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SECOND ORDER UNIFORM APPROXIMATIONS FOR THE
SOLUTION OF TIME DEPENDENT SINGULARLY PERTURBED
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This paper is dedicated to Grisha Shishkin, on the occasion of his 70th birthday

Abstract. In this work we consider a parabolic system of two linear singularly
perturbed equations of reaction-diffusion type coupled in the reaction terms. To
obtain an efficient approximation of the exact solution we propose a numerical
method combining the Crank-Nicolson method used in conjunction with the
central finite difference scheme defined on a piecewise uniform Shishkin mesh.
The method gives uniform numerical approximations of second order in time
and almost second order in space. Some numerical experiments are given to

support the theoretical results.
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1. Introduction

We consider the parabolic singularly perturbed problem

L= st () €Q=0x(0.7)= (0,1) x (0.T],
(1) u(0,t) =0, u(l,t) =0, Vte|0,T],

u(z,0) =0, Vzecq,
where the spatial differential operator is defined by

2

Q) L.=| 0" a4l )

’ —ey s az(z) a(r)

We denote by T'g = {(2,0) |z € Q}, T'1 = {(z,t) |z =0,1, t € [0,T]}, T =ToUTI4
and € = (e1,62)7, with 0 < e; < e < 1, the vectorial singular perturbation param-
eter. The components of the right hand side function f(z,t) = (fi(z,t), fa(z,t))?
and the reaction matrix A are assumed to be sufficiently smooth. Also we suppose
that the following positivity condition on the matrix reaction A is satisfied:

(3) a;1+ a;2 >a>0,a4; >0 1=1,2,
(4) aijSO if 7,75]
If (3) is not satisfied, we could consider the transformation v(z,t) = u(z,t)e” !

with ag > 0 sufficiently large, and therefore in the new problem (3) holds. Finally
we assume that sufficient compatibility conditions among the data of the differential
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equation hold in order that the exact solution u € C*3(Q). In particular, for the
later posterior analysis we will assume the following compatibility conditions

8k+kof 8k+kof

E—— =—— (1 =0 <k+2ky <4
(5) (%c’fﬁt’fo (07 0 6$katk0 ( 70) ) 0 <K+ 0 >

Nevertheless, these hypothesis can be weakened in practice.

Linear coupled systems of type (1) appear in the modelization of the flow in
fractured porous media, concretely in the double diffusion model of Barenblatt (see
[2]). Other process involving similar problems are the model for turbulent interac-
tions of waves and currents (see [15, 20]) or the diffusion process in electroanalytic
chemistry (see [19]). Tt is well known (see [19]) that the exact solution of problem
(1) has a multiscale character. Then, to find good approximations of the solution
for any value of the diffusion parameters €1 and €9, it is necessary to use uniformly
convergent methods (see [10, 12, 13, 14, 16]). In [10] a decomposition of the exact
solution of problem (1) into its regular and singular components was given for any
ratio between £ and s, proving bounds for their derivatives. In that work, also a
first order in time and almost second order in space uniformly convergent method
was obtained.

In practice it is important to use high order convergent schemes to find accurate
numerical solutions with a low computational cost. In the context of singularly per-
turbed problems some papers follow this direction; for instance in [5, 9] a high order
numerical method is defined to solve a 2D elliptic reaction-diffusion problem, in [4]
the Crank-Nicolson and a HODIE scheme is used for a 1D parabolic convection-
diffusion problem, in [3] a method combining the Peaceman-Rachford scheme with
a HODIE scheme is used for a 2D parabolic reaction-diffusion problem, and in [11]
the defect correction method is used to increase the order of convergence of the
Euler and central differences schemes used for a 1D parabolic convection-diffusion
problem. So far, we do not know of any paper proving uniform order of convergence
bigger than one in both time and space for a method used to solve (1). Here to
increase the order of convergence in time we use the Crank-Nicolson method; note
that the totally discrete scheme obtained by using the Crank-Nicolson method and
the central finite difference scheme, does not satisfy the discrete maximum principle
except if the restrictive and unpractical restriction At < C(N~!1ln N)? is imposed.
In this paper we follow [4] to avoid this difficulty.

