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FINITE VOLUME APPROXIMATION OF TWO-DIMENSIONAL STIFF
PROBLEMS
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Abstract. Continuing an earlier work in space dimension one, the aim of this
article is to present, in space dimension two, a novel method to approximate
stiff problems using a combination of (relatively easy) analytical methods and
finite volume discretization. The stiffness is caused by a small parameter in
the equation which introduces ordinary and corner boundary layers along the
boundaries of a two-dimensional rectangle domain. Incorporating in the fi-
nite volume space the boundary layer correctors, which are explicitly found by
analysis, the boundary layer singularities are absorbed and thus uniform meshes
can be preferably used. Using the central difference scheme at the volume in-
terfaces, the proposed scheme finally appears to be an efficient second-order

accurate one.
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1. Introduction

We consider convection-dominated problems in a two-dimensional domain:

div(—eVu® —bu®) = f in ,
(1.1) { u® = 0 on 99,

where = (0,1) x (0,1) C R?, div(b) = 0, b = (b1, by)T with by, b > § > 0 and
e > 0, and by = bi(x,y),bs = ba(z,y) and f = f(x,y) are sufficiently smooth.
When ¢ is small, e.g. 0 < ¢ << §, the solutions u® of Problem (1.1) possess
boundary layers at the outflow boundaries, that is, = 0, y = 0. For the analysis
of boundary layers problems the reader is referred to e.g. [4], [5], [8], [9], [11], [21],
[23], [25] and [27], and for the numerical approach to e.g. [24], [7], [12], [13], [15]
- [19], [22] and [26]. Notice that the boundary 9§ of Q is nowhere characteristic.
Since div(b) = 0, we also note that div(—eVu—bu) = —eAu—Db-Vu and the well-
posedness of Problem (1.1) in the Sobolev space H}(f2) is standard, thanks to the
Lax-Milgram theorem. Furthermore, we can verify the following norm estimates
for the solutions u®.

Lemma 1.1. Let f = f1+ fo+ f3. There exists a positive constant k, independent
of €, such that

[uf|12(0) < KN:(f),
(1.2) [u| () < ke~ 2 Ne(f),
|u®| g2 () < ke 2 Ne(f),

Received by the editors June 24, 2009 and, in revised form, October 07, 2009.
2000 Mathematics Subject Classification. 34D15, 76N20.

462

1
2
3
2



FV APPROXIMATION OF STIFF PROBLEMS 463

where N-(f) = | filr2) + € 2|z(L1 — 2) fa|z2(0) + e 2 |y(La — y) f3] 2(0)-
Proof. To estimate u® = u, we write u = e~ *v and then we have

1.3) —eAv — div(bv) + (by — )v + 2ev, = €*f in Q,
(L. v =0 on 9.

We first observe that
2
(1.4) _/ div(bv)o = —/(b~Vv)v = / div(b) = = 0.
Q Q Q 2

Multiplying then (1.3); by v and integrating over €, we find

cfolipn + (6 — <)ol < sle(Ly — ) falzal( +
1
Ly —
< k(| fulezlvlez + [2(Ly — @) falr2lvlm + [y(L2 — y) fs|p2lv]m).
In (1.5) we have used the Hardy inequality (see e.g. [19], [10]) in the form:

Ly,
v
Ll—:v L

1
(1.5) _|_,{|y(L2_y)f3|L2|(§—|— y)v|L2—|—/£|f1|Lz|v|L2

(1.6)

— <H|U|H1(Q), for u =0 at x = 0.

‘ U
L2(Q)

X

The first two inequalities (1.2) follow promptly from (1.5). Then the H? regularity
and the H? estimate immediately follow from (1.1). O

Convection-dominated problems appear in many applications where convection
plays an important role, as for instance weather-forecasting, oceanography, trans-
port of contaminant, etc. (see e.g. [3]). In this article we build a novel method
to approximate, numerically, two-dimensional convection-dominated problems and
via numerical examples the new numerical scheme is proved efficient and accurate.

Before we proceed we analyze below the stiffness of the solutions due to the small
parameter €.

2. Singular perturbation analysis

In general, functions like u® can be decomposed into a relatively slow (smooth)
part u*® and a fast part u/, i.e. u® = u® + u/. Using standard classical numer-
ical methods the slow part u® can be easily approximated, but the fast part u/
produces large approximation errors due to the stiff gradients. Introducing the
so-called correctors which appear below we will resolve such issues for the problem
under consideration. The singular perturbation analysis provides the two impor-
tant settings. One is to locate the stiff parts, namely the boundary layers; we will
modify them and construct appropriate forms of u/ which absorb the boundary
layer singularities. The other is to impose the boundary conditions for the slow
parts u® which are close to the limit solutions.

Writing (1.1) in a non-divergence form we first construct the limit solution of u*
in (1.1), i.e. when € = 0. That is, we find

(2.1) b-Vu’ = fin Q,

and then impose the zero boundary conditions at the inflows, i.e. =1 or y = 1.
This choice of the boundary condition for (2.1) will be justified a posteriori by
our convergence result. The existence and uniqueness of a solution u® € L?(2) of
(2.1) satisfying the zero boundary conditions at the inflows is well-known. In what
follows we will assume that u° is as regular as needed. Such regularity results may
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impose some regularity and compatibility conditions for b and f, in particular if
b - n vanishes on 92, where n is the unit outward normal on 9.

