S
O
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4. The 6 Scheme

In this section, we will give the 6 scheme to solve the variational problem (5). Let

V24 —

3
0<b< BETER we divide the time interval [t,, t,+1] of length At into three parts

[t tnt0)s [tnt0,tnri—0) and [tn41-0,tn+1], where the lengths are OAE, (1 — 20)At
and OAt, respectively. Denote u™ = u(t,,x),p"™ = p(tn,x), A" = A(tn, ), f* =
fltn,x),9™ = g(tn, ). Let & > 0 and 8 > 0 with o + 8 = 1. We give the following
# scheme:

Step I:

(10) u’ =g €V, AeA is given.

For every n > 0, u™, \", we can compute u" % u"t1=% and u"*! as follows
Setp II:

Find (u™*? pn*t?) € V x M such that

1 n n n 1 n n
(11) o 0) + aa(u",v) — d(v,p" ) = g ) = Ba(u,v)
_b(u’n«7un7v) — C()\n,gnv) + (fn,'U) V Ve ‘/7

du™ q)=0 Vg€ M.

Setp III:
(12) N0 = PA(A" 4 pg"Hup ) p>0,
where
Py(p) = sup(=1,inf(1,p)) ¥V pe L*(S).
Step IV:

Find v"t'=? € V such that

1 n+1— n+1— n+1— n+1—
(13) Toama @)+ Bal™ ) + b, w )
13

= o ) — el ) + )

—c(APHLI=0 gnF1=0y) 1 (f"v) VoeV.
Step V:

Find (u"*1,p"*1) € V x M such that
1
= (yn+1 n+1 —d ntly _ _~
B B I b v
_Ba(un-i-l—@, ’U) _ b(un-i-l—@’ un—i—l—@7 ’U)

_c()\n+1—0,gn+1—9,u) + (fn-i-l, ’U) VoeV
dunt q)=0 Vge M.

Step VI:
(15) AT = Py(AMTEO 4 pgm Ty p > 0.

(un+l—0, ’U)

5. Finite Element Approximation

Let T}, be a family of regular triangular partitions of {2 into triangles of diameter
not greater than 0 < h < 1 [11]. Let V;, C V and M}, C M be the conforming finite
element subspaces, which satisfy the discrete inf-sup condition, i.e., there exists a
positive constant § > 0 independent of h such that

d(vh, Dh
Bllpnll < sup HLmPr)
VR EVR ||vh||V
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Denote V,j the discretized solenoidal subspace of V}. For up € V,, we have the
following inverse inequality:

unlly < exhlunll
where ¢; > 0 is independent of h. According to the definition of b(-,-,-), we have
b(up, vp,vp) =0 Y up,vp € V.
Moreover, it satisfies
b(un, vn, wn) < cah™H|unl| - [|vnllv - ||wn]| Y up, vp, wp, € Vi,

where co > 0 is independent of h.
Denote Ap, = {wp, : |wp(xzs)] <1, V zg € Ng}, where Ng is the set of all
nodes on S. For every A\, € Ay, and v, € V},, we have

c(Ans gon) < call|gl|Loe(s)l|vnllv-
For simplicity, we assume ¢; = 1,7 = 1,2, 3.
For initial value ug € V,, the discretized initial value ugn, € V., is defined as
follows
a(uon,vn) = aluo,vp) Vv € Vp.
The finite element approximation of the ¢ scheme (10)-(15) is
Step I:

(16) u?L = uop € Vyp, )\2 €Ay is given.
For every n > 0, uj, A}, we can compute uZH’, uZH*e and uZH as follows:
Step 1I:
Find (u} ™, ppt?) € Vi, x Mj, such that

1
— (unt? n+6 — nt0y _ _~ (.n
(17) OAt (up ™" on) + aa(uy ™, vn) — d(vn, pp™") = OAt (uh, vn)

—Ba(uy,vp) — blupy, up,vn) — c(AR, g"vn) + (f"on) YV op €V,
d(uz+97 qh) =0 A qn € M;,.

