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Abstract. A new nonconforming element constructed by the Double Set
Parameter method, is applied to the fourth order elliptic singular perturbation
problem. The convergence uniformly in the perturbation parameter ¢, is proved
under the anisotropic meshes and optimal convergence rate O(h) is obtained.

Numerical results are given to demonstrate validity of our theoretical analysis.
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1. Introduction

In the discretization of the non-stationary Navier-Stokes systems and the non-
stationary oscillation model, the following singular perturbation problem is often
considered [11, 15]:

2%y — Au = f, in Q,
(1)  u
u=gg= 0, on 0%,

where f € L?(Q), A =09%/0z*+ 0?/0y* is the Laplace operator, A? = (9%/92> +
0?/0y*)?, Q C R? is a bounded rectangle domain, 99 is the boundary of €, and
0/0n, 9/0s denote the outer normal derivative and tangential derivative on 92,
respectively. Because 2 is a rectangle, we have

0%u 0%
Auloa = (W + W) o =0

In (1) e is a real parameter such that 0 < e < 1. In particular, we are interested
in the regime when ¢ is close to zero. Obviously, if ¢ tends to zero the differential
equation (1) formally degenerates to the Poisson equation. Hence, a plate model
may degenerate towards an elastic membrane problem.

0
The problem (1) but with boundary condition u = 8_u = 0 on 9 has been

n
studied in [7, 12, 17]. [12] presented a nine parameter C° triangular element,
[17] presented a modified triangular Morley’s element and a modified rectangular
Morley’s element by changing the discrete variational problem, and [7] presented
two non-C° nonconforming elements.
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The classical finite element approximation relies on the regular or non-degenerate
condition, i.e., there exists a constant C such that

h
(2) “E <, for each element K,
PK

where hy is the diameter of K and pg is the diameter of the biggest ball contained
in K, see e.g. [3, 8] for details. But the solution of some problems may have
the anisotropic behavior in parts of the domain, which means the solution varies
significantly in certain direction. For such problems using regular element meshes
will make the computation expensive. It is inclined to use anisotropic meshes with
a small mesh size in the direction of the rapid variation of the solution and a
large mesh size in the perpendicular direction. Recently much attention is paid
to anisotropic finite elements, see e.g. [1, 2, 6, 9]. The main point is to get the
error estimate independent of the above regular or nondegenerate condition. The
fourth order elliptic singular perturbation problem (1) is such a problem which
may have the boundary layers. The anisotropic behavior will happen near some
boundaries. However, all the analysis results in [7, 12, 17] were got based on
the regular and quasi-uniform assumption of the mesh. The convergence order
O(hz) were obtained. In [19], we constructed a nonconforming finite element by
the Double Set Parameter Method for solving the plate bending problem. The goal
of this paper is to use this element for solving the singular perturbation problem
(1), which is uniformly convergent for £ under anisotropic meshes with the optimal
convergence order O(h).

Double Set Parameter method is one of the useful nonstandard methods for
constructing nonconforming finite elements, which is firstly proposed by the first
author and his coworker in [5]. The key step to construct a finite element is to choose
suitable and matched shape function space and degrees of freedom. The degrees of
freedom determine the global continuity of the whole finite element space, so they
should be chosen carefully to satisfy the convergence demand. On the other hand,
the degrees of freedom represent the unknowns of discrete finite element equations,
therefore they should be chosen to be simple and convenient so that the size of
discrete system is small. These two demands for degrees of freedom are sometimes
difficult to meet each other. To overcome this difficulty the double set parameter
method separates the two demands for degrees of freedom. The essential point is to
choose two sets of parameters, which can be chosen independently with each other.
The first set of parameters are discretized into the second one according to suitable
numerical rules, which will make the degrees of freedom having small perturbations.
In principle, the first set of parameters, which determine the smoothness of the
shape function across elements, are selected to meet convergence requirements,
while the second set of parameters, which are real degrees of freedom, are chosen to
be simple to make the total number of unknowns in the resulting discrete system
small. Recently, we have found the new application of double set parameter method
in the anisotropic elements. In some cases this method can improve the behavior of
the element to make the element anisotropically convergent, while the corresponding
single set parameter form of the element is not anisotropically convergent. The
element in this paper is one example and the double set parameter rotated-Q
element in [18] is another example.

The rest of this paper is organized as follows. In the following section, we
construct a rectangular element using Double Set Parameter method, and prove
it’s anisotropy. Next, we prove the new element is uniformly convergent in ¢ for the
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FIGURE 1

singular perturbation problem, and give the error bound. Finally, two numerical
experiments are given to demonstrate validity of our theoretical analysis.

2. A Nonconforming Element and Anisotropic Interpolation

In this section, to make the completeness of the paper, we present the noncon-
forming finite element introduced in [19].

Let reference clement K be a square on (&, ) plane with vertices al( 1 —1)
82(1,—1), 21\3(1,1), 64(—1,1) sides ll = alag, 12 = %, l3 = @, l4 = a4a1
and middle points of sides a5(0, —1), ag(1,0), a7(0, 1), as(—1,0), respectively. See
Figure 1.

Its shape function space is taken as

ﬁ = PZ(K) U{ggvng} = Span{@(ﬁan)u 1= 17 T '78}7

where PZ(I? ) is the space of polynomials of degree less than or equal to i on K and

(1+&)(1—n),

N

NH

pi(&m) =

Blen) = 70+ +n), A =701 -1 +n),

ps(&m) = (1=, ps(&n) =1—n%), pr(&n) =£0-), ps(&n) =nl—n7).

We use the Double Set Parameter method introduced in [5] to construct the
element. The first set of parameters are

(3) D(0) = {01, 02, D3, D4, Vs, Veg, U7, Use },
where ’IA)l = ’IA}(al),Z = 1, ce ,4, ’IA}in = (%/617(81),1 = 5,7, ﬁig = 8@/85(61),1 = 6,8.
Then Vo € P,

8
(4) {):Z zngna
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where
1, -
Bs = Z( s¢ — Doe),
1, -
(5) Be = Z( 5n — 07n),
1 R R N “ ~ ~
Br = g(— 1+ D2 + 03 — D4 — 208¢ — 20g¢),
1 R R . R N ~
Bg = g(—1;1 — O + D3 + D4 — 205y — 207y).

In remark 2.1 (ii) we will prove the single set parameter element defined by (3)-
(5) is not anisotropically convergent element, and its double set parameter form is
considered in the following.

The second set of parameters, which are real degrees of freedom, are taken as

(6) Q(ﬁ) :{6176157617772: 17 74}7

. v v
Since —|, _const € P, and 8_§|§:const € Py, we have

on
. 1, . . . 1, . . 1, . . 1, .
Uy = 5(’1)1" + U277)7 Vee = 5('025 + U3£)7 Uy = 5(”31} + U477)7 Uge = 5(”45 + Ulf)'
Substituting the above formulas into (3;, we get
Bi =0, 1 <i <4,
1 . . . N
Bs = g(vlg — Uge — U3¢ + Dag),
1 . . . N
(7) Be = g(vln + D2y — U3y — Vay),
L . . .
Br = g(— 1+ U2 + U3 — 04 — O1¢ — Uo¢ — U3¢ — Dag),
Bs = g(—fh — Vg + V3 + 04 — U1y — D2y — D3y — Vayy)-
Let H™(K) be the usual Sobolev space, | - l,, # and | - | 4 be the norm and

semi-norm of H™(K), respectively. The interpolation operator of this element is
defined by

8
(8) [:H3K)— P, Iv= Zﬁiﬁi(f,n),
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where f3;, 1 <7 < 8 are defined as (7). By the simple computations, we have

(I0); = 05,1 <i <4,
. 1 A 1, .
([0)sy = 5 (0uy +02q),  (I0)6¢ = 5 (B¢ + D3¢),
. 1 . - 1, . .
(10)my = 5 (03g + 0ay), (10)se = 5 (D1 + Dag),

(I9)1¢ + (I0)ag = D1 + Vg,  (10)ag + (10)3¢ = Dog + 3¢,

(19)15 + (19)2 = D1y + D2y (10)3y + (10)ay = D3y + Day-

But (19)ie # Dig, (10)iy # Vi, 1 <4 < 4. We have

O (e = bl < || o 10D = il < g |, o1 <74

In fact,

[(I9)1e — 1| =

- / [ [ o e manasag

<

(=1 + Do — b3 + 4 — 2016 + 2@45)‘

FNg-

8{2877 Ho K
It is similar for the other cases.
Obviously, the interpolation I will preserve the quadratical polynomials, i.e.,

(10) Vo e Py(K), Io=1.

Lemma 2.1. Let P be a polynomial space on K , I be an interpolation operator
on P, a be a multi-index. Suppose P,(K) C D*P and

DTIo =)~ B;(0)d,
j=1

where 7 = dim(D*P) and {g;}7 is a set of base functions of D*P. If Bj (v) can be
expressed by

Bj(v) = R;j(D%0), 1<j<m,
and

Rj € (H"N(K)), 1<j<m
then there is a constant C' > 0 such that

Hf)a(f’ - ﬁf’)HoK < O|Da@|z+1,f<'
Proof. See Theorem 2.2 of [4] or Theorem 2.3 of [6]. O

Lemma 2.2. The interpolation operator I have the following behavior: there is
a constant C' > 0, such that V «, |a| = 1,2,

(1) 1D~ I0)ly g < CID%0ly 0z V€ HYE).
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Proof. By Lemma 2.1, we only need to check that D[ can be expressed as
DIp = Z Ri(D%%)q;,

where {g;}7_, are basis of D*P and
|Ri(@)] < Clldlls-a.
(D) a =(2,0),

D*Io = Zﬁz 5 = —2f5 — 6¢f7.
Define Ry () = é <— wds + ﬁ)dé) , then from (7) we have
l 3
s 1 %0 . %0 . A on
Bs(0) = < <-/ 6—;2)ds+/ a—gé’ds) = Ry (D).

Define Ra(d) = _[/ dg/ (ﬂdt_/dg/ t_Hw(“))dt],

then from (7) we have

-~

g = 3[[ Se-mae-g [ (Za-n+ o) ag
wi][ Senac- [ (Gan+ Z-n) e
= Ry(D%0).

From Holder’s inequality and the trace theorem [8], we have

|1 (@)] < éwly pp < @]l &

1
ma@l < 3 [ [ pote i+ [ ote 1] <al o < el 1
(W a=(0,2)

. 8 an
DIo = Bims =206 — 6np.
Similarly, we have
= (0% = (0% ~ o )
BG(U)ZRl (8_772) y Bg(’l)):Rg (8_772) y |Rl(w)| < CHw”l,f(’ 1= 1,2.
(IT) & = (1,1), define R() = %/ Wdz, then
K
(o=t =) = 1 [ decn=R(D"),
U1 — V2 T VU3 — U4 dEdm =
. 1 . T
R = g | [ dean| <l 5
K
= pan{l &n, €%,

) - s+ L206,0),

=
=
o
Il
=
S
b)
5



772 SHAOCHUN CHEN, MINGFANG LIU, AND ZHONGHUA QIAO

with A
$1(0) = —U1 + Vo + VU3 — Uy,

G (D) = Ty — Ty + D3 — s,

$3(0) = Dig — Doe — Ve + e,

G4(D) = —T) + Ty + 03 — Dy — D1 — Vog — V3¢ — Dy
By H2?(K) — C°(K), Hélder inequality and the trace theorem,
$1(0) = /A D*bd3 +/A D*0ds < C|| D0y
I I3 ’
b (0) = _/A D*0ds+ | D®0ds < C|| D], &,
1 I3 ’
$3(D) = B — Dag — Vag + D1 < C|[ D0 g,

$a(0) = | D*0ds + | D*0ds — Dig — Bag — U3¢ — ae < C[|[ D8], -

I l3

(V) @ =(0,1), we have the similar corresponding results with case (IV). O
Remark 2.1. (i) Following the literatures [1, 9], if the element satisfies the
inequality like (11), we call the element anisotropic, because from (11) we can get
the interpolation error independent of the shape regular assumption (2). (ii) The
single set parameter element by (3)-(5) is not anisotropic since (11) does not hold
0% 021
5 = 0, but —— = -3¢

in this case. In fact, let © = £n?, then o e

3. Error Estimate

For the elliptic singular perturbation problem (1), its weak formulation is as in

2
[12]: To find uw € V = {v € H*(Q); v = % =0 on 990}, such that
n
(12) e2a(u,v) + b(u,v) = (f,v), Yv eV,

where

a(u,v) = / D?*u : D*vdaxdy, b(u,v) = / Vu - Vudzdy.
Q Q

Yw € V, D?w is the Hessian matrix of w, and D?u : D?v is the summation of
each corresponding component product. The energy norm is defined by [||v]||2 =
e2a(v,v) + b(v,v) = &%|v|3 + [v|3.

Let a general element K be a rectangle on (z,y) plane with vertices a1 (xx —
h’KlayK_hK2)a a2(xK+hK17yK_hK2)7 a3(IK+hK17yK+h’K2)a a4(IK _hKlayK+
hk,), sides [y = @iaz, lo = azas, l3 = Gzasz, l4 = @za; and middle points of
sides a5(vx,yx — hi,), as(rk + hi, yk), ar(Ti, yx + hi,), as(@x — hi, yx),
respectively. The affine mapping Fx from K to K is :

r=hg{+ 2K,

Y = hr,n+yk.
Let J be the Jacobian matrix of F, then
[J| = hi, b, 1T = highyl, Dw=hp*DG, D*@= h§D"u,
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where hy = hi hiZ . Put v = do Fi'. Let T;, be a rectangular partition of €,

Q= U K, K is the rectangular element. Let the shape function space on K be

KeTy,
Pr = Py(K)U{z?,y*} and the degrees of freedom be {v;, viz, viy, 1 < i < 4}, where
15 R
v; = v(a;), Vig = 6—;(%), Viy = 8—:(@-), 1 <i < 4. Obviously Pk = Po Fgl.

The interpolation operator Ic : H3(K) — P is defined by
Ixv=Tio Fil.
It is easy to see that Ik is affine equivalent and
8
(13) Ixv = Zﬁipi(%y),
i=1

where p; = p; o 121 and

Bi=vi, 1<i<4,
h

65 = %(’Ulw — U2z — U3z + U4;E)u
hica

(14) Be = T(’Uly + voy — U3y — 'U4y)7

1

[37 = g(_vl + v +v3 — Vg — hg1V1e — hK1V2e — AK1V3: — hKlv4z)v
1

fs = §(—v1 — U2 + U3 + vs — hiov1y — hiotay — hicovsy — hicavay).

It is easy to get
(IKU)l :’Ui,l SZS 4

—_

(15) (Ikv)sy = §(U1y +vzy),  (Ikv)es = %(Uzm + V3z),
(Ikv)7y = %(UBy +vay),  (Ikv)se = %(Uu + V4z).
By (9) we have
(ke = vial < i) g2t o
(Tl = vl < 5l ok

The corresponding finite element space V}, is defined by

(16) Vii={ wn: wn|g € Px,vn|lk = Ixkv VK € Tp;
vp(a) = vn, (a) = vp,(a) = 0, for all nodes a on 0Q}.
The interpolation operator Ij, on € is defined as
Ilg=Ixk=10Fg', Y KecT.
The discrete problem of (12) is: To find up, € Vj, such that

(17) e2an (up,vn) + bp(un,vn) = (f,vn), YV o € W,
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where

ap(up,vp) = Z / D?uy, D2vhd:vdy, b (up, vp) Z / Vuy, - Vopdady.
KeTy KeTy

We define the discrete energy norm as
(18)  Monlll2n = *an(vn, vn) + bu(vh, vn) = €2|vnl3 , + [vnlT . ¥ vn € Vi,
where |- |7, = E| |7 ki =1,2. Tt is easy to see that ||| - |||, is a norm on Vj, for

e €10,1], so (17) has a unique solution by Lax-Milgram Lemma [8].
Let [v] be the jump of v between elements. Then [v] = v on 92, which means
that suppose I = K1 N Ky, K1, Ky € Ty, define [v]|; = (v|k, — v|k,)|i, we have

Lemma 3.1. Yw, € Vj,, wy, is continuous at all nodes of 7, and is zero at the
nodes on 02, and

/ [%} ds =0, for all interior sides [ of Ty,
n

(19)

0

ﬂds =0, for all sides [ on 0f2.

;. On
Proof. Suppose the degrees of freedom of wy, are {v;, vz, viy,a; € T} which of
course are continuous between elements and are zero on Q. From (15)(now wy, =
Iyv), wp(a;) = v;, so wy, is continuous at all nodes of T, and is zero at the nodes on
0. Let | = a;a; be a side of an element parallel to y—axis, a;; be the middle point

8wh (?wh

of [, then from (15), . —(ai;) = W(aij) = 5(1)11 +v,5) is continuogs across [ and
is zero as [ C ). The same is true for [ parallel to x—axis. Since ﬂh e P (1),

on
(19) holds. O
Let w! be the piecewise bilinear interpolation of wy, wl € CJ(Q) = {v €
C°(Q);v]pa = 0}, and then we have

Lemma 3.2. Yw, € V},,

(20) /K V(wp, — w})dzdy = 0.
Proof.
O(wn — wy) _ O(n —wf), 4
/K T or ot = /K =g (uha)dedy

1 1
ha /_1 /_1(—2555 + (1 —3¢%)37)dédn = 0.

Similarly,
O(wy, — w)
——— 2 dady = 0.
/K Ay

Then (20) holds. O
The main theorem of this paper is as follows:
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Theorem 3.1. Suppose u,up are the solution of (12) and (17), respectively. We
have

= wnlllen < C{ D7 2R3l Auf} o +22 > h3e[Duf} i
KeTy, la|=1

1/2
+ 3 WeIDul} e+ WD)
la|=1

where C' is independent of shape regular condition (2).
Proof. From the second Strang’s Lemma [3, 8], we get

. Eop(u,w

@) fu—unllon<C( inf lu—wnllon+ sup Zerlown)
onEV wnevi\{o}  |1wnlllen

where

(22) Ee n(u,wp) = e2an(u, wn) + by (u, wp) — (f,wp).

The first term of (21) is called approximation error and the second one is called
consistency error.

Firstly, we will consider the approximation error. From the above Lemma 2.2,
we have

inf |||u—Uh|||ah < |llu = Inullle,n
vp EV]

1
3
:( E (52|u—IKu|§7K+|u—IKu|iK)>

KeTh

= Z Z (|0 (u IK“)HOK"‘ Z |D(u — Txu) ||0K

KeT, \|a|=2 la|=1

Nl=

(23)  <C| D hxihio | Y hp*e?|D%d %+ > hy 2°‘|DM|

KeTn |a|=2 lal=1

<o S0 S Dt Pul? o+ S h D)2

KeTy |a|=2 Jo|=1
[B]=1 |8]=1

<C Z £? Z hE | D%ul3 g + Z hE | D*ul? ke

KeTy lal=1 la|=1

Then we will analyze the consistent error. Since

2. .12 _
DAu: D*wp, = UgpWhae + UyyWhyy + 2UgpyWhzy

= Aul wp, + (2UgyWhay — UzzWhyy — UyyWhaez ),
from Green’s formula, we have
)
8wh

/ AulAwpdzdy = Au——dS — / VAu - Vwpdzdy,
K oK on K

0%u Own,  O0%u Owy,
/}((2umywhwy — U Whyy — UyyWhae)dedy = /81( (87185 55 @W) ds.
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Hence,
ap(u,wp) = Z / D?u : D*wpdzdy
K€7-h
0%y Owy, 9%u Owy,
(24) B Z {/BK {(Au—@) on + Onds Os ds

K€7-h
— / VAu- thdxdy} .
K

Because wi € H}(Q), we have

(fown) = (fywp) + (f,wn — wy) = (E2A% — Au,wyy) + (f, wn — wy)
(25)

Z/ 2V Au - Vwi + Vu - Vwy )dady + (f, w, — w}).
KeTh

Substituting (24), (25) into (22), it yields

0% Owy, 9%u Owy,
Een(u,wn) = ) {< / U= 3250 + B59m 85 195
KeJdy

—82/ VAu-V(wy, — w})dzdy
K

+ / V- ¥ (wn, — wh)dedy} — (f,wn — w])
K
yAN
=J1+ Jo+ J3s+ Jy.

Let IL,v = |l | / vdS, 1 < i < 4, because / Owon /8wh are continuous

8wh

between the elements by Lemma 3.1, and (Au — g )oa = 0,11, (8—) =0 on 09,

we have

8 u 8wh owy,
Z Z / 871 —I( on )
KeTy =1
0%u  Owp, owy,
—(—— — ds.
+8$8n( 0s s ds )
In order to get the error bounds independent of K, we will use a new method
treating Jq, which is different from the traditional method in [10]. For the sake of

simplicity, we denote

A 0%u . Owy, owy,
12 [ - GG -GS
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then
Tethic 0%u . Owy, owy,
et = [ T e+ i)
(28)
0%u . Owp, owy,
—(Au— W)((?—y —Ih(—— 3y N(@,yx — hi,)]dzdy,
where
8wh 8wh
(8—y - 3(8—y))($7y1< + hk,)
owy, 1 /szrhKl owy,
= —(x, +h - t + hg, )dt
(29) ay ( YK Kz) 2hK1 wk—hKl ay ( YK Kz)
zr+hi,
= (r,yx + hi,)drdt.
2hi{l Ik—h;{ / 2)
62
Since is a constant independent of y,
oy
8wh 8wh
w(z) *(8—y— 5 @, yk = hic,)
8wh 8wh
(30) = (a—y - 3( ) ))(l’,y[{ + th)
1 /EKJrhKl/ /yK+hK2 2w d drdt.
4‘hK1hK2 TK hKl YK hK
zrthi,  pysthi, 82w
(31) lw(z)| < 2h / h (x,y)|dydz < |wh|2K
Ky Jap—hg, Yr—hK,

Substituting (30) and (31) into (28), we get
Trt+hk, 92

L+ 15| = w@)[(Au = 55) @,y + hics)

zr—hK,

—(Au— L) (2, yx — hi,)]dz|

Trp+hi, Yrt+hi, 8(Au _ ig)
- | / wl " BB ey aydal
zr—hK, Yk —hK, Y

karhKl Yrt+hi, 8(Au _ )
iy K / LGRS =2 I
Yy

zr—hK, k—hK, Ay

ou
potwnlo e/ AR ey (18uly, i+ 5 2.10)
Ko X

ou
= 2hk, (|Auly,x + |%|2,K)|wh|2,K-

T



778 SHAOCHUN CHEN, MINGFANG LIU, AND ZHONGHUA QIAO
Similarly, we obtain
(39 [+ L] < 2y ([ By + [ 9]
u — w .
2 + 14| < 20, 1L,K Dy 2.k hl2,K

From (32) and (33), we get

S [ o P sy < Y (31

KeT;, i=1 KeT, i=1

<C Y E(hglAulik + Y b Duls k) wnl2 k
KeTh lal=1

<O(Y Ehk|Auli + D7 WD uf3 NV Pwnl3 )t

KeTh la|=1 KETh

(34)

< Ce( Y (WielAulf o+ Y W& [Dul3 )2 |llwnllle.n.

KeT, la)=1

In the same way, we get

8%u ,Ow ow
’E Z Z/ 888n( 8sh — ILi( 8sh))d8’

KeTy i=1
(35) < 2¢? Z Z h|D%ula, i ) w2, i
KeTn |aj=1
<Ce( Yy > hgDuls ) llwnlllen-
KeTh |al=1
From (34) and (35), we have
(36) |11 < Ce( Y (Wil Aulf g+ D h3eIDul3 1)) % |l|wll |- n-
KeTh laf=1

Next, since the bilinear interpolation is anisotropic [1],

|wp, — wfIzEK

B O(wp, —wh) O(wp, —wh) 5
—/K[(Th) +(Th) Jdzdy

B O(bn —h) Do Oy, —Bf) Iy

= () [ (P 202 + () T gy
(37) ’lf} W —’[f)l

= ()1 | X2 T iz X e

o 0wy, _o 0wy,
< C(hi, hi,)(hi ¥ 7t hi K P %)

< Z h??lD“thiK < Oh%dwh@,l('
|a]=1
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So
[l =2 > [ VAu-V(w, —wh)dady|
KeTn JK
SEQ Z |Au|11K|wh_w]II|1,K
KeTy,
(38) < Ce? Z hi|Auly i [wh 2, K
KeTn
Z h | Aul? k) 1/2 (¢ Z |wnl3.x) )1/2
KeTn KeTn
< Cg( Z hi|Au |1K 1/2
KeTh

1 ~ 1
Let Ilpv = — / vdedy = Tlpv = — / vdédn. By using Lemma 3.2,
K| Jk |K| J&

| / Vu-V(w, —wj)dzdy| = | / (Vu — g Vu) - V(wy, — wy,)dady|
(39) K

< ||Vu — Mo Vullo,x [wh — wh1 k.
Denote v = Vu, then

IVu =TVl = lv = Towllo.x = (e, )28 — o &

< (hthK2)1/2|/y\|1,f(

(10) < O(Y WD} )

|a]=1

< O(Y - hge|Dulf )2,
la|=1
Substituting (37) and (40) into (39), we get

| J5| = }Z/vu V(wp, — wf)dady|

KeTn
(41)

<C(Y_ > hRIDul )" ?llwllle.n.

KeTh |a|=1

For the last term,

lwn = will§ x = (hc, hic,) /f( @ — @' [Pdgdn < C(hx,hi, )| 0f; < Chiclwnli k.,

Wil = (fywn — wh)| = | Z/fwh_wh dady|

KeTy,

IN

(42) 1/2
> Iflloxllwn = whllox < C ( > hxlfIIG K) lwnll=,n-

KeTy, KeT
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Substituting (36), (38), (41), (42) into (26), it yields

|Ben(u,wn)| < CLY ) [Ehk|Auli x + Y Wi [Dul5 x
KeTy, la|=1
(43)

« [e% 1
+ > WD T g + Wl FIIE i) 2 wn e

|a]=1

Substituting (43) into (21), together (23), the theorem is derived. O

To show that the error estimate is valid uniformly in the singular perturbation
parameter €, we need a priori estimate about the exact solution of equation (1). To
the best of our knowledge, [13] and [16] both gave a precise asymptotic expansion
of the exact solution w for € in 1D, [12] and [17] gave another a priori estimate and
both got their uniformly convergence results O(hz) in 2D. But a better a priori
regular estimate was presented in [11].

Lemma 3.3. For a given f € L%*(Q), let u be the solution of (1). If Q is
rectangle, then there exists a constant C' independent of € such that

(44) 52”“”%,9 + ||U||§Q < C||f||(2),sz-
Proof. Multiplying (1) by Au and integrating over 2, we get

/ 2 A*uAudzdy — [ AuAudzdy = [ fAudzdy .
Q Q Q
From the boundary condition of (1) and 2 is a rectangle, it is easy to see that
/ e*A*ulAudrdy = —*|ul3 g |
Q

/ AuAudady = |ufj g ,
Q

1
(2J,Q + §|U|§,Q .

1 1
(2J,Q + §HAU||3,Q = §Hf|

1
| [ auda] < loalAulon < 517

Hence
1 1
Fufa+lufo=— [ fAue < I Ba+glba. O

If we denote h = max {hk}, by using the above global a priori regular estimate,
€Th

together with the above Theorem 3.1, we get the following uniformly convergence
results in the singular perturbation parameter e:

Theorem 3.2. Suppose u,uy, are the solution of (12) and (17), respectively, we
have the following uniformly anisotropic convergence bounds:

(45) lw = wunllle,n < Ch fllo.0-

Remark 3.1. The uniform error estimate (45) is half order higher than the
corresponding results in [12] and [17].

Remark 3.2. All the above analyses are independent of the special meshes.
However, it was pointed out by Su and Liu in [15] that the solution u(z, y) of (1)
has the boundary layers along the four boundaries of €2 and has the representation

u(r,y) = G(ZC,y,E)+€2(E1(:E,y,£)e_c”/€+

By (z,y,e)e” " 4 By (2, y,e)e Y/ + Fy(a,y, E)e_(l_y)/a)7
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FIGURE 2. Mesh 1 (n=16).

where the functions G, Ei, F», Fi, F> have asymptotic power series expansions in
¢ and they are sufficiently differentiable for (z, y) € Q. In the following numerical
experiments, we will take a special mesh adapted to the boundary layers.

4. Numerical Experiments

Experiment 1. Consider problem (1) on the unit square Q = [0,1]x[0,1] C R?,
where f = e2/A%u — Au, and u = (sin(7z) sin(7y))?. The domain € is subdivided
into small rectangles by the following two different meshes:
mesh 1: each edge of (2 is divided into n equal segments. See Figure 2 (case n = 16).
mesh 2: each edge of Q is divided into n segments with n+1 points (1—cos(Z))/2,i =
0,1,---,n. See Figure 3 (case n = 16).

This example has also been studied in [12]. We compute the error in the energy
norm by taking ¢ = 272,274,276, Table 1-3 denote the convergence trend under
two different meshes, respectively.

Remark 4.1. For singular perturbation problems, Shishkin meshes are widely
used, see e.g. [16], which are uniformly fine on the boundary layer domains and
uniformly spare on the other domains. Recently, [9] presented a new graded meshes,
on which it is gradual from fine meshes to spare meshes. Here we use another kind
of mesh, i.e., mesh 2, which comes from the Chebyshev polynomial [14].

Experiment 2. Consider problem (1) on the unit square Q = [0,1] x [0,1] C R?,
where we take f such that u = (1 — e~ *(1=#)/&)2(1 — ¢=¥(1=9)/5)2 i5 the exact
solution. The exact solution u has boundary layers, which varies significantly near
the boundary of Q. See Figure 4 (case ¢ = 27%). The unit square is subdivided
by mesh 1 and mesh 2, respectively. We compute the error in the energy norm
by taking ¢ = 272,274,276, Table 4-6 are the comparisons of errors based on two
different meshes.

From the numerical experiments it can be seen that these numerical results
are consistent with our theoretical analysis. Firstly, this element is convergent on
any narrow rectangular meshes for the fourth order elliptic singular perturbation
problem. Secondly, for the solution with isotropic property (Experiment 1), the
finite element solutions on the uniform mesh 1 have smaller errors than those on
the anisotropic mesh 2; and for the solution with anisotropic property (Experiment
2), the anisotropic mesh (mesh 2) can help to get better solutions than uniform mesh
1. Finally, the convergent order is also consistent with the theoretical analysis.
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FIGURE 3. Mesh 2 (n=16).

FIGURE 4. The exact solution u when e = 276 in experiment 2.

TABLE 1. Experiment 1, |||u — up|||c, » under two meshes, e = 272,

mesh \ n X n 8§x 8 16 x 16 32 x 32 64 x 64 | 128 x 128
mesh 1 0.7057E0 | 0.3453E0 | 0.1716E0 | 0.8569E-1 | 0.4283E-1
mesh 2 0.9287E0 | 0.4420E0 | 0.2179E0 | 0.1086E0 | 0.5424E-1

TABLE 2. Experiment 1, |||u — up|||c, » under two meshes, e = 274,

mesh \ n X n 8% 8 16 x 16 32 x 32 64 x 64 | 128 x 128
mesh 1 0.1957E0 | 0.8867E-1 | 0.4320E-1 | 0.2146E-1 | 0.1071E-1
mesh 2 0.3158E0 | 0.1227E0 | 0.5603E-1 | 0.2734E-1 | 0.1358E-1

TABLE 3. Experiment 1, |||u — up|||c, » under two meshes, e = 27°.

mesh \ n X n 8% 8 16 x 16 32 x 32 64 x 64 | 128 x 128
mesh 1 0.1166E0 | 0.3235E-1 | 0.1206E-1 | 0.5519E-2 | 0.2697E-2
mesh 2 0.3215E0 | 0.9480E-1 | 0.2665E-1 | 0.8836E-2 | 0.3670E-2
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TABLE 4. Experiment 2, |||u — up|||c, » under two meshes, ¢ = 272
mesh \ n X n 8 x 8 16 x 16 32 x 32 64 x 64 | 128 x 128
mesh 1 0.1981E0 | 0.9141E-1 | 0.4429E-1 | 0.2195E-1 | 0.1095E-1
mesh 2 0.1984E0 | 0.8137E-1 | 0.3936E-1 | 0.1955E-1 | 0.9761E-2
TABLE 5. Experiment 2, |||u — up|||c, » under two meshes, ¢ = 27
mesh \ n x n 8 x 8 16 x 16 32 x 32 64 x 64 | 128 x 128
mesh 1 0.4818E0 | 0.2279E0 | 0.8333E-1 | 0.3009E-1 | 0.1272E-1
mesh 2 0.6193E0 | 0.1096E0 | 0.3120E-1 | 0.1368E-1 | 0.6671E-2
TABLE 6. Experiment 2, |||u — up|||c, » under two meshes, e = 27°.
mesh \ n X n 8% 8 16 x 16 | 32 x 32 64 x 64 | 128 x 128
mesh 1 0.1015E+41 | 0.7103E0 | 0.4397EO0 | 0.1973E0 | 0.6401E-1
mesh 2 0.3153E+1 | 0.7385E0 | 0.1194E0 | 0.2230E-1 | 0.7167E-2
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