To resolve the mismatch of the boundary values between u° and u° at the out-
flows, i.e. x =0 or y = 0, we now introduce the so-called ordinary boundary layers
6!, 62 (OBL) in space dimension 1, operating in the direction orthogonal to the
boundary. We find these OBL by stretching the space variables respectively near
x =0, and y = 0, and balancing the dominating differential operators (see e.g. [4]
[25], [24], [15]):

—efL, — b1(0,9)0L =0 in Q,
(2.2) ' = —ul at x =0,

' =0atz =1,
and

—59§y — ba(z,0 912/ =0in Q,
(2.3) 0% = —u® at y =0,

02 =0aty=

We then see that the asymptotic difference u® — (u® + 6' + 6?) satisfies the zero
boundary condition at x = 1, y = 1. However, this difference may not be zero
at x = 0, y = 0 due to the correctors #',62 themselves. To resolve this new
discrepancy, we introduce the so-called corner boundary layer £ (CBL) at (0, 0), see
e.g. [25]; € is the solution of:

—eA& —b1(0,0)&; — b2(0,0)¢, =0 in Q,

(2.4) E=—-0atr=0,¢=—-0"aty =0,
E=0atx=1,ory=1.

Finally, the asymptotic difference w = u® — (u® + 6 4 6% + ¢) satisfies the zero

boundary condition on 952 and we will now estimate this difference, which measures
the asymptotic error. Subtracting (2.2)1, (2.3)1, (2.4); from (1.1); we obtain

(2.5) —eAw —b-Vw=cecAu’+ R + Ry + R3 in 0,
' w = 0 on 91,
where
Rl = Eeiy + b2($7 y)e'llj + (bl ((E, y) - bl (07 y))9;7
(2.6) Ry = €03, + b1(x,y)07 + (ba(z,y) — ba(x,0))0,
R3 = (b1(z,y) — b1(0,0))& + (b2(2,y) — b2(0,0))&y.
For the purposes of the following analysis we need explicit expressions of the correc-

tors. Since these explicit expressions are generally not available, we introduce the
following approximate forms 8', 02, ¢ of the boundary layers 01, 62, ¢ respectively:

_ X
6 = —u0(0,y) eXp(—bl(Ovy)g)v

(2.7) 0% = —u0(z,0) exp(—bg(:v,O)g),

b1(0,0)z + b2 (0, O)y)
. .

These approximate forms respectively satisfy the same differential equations with

the outflow boundary conditions (2.2)12, (2.3)12 and (2.4);,2. But they are ez-

ponentially small terms (est) at the inflow boundaries © = 1,y = 1. Hence the

differences between the boundary layer functions and their approximate forms sat-

isfy the respective differential equations and are est at the boundaries. By standard

& = u°(0,0) exp(—
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a priori estimates, it is thus found that the differences are est too. Denoting by
R1, Ry, R3 the expressions Ry, Ro, Rs after replacing 01,62, ¢ by 8,02, €, we find:

|Ri|r2 < /@5|§;y|L2 + K|§;|L2 + k|20 |2 + est

2 _ _
(2.8) <l (2) 802 + 128" 12) < sl exp(=cZ) |2 + est

[SIE

< Kkez.

We can also estimate " Ry, for n > 1:
(2.9) |2" Ry|p2 < klz" exp(—cgﬂm +est < ke"t3
Similarly, we find, for n > 0,
(2.10) |y" Ro|2 < ket3.
For R3, we obtain that

|Rs|z2 < |(b1(2,y) = 01(0,0))&xr2 + |(b2(2, y) — b2(0,0))&y |12 + est

< ke (@ + )€l e + est

(2.11) .
e

< ke H(x + y) exp(=b1(0,9)=) exp(—ba(x,0)Z)| 2 + est

< Ke.

oM <

We can also prove that for n > 1,
2.12 2" R3|pe < ke |y " R3|pe < k™t
Y

Applying Lemma 1.1 to the equation (2.5) with f; = eAu®, fo = R; and f3 =
Ry + R3 we can answer at the following result:

Lemma 2.1. There ezists a constant k > 0, independent of € but depending on the
other data, such that

|uf —u® — 0t — 02 — €| 12 < ke,
(2.13) lus —u® — 01 — 6% — €| < ke,

[us —u® — 01 — 02 — ¢|py2 < ke 2.
Remark 2.1. From Lemma 2.1 we see that we can decompose u® into two parts
u®,ul in H'- space. Indeed if we write

(2.14) u =w+ul, u =0+ 62 +¢

with w = w® = uf —u® — 0* — 62 — £, (2.13) implies |w|;> < ke, |w|p < ke, so
that u«® is indeed smooth (although depending on ¢ in a ”controllable” way). O

In Section 3 the main task will be to approximate the smooth part u* since uf
is approximated at exponential order by ' + 2 + ¢ which is explicitly known.

3. The Finite volume schemes

In view of approximating u®, we now consider a finite volume discretization of
the space Hg (). We introduce the mesh or control volumes (cells), nodes (z;,y;)
and some notations. We first introduce the step functions x;; over the control
volumes Kj; ; where

(31) Xi,j = XK, (xvy)a Ki,j = (Ii—%axi+%) X (yj—%vyj-i-%)v

for 2,5 = 1,--- , N. For the sake of simplicity, we restrict ourselves to a uniform
mesh, so that Tyl =T L =Yl -y = h. To handle the boundary values
on 09, we consider the fictitious nodes (zo,v;), (zi,y0), (*n+1,y;) and (25, ynt1)
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FIGURE 1. Control volumes over 2-dimensional meshes.

for which the nodal values are defined by linear interpolations as we show below.
Note then that we can write ;1 = (i — 1)h, ; = (i — 3)h, yj—1 = —1Dhand
yi = (j = 3)h.

We observe and emphasize the fact that in the proposed method, we do not need
to refine the mesh near the boundary. In a classic manner (see e.g. [6], [7], [19]), the
nodal values u;; ~ u®(x;,y;) are defined at the center of the cells (control volumes)
K = (xi_%,:er_%) X (yj_%,yﬁ%) (see Figure 1) and the numerical derivatives
Viup between the cells are given by

Uit1j — Uij
V,lluh = % on (x;, Tiy1) X (yj,%,ijr%),

(3.2a)
fOI'?;:l,-u 7N_17j:17"' ;Nv
Uj j+1 — Wig
(3.2b) V}%Uh = % on (Iii%,xlpi,%) X (yj7yj+1),

fori=1,--- ,N,j=1,--- ,N—1,

where V}Luh and V,%uh are respectively the first and second components of Vjuy,
and they correspond to approximations of the derivatives of u® in the z and y
directions, respectively. However, since the boundaries are positioned at volume
faces (not at nodes), to define Vjuy, on the cells adjacent to the boundaries and to
impose the Dirichlet boundary conditions, some specific treatments are necessary,
which are the object of Section 3.1.

3.1. Linear interpolation of nodal values at the boundaries. To impose
the Dirichlet boundary condition on 0f), we use a linear interpolation between
the boundary values of u° and the nodal values u;; on the cells adjacent to the
boundaries 02. Based on the above singular perturbation analysis and Remark
2.1, since u® behaves like u°, we impose the zero boundary conditions for u* at
the inflows x = 1, or y = 1. At the outflow boundaries x = 0, or y = 0, we will
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| cell || S |
[£1,21) X (47,954 1) 2(u1jh— T'Oj), “1,j+1h— U1j>
(@i, 254) X ly3,01) ui+1.,1h— it 2(“i1h— Ti0)>
(@Ns @y 2] X (Y55 9501) _2“th7 UN,j+1h— uN;
(ZCi,ZCH_%) X (yN’yNJ,-%] Ui+1,Nh— UiN,—mZN)

TABLE 1. Numerical derivatives on the cells adjacent to the
boundaries; for ¢,j =1,2,--- , N.

consider the boundary nodal values ro; at « = 0 and r;0 at y = 0, for 4,5 =
1,--+, N (see Figure 1). Near the outflows z = 0, y = 0, to define the numerical

3

derivatives, we approximate the function «® on the half cells [z 1, w1) x (Y, 141 ),

(xiféalefé) X [y%7y1)7 ($N,$N+%] X (yjféuyj+%)u and (l’i,%,x,H,%) X (yNayN+%]7
1,7 =0,1,2,--- | N, respectively, by linear functions z; = z;(z,y), i = 1,2, 3,4,

2(u1; — 1o 2(uin — i
(3.3&) — w + Toj, 29 = w + 750,
2uni(l —x 2u;n (1 —
(33b) z3 = 7]\]]% ), Z4 = 7N(h y)

Differentiating z;(x,y) the numerical derivatives for u, and u, on these half cells
are thus obtained. Here we use the interpolations: on the cell [:v% 1) X (Y5, ijr%),

e.g.

Ui,j — UQj U, — 2 —Q,- 2(u1 — To4
(3.4) V;lluh _ Uy - 0j _ 1,5 1h( 2 Y5) _ ( ljh 0j)
The numerical derivatives on such cells can then be evaluated in a similar manner
as in Table 1.

The cell K11 near the corner (0,0) is divided into two triangular cells which are
separated by the line y = z. Let us call the upper triangular cell U;; and the
lower one Li;. We then approximate u® on each triangular cell by linear functions
z5 = z5(z,y) and z¢ = zg(x,y) which resp. pass through rgp, 710 and u1; and
100,701 and u1; where rgg is the nodal value at (0,0):

Z5 = u11 + 2 {(uu —ro1)(z — ﬁ) + (ro1 — 700)(y — g):|7
h

(3.5) h 2
Z6 = u11 + %{(Tlo —700) (T — g) + (u11 — r10)(y — 5)]

Differentiating zs, z¢ we obtain the numerical derivatives on the triangular cells U1,
L1 as in Table 2.