The paper is structured as follows. In Section 2 we establish the asymptotic
behaviour of the solution of (1) and its partial derivatives. We note that this
asymptotic analysis cannot be straightforwardly extended to the case of systems
with an arbitrary number of parabolic equations. In Section 3 the analysis of the
convergence is done by defining some specific auxiliary problems, which allows us to
prove appropriate bounds for the local error of the Crank-Nicolson scheme. We also
give the asymptotic behaviour of the exact solution of the semidiscrete problems
resulting after the time discretization process. In Section 4 we construct the central
finite difference scheme, defined on an appropriate piecewise uniform Shihskin mesh,
to discretize in space and using a recursive argument and the uniform stability of
the totally discrete operator, we deduce almost second order uniform approximation
for the totally discrete method. Finally, in Section 5 we display some numerical
experiments showing clearly the improvement in the order of uniform convergence
of the numerical method.

We denote by v < wifv; < w;, i = 1,2, |v| = (Jv1], [v2])T, || f]| & is the maximum
norm of f on the closed set H and ||[f||g = max{||fi|u, ||f2llz}. Henceforth,
C denotes a generic positive constant independent of the diffusion parameters ¢
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and €9, and also of the discretization parameters N and At; sometimes we use a
subscripted C with the same purpose. We use v < C' meaning that v; < C, v < C.

2. Asymptotic behaviour of the solution

We extend the analysis given in [10], showing the asymptotic behaviour of the
exact solution of (1). The proofs are based on the continuous maximum principle
(see [18]).

Theorem 1 (Maximum principle). If1 >0 onT and L.p > 0 in Q, then 1 > 0
for all (z,t) € Q.

Corollary 2 (Comparison principle). If [¢| < ¢ on I' and |L.4p| < Lep in Q,
then || < ¢ for all (z,t) € Q.

oFu
&

<C, 0<k<3.
ot .

-

To obtain bounds for the spatial partial derivatives of u, we consider a decom-
position of the exact solution u = v + w, where the regular component v is the
solution of

(6) Lv=f inQ, v(z,00=0, onTy, v=2z only,

Lemma 3. The solution of problem (1) satisfies

where z satisfies the initial value problem

(7) z: + Az =f, (z,t) € {0,1} x (0,T], =z(z,0)=0 =z €{0,1},

and the singular component w is the solution of

(8) L.w=0, in@Q, w=u-v, onl.

Note that the right hand side of problem (6) satisfies the conditions (5) and also
that z(z,0) = z(z,0) = 2z (2,0) = zu(2,0) = 0, z = 0,1. Then, we have that

v € C*3(Q) and therefore w € C*3(Q).

Lemma 4. The regular component v = (v1,v2)T satisfies

k k
OVl cco<k<s |2Y| <c k=012,
8tk Q 8Ik Q
oF _ oF _
o |G| scavar |52| scard b=,
9%v 93v 93v O*v
< _ < —_— < (C.

Proof. We only give the main ideas of the proof for the crossed derivatives vy,
and Vitz,. From (6) and (7) we have that v, = 0 on I'y; hence v+ = 0 on T'y.
Using that v(x,0) = 0 on I'g and differentiating (6) twice w.r.t. = we have that
Vot = fozz 00 Tg. Then, differentiating now (6) twice w.r.t. x and once w.r.t. ¢, it
follows that
vamtt(xa O)HQ = H (_Lm,efmm + fILI)t - 2AIVLEt - Ammvt) (x7 O)HQ S Cu

where A, = (a;;) and A, = (a;;). Differentiating (6) twice w.r.t. x and twice
w.r.t. t, we can obtain |L5sztt| = |(fxxtt - 2Axvxtt - Amvtt)| S C + OlHtht”Q,
where Cy = 2max{|a};[}. The comparison principle applied on the barrier function
= (1+1)(C + Ca[Vaullg) proves