Step III:
(18) N %(xs) = Pa, (M (zs) + pg" 0 (zs)upt®(xs)) Vs € Ns, p>0,

where Py, is the projection operator from R to [—1,1].
Step IV:

Find u} ™% € V, such that

n+1-—60 n+1—0 ntl—0  ntl—6
o | T ) AT ) T )
1 n+6 n+6 nt-0
= T agyar ) — (™ o) + d(on, 5T
_C()\Z+1—97gn+170vh) 4 (fn7'Uh) v vy € Vh-
Step V:
Find (UZJrlapZJrl) € Vi x My, such that
1 _
@(UZJFL vp) + OéCL(uZJFl7 vp) — d(Uh,pZJrl) = Q—%t(uerl (-)7 un)
(20) _ﬂa(uz-i-l—e, Uh) _ b(uﬁ"_l_‘g, UZ_H_ 7Uh)

_C(/\ZJrlf(-),gnJrlfevh) 4 (fnJrl,Uh) v vy € Vh
d(uﬁ“,qh) =0 A4 qn € Mh.

Step VI:
(21) A (zs) = Pa, W (ws) + pg" T (ws)ujt (ws)) Vs € Ng, p > 0.
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6. Stability Analysis

In this section, we will show the stability property of the finite element discretized
6 scheme (16)-(21).

Lemma 6.1 If (u "Jre,pffe) € Vi, x My, is the solution of the problem (17),
then there exists some positive constant Cy > 0 such that
(1 ﬂ@AtV
2
(||f”||2+||g 12 (5))-

n+60 n+6 n
[y, N + afAtu]|uy | + BOAtY Jui [ +
C’OA

™ = [?

< |l + Co(Ath=H) ug [ [Plup]F +

Proof Taking vy, = uZJre (17) gives
1 n n n
il I = i (™) — Ba(uf, uf )
=b(upy, up, up ) + (f7 ) = e gmup ).

1 1
In terms of (u,v) = §|u|2 + §|v|2 - §|u — v|?, the right hand of the above identity

is equivalent to

5 t|| upt - umﬁn N + s I + 2 g — gl
__|| h||V__|| h+9||v_b(“2=uha n+9) + (", n+0) (AR 9"“2”)-
According to Young’s inequality, we have
ﬂu@At

a2 + (1 + a) A |up |3 + vBOAL [up|[3 + (1 —
< Jup|? — 20Atb(uft, uft, uf ) + 20AL(f7, up ) — 29Atc(AZ,g u;;+9)
< Jup|? — 20Atb(uf, up, ul T — ) + 20AL(f7, up ™) — 20Ate(\Y, g"ul )
< [Jup]]? + 20Ath~ 10|Iuhlllluhllvllﬂ+ — upl

+F20A8| ™ [[[up 0 l|v + 204819 || s ()l llv

0 %
< g2 + vOALuy T + Slup™

My ™ =g ?

uh||2

UL + g™ 7 (s))-

This completes the proof of (22). O
Lemma 6.2 If uZH*e € V, is the solution of the problem (19), then there
exists the positive constant Cy > 0 such that

5llup

2 CoAt

+Co(Ath™H)? | fup 1] |up |} +

[l M 01% A+ (1 — 26) BrAt|up O + || P =
+(1 = 20)avAt||[ul |3,
(23) < g NP + Co(wAth™)?[up |5 + Co(Ath™)?|[up[*|lup] I3,

t n n n —
” (P + g™ oo sy + g™ N (s))
+OO(Athil)2||gn||2Loo(s)-

Proof Taking vy, = uZ‘H 94 n (19) gives

1 [% [%
O+ Bl

(1—26)
T 1 —20)At (™) =
(gt = o0, g =),

aa(uz-i-e uz—i-l 0)—|—d( n+1— 0,pz+9)
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According to (17), we have
d(uZJrl 97p2+9) d( n+1-0 _ n+9,pz+9)
= o O ) (T - )
+ﬂa(uh, up 70— ) 4 b g, T — )

h
—m ety g g i - ),

Hence,

1
WH e e |
1 n n
_ (1—29)At(uh+0 10y

n+1—6 1—-0, n+1—6
—c(A\) gy )+ —

)

Qalu M a0 + (7 )
1 (un+0_uh un+1 0 n+0)
OAL h ' “h up,

Faa(ufl w0 ) 4 fafug w0 — )

+b(uh7uh7uz+1 0 _ n+9) (fn n+1 0 _ n+0)_|_c(/\z, (UZ-H 0 _ Z-‘r@))

_ +60 +1—6 +9 +0 +1—6 +0
—m(ﬁ ) = anlfup O 4 e (= T = )

+Ba(uy, up Tl — w0+ b(up ug, w0 — gt
) — e g ) (g, g a1 )

- _ || n+1—60 _ n+0||2 || n+l— 0||2
2(1 — ; 20) At n 2(1 — 20)At "
o —agag P = el IR 4 o (™ = i =)
2(1 — 20)At oAt

+Ba(up, up ™0 —up ) 4 b(up, g, up 0 — w0+ (7 upt)
eI g ) (g g (a1 )

That is

|Iuh+1 “I12 + Br(1 — 20) At|luy O + || AR T |

1%
=My =] [t — |

||uh+0||2 (1- 29)Ato¢u||uz+9||€, +
+B(1—29)Ata(uh, w0 ) (1= 20) Atb(up, up, ul 0 — )

(1= 20)AL(f7,ult0) — (1 — 20) Ate(ApH1—0 gnil=6yn+1-0)

(1—29)Atc(>\’,;, Pl 0y

||uh+9||2 (1 29)Atay||u;;+9||v+_|| nL=0 _neto)|2

i1 n C1 N o) . .

EAYN 2Rl = I+ APl + S AP P
(1 —20)Atav Bu(1— 20)At .
S up | + t g lluy ~ (Ath™ 219" 12 < (s)

LOAt .

= (112 + 119" e )

n+1— 0||V O

where C7 > 0 is some positive constant. Thus we obtain

[|u "+179||2 + Br(l — 29)At||u2+179||%/ +(1- 9)Atau||uh+0||v
|| n+1—-0 _ n+9||2
(24) < ||UZ+9||2+O( 7 ) lupt? — up||® + Cr(vAth™)?|[up |3,
+01%th*1) |12 |up |5 +01(Ath*1)2||9”||2w(5)
01 togn n
—— (1P + 119" N T e ()
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+60

Taking v, = u; ™" —up € Vo, in (17) gives

0 = dut — up,p)

= ! — Rl + aa(up w — ) + Balu, it — uj)
Hb(uf, uft = )+ O g™ (™ — ) = (" = ).

Then

||un+9 "||2—|—9Atozl/||u"+0—uh||2
< 08ty - 1+ = il + A6 upl| -l - o = o]
FOAL g™ Lo () lJug, T —uhllv+9At||f”IIIIU"+ —upllv

_1 -
Sl =g = gt — g+ S (AR g}

2 2
C2 Cg At

< (At Jug || ||uh||v — (111 + 119" [7(5)):

where Cy > 0 is some positive constant. That is

i — g2 + 0wz — g
(25) < Co(Atvh=1)2(|ul |2 + Co(Ath=1)2[|ul||2[jup||2

At n
O —(IIf" 1" + 19" [[=(5))-

Substituting (25) into (24), we shows (23). O
Lemma 6.3 If (u "+1,pZ+1) € Vi, X My, is the solution of the problem (20), if
At and h satisfy h? > 8B0Atv, then there exists the constant Cy > 0 such that

n " 1 2Bv0At . bl
||uh+1||2 + OZGAWH%HH%/ + (Z - T)H%H - Uh+1 0||2
1 _
+5 0By ||u O
20
26 < n+1—602 2 n+1— 9 n+0 2
(26) <l + (g + gl — g

ol 33, . .
+Co(Ath™ 2|l | Py + 5 llup ™ = wil®

COAt n n n+1—
=" + 119" 7o) + 9™l o)

Proof Similar to the proof of Lemma 6.1, we have

[ 1P+ (1+CM)V9A15||1LZ+1II2 + vBOAL lup 0}
)|| n+l _ n+1 9||2

(27) +(1 0 1— 9 1-60 1
< o= 2010, 2

F20A8(fH up ) — 29Atc(Ag+1 o )

Taking vy, = u} ™ —u} ™% in (19) and observing that b(uy ™ % w1 w1 t170) =
0, then we obtain

n+1-—60 n+1—9 n+1 _ n+1-0 , n+1—-6  n+1 n+1—9
—b(uy, ) U ) = —b(uy, » Up, » Up, up, )
- n+1 0 n+6  nitl n+1-—0
T - 29)At( Sy )

n+1—60 _ n+l1 n+1-—6 n+6 _ n+1 n+1-—60

+Ba(uy, ' uhl o ufﬁl )1’104‘;(“;1 U Uy )

n +1— n n41—
+e(Ay 9" (up ™ — upy )

n+1 n+170
d( h h 9

(28)

n+0) _ (fn n+l Z,+170).

p Up
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Taking vy, = up ™ — uf ™% in (17) gives

d(uZJrl ZJrl G,quLG)

= o — - ) — aa(up gt
oAt
—0 —0
—Ba(uy,u ZH ZH ) = b(uy, up,u ZH ZH )

—e(Nf " (T = ) (e = e,

Substituting the above identity into (28), we have

20 _
—20Ath(u n+1 0 un—i—l [ un-l—l un—i—l [ un—i—@ un—i—l un—i—l [
h h h h h h

+20AtBa(uy "+1 O il I HI=0) L 9gALe(ATTIE g 1=0(y L g1y
+2(uh—uz+9 uZ"H w0 — 29 A Ba(ul, Tt — ut1)
—20Atb(up, up, ul Tt — w0 — 20Ate(M\E, g ( nHl 10y

08Aty 1

Substituting above identity into (27) and according to = < =, we have

oo

lluh 1P + (1 + a)wAt||uy 3

vl At
w808t O + (1= PRt ooy
260
< ||u n+l— 0||2 - (u2+1—0 _u;lz-i-G UZ-H Z-‘rl 9)

P20, ) A )
+20Ate(AF g_’:l (+21+9 upt ))—219At?_(1uh,uh,uz+ up )
—29Atc(/\2,1 (uy uy : )) + 20At(f T up ™)
—20Atc(ATITE gnti=Oy it X

S+ 0 I + 10 =+ o - o

9At v
( ) || n+1-60 _ Z+0||2 ﬂ || n+l _ Z+1—9||2_|_

9AtﬁVL|Un+1 " —up|l} + Co(Ath™ ) g 1] lup 3
+007(||9 7o (s + ||9n+170||%oo(3) + 1)
< ||Un+179||2 + 0Atw[[up 3 + ||U"Jrl PP 4 Aflup = P
n+1—-0 _ n+0 2 eAtﬂV n+1l _ n+1 012
( ) ||, up )T+ ||, |

eﬂAtVH n+1-60 n+0||2 eﬂAtV” n+6 _
Up,

upl* + Co(Ath™)?|up]1?[lub] I
At n+1— n
+Co—(llg" 1Zoe(s) + g™ elle<s>+||f )

_ 33
< luptt 0||2+9AW||UZ+1||%/ ZHU"H up Tl 3 upt? —up|?
20 10 _ ooy GAWV F1 o nt1-6)2
2 —
+[( ) ]|| e up P+ ——|lujy uy, I

A n - n
+00(Ath’ llurlPllubl + Co—(llg" IILoo<s>+||g sy + TP,

Simplifying the above inequality gives (26). O
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V24 — 26 1 1
Since 0 < § < T3, then (1 — 29)2 + § 5 Thus, substituting (22) and

(23) into (26) gives
[luy ™17 + OZ9A1W||u I

)II e [ 9AtﬂV|l R

3
SIIUZ“*HIIQ || R - Z+9||2+00(Ath D2 Mg 1P llg 11

4y ™ uh||2 + (P + g™ e s) + 119" e ()
<y ™17 + 4lJup ™ — up|? + Co(vAth™)?|lup |3
+2Co(Ath= )2 [[up|Pllupllf, + Co(Ath™)?|lg" |2 s)

+ (LF 1P+ 1P+ 219" [T () + 219" 0T (s))
< lupll* + Co(VAth’l)QIIUZII?/
+3Co(Ath™ )2 Jup |P[[ui |} + Co(Ath™)?[g" |1 s)

200 At
= (P A+ 2+ g™ e () + 119" e (),

. BOAty
where we require that — —
d 2 h2
0,1,---,7r,7 € ZT, we have

> 0, that is h? > 2B0Atv. Then for n =

, —— 1 QﬁVHAt N
IIuh“IF+a9Ath|luh+1ll2v+( ZII Tyt

n=0

+= HAtﬁVZHu”H 912,

< [[uon|* + Co(vAth™! Z lup] [ + 3Co(Ath™! Z [l | ([ |
n=0

DU+ T+ g™ e sy + 19" G s))
n=0

+Co(Ath™! Z 19" 17 s)

20, At
29) +—=

< [Juonl* + Co(vAth™! Z||uh||v+300 (Ath™! ZH“hH i
n=0

DU+ 119" 7)),

n=0

+

8CoAt
v

At
where we use (Ath™1)? < 2500 Denote

Ar = [Juon|* + Co(vAth™")?[[uon|[3, + 3Co(Ath=1)?||uon |*|[uonl I3
0
+7(||f||%2(o,T,H) + ||g||i2(O,T,L°°(S)))

C()VAt 300At
< lfuonl* + =25 ||u0h||V+W||u0h||2||u0h||%/

+7(||f||%2(o,T,H) + ||g||%2(O,T,L°°(S)))'
Lemma 6.4 For every0 <3 <1 andr € ZT, if

(30) Co(vAth™)2 +3Cy(Ath™)2Ar < (1 — 6)abAty,
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then we have

(31)

a2 + 500ty 3 [l + (3 - 224080 Z g+t — w192

n=0

+%9At6unz% lup 01 < A,
where

Ar = [luon]® + CT'O(VAfh_l)QHUOhH%/ + 3Co(Ath™1)?|[uon|[?||uon |}

1 3CORE S (12 4 197 B e ).
n=0

Proof We complete the proof of this lemma by the method of a mathematical
induction. When r = 0, (31) holds following (29). Assume that when r =k € Z™,
(31) holds, that is

k
. 1 2ﬁu9At . 1
[y 1P + ad Aty Y [y ™I + (5 - ZII Tt
(32) i n=0

1 i
+§9At6unZO a3 < Ay
Next we will show that (31) also holds when r» = k + 1. In terms of (29) and (32),
we have

||U‘Z+1||2SAkSAT n:O,l,--~,k.
In terms of (29) and (30), we have
k+1 k+1
" 1 2ﬁu9At " ul
[l 2112 + @b At |lup ™[ + (2 ZII R [
1 n=0
+= 9Atﬂuz |lup =012,
k41 k41
< |[uon][? + Co(vAth=)2 Y [[uf |5 + 3Co(Ath™ Z [luh 1?15
n=0
k+1
8CyAt n n
+ DU+ g™ e s))
" k+1 k+1
< A1 + Co(vAth™)2 > [Jup|[} + 3Co(Ath™")*Ar Z ||| |3
n=1

k+1
< Mgt + [Co(vAth™1)2 + 3Co(Ath™)2 A7 ] Z w3

k+1
< Apr + (1= 6)abAty Y |[up][3-
n=1
Simplifying the above inequality gives (31). O
Under these lemmas, we have the following stability theorem.

24 —
Theorem 6.1 If0 <0< %, 0 <6 <1, At and h satisfy h? > 8B30Atv

and (30), then for every N € Z¥, the solutions uhN” uhNJr1  and uNH of the
finite element approzimation problem (17),(19) and (20) all belong to 12(0 T,Vi)N
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N
1°(0, T, H), where 1%(0,T, Vi) = {vn € Vi : At Y [Jua|[} < +o0}, 1°(0,T, H) =
n=0
{’Uh e Wy ||’Uh|| < —|—OO}.
Proof According to Lemma 6.4, for every N € ZT, we have

||u N“||2+6a9AtuZ||uz+1||v+ 9AtﬁvZIIUZ+1 %12 < Ar.
n=0

This shows
NFL € 12(0,T,V3) N1=(0, T, H), up 0 € 12(0,T, Vi).

According to Lemma 6.1, we have

%
[y 117 < lug[]” + Co(Ath~ 2ATZ||uh||V

CoAt
Lbo

Z(Ilf"||2 + 119" 12 (s))
n=0 N

<207+ (1 - 6)abAty > |[up|f3

n=0
N

1
<207 + afAtr > [Juplfy < (2 + A
n=0

Hence,
ulNt? € 1°°(0, T, H).

According to Lemma 6.2, we have

||uh+1 0||2 2Z||un+l 0 _ Z+0||2

< [luy *1? + Co(vAth~ ZII nll5

+Co(Ath™! leuhll [luhl[¥ + Co(Ath~ ZII "L s)

n=0
CoAt SN . 1
+— SO+ g™ G sy + g™l ()
n=0

< a2 + [ColwAth™")? + Co(Ath~)2Aq) leuh”v

8CoAt <N .
S P+ g™ o ()

n=0

+

N

1 1
S)Ar + abAty Y [lup][ + 8Ar < (10 + AT

< (2
—(+5 2

Hence,

up 0 € 1°°(0, T, H).
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From (25), we obtain

N
Z ot = w2+ 0t 3 ™ — |3

n=0
< Cy(Atvh™! Z||Uh||v+c2 (Ath™! ZH“hH [|up |
n=0
At n n
+027 Z(Hf P+ llg ||2L°°(S))
n=0
< &2 100 (ath—1y2A0)] ZHU 2
=0 rily +
C C 1
<& 3 oAtyZ w3 + T < 0—3(1 + 5)A7.
Thus, from the triangle inequality, we have
N
6 Atav Z lur o2 < 0Atar Z lupt® = up|fy + 0Atar > [Jup|f
n=0 n=0 n=0
Co 1 1
< Z£ —
< Co(l-l- 5)AT+ 6AT
So,
e 2(0,T,V4). O
7. Convergence Analysis
Define
WO (f) = up € (nAt, (n + 6)At],
0 € ((n+ 0)At, (n + 1)At],
WO (1) upt? € ((n+0)At,(n+1—0)At],
10 € (nAt, (n+ 0)At]U ((n+ 1 — 0)At, (n + 1)At],
W@ (1) = up e € ((n+1=0)At, (n+1)At],
0 € (nAt, (n+ 1 — 0)At],
and
0 ((n+9)At (n+ 1)At],
n+1—6
AG) (1) = pYias € ((n+1-0)At, (n + 1)At],
0 € (nAt, (n+ 1 — 0)At],

where n =0,1,--- , N—-1,N-At=T

Denote wp,(t) a continuous function from [0, 7] to V3, which is a linear function
on every interval [nAt, (n 4+ 1)At] and satisfies wp (nAt) = uf. Then wy(t) can be
represented as

1
(33) wy(t) = u} + E(t — ) (up Tt — ) t € [nAt, (n 4+ 1)At],
dwh 1 n+1 n
where t, = nAt,n =0,1,--- , N — 1. Obviously, we have = = — (up™" —uyp).

According to (17), (19) and (20), for every ¢p, € Vyp, and ¢ € [nAt, (n + 1)At], we
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have
(34)

(wh, on) + aa( Ot + At), én) + Ba(uwM (@), ¢pn) + bu™ (t),uM(t), dn)

u®(t) — <> én) — Ba(u® (1), dp) — aa(u®(t), ¢n)
ﬁm A“ ,9(®)n) — bu® (), u® (t), ¢n) + (f7(t) + [7FL(E), bn).

From the proof of Theorem 6.1, for every ¢ = 1,2, 3, we have

S
i

2
(35) sup |[u(8)|* < (10 + S)Ar.
t€[0,T] d

T
/0||u1> IERT Z/ u (1)) 2 dt = AtZHu“ 0|2

2 Cy 1
1 Ar
[5a91/ 555 T oot L5 T ags A
Lemma 7.1 If At and h satisfy h? > 1630Atv, then for every i = 1,2,3, as
At — 0, we have

(36)
_|_

(37) [ = wh || p2(0.7,12(0)2) — 0.

Proof From the definition of wy,, we have

||“ M- wh”%%o T,L2(Q)2)
tni1
tn

= (3, Znu"“ u2||2/ (t 1) *—AtZIIU"“ up?

N
Z ||un+1 +1 9||2+||un+1 0 _ n+9||2+||un+9 UJZ”Q)

C¢0|P—‘

In terms of the proof of Theorem 6.1, we have

n n & 1
Z e~ whl? < 520+ AT,
2
Z [[upt1=0 — )12 < (20 + ST

On the other hand, since h? > 1630 Atv, then
1 2Bv0AL
4 h2

From the proof of Lemma 6.4, we obtain

>1
g

Z ||un+1 Z+179||2 < 8AT

Thus,
Cy 1 1
Ju® — wrl|£2(0,1,L2(0)2) [30 (1+ 5) (7+ g)]ATAt-
So as At — 0, we show

|[ut®) — wn||z2(0,1,22(02)2) — 0.
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For u®, we have

.ﬂ

N—
u® = w240 7 oy Z/ u®(8) — 0|2t
n=0

N-1
Cy
_ Z n+(~) n||2<_(1+

ApAt.
Co )T

4]

Hence, as At — 0, we have |[u(") — |u(2)||L2(01TﬁL2(Q)2) — 0. From the triangle
inequality, we have

||u(2) - wh||L2(O,T,L2(Q)2) —0 as At — 0.
Similarly, we can show
||U(3) - wh||L2(O)T)L2(Q)2) — 0 as At — 0. O

Lemma 7.2 It holds that wy, € L*(0,T,V).
Proof According to the definition of wp(t), we have

T
/0 ()] dt

T tnt1
< / OOt + (5 Znu"“—u;m% / (t —t,)%dt

N— 1
1 n n
/ s 1><>||vdt+3AtZ||u gl
n 0
o 2 2
o <>||vdt+3AtZ||uh||v_5 A O

From (35), (36) and Lemma 7.2, there exist u® € L2(0,T,V)NL*>(0,T, L*(Q)),i =
1,2,3, and w € L2(0,T, V) such that as (h, At) — 0, we have

u(?) weakly converges to u’ in L2(0,T,V),

u(?) weakly star converges to u’ in L>(0,T, H),
(38) wy, weakly converges to w in L2(0,T,V) ,

wy, strongly converges to w in L?(0,T, H),

wy, strongly converges to w in L2(0,T, L%(S)?).
Moreover, from Lemma 7.1, for almost everywhere ¢ € (0,7T), we have

(39) u'(t) = w(t) a.e. in Q.

Next, we will show that w satisfies the variational problem (5). Let II}, : V —
Vi, be the projection operator and satisfy

[lv —Ipo||v < chllvl|2 YveVnH*(Q)?,
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where ¢ > 0 is independent of h. Let ¢ € C*[0,7T] and satisfy ¢(T) = 0. Taking
¢ = v for v € V, N H?(Q)? and integrating ¢ from 0 to T in (34), we have

T T
_% /0 (wn (), &/ (OTp0)dt + o / a(u (t + At), p(t)IT,v)dt

0,

T
+8 [ a@® (), $(O)0)dt + / (™ (1), u ™ (£), (1))t

0

L T(u<3> ) —u@ (), () pv)dt — B / (), v)dt
(40) AL i
a/ a(u®(t), ¥ (t )Hhv)dt—/o cA® () + AP (1), g(t)y (t)Tpv)dt
T
/0 b)), a0 Ot + [ (770 + 770, (0o
+§<u0h,nhv>w< )
On the other hand, integrating from 0 to T in (19) yields
Mli .
A7 J, (00 =0, v =% / WOt
R R >dt— / " o (8), () 0)de
7 ; U , U , U « ; a(u RU)
1-—26 — 20

% ' c(AP (1), g(t)d (t)Txv)dt -
0

[ @ voma
Since )\S) € [-1,1],% = 1,3, then as (h,At) — 0, )\(Z)( t) almost everywhere
converges to A\'(t). Next, we show A\!(t) = A3(¢). From (18), (21) and (39), one has

A= Py(\ +pgw,)  and A= Py(\® + pgw,).

Subtracting the above two identities and according to the compressibility of the pro-
jection operator, we conclude A (t) = A3(t). Here we denote it by A(#). According
o (38) and (39), making (h, At) — 0 in (40) and (41) gives

T T T
—/O (w(t),d/(t)v)dt—l—/o a(w(t),1/1(t)v)dt—|—/0 b(w(t), w(t), Y (t)v)dt
T T
+ / cN(E), g( ()t = (uo, v)p(0) + / .ol Yoev,,

0

which shows that w satisfies the variational problem (5). Thus, we show the fol-
lowing converges theorem:

Theorem 7.1 Under the assumptions of Theorem 6.1, if h satisfies h? > 1630 Atv,
then as (h,At) — 0, the solutions uh "% uy 77 and u) ™ of the discretized
problem (17),(19) and (21) strongly converge to the solution of the problem (5) in
L2(0,T, H).

If V,, C V,,, then

Theorem 7.2 Under the assumptions of Theorem 7.1, as (h,At) — 0, the
solutions ul) T ulN T8 and w1 of the discretized problem (17),(19) and (21)
strongly converge to the solutwn of the problem (5) in L*(0,T,V).
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Proof  Since wy, € V,, then taking v = w — wy, in (5) yields

T T
v [ e® — un®lfde =~ [ atwn(0), w00 - wn(®)at
0 T 0 T
(42) _/0 (w’(t),w(t) —wp(t))dt _/0 b(w(t),w(t), w(t) — wp(t))dt
T T
- / ¢(E), 9(8) (w(t) — wn () + / (F(1). wlt) — wn(1))dt.

Because wy, strongly converges to w in L%(0,7T, H) and L?(0,T, L%*(S)?), so as
(h, At) — 0, we have

T T
| @) = wnoyae+ [ 0,90 wn0))a
0 0

(43) T
—A(ﬂmm@—m@mpao

For trilinear form, we have

T
/0 b(w(t), w(t), w(t) — wp(t))dt

T 1 3 1 1
s/o ()11 1ol E w(e) — wn (@)} [[w(t) — wn ()| Edt
1 1 T 3 T 1
< sup Jw@|} sup [lw(t) — wn(t)]|3( / w(t) 3 de) ¥ ( / lw(t) — wn (8)][2 )

te[0,T] te[0,T

For almost everywhere ¢ € [0, T], there holds ||w(t) — wp(¢)|| — 0. Thus,

T
(44) /0 bw(t), w(t), w(t) — wn(t))dt —s 0.

From (38), (43) and (44), making (h, At) — 0 in (42) gives

T
| e = wnoiipar=o,
which shows that wy, strongly converges to w in L?(0,T,V). O

8. Numerical Results

In this section, we give the numerical results to check the theoretical analysis.
Assume that the domain  is the standard square domain, i.e., Q = [0,1] x [0, 1].
The exact solutions u and p are

u(tvxvy) = (ul(tvxvy)7u2(t7x7y))7 p(:v,y) = t(2$ - 1)(2y - 1)7
ui(2,y) = ta’y(e — 1)(3y — 2), us(z,y) = —tey*(y — 1)(3z — 2).

It is easy to verify the exact solution u satisfiesu = 0on ', u-7 = u; = 0,us # 0
on S1 and uy # 0,u -7 = ug = 0 on Sy. Moreover, the tangential vectors 7 on Sy
and Sy are (0,1) and (—1,0), so

or =091 = 4ty (y — 1) on 51,
o, = —012 = dvtz?(1 — z) on Ss.
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0 T 1 °x

Figure 1 the domain 2
On the other hand, from the nonlinear boundary conditions (2), we have
lor| <g and orur+glus| =0 on S =57 US,,
so the function g can be chosen such that g = —0, > 0 on S; and g =0, > 0 on

Sa.

Figure 2 the velocity field and the pressure isovalue

Let v = 0.005. The external force f can be determined by the first equation
of (2). Since the finite element space (V},, M}) must satisfy the discretized inf-sup
condition, we use the Taylor-Hood element (P, — P; element). Take the initial value
up = 0, \° = 1, the time step At = 0.01, the parameter p = 0.1v, a =2 — /2,3 =
V2—1,h=1/32.

V24 -3

Although 0 < 0 < in Theorem 6.1, for the # scheme, the optimal

value of 0 is 1 — v/2/2 (e.g.[1]). Here, we give the numerical comparison between
# =0.01,0.1 and 1 — V2 /2. Tables 1-3 show the relative errors at different times
T =0.02,0.5,1as 6 = 0.01,0.1 and 1 —+/2/2, from which we can see that the errors

are the smallest as § = 1 —+/2/2. Figure 2 shows the velocity field and the pressure
isovalue at T'=1as 6 = 1 — \/2/2.
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T [Ju — Uh||L2(o,T,H) [Ju — Uh||L2(o,T,V) lp— ph||L2(0,T,L2(Q))
[|ullz2 (0,7, llullz20,7,v) Pl 207,12 (02))
0.02 0.000584957 0.0150981 1.98118
0.5 0.000737447 0.0159339 1.97464
1 0.000862151 0.0164102 1.97627
Table 1 The relative errors at different time T as 6 = 0.01
T [Ju— Uh||L2(o,T,H) [Ju— uh||L2(o,T,V) P — ph||L2(0,T,L2(Q))
[|ullz2(0,7,m1) lullz20,7,v) Pl 207,12 (02))
0.02 0.000446522 0.0117658 0.160728
0.5 0.000551083 0.0123479 0.160753
1 0.000631107 0.0126645 0.160886
Table 2 The relative errors at different time T as 6 = 0.1
T ||U - Uh||L2(0,T,H) ||U - Uh||L2(0,T,V) ||P - ph||L2(o,T,L2(sz))
|[ul| 20,7, H) |[ul|L2(0,7,v) lpllz20.7.22(2)
0.02 0.000195296 0.00527557 0.0287233
0.5 0.000228313 0.00540365 0.0284619
1 0.000304089 0.00550197 0.0283958

Table 3 The relative errors at different time 7 as § =1 — /2 /2

In the above numerical results, we select the small time step At = 0.01. Then, if
At > 0.01, we want to know if the numerical results are acceptant. Let § = 1—v/2 /2.
Table 4 shows the relative error at T = 1 with the different time step A¢. When
At = 0.02, the relative error of u is small, but the relative error of p is large. When
At = 0.05,0.1 and 0.2, the errors of u and p both are large. Moreover, the relative
errors are larger and larger when At becomes large. Hence, it is important to study
the numerical methods for solving the time-dependent Navier-Stokes equations with
the nonlinear slip boundary conditions using large time steps At in the future
papers.

N lu —unllL2(0,7.1) [fu —unllL2(0,7,v) [[p — pullLeo,1,L2(0))
||U||L2(0,T,H) ||U||L2(0,T,V) ||P||L2(0,T,L2(Q))

0.01 0.00030408 0.005501 0.028395

0.02 0.00109316 0.023815 0.056916

0.05 0.00720578 0.156394 0.143162

0.1 0.03081094 0.593744 0.288979

0.2 0.13937837 2.264180 0.588398
Table 4 The relative errors with the different At
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