3.2. Classical finite volume schemes. Multiplying (1.1); by a step function
Xi,j, integrating over 2 and applying the divergence theorem we find:

ou
3.6 —5/ ——/ ub-u:/ .
(3.6) K ov K Kij d

We write F; ; = fijvol(K;;) = fijh? and use the central differencing (CD) for the
convective term ub, that is, e.g. at the volume faces (z, 1 y;), we take the average
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| cell || Vyup |
U 2(ui1 —ro1) 2(ro1 — 7o0)
11 h ) h
I 2(r10 — roo) 2(u11 —710)
11 h ) h

TABLE 2. Numerical derivatives on the triangular cells adjacent
to the corner (0, 0).

(@) (b)

uF\/M

FIGURE 2. Numerical solutions for —eAu® — ug — u; = sin(27y)
with € = 1073, N = 40, and the Dirichlet boundary conditions
u® = 0 on JQ: (a) solution using the New finite volume methods
(3.19) with the correctors 6., 05,0, (nFVM); (b) solution using the
Classical finite volume methods (3.7) without the correctors
(cFVMCD).

of two nodal values respectively at (zi,y;), (¥i+1,9;)), namely (bu)(z;,1,y;) =

2((bu)(zi, ;) + (bu)(xit1,y;)). Replacing u by uj, = > i j>1 Wi jXi, and Ou/dv
by v - Vyup, as above we obtain the discrete system corresponding to the equation
(3.6): fori,j=1,---,N,

h h
37) (—e+ bl,ifl,ji)uifl,j + (=& +baij-1 E)ui,jfl + deu;
3.7

h
+(—e— b2,i,j+1§)ui,j+1 +(—e— bl,i+1,j§)ui+l,j = Fij,

where (b1,i,5,02,i,5) = (b1(®i,y;),b2(24,y;)). Note that our method allows us to use
here the central differencing, which is second-order accurate whereas the upwind
differencing, usually used, which takes upstream nodes at the volume faces, is only
first-order accurate (see [19], [28]).
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As usual, we simply impose the zero boundary conditions (1.1), by setting ro; =
ri0 = 0 at the outflow beside the zero inflow boundary conditions. For this, from
the linear interpolations (3.3) we consider the fictitious points outside the domains
which will be incorporated in the scheme (3.7), i.e. with ro; = r;p =0,

h
(3.8a)  wo; = 21(—57%‘) = —uyy, U0 = 22(s, —5) = —Uj1,
h
(3.8b)  unyij =231+ =,y) = —un,j,  Uin+1 = 2z, 1+ =) = —u; N

2 2

The scheme (3.7) then corresponds to the following variational problem:
To find u;, € V}, such that

N+1N+1

(3.9) an(un,vn) = < fyop >, Vo, = Z Z Uk 1Xk,1 € Vi,
k=0 =0

where ap (up,vp) = Ek,l V1 faKkl(—aauh/[?V —upb - v) and
(3.10) Vi, = {Sp&n{Xk,l}k,l:O,l,---,N,N+1 with the conditions (3.8)}.

However, when ¢ is small, the classical schemes (3.7) with (3.8) cannot capture
the boundary layer singularities and then the large approximation errors due to
them propagate along the characteristics. This makes the scheme highly unstable
(see [19] and Figure 2 below).

To resolve such issues, we show in the following sections how to capture the
boundary singularities by enriching the spaces V}, with the correctors.

3.3. Corrector basis. We now consider the new schemes which incorporate the
correctors’ basis to absorb the stiffness of the solutions. Based on the above singular
perturbation theory and Remark 2.1, we infer that the stiffness is attributed to the
boundary layers at the outflows, i.e. 6',0% ¢. We approximate the fast part u/

. . _ b1(0.0)a4b3 (0.0)y _b1(0y ) _ba(e;,0)y
using the functions e c , —€ c and —e c and the slow

part u® by usual classical elements >, .~ ui;x;,;. We write the corrector basis,
0w, 0s and 6,,

910 = Qw(a:) = —eXp(—bl(O,yj)g),fOI'j = 17 e 7Na

(3.11) 05 = 0s(y) = — exp(—ba(z;,0)=),for i =1,--- | N,

(DS

b1(0,0)z + b2(0,0)y
5

0o = 0o(z,y) = exp(— ),fori=j=1,

and assuming that the thickness of the boundary layers is concentrated within
one mesh (that is € << h) we may consider the corrector basis supported in one
mesh, ie. e.g. 6y, = 0,(7)x[0,n (7). We introduce a usual finite volume space
Vh, i.e. step functions as above, and add to it the functions, 6., x0,n)x(y. Wie1)
_ _ _ TI—g Ity
OsX(z. o @,y 1) (0,h) and 0, (0,1)x (0,n) corresponding to g%, 62, £, and we obtain the
i—5 ity
enriched finite volume spaces. In the enriched FV space we then approximate the
solution u® of (1.1) by ay,
N N
(3.12) iin = 10000X0.0 + ¥ 70,i0wX0j + P TiofsXio + D UijXij,

j=1 i=1 i,j>0
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where, X0,0 = X(0.n)x(0.h)s X0,j = X(0.0)x(y, _
the x; ;, for ¢,7 > 1, are as in (3.1).

The derivative Vu® is then approximated by a numerical derivative V4, (see
e.g. [19])

1307 X0 = X(@, g, 1) x(0,h); and

N N
(3.13) Vitn = rooV8oxo,0 + Z 70,; VOuwXo,j + ZTi,0V9in,o + Viug,

=1 i=1

where Vjuy, is defined in (3.2) and in the Tables 1, 2.

l'IFVM

FIGURE 3. Numerical solutions for —eAu® —ug — 1.5ug = 1 with
e = 1073, N = 30, and the Dirichlet boundary conditions u* = 0 on
09 using the New finite volume methods (3.19) with the correctors
O, 05,0, (NFVM).

3.4. The new finite volume schemes. In the new schemes, we assume that the
roj, and 7o (see Figure 1) are free at the outflow and set the nodal values equal
to zero at the inflow boundaries. From the linear interpolations (3.3) we can, as in
(3.8), define the values of u® at the fictitious nodes:

(314&) Up; = 27‘0j — U1y, U0 = 27‘1'0 — Ui1,
(3.14b) UN41,j = —UN,jy Ui N+1 = —UiN-

Hence we can setup the scheme (3.7) with the nodal values as in (3.14). However,
due to the nodes ry j, r;0, the system for this scheme is not closed. But it can be
closed using the correctors 6., X0.;,sXi,0, 0o as test elements as we will show below.

We start with the generic test elements x; ;. For 1 < ¢,7 < N, multiplying
(1.1)1 by xi,, integrating over © and replacing u® by @y, as in (3.12) we find that
the equations are equivalent to those of the classical FV scheme (3.7). Note that
the correctors O,,05,0, (and similarly below) do not contribute to these equations
because the correctors are the solutions of (1.1) with f = 0.
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Multiplying (1.1); by 6, (2)x1,5, J = 1,2,---, N and integrating over Q we first
find that

0
(3.15) —/ iy +/ (ctsbpe — (b-V)u) = | fOu.
8K1Yj 8V K1,j Kl,j
Since Oyp = —b11%115_19w, we can rewrite (3.15) as
Ju
(3.16) - g0y — (b1 +b1,1,1,001 1) Vu)ly, = fOuw.
oK, OV K1 2 2 K1

Note that [ f=O(h?)fori,j>1,but [ f, = O(he), for j > 1. To balance
B 2J

this equation with the other equations in (3.19) below, we will multiply (3.16) by
h/e.

We can similarly derive an equation associated to the test function 6,(y)x;.1. We
just switch the roles of # and y, and of b; and ba.

For i = j = 1, multiplying (1.1); by 0,(x,y)x1,1 and integrating over 2 we find
that

(3.17) —/ 5%90 + / (eVu -V, — (b-Vu)b,) = fb.
OK11 v Kia Ki1

Since VO, = (=by 11, —by, %)5_16‘0, we can rewrite this as

ou
(3.18) _/ 58—90—/ (bygn +bratsbary +bor1) V)= [ f0,.
8K1,1 v Kl,l Kl,l

We note that | K, J0o= O(g?). To balance this equation with the other equations,
we will multiply it by h? /2.

Replacing the derivatives du/0v and Vu as in (3.16) and (3.18) by the numerical
derivatives v - Vpayp, and Vi@ as in (3.13) and combining the classical equations
(3.7) with (3.14) we obtain the following new scheme: for ¢, =0,1,--- , N,

(3.19a)
fori=75=0,
1-A
(43,13 C + by 3 1 D)oo + (—27 2 4+ (4by1 4 — by 1 1)C)hro,

1
1,5

2
1-B
2 — (4by 1, —4by, 1)D)hrg

bi1a
3
24 By)(1—A))  (2+A)(1-B
+(( T B = 4s) | 2+ Aa)( 2)—4b1;10—4b21;D)hu171
bQ,I,% by 1, 2 2
As(1-B By(1-A
2 2)hU1 l 2)hu21:F00,
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(3.19b)
fori=0,5>1,
1
(2 - 4Bl)h7‘0,j + (—2h + 6hB; — hBy + 2¢ b
1,
25—|—b271)%h 26—b271)%h

1 — Bo)uy 41 —
2b17%71 ( 2)“’1;.7"1‘1 2b17%)1

2Yuy,; + (—2B1 + Ba)husy

,1

1
2
(1 = B2)ur,j—1 = Fo j,

forte>1,5=0,
1-A
(2 — 4A1)h7‘i70 + (—2h + 6hA; — hAy + 2£b—2)ui71 =+ (—2A1 + Ag)hui)g

2,1,1
2e+by 1,k 2e— b1
—W(l - Az)ui-i-l,l - W(l - A2)Ui—1,1 = Fi,07
113 113
for¢,5 > 1,
h h
(3'19(3) (—E + blyiflng)uifld + (—E + bzﬁiyjfli)uiyjfl + 48uw-

(e = bzigrig i + (=€ = brivig5)uive; = Fij.

In (3.19) we have set, for k =1,2:

kh kh
A = exp(—bz,1,§2—a)a Bi = exp(—by 1, 2—5)7
o_ AsBy — 1 Ay —1
(3'20) b1,%,1(b1,§,1 + b2,1,%) b1,%,1b2,1,% ’
D— AsBy — 1 By —1
b2,1,%(b1,%,1 +b2,1,%) bl,%,lbzl,%,
h? h h
(3.21) F11=—2 f0,, Iy = — fOw, FiOZ_/ f0s, Fij = s
€ K1 € K1, € Ki K;

and the fictitious nodes woj;, w0, Un+1,5, Ui, N+1 are as in the relations (3.14).

Remark 3.1. In (3.15) (similarly in (3.17)) rather than a divergence form we use
a non-divergence form of Eq. (1.1). The reason is due to discretization errors.
More precisely, if we use a divergence form, the term le (b-Vu)d, in (3.15) can

be written as le ~ub10,, and we then find the discretization error le (uby(z) —
2J 2J

upb1.1,1)0ws = (’)(hef%), which is getting large as € is getting small. This error can
lead to a instability of numerical schemes. However, the discretization error due to
the term [, (b - Vu)f, is only O(h).

2J

4. Numerical examples

To test the numerical accuracy of the classical and new finite volume schemes,
an analytic explicit solution with a given boundary condition is usually suggested.
But it is difficult to have an explicit solution u¢ of Eq. (1.1) (with sharp boundary
layers) if f does not have singular terms of the type e~%/¢. Hence, for comparison
purpose, we take f = —2x + 2, by = by = 1 and the boundary conditions u® = 0 at
x = 0,1 and assume periodicity with period 1 in the y direction. Since we expect
boundary layers at z = 0 only, for the new schemes (3.19), we set 7,0 = 0 for i > 0
and we thus remove the first and the third equations of (3.19) and thanks to the
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X axis

FIGURE 4. Numerical solutions for —eAu® —ug —1.5u; = sin(27y)
with ¢ = 1073, N = 30, and the boundary conditions u® = 0 at
x = 0,1 and 1- periodic in y using the New finite volume methods
(3.19) with the corrector 6,, only (nFVM).

periodicity in y replace the second and the last relation of the fictitious nodes in
(3.14) by wi,0 = ui N, i, N+1 = U;1 respectively. Similarly, for the classical schemes
(3.7), we use these two relations to replace the second and the last ones in (3.8).
The exact solution is easily found:

(4.1) W=1-e*) e F+2—(1+2)e 5)+a>—2(1+e)x+1.

As it appears in Table 3, the new finite volume methods (nFVM) (3.19) attain
much better numerical accuracy for £ < 10~! whereas the classical finite volume
methods with center differencing (cFVMCD) (3.7) do so for € = 1 (¢ not small)
but, as ¢ — 0, the cFVMCD becomes highly unstable and with upwind differencing
(cFVMUD) the classical scheme is stable but less accurate than the nFVM. In
Figure 4 imposing the same boundary conditions with f = sin(27y) we can also
obtain stable and accurate numerical solutions. In this case, we expect the boundary
layers to occur at = 0 and incorporate the corrector 6,,.

In Figure 2 we compare the simulations for the new and the classical schemes.
Firstly, we easily see that the numerical errors from the classical schemes cFVMCD
propagate along the characteristics, y = x+c¢, ¢ constants. More precisely, the large
approximation errors due to the stiffness of the boundary layers at z = 0, or y = 0
propagate in the convective directions. To capture the stiffness, highly fine meshes
are needed when using the classical finite volume schemes. On the contrary, the
numerical solutions obtained with the new schemes nFVM are stable and capture
the boundary layers at x = 0, and y = 0 with economical mesh sizes.

In Figure 3 we clearly observe the boundary layers at x = 0, y = 0 and the
characteristics are y = 1.5z + ¢, ¢ constants, and the new schemes capture all the
boundary layers.
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[ ¢ [N uFVM | cFVMCD [ ¢FVMUD |
1 |10 [[ 8:3570E-01 | 3.2196E-03 | 3.9710E-03
1|20 | 8.5300E-01 | 8.3143E-04 | 2.4769E-03
1 |40 || 8.6200E-01 | 2.1119E-04 | 1.3687E-03
10T [ 10 [ 2.5535E-03 | 1.2533E-01 | 8.2272E-02
107" | 20 || 6.7887E-04 | 3.3935E-02 | 5.7310E-02
107" | 40 || 2.1021E-04 | 8.8401E-03 | 3.4563E-02
1077 [ 10 [ 2.6856E-03 | 1.5094E+02 | 8.2286E-02
1073 | 20 || 7.1281E-04 | 3.037SE+01 | 4.4832E-02
1073 | 40 || 1.9543E-04 | 1.1543E+01 | 5.1539E-02
105 [ 10 [[ 2.5000E-03 | 1.2499E+12 | 9.2500E-02
1078 | 20 || 6.2500E-04 | 1.5625E+11 | 4.8125E-02
102 | 40 || 1.5625E-04 | 1.9532E410 | 2.4530E-02

TABLE 3. The numerical accuracies, measured by the max norm,
maxi<; j<ni{|u(zi,y;) — wij|} where u(z;,y;) are exact solutions
from (4.1) and w; are numerical solutions from the classical fi-
nite volume methods (3.7) with central differencing (cFVMCD),
upwind differencing (cFVMUD), and new finite volume methods
(nFVM) (3.19) where —eAu® —ug —ug, = —22+2 with the bound-
ary conditions u® = 0 at x = 0,1 and 1- periodic in y.

5. Conclusion

We have extended to 2D problems our approach developed in ([19]) for one-
dimensional problems, where we verified the stability and convergence analysis. In
the 1D problem we have only one ordinary boundary layer at the outflow whereas in
the 2D problem under consideration we observe, beside the boundary layers along
the outflow boundaries, the corner boundary layers located at the corner where
the two boundary layers intersect. Incorporating into the F'V space the correctors
0w, 0s,0,, which absorb the singularities of the ordinary and corner boundary lay-
ers, and using the central differencing (CD) we are able to achieve the second-order
numerical accuracy in the Taylor series truncation error (see Table 3 and see the
truncation error analysis in [19]). Furthermore, since the boundary layer singular-
ities are absorbed by the correctors, we are able to use a uniform mesh. The new
finite volume scheme (3.19) is thus efficient (compared to the use of meshes refined
near the boundary layers), stable and second-order accurate. Here we note that the
upwind differencing (UP) which is standard in classical schemes is only first-order
accurate in the truncation error.

It is noteworthy to estimate the mesh size h that is needed if the boundary layer
singularities are not appropriately absorbed as we do. For simplicity, let us consider
the one-dimensional version of the problem under consideration. The interpolation
errors for u® near x = 0 (say over a mesh [z;,2;11]) in e.g. the H!- space are
bounded from above by xh|u®|g2 (s, 2,.,) (see [19]). By asymptotic analysis, it is
vira) ™ 5—3/26—011/6, c¢>0,
zis1) < K, We must require

not difficult to estimate u as u® ~ e~/ and |[u®|p2(y,,
near the boundary. Hence, to guarantee that [u®|g2 (s,
the mesh points z; to be z; ~ —%Elns which indicates extremely small meshes as
€ — 0. Our scheme, which absorbs the boundary singularities in the corrector, only
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requires uniform meshes and is definitely much more efficient. We plan, in a future
more experimental work, to compare e.g. the CPU times required by the different
modes, but we see already that our method avoids refining the mesh (too often) as
e —0.

We have used the central differencing at the volume interfaces. Absorbing the
singularities due to boundary layers the numerical stability is already achieved (very
robust with respect to changes of €) and thus usual higher-order techniques can be
implemented such as the stability preserving higher-order methods, e.g. central
upwind, MUSCL, which appear in classical finite volume or discontinuous Galerkin
methods. Note however that the numerical solutions of the stability preserving
higher-order methods are known to be smearing (or to have relatively low numerical
accuracies) near the boundary layers.

We may extend our method to more complex problems. Without any changes
taking the tensor product of 1D finite volume spaces we can easily apply to 3D
version of (1.1) on a cubic domain as we did the 2D version (1.1) from the 1D
problem in [19]. On curvilinear domains when b - v does not change sign on 952,
since the boundary layer correctors are 1-dimensional (see [9], [8]), we can also
obtain explicit forms of the correctors and incorporate them in the FV spaces. We
may also consider more general elliptic operators of second or higher order, or time
dependant problems (see [14], [3], [20], [1], [2]). In the case where the convective
coefficients b - v change sign, the difficulties are considerable due to the turning
point layers (see e.g [18] for 1D problems). In general the curves where the turning
points occur are complex and the turning point layer correctors should be modified
and simplified to be used in the discretizations. We will extend our method to
resolve such issue as well as problems on 3D domains, curvilinear domains, and
turning point layers in the future.

Acknowledgments

This work was supported in part by NSF Grant DMS 0906440, and by the Re-
search Fund of Indiana University and by Basic Science Research Program through
the National Research Foundation of Korea(NRF) funded by the Ministry of Edu-
cation, Science and Technology (20100015696)

References

[1] B. Cockburn, F. Coquel and P. G. LeFloch, Convergence of the finite volume method for
multidimensional conservation laws. STAM J. Numer. Anal. 32 (1995), no. 3, pp 687-705.

[2] B. Cockburn, G. Kanschat and D. Schotzau, A locally conservative LDG method for the
incompressible Navier-Stokes equations. Math. Comp. 74 (2005), no. 251, pp 1067-1095

[3] B. Cockburn and C.-W. Shu, Runge-Kutta Discontinuous Galerkin Methods for Convection-
Dominated Problems. J. of Sci. computing, 16 (2001), pp 173 - 261.

[4] W. Eckhaus, Boundary layers in linear elliptic singular perturbations. SIAM Rev., V. 14
(1972), pp. 225-270.

[6] W. Eckhaus and E. M. De Jager, Asymptotic Solutions of Singular Perturbation Problems
for Linear Differential Equations of Elliptic Type. Arch. Rational Mech. Anal., V. 23 (1966),
pp. 26-86.

(6] R. Eymard, T. Gallouet and R. Herbin, Finite volume methods, Handbook of Numerical
Analysis vol. VII, North-Holland (2000), pp. 713-1020.

[7] S. Faure, D. Pham and R. Temam Comparison of finite voulume and finite difference methods
and applications. Analysis and applications. V. 4 (2006), no. 2, pp 163-208.

(8] G. Gie, Singular perturbation problems in a general smooth domain, Asymptotic Analysis,
vol. 62, no. 3-4, 2009, 227-249.

9] G. Gie, M. Hamouda and R. Temam, Boundary layers in smooth curvilinear domains: Par-
abolic problems, Discrete and Continuous Dynamical Systems - Series A, 2009, to appear.



476

(10]

11]

(12]
13]
(14]

(15]

[16]

(17]

(18]

19]
20]
21]
(22]

(23]

[24]
25]

[26]

C.-Y. JUNG AND R. TEMAM

M. Hamouda, C. Jung and R. Temam, Boundary layers for the 2D linearized primitive
equations. Communication on Pure and Applied Analysis, v. 8, no. 1 (2009), pp 335-359

H. Han and R.B. Kellogg, A method of enriched subspaces for the numerical solution of a par-
abolic singular perturbation problem. Computational and asymptotic methods for boundary
and interior layers (Dublin, 1982), pp 46-52

C. Jung, Numerical approximation of two-dimensional convection-diffusion equations with
boundary layers. Numer. Methods Partial Differential Equations, 21(2005), pp. 623-648.

C. Jung, Finite elements scheme in enriched subspaces for singularly perturbed reaction-
diffusion problems on a square domain. Asymptotic Analysis, v.57 (2008), pp 41-69.

C. Jung, M. Petcu and R. Temam, Singular perturbation analysis on a homogeneous ocean
circulation model. In preparation.

C. Jung and R. Temam, Numerical approzimation of two-dimensional convection-diffusion
equations with multiple boundary layers. Internat. J. Numer. Analysis and Modeling. 2(2005),
pp 367-408.

C. Jung and R. Temam, On parabolic boundary layers for convection-diffusion equations in
a channel: Analysis and Numerical applications. J. Sci. Comput. 28 (2006), pp 361-410.

C. Jung and R. Temam, Construction of boundary layer elements for singularly perturbed
convection-diffusion equations and L?- stability analysis. International Journal of Numerical
Analysis and Modeling, 5(2008), no. 4, pp 729 - 748.

C. Jung and R. Temam, Asymptotic analysis for singularly perturbed convection-diffusion
equations with a turning point. Journal of Mathematical Physics, v. 48, no.6, 065301(2007)
(27 pages)

C. Jung and R. Temam, Finite volume approzimation of one-dimensional stiff reaction-
convection equations. To appear in Journal of scientific computing.

R. B. Kellogg and M. Stynes, Layers and corner singularities in singularly perturbed elliptic
problems. BIT 48 (2008), no. 2, pp 309 -314.

J. L. Lions, Perturbations singuliéres dans les problemes aux limites et en controle optimal.
(French) Lecture Notes in Mathematics, Vol. 323. Springer-Verlag, Berlin-New York, 1973.
J. M. Melenk, hp-finite element methods for singular perturbations. Lecture Notes in Math-
ematics, 1796. Springer-Verlag, Berlin, 2002.

R. E. O’Malley, Singular perturbation analysis for ordinary differential equations. Communi-
cations of the Mathematical Institute, Rijksuniversiteit Utrecht, 5. Rijksuniversiteit Utrecht,
Mathematical Institute, Utrecht, 1977.

H.-G.Roos, M. Stynes and L. Tobiska, Numerical Methods for Singularly Perturbed Differ-
ential Equations. Springer- Verlag, Berlin, 1996.

S. Shih and R. B. Kellogg, Asymptotic analysis of a singular perturbation problem. Siam J.
Math. Anal. 18(1987), pp 1467-1511.

C. Schwab and M. Suri, The p and hp vesions of the finite element method for problems with
boundary layers. Mathematics of Computation. V. 65 (1996), no. 216, pp. 1403-1429.

[27] M.IL Vishik and L.A. Lyusternik, Regular degeneration and boundary layer for linear differ-

ential equations with small parameter, Uspekki Mat. Nauk, 12 (1957), 3-122.

[28] H. K. Versteeg and W. Malalasekera, An introduction to computational fluid dynamics; the

finite volume method. Pearson Eduction Limited, Glasgow, UK, 2007

[29] R. Temam, Navier-Stokes equations; theory an numerical analysis. AMS Chelsea series. AMS,

Providence, R.I., 2001.

Ulsan National Institute of Science and Technology, San 194, Banyeon-ri, Eonyang-eup, Ulju-

gun, Ulsan, Republic of Korea.

E-mail: cjung@unist.ac.kr
URL: http://unist.ac.kr/private/changyeoljung

The Institute for Scientific Computing and Applied Mathematics, Indiana University, Bloom-

ington, IN 47405, USA.

E-mail: temam@indiana.edu
URL: http://mypage.iu.edu/~temam