(10) [Vaaillg < (1+T)C + Crl[varllq)-
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Similarly to [[14], Lemma 3], we can apply the mean value theorem on the interval
[a,a + C3] € [0,1], where Co = min{1,1/(2C1(1+ T))} and a > 0, obtaining

(11) [Vattllg < C + [[Vaartllg /(2C1).
Then, from (10) and (11) the result follows. O

Below we use the auxiliary function B, (z) = e *VY/7 4 e~ 1=V /7 where v
is an arbitrary positive constant and « was defined in (3).

Lemma 5. For all (z,t) € Q, the singular component w = (wq,w2)T satisfies

k
(12) %Tf < OB.,(x), 0<k<3,
Owy —1/2 —1/2 Ows —1/2
(13) a.. S O(El B€1 (:E) =+ €9 Bsz (I))a a. S 052 B€2 (:E)v
ox ox
&%w _ _ 0%w _
(14) ng < C(El 1B€1 (:E) t& 1B€2 (:E))v ‘W; < 052 1B€2 (I)a
k
(15) S5t < O B ) + 5 B (e)), K =34,
o _ _
16) |G| < Cer B () + 25 B, (@), k=34

Lemma 6. For all (z,t) € Q, the singular component w = (wy,w2)T satisfies

(17) ?;;g‘ < C(e*?B.,(x) +5"?B.,(x), i=1,2, k=12,
Oty —3/2 —3/2

(18) 02301 < C(e177"Bey () + &7 Be, (7)),
0*wsy 1, —1)2 ~1/2

(19) 50301 < Cey (g7 ""Bey(x) + 4 ' Be,()).

Proof. Bounds (17) are obtained by differentiating (8) once and twice w.r.t. =z
respectively. Differentiating (8) twice w.r.t. ¢, we deduce

8411)' -1 .
W SOEl B52(ZZ?), 121,2,
and hence, using the mean value theorem it can be proved that
8311)1'

<Ce;'’B.,(x), i=1,2.

Oxot?

Differentiating (8) once w.r.t. = and once w.r.t. ¢, we can obtain (19), but for the
first component we only prove the crude bound

6411}1
0x30t

Although (20) is not the required bound, it will by useful in the boundary points
(0,1),(1,¢) with ¢ € [0,1]. To improve bound (20), we define the auxiliary problem

0 8411)1 82 84101 8411)1

ot <5$38t> T2 (3903(%) T Gar 9(@,1), (v.1) €@,
8411)1
0x30t

< CeT3?,

(20) > L&

given on T,
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where
0*(a1pwe)  93ay; Owy 0%a11 0%w; dai1 03wy
9@ = =55 T O ot S0 020l ° 0w 900

Using that

%(;«,0) =0, z €[0,1], ‘%(x,t}‘ <Ce?? z=0,1,

l9(x,0)] < Cler (67 + &3 ") Bey (0) + 23/ Be,y (1) <

< O(e1 "B, (0) + 5" Bey (),
the maximum principle proves the result. (I

3. The time semidiscretization: the Crank-Nicolson scheme

In [0, 7] we consider a uniform mesh @™ = {kAt, 0 <k < M, At =T/M}. On
this mesh the Crank—Nicolson scheme is given by

u’ = u(z,0) =0,
(21) { (I + (At/2)L,)u™t = (At/2)(f" + £ + (I — (At/2)L, ) u™,
u"t(0) =0, u"*(1)=0, n=0,1,--- ,M —1,

3

where £ = f(z,t,),n = 0,1,--- ;M — 1. To study the local error of this method,
we consider the following auxiliary problem
(22)
(I +(At/2)Lyc)amth = (At/2)(f" + £711) + (I — (At/2)Ly.c) ulz, ta),
u"tl(0) =0, u"ti(1)=o0.

Lemma 7. (See [4]). The local error associated to (21), defined as "' (x) =
u(z, tyi1) — " (), satisfies |[e" T (x)] < C(AL)3, z € Q.

For the later analysis of the spatial discretization we need a more precise infor-
mation about the asymptotic behaviour of the exact solution of the semidiscrete
problems (22) and their derivatives with respect to the variable x. For that, we
decompose "t = ¥+ 4 W™, where = ¥v"*! is the solution of
(23)

(I + (At/2)L, )V (z) = (At/2)(f" + 1) + (I — (At/2)Lyc) v(z, tyn), z € (0,1),

(I + (At/2)A) v () = (At/2)(f" + £ + (I — (At/2)A) v(z,tn), = 0,1,
and W"T! is the solution of
(24) (I+ (At/2)L, )Wt = (I — (At/2)L, ) w(z,t,), = € (0,1),

wtL(0) = a"TH0) — v TH(0), wnTH(1) =anti(1) — v ti(1),
whit v the solution of (6)-(7), and w the solution of (8).
Remark 8. Note that from vy, (z,t) =0, x = 0,1, it follows trivially that V4, (z) =
0,z = 0,1. Moreover, v"*1(z), x = 0,1, are the approzimations given by the
Crank-Nicolson method to solve the initial value problem
(25) wvi+Av=_£, (z,t) €{0,1} X (tn,tnt1], v(z,tn), x € {0,1} known.
Then, it follows that
(26) [V(z,tnt1) — V" (2)| < C(AL)3, 2 € {0,1}.

From (26), Lemma 7 and the triangular inequality we have

|W(z,tni1) — W' (z)| < C(A1)3, x€{0,1}.
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Lemma 9. The local errors associated to V"1 and W"t! satisfy
V(2 tnr1) =V ()| < C(AL)3, Wz, tyyr)—W"T ()| < C(AL)3B.,(z), x€Q.
Proof. The proof is completely analogous to this one given in [4]. O

To find precise bounds of the derivatives of ¥"!, we will use the following
technical result.

Lemma 10. It holds that
’(me(xvthrl) Vi ))/At‘ <C.

Proof. First, using that [|[vezilg < C, we have

(Vaz (T tni1) — Vaz (2, 80)) /A = Vaue (2, tn + At/2) + O(AL)
(27) = — Ly eVag (@, ty + At/2) + frp(x, by, + At/2) — 2A5ve (2, by + AL/2)
—Agav(z, ty, + At/2) + O(At).

Secondly, differentiating the equation (6) twice w.r.t. = and once w.r.t. ¢, we obtain
|Ly eVige (2, 1) = |fiws — Vitgs — AzaVe — 242V < C, and therefore

(28) Ly eVaa(x,tn + At/2) = Ly e (Voo (2, tnt1) + Vaz(2,10))/2) + O(AY).
Then, defining the problem
(I+(At/2)Lae) (Vo (T, tns1)— Vit (@) = g(2), Vau (@, o) Vi H(2) = 0, 2= 0,1,
from (27) and (28) the right hand side can be bounded by
lg(2)] = [At(E 2 (@) — (£, (2) + £ (2))/2)

+(A/2)24, (VI (2) + v (2, tn) — 2va (2, ty + At/2))
+ A (VN (2) + v, t,) — 2v(x, t, + At/2))] + O(At)| = O(At).

Then, using the maximum principle for (I + (At/2)L; ) the result follows. O
Proposition 11. The regular component V"' = (5{1+1,5g+1)T satisfies
(29)

dkpntt depntt

%

dzk

<C 0<k<2, <C(+4e ™, 3<k<4i=12

‘ Q

Proof. Using that |0Fv; /02| < C, 0 < k < 2, |0Fv; /02" < 055—1@/27 3<k<
4,7 =1,2, and that v2!(z) = 0, x = 0,1 (see Remark 8), we can reproduce the
proof given in [14] for the regular component, obtaining

Q

dk’\n-i-l
M <C 0<k<2.
dflfk )
For higher derivatives differentiating (23) twice w.r.t. x, we obtain

(30)
L, svg;rl( )= (f, + f"+1)+(2/At)(Vmc(x,tn) ’\nJrl( ))—
— Ly eVar(T,tn) — 24, (V2T (2) + vi(2,t)) — A (VP () + v(2,t)), z € (0,1),
Vi (0) =vit(1) =o0.

From Lemmas 4 and 10 it follows that the right hand side of problem (30) is

parameter uniform bounded and therefore the result can be proved using a similar
argument to this one of [14]. O

As in the case of the regular component, before finding appropriate bounds for
the derivatives of W”T!, we prove the following technical result.
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Lemma 12. It holds that

(\/’\\/;“rl(:p) — wz(x,tn))/At‘ < CB,, (33)(51_1/2,82_1/2)T,
(WiAH (@) — Wan(2, 1))/ At| < CB, (@)(er Y, 5 1T

Proof. We consider the function

(31) @1 (@) = (W (2) — w(a,1,)) /AL

From Lemmas 5 and 9 it follows

(32)

1 (@) = [(W (@) = W2, tys)) /A + (W(, 1) — Wz, ) /At < CBe, ().
The function <p”+1( ) is the solution of the following boundary value problem:

(33) Ly ettt = @3t @ MH(0), @71 (1) given,

where @411 (z) is appropriately chosen. Then, from (24) we can deduce that

((I+(At/2) Lo )03 ()| = |- L3 cW(@, tn)| = [ Lo Wi (2, tn)| = [-Wat (2, tn)| < OB, (2),

for the interior mesh points. On the boundary, using (24), (33), a continuity argu-
ment and Remark 8, we have

et (@) = —(2/At) (e (a @) + Ly, eW (2, )

= (2/At)(W(z, tn) — W (x)) /At + wy(z,t,))
= (/80 (w(z: ) ~ Wz ten))/ A+ (80 gr) =8 @)/ AL+ wat)
— O(AL) 1 (2/At) (W(@, tn) — W2, ts1)) /Dt + Wi (2,80)), 2= 0, 1.

Hence |@h ™! (z)] < C for = 0,1 and from the maximum principle for (I +
(At/2)L; ) it follows that |<p”+1( )| < CBe,(z), * € Q. Using this bound in
(32) and (33), we deduce that

(34)  |[d*@ ™ /da?]s| < Cey ' B, (x), |[di ! /da®]a| < Cey'Bey(2), @ € Q,

where we denote ! (z) = ([ (@)]1, [@7 1 (2)]2)T. From (34) and using the
mean value theorem (see [14]), we can obtain

(35)  |[deltt/dali| < Cey V2B, (x), |[dei ™ fdals| < Cey /B, (2), x € Q.

O
Proposition 13. The singular component W"t' = (w7 @5 ™) satisfies
(36)  [@7" ()] < CBe,(x), |05 (2)] < OB, (2),
(37) “WH < C(ey /?B., (2) + &5 * B, (2)), %5:1 < Ce; B, (2),
2ot peinias’
38) [T < O B (1) + 2 Ba(w), || < 025 By ()

Proof. From Lemma 5 we have |w(z,t,)| < CB.,(z) and also

8w 8w
1| T < O(Be (@) + (1/22)Bes(2)) < OBay(v), 2 52| < OB, (1)

Then, it is straightforward to prove that

(I + (At/2) Ly ) %" (@) = |(I = (At/2) Ly e)W(x, tn)| < CBe, ().
Defining the barrier function ¥ = B, (2)C, it holds

(I +(At/2)Ls )b = b + OB, (2)(At/2) (—(a/e2)e + A1) 2 9,
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and using again the maximum principle for (I+(At/2)L, ), we obtain [W" ! (z)| <
t(x). For higher order derivatives, we define the auxiliary problem

{ I+ (At/2)L, E)QO?JFI = _L%EW(%tn)a
©1(0) = (W (0) — w(0,8,))/AL, (1) = (W™H(1) — w(L, 1))/ AL,

whose solution is given in (31). Using that |Ly w(z, )| = |we(2x,t,)| < CBe, and
| 0)] < C, | (1)] < O, the maximum principle for (I + (At/2)L, ) proves
that |7+ (z)| < CBe,(2).

Next, we write the problem (24) as follows:

Lo W' (z) = =200 (2) — Ly ew(x,t,), W"TH(0), w" (1) given.

From |¢7™ (2)] < CBe, (2), |Lsew(z,ty)| < OBe,(z) and [W" ' (2)| < CBe,(x),

it is straightforward that

d? ’\"H(x)
dx?

Payt ()

(39) d:172

< Cey ' B, (@), < Cey ' Be, (@),

and therefore, following similar techniques to the ones used in [14], we can deduce

4oy (@)
dx

Aoy (z)

(40) T

< C=5'*B., (x).

< Ce7'V? B, (w), ’

From (39) and (40) it follows the required result for the first and the second deriv-
ative of wy. Nevertheless, for w; we need to improve the previous bounds. Then,
differentiating the first equation of (24) w.r.t. x, we obtain

(I + (At/2)L; . )i () . L4
= —L;751%(x,tn) - 57 [ (@) (wa( ta) + &7 (@))]

— gy () (n (o, ) + @ (1),

dontt dw
n+1 1 _ 1
5 (0)=( e (0) I (0,t,))/At,

i) = (= (1) - T2 At,

where L, _ z = —e12” + a1z, whose solution is

dwtt dwy
41 nl(r) = — ——(x,tn))/AL.
) @) = (P () - M,

From Lemma 5, the bounds given in Lemma 12 applied on the boundary, the esti-

mates (36)-(38) and the maximum principle, we obtain |5 (z)| < C(e; 1/2351 (x)+

551/2352 (x)). Now, we define the problem

,&)\nJrl Wy
Leer T () = he) = ~2057(2) ~ Loy 0, 1,)
— = oz (@) (w2 (x, tn) + w5t (x))]
dAnJr_lall( LZ(A;J(:E tn) + 07+ (),

In (0), i (1) given.
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It is straightforward to prove that the right hand side |h(z)| < C(e; ’B B, (z) +

€g L ?B.,(z)), which together with the crude bounds (40) for the boundary condi-
tions, permit us to deduce

d© An—i—l
d:v

< C(e7"*B.,(2) + &5 " Be, (2)).

()

For the second derivative the proof follows similar ideas (see [6] for a full proof). O

Proposition 14. The singular component W"t! = (@?H,@g"’l)T satisfies
dSﬂ}\nJrl B 3
(42) | < O, B, (o) + 627 Boy (1),
dapt —1/.-1 —1
(43) diE4 S C‘El (51 Bal(x) +‘€2 BEQ(‘T))
drwyt! —1,_(2-k)/2 2—k)/2
“ < 0 (T () + TP B (@), k=34
. . . : oyttt o dPart! :
Proof. From the differential equations satisfied by 72 and > respectively
X x

(see [6]), (44) for k = 4 and also (43) are immediate. Using the argument given in
[14], we deduce (44) for k = 3 and

d3 fu\?"'l

(43) dx3

< Cerl(e; ?B., (2) + &5, /B, (1),

which is not the required bound (42). It will be obtained by setting the problem

(46)  Li¢@ht@) =ple) ze(0.1), ¢5TH0), (1) given.

181

First, we obtain appropriate bounds for p using the maximum principle. With this
purpose, we note that

(4 (AL )y = L1, T+ (S5 0) =
=t (B L (datin = a0 + st - 57 ).

All functions appearing in the last term have already been bounded and therefore

we can easily conclude |(I+(At/2)L}, . )p| < 051_1/2. Using a continