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THE TWO-LEVEL LOCAL PROJECTION STABILIZATION
AS AN ENRICHED ONE-LEVEL APPROACH.
A ONE-DIMENSIONAL STUDY
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Abstract. The two-level local projection stabilization is considered as a one-
level approach in which the enrichments on each element are piecewise poly-
nomial functions. The dimension of the enrichment space can be significantly
reduced without losing the convergence order. For example, using continuous
piecewise polynomials of degree > 1, only one function per cell is needed as
enrichment instead of r in the two-level approach. Moreover, in the constant
coefficient case, we derive formulas for the user-chosen stabilization parameter

which guarentee that the linear part of the solution becomes nodally exact.

Key Words. local projection stabilization, finite elements, Shishkin mesh,

convection diffusion equation

1. Introduction

It is well-known that standard Galerkin finite element discretizations applied to
convection-diffusion problems show spurious oscillations unless the mesh is adapted
to the boundary layers of the solutions [21]. But even in the case of layer adapted
meshes it makes sense to use stabilized finite element schemes in order to reduce
sensitivities of the solutions on the choice of mesh parameters. Residual based stabi-
lization methods like the streamline upwind Petrov-Galerkin (SUPG) stabilization,
proposed in [5] and at first analyzed for a scalar convection-diffusion equation in
[19], is a prominent example of stabilized schemes. They rely on adding weighted
residuals to the standard Galerkin method to enhance stability without losing con-
sistency.

Recently, local projection stabilization (LPS) [2, 3, 9, 10, 12, 13, 17, 18, 20]
methods have become quite popular, in particular because of their commutation
properties in optimization problems [4] and stabilization properties similar to those
of the SUPG method [11]. In contrast, to residual based stabilization methods the
LPS is no longer consistent. However, taking rich enough projection spaces any de-
sired consistency order can be achieved. As shown in [17], the key issue in analyzing
the error of LPS schemes is the existence of an interpolation for which the error is
orthogonal to the projection space. It turns out, that a local inf-sup condition for
the approximation and projection space is sufficient to modify an interpolation into
the approximation space in such a way that the additional orthogonality property
holds [17]. Two main approaches of LPS have been considered in the literature
to fulfil the local inf-sup condition. In the one-level approach, a standard finite
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FIGURE 1. Degrees of freedom of two-level methods on one macro
cell. Enriched biquadratic approximation spaces (left) and bilinear
projection space (right).

element space is chosen as the projection space to guarantee the consistency order.
Then, the approximation space is (if necessary) enriched such that the local inf-sup
condition holds. In the two-level approach, a standard finite element space is cho-
sen as the approximation space and the projection space is thinned out to a space
on the next coarser mesh level to satisfy the local inf-sup condition.

The main objective of this paper is to show that the two-level variant of the LPS
can be also considered as an enriched one-level method on the coarser mesh. This
enables us to reduce the degrees of freedom in the two-level method without losing
the convergence order. For example, on a rectangular coarse mesh 16 degrees of
freedom (squares and non-filled circles) to the 9 degrees of freedom (filled circles)
have to be added per macro cell to generate the full biquadratic approximation
space on the next finer mesh level, see Figure 1. However, for satisfying the local
inf-sup condition with respect to the associated 4-dimensional space of bilinear
functions the 4 degrees of freedom indicated by squares are enough and lead to a
reduced two-level method with optimal convergence order.

Here, we restrict our attention only to the one-dimensional case in which already
one additional function per macro cell is sufficient. Furthermore, for constant co-
efficients we can chose the stabilization parameter in such a way such that the
piecewise linear part of the LPS becomes nodally exact. Although such a strong
result cannot be expected in the multi-dimensional case a considerable reduction of
degrees of freedom in the two-level method without losing the convergence is still
possible. We will address the case of higher dimensions in a forthcoming paper.

In the following, we use the standard notations for Sobolev spaces H*(D),
HE(D), L*(D) = H°(D) together with their norms and semi-norms |- ||x.p, |- |x.p,
and || - [lo,p- We will drop D when D = (0,1). Throughout this paper C' denotes a
generic positive constant that is independent of the mesh size.

2. Two Variants of Local Projection Stabilization
We consider the two-point boundary value problem
(1) —eu" +bu' +cu=f in(0,1), u(0) = u(1) =0,

under the assumption
1
(2) C—gb/27>07

which guarantees a unique weak solution u € Hg (0, 1). Note that in the interesting
case 0 < € < 1, the solution exhibits boundary and interior layers whose positions
depend on the convection field b.
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Let 0 = 29 < 21 < --- < &y = 1 be a decomposition My, of [0,1] into macro
cells M € My, and hy; the diameter of M € Myj. In the one-level approach we
set T, = My, i.e. we do not distinguish between a macro cell M € Mj, and a cell
K € Tp. In the two-level approach, each macro cell M = [x;,x;41] is subdivided
into two son-cells K = [z;,%;11/2] and Ky = [2i41/2,%i41] each of diameter
hx = har/2. Then, all son-cells build the decomposition Ty,. Let Vi, C H{(0,1)
be a finite element space living on T,, Dj be a discontinuous projection space
associated with the decomposition My, 7, : L2(0,1) — Dy, be the L? projection,
and kp, := id — 7, be a fluctuation operator. The stabilized discrete problem is:

Find uj € Vj, such that for all v, € V},

ety o) + (b + cunyon) + Y Tar(kn(bup), mn(bvp)ar = (f,0n)-
MeMy,
Herein, (-,-) and (-,-)as denote the inner product in L?(0,1) and L?(M), respec-
ticvely and 7j; is a user-chosen stabilization parameter. The bilinear form associ-
ated with the left-hand side is coercive with respect to the mesh-dependent norm

1/2
oll] = <€|v|?+vllv|3+ > TMlﬁh(bv')Ilﬁ,M> :

MeMy,

In contrast to residual based stabilizations, a consistency error appears whose order
depends on chosing 73; and the projection space Dj,.

The key idea in the analysis of the LPS lies in the existence of a special in-
terpolant j;, : H(0,1) — Vj, that displays the usual interpolation properties and
satisfies in addition the orthogonality property

(w—jhw,qn) =0  VYw € Hy(0,1), Ygu € Dh.

Using the coercivity of the underlying bilinear form, a rich enough projection space
Dy, and the properties of the interpolant jj, we end up with the error estimate

(3) llw = unlll < C (/2 + h'2) h" [ulr4a

for 7ar ~ has [1, 3, 16, 17]. The existence of an interpolation j, with additional
orthogonality properties is guaranteed by the following result (adjusted to 1d):

Theorem 2.1 ([17]). Let the local inf-sup condition

(4) inf sup (Vn gn) a1
an€DR(M) o, ey, (M) |[Vnllo, a1 [[qnllo,ar

> 1 >0, VM e My,

with (M) = {wp|m : wn, € Vi,wp, = 0 0on (0,1)\ M} and Dp(M) = {rp|m :
rn € Dy} be satisfied. Then there is an interpolation jn : HE(0,1) — V, with the
orthogonality property

(w— jhw,qn) =0, Vgu € Dy, Yw € Hy(0,1)
and the usual interpolation error estimates.

In order to fulfil all assumptions of the convergence analysis, two different re-
quirements for the pair (V},, D) have to be reconciled:

e D has to be rich enough to guarantee a certain order of consistency,
e Dy, should be small enough w.r.t. V}, to guarantee jru —u L Dy,
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From this two different approaches can be derived:
one-level (V,",Dy) & two-level (Vi, Day).

In the one-level approach, a standard finite element space is chosen as the projection
space Dy to guarantee the consistency order. Then, the approximation space Vj,
is (if necessary) enriched to V,:r such that the assumptions of Theorem 2.1 are
fulfilled. In the two-level approach, a standard finite element space is chosen as the
approximation space V}, and the projection space Dy, is thinned out to a space Dap,
on the next coarser mesh level.

3. Two-level LPS as an Enriched One-level LPS

3.1. Discrete Problem. For some r € N, let the solution and projection spaces
of the two-level LPS be defined by
Vi o= {vn € Hy(0,1) : vn| . € Po(K) VK €Ty},
Doy, == {qan € L*(0,1) : qon|,, € Prca(M) VM € My} .
Our stabilized two-level method is:
Find uj € Vj, such that for all v, € V},

() a(un,vn) + S(un, vn) = (f,vn)
where the bilinear form a and the stabilizing term S are given by

a(up,vy) = e(up, vy) + (buy, + cup, vp),

S(up,vp) = Z T (Kan (buy,), Kon (b)) 4 -

MeMy,

Herein, mop, : L2(0,1) — Day, denotes the L? projection and kap := id — map, the
fluctuation operator. Since the pair (V},, Dap) of spaces satisfies the assumption of
Theorem 2.1 we conclude the error estimate

(6) llu = unlll < C(e2 + R [ul 4

for the solution wuy, of (5) in the mesh-dependent norm

1/2
vl := <€IUI? +lollg+ > TMlﬁzh(bv')lﬁ,M> -
MeM;,

As already mentioned, the keypoint in the error analysis is the existence of an
interpolation satisfying an additional orthogonality property. We will see that such
an interpolation can be already constructed for a subspace of V}, which allows to
create a method with less degrees of freedom than the two-level method but with
the same convergence rate. We will construct such a subspace and the associated
interpolation on the reference macro in the next subsection.

3.2. Splitting of the Approximation Space. Let M= (—=1,4+1) be the refer-
ence macro, K_ = (—1,0), Ky = (0,+1), and Fjs : M — M the affine mapping of
M onto M € Mjy. We define the spaces

~ ~ —

Po={0e H'(M) : ilg € P(R-),ilg, € PR}, Pran=Po(A),

where dim ﬁnh = 2r+1 and dim ]37012;I = r+1. Consider the set of nodal functionals

+1
NZ(,&):/ ﬁ(g)Ll(g)dgv 120,1777‘—1,

—1
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FIGURE 2. Standard nodal basis of P, } on one macro element.

Np(0) =0(=1),  Npya(0) = 0(+1)
where L;, i = 0,1,..., denote the Legendre polynoms of degree i on (—1,+1)
normalized such that L;(1) = 1. The first r nodal functionals guarantee that a local
interpolation J : HY(M) — P,j, defined by N;(6 — J9) =0 for i = 0,...,r + 1,
satisfies the orthogonality property
(6 — Jb,q)7=0, Vge P_y(M), o€ H'(M).

The last two nodal functionals secure that the interpolation can be extended to
a global continuous interpolation jp, : H}(0,1) — Vj, with the desired properties.
However, because of dim PT on < T + 2 we cannot hope to find an interpolation

J: H 1(M ) — PT o, into the coarse space _ PT on, satisfying all r + 2 conditions.
We will show that a suitable enrichment of Pr,zh by just one additional function is
enough to meet these requirements. This additional function is uniquely determined
if it is orthogonal (with respect to a certain inner product) to Zgr,zh. Let us consider
the following functions

. _ Ap(x) + Apq(z) ze€[-1,0]
Pr(r) = { A(o2) £ () e [0, 41] r odd,

. - Ar(x) — Ar_a() x €[-1,0]
brle) = { (A2~ Ara(—a)) € [0,41]

where A, denotes the Legendre polynom of degree r on (—1,0) given by
Ar(z)=L.2z+1) =z€(-1,0)

T even,

Furthermore, we introduce the linear mapping @ : ﬁr,h — R™2 given by
®(d) = (No(0), ..., Nry1(0)).

Lemma 3.1. There is the unique splitting

~

(7) P.p= Ar,zh @ span (p) ® ker(P).
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The set of nodal functionals Ng, ..., Npy1 is ﬁf%-um’solvent, where the enriched

space is given by ﬁ:% = ﬁT)ghGBSpcm (pr). Furthermore, the orthogonality property

(2, 0)7=0  foralloe€ Py
holds true.
Proof. From the definition of the linear mapping ® we have
ker(®) = {# € Prj : N;j(0)=0,i=0,...,r+1}
which implies dim ker(®) > (2r+1) — (r+2) =r — 1.

~

Now, ﬁth Nker(®) = 0, since any function © € P, 2, can be represented as

T
= E aiL’iv
=0

the orthogonality of the Legendre polynoms yields ag = - -+ = a,.—1 = 0, and finally
we get 0 = N,.41(0) = .. Thus, we have dim ker(®) < r.

We prove that dim ker(®) = r—1 by showing that ¢, & ﬁr)gh and ﬁ:zhﬂker d = 0.
Then, the unique splitting follows immediately. From Rodriguez’ formula [6] we get
the expansion with respect to powers of x

(2r)!
(r!)?
showing that ¢ (—0) # @5”(4—0) and thus @, cannot be a polynomial on [—1, +1],
ie. ¢r & Prop. Now we show that P+2h Nker ® = (). This is equivalent to the fact

T7

"+ ...,

that the set of nodal functionals is ﬁf%—unisolvent. Since dim ]3:’% =r+2 and
r + 2 nodal functionals are given, it suffices to show that

bePh,,  Ni(®)=0, i=0,....,r+1, = ©=0.
We represent an arbitrary element of ﬁjzh as
ks
0= Z%Li + B&r.
i=0

Consider the case r odd first. The orthogonality property of A, and A,_; on [—1,0]
and of Ly on [—1,+1] imply for K =0,1,...,7 — 2

0=Ni(0) =on + 8 (/0 ¢r(@)Li(x) da + /0+1 @r(x)Li(x) dﬂc) = .

-1
Now, from ¢, (£1) = 0 we conclude
0= Ny(0) = (1) Har—1 — o)
0= N’I"Jrl(i}) = Qr—1+ ay,

consequently a,_; = «, = 0. From the orthogonality properties of Ax on [—1,0]
we obtain for r odd

0 +1
NT*1(¢T> = / Arfl(x)erl(fE) dz + /0 Arfl(—I)erl(I) dx

-1

0 0
:/ Ar,l(x)Lr,l(x)dx—l—/ Ay (2)(=1)" " L,y (2) da

—1

0
= 2/ Ar_1(x)Lp—1(x) dx # 0.
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As Nr—l(@r) 7& 0 but Nr—l(ﬁ) = BNT—I(SaT) =0 we get B =0.
Consider now the case r even. Again, from orthogonality properties of A, and A,_1
n [—1,0] and of Ly on [—1,+1] we get for k=0,1,...,r — 3

0 +1
0=Ni(0)=ap+ (/ &r(z) Ly (z) da —|—/ O (2) L (z) dx) = ay.
—1 0

Orthogonality of A, to L,_5 on [—1,0] yields

0 +1
Ny—2(fp) = —/ Ly_o(z)Ar_2(x) dx +/0 Ly o(x)Ar—o(—2)dx

0 0
= - / ) Ly _o(x)Ar_o(x) dz + / 1(—1)T72LT,2(3:)AT,2(3:) dx = 0.
Thus, N,_2(?) = 0 implies a,_2 = 0. From ¢,(+1) = 0 we get
0=N:(0) = (1) Har—1 — )
0= Nr11(0) = a1+,
ie. ap—1 =, = 0. A similar computation as above but now for even r shows

0 +1
No—1(fp) = — /_1 Ap—o(x) Ly (z) dz + ; Apo(—2)Lr—q(x) dx

_ _2/0 Lo o(22 + 1) Ln 1 (2) dz = — /H Loa(t)Lr (%) dt

-1 -1

N O ONE

Here, we used the orthogonality properties of the Legendre polynomial A, on [—1, 0]
and L,_5 on [—1,+1], respectively. Now 8 = 0 follows from N,_1($,) # 0.

It remains to show the orthogonality property. Since ¢, € HJ (1\7 ), we obtain by
integration by parts

_a(t)dt £ 0.

(()27;‘7 ﬁ)]T/[\ = _(st? ﬁ/)ﬁ
For r odd, the right hand side vanishes due to ¢’ € ﬁT 2,25, and the orthogonality
of A, and A,_1 to PT 2.2n, on [—1, 0], respectively. For even r, we have

+1
(B} 0)57 = — (s / Areao)i (@) da = [ A a(-a)i'(w) da

1
= A/ A _o(x) 2" 2 dx + A/ A _o(x) 2" % dr = 0.
—1 0
where we assumed an expansion in the form o'(z) = Az" 2 +.... O

For the case r = 2 the kernel of ® is represented by the function
y S(1+2)(1+32) ifze[-1,0],
€Tr) =
S1—2)(1—3z) ifzel0,+1],
and the additional function ¢, for enriching ]3212;I is

. _f 6z(1+2) ifze[-1,0],
Palz) = { 6x(l—=x) ifz€]0,+1].

For ﬁg)h the standard nodal basis and a basis corresponding to the splitting of
Lemma 3.1 are shown in Figures 2 and 3 .
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FIGURE 3. The splitting Py, = Py @® span(@y) @ ker ®. The
circles and squares indicate the functions @9 and w € ker ®.

Remark 3.1. We could replace ¢, by any functzon from &, + PT 2h leadmg to the
same enriched space P . However, the L*(M ) orthogonality of @.. to P4 Qh(M)

defines the function to be added to Pﬁngh(M) uniquely.

3.3. Reduced Two-level Approach. The results of the previous section moti-
vate us to consider a subspace of V}, for the approximation space combined with the
unchanged projection space Dsyj. Since there is only one function per macro cell
added to the same space on the next coarser mesh we consider this type of reduced
two-level approach as a one-level approach on M; with enrichments of piecewise
polynomial functions. Thus, we define the approximation and projection space by

Vb= {vh € HY(0,1)  vn|,, € Py (M) VM € Mh} ,
Dop, = {qan € L*(0,1) : qan|,, € Proa(M) VM € My}

where PTJr on (M) is just the mapped finite element space P "o, introduced in Lemma 3.1.
Our reduced two-level discretization is

Find uj;, € V) such that for all vy, € V,}
(8) a’(u;_ha ”;h) + S(u;’_h, ”;h) =(/, U;_h)-

Essential for the error estimation of a solution uJ, of (8) is the existence of the
special interpolation into the reduced finite element space V;ﬁ C Vh.

Lemma 3.2. There is an interpolation operator jj, : H}(0,1) — V;; such that

(9) (Jrw —w,q2n) =0 Ygon € Dap, w € Hy(0,1)
(10) ljhw — wlmar < CAEF™ |lw]l o1, 0 Yw e HHY (M), M € M,,
for£=0,...;r, m=0,1.
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Proof. On each M = (x;,2;11) a local interpolant j,iww € Prop(M) is uniquely
defined by the r + 2 conditions
iMw(x;) = w(x;), jrw(@ig) =w(@ig), (GYlw—w,q)u =0, Vg€ P_1(M)
due to Lemma 3.1. The global interpolant j,w defined by

gnwla = g3 (wly) VM € My,

belongs to V;{L by construction. Since jMw = w for all w € P, 25(M), we obtain
(10) by means of the Bramble-Hilbert-Lemma. Using qop|p € Pr—1(M), we have
(iMw —w,gon)m = 0 for all M € M, from which (9) follows by summation.  [J

Theorem 3.3. Let u be the weak solution of (1) and ud, the the solution of the
reduced two-level method (8) for Tas ~ hpr, respectively. Then, the error estimate

1/2
[llu —ugplll < C ( Z (€+hM)h?\zT[|“|z+1,M>

MeMy,
holds provided that w € H}(0,1) N H™ (0, 1).

Proof. The proof is analog to that given in [24, Theorem 2]. O

3.4. Elimination of Enrichments. In the following, we consider the reduced
two-level approach (VQ‘Z,D%) in the special case that b = const, ¢ = 0, and f
piecewise P,_1 ap,. As in [24] we want to eliminate the enrichments locally. However,
in contrast to the one-level approach, we have to deal with enrichments by piecewise
polynomial functions

o) =

which need more care compared to polynomials.
Clearly, we have ¢, ar|n € Hi(M). We split the approximation space into the
direct sum

20 —x; — X1
—_—, €M = [z, mi41],

Tit1 — T4

Vo =Van ©Br,  Bu= @ span ¢ru,
MeMy,

Von := {van € Hy(0,1) : van|,, € P-(M) VM € Mp}.

The direct sum V;{L = Vo, @B By, generates a unique splitting of the solution u;r n € V;,rI
of the local projection stabilization in the same way

U;rh = U2p + Z UM Pr, M -
MeMy,
Our aim is to reformulate the reduced two-level scheme in terms of this splitting.
For this we consider first some terms appearing in the LPS approach. Taking into
consideration that for any voj, € Vo, we have v), |y € Pr—1(M), the Ly projection
becomes mopvh, = vh, thus the fluctuation kop(vh,) vanishes. Furthermore, we

obtain 1 .
(b <P;,M7<PT,M) = E(b’ (‘P%,M)/) = —5(17/7%2«,M) =0.
Now, the reduced two-level discretization (8) can be rewritten as

Find ugp, € Vop, and {up} € RY such that for all vay, € Vap, M € My,
ety V) + (b, van) + Y unr (b s van) = (£, v2n),
(]‘]‘) MeMy,
uns (0@ ars Ehnr) + s (R2n (boy ap)s Kan by ar))] = (f — budy,, ©r ar).-
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Using the orthogonality ;. 5, 1 P.—1(M) stated in Lemma 3.1, we can see that
(7T2h(p;«,M7Q)M = ((P;’M,Q)M =0 Vg € PT‘—l(M)7

thus the projection mapp;. 5, vanishes and kon). 5y = ¢}, 3r- Then, the second set
of equations of the reduced two-level discretization (11) reads

(12) unm [5 + Tsz} (SD/T,Ma SD/T,M) = (f — bugy, ¢r,m) VM € M.

Next we intend to apply following Lemma to the right hand side of (12).

Lemma 3.4. There is a Yy € H" (M) with Y|k, € Par—1(K4) satisfying
PV =y in M, ) =0 ondM,j=01,....r—1.

Proof. We show that on the reference macro M = [-1,41] there is a function
¢ € H"(M) with
(13) V=g, inM, JPPD(x1)=0, j=0,...,r—1.

Thanks to the formula of Rodriguez we derive an explicit representation. Consider
the case of odd r first. Then, a careful check shows that

1d s, 1 -~
=] U il ! 2 +2)" @ el-1,0]
[I(l — x)]r + [$(1 _ I)]T_l ze [O, +1]

(r—1)!
satisfies all requirements of the Lemma. Similarly, for even r we derive a formula
starting with

rldx

- e B L,_1(1422) ze€[-1,0],
O (z) =0 (x) = 2(2r — 1) { Lo 1(l—22) z€l0,41]

integrating this representation (r — 1)-times, and using the conditions at z = —1.
As a result we obtain

oy 22 =1 [ [z(142)] " zel-1,0],
Vi(z) = r—1)! { (1 —2)] "' zel0,+1].

Taking into consideration that ¢/(—t) = —¢'(t
/ e

Using the transformation Fiy : M- M , we see that the function

ha \" o (2m = —
= (1) s ()

satisfies all requirements of the Lemma. (I

) and setting

we have 1) satisfying (13).

Now, using the fact that f — bul, is a piecewise polynomial function of degree
less than or equal to r — 1 with respect to M}, we can integrate by parts

(f = bty prar) = (f — buby, 057) = (1)1 (f = buby) ", ¥ar)

and obtain from (12) the representation

(=) (1, %m)

(€ +7xb?)lerali

un = (f = buby,) "V |as

Using this to eliminate ups in (11) we end up with the following method:



530 L. TOBISKA AND C. WINKEL

Find usp, € Vo, such that for all vep, € Vo,

e(usp, vgy) + (b, van) + Z Yar (buly, )", (bvhy, ) "D
MeMy,

= (f,v2n) + Z ’YM(f(Tfl),(bv’Qh)(’”*l))M

MeMy,

(14)

where the parameter v,/ is related to the parameter 75, of the LPS in the following
way

(lva)2

15 = .
(15) M (e +7mb?) b [or M 13

For the considered case b = const, ¢ = 0, and f piecewise polynomial of degree
r — 1, the method (14) is identical with the differentiated residual method (DRM)
which has been studied already in [23, 24].

Theorem 3.5. Assume b = const, ¢ = 0, and f piecewise P._1op and let the
approzimation space Vo, = Py oy, ﬁH& (0,1) on each cell M € M, be locally enriched
by @r.ar. Then, eliminating the enrichment in the reduced two-level LPS results in
the Pron-DRM. The associated stabilization parameter Tar and v are related by
(15).

Remark. It is well-known that by an appropriately chosen stabilization param-
eter vjs nodal exactness of the piecewise linear part of the solution can be achieved
for the DRM in the case b = const, ¢ = 0, f = const. Therefore, the formula (15)
allows to choose the stabilization parameters 77 in the reduced two-level LPS is
such a way that the piecewise linear part of the Pr+2h solution is nodal exact. For
this we compute 7

2(r—1)! [h " 2
2r =D (b r odd 167 r odd
@r—1)!\ 2 , har
(1 nr) = ) P
(r—2)! (hy - even 16(2r — 1) ove
- | = v ————= reven
@2r—3)1 \ 2 hoat
and use the formulas defining v, ps from [24]:
Y _ bhu . 22rt1y2 r odd,
M = ab®,.(qrr) b’ D=9 T 22t /(20 — 1) 7 even,
1 2r+1 1
D,.11(q) = — , ®1(q) =cothq— —.
+1( ) (I)r(q) q 1( ) q

4. Numerical Examples

Example 1. We choose b =1, ¢ =0, f =1, and ¢ = 1077. Apart from an
exponential layer near x = 1 the solution can be approximated by Ugsymp(T) = .
The stabilization parameter 7, s depends on the polynomial degree » > 1 and is
chosen as in Section 3.4. In Figure 4 we present the results for piecewise quadratic
approximations on a uniform macro mesh with 2h = 1/N, N = 20 and N = 40.
We clearly see the nodal exactness of the linear part (marked by stars) of the
computed solution and that oscillations are restricted to the boundary layer region
for the reduced two-level approach (left). For the classical two-level variant (right)
we have taken also the formulas for 7, 5; given in Section 3.4 but with a modified
(experimentally fitted) as = 13.856 instead of as = 32/3. Note that for this
variant nodal exactness cannot be guaranteed. The localization of oscillations on
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FIGURE 4. Piecewise quadratic two-level reduced (left) and two-
level (right) method. The stars display the linear part of the solu-
tions.

the boundary layer region seems to be less pronounced. For the case of piecewise
cubic approximations both variants show a similar localization behaviour, however
the amplitudes are much larger for the reduced two-level approach. Next we study
the influence of layer adapted meshes. We computed the solution on a uniform mesh
of N = 10 macro cells and subdivided the last element into two cells, and repeated
this approach resulting into eleven and twelve macro cells, respectively. The first
three diagrams of Figure 5 show the results for the piecewise cubic reduced two-level
method. Oscillations are concentrated on the last macro cell and their amplitudes
are almost constant. The fourth diagram shows the result on a Shishkin mesh with
the same number of degrees of freedom N = 12. A Shishkin mesh is a piecewise
uniform mesh with a transition point at 1—(3/2)elog N, see [7, 8, 14, 15, 22]. Thus,
the LPS is able to localize oscillations on the layer region but in order to suppress
their amplitudes layer adapted meshes seem to be necessary.

Example 2. We choose = (—=1,+1), b = —|z|, c = 1/2, f =0, u(—1) = 1,
u(1) = 2. An exponential layer is located near x = —1, there is also an inner layer
in the first derivative at x = 0. In Figure 6 we present the results for the two-level
method for a piecewise cubic approximation on a macro mesh of N = 80 cells. The
main characteristic of LPS, to localize oscillations on layer regions, holds true also
in the case of non-constant coefficients. Moreover, no oscillation near the inner
layer in the derivative are observed.

5. Conclusions

We have exposed the close relationship of the two variants of the local projection
stabilization. In particular, the two-level method can be regarded as a one-level
approach on the coarser mesh using piecewise polynomial enrichments. It turns
out that from this point of view the two-level approach uses larger enrichments
than needed to construct a certain interpolant which guarantees optimal order of
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FIGURE 5. Piecewise cubic reduced two-level method on adapted
refined meshes and on a Shishkin mesh (see the right most panel).
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FIGURE 6. Piecewise cubic two-level method for a non-constant
coefficient case and the close-up range of the layer region.

convergence. One additional degree of freedom per macro cell is sufficient which
corresponds to the one-level approach studied in [24]. Eliminating the enrichments
in the constant coefficient case (b, f constant, ¢ = 0), we obtain the differentiated
residual method [23] for which optimal choices of the stabilization parameters are
known [24] leading to the nodal exactness of the linear part of the solution.
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We think that these investigations provide some insight into the better under-
standing of the stabilizing properties of the popular local projection stabilization.
The observation that the dimension of the enrichment space can be considerably
reduced is not restricted to the one-dimensional case. It opens also in the multi-
dimensional case the way to design reduced two-level methods which preserve the
convergence order. We will address these questions in a forthcoming paper.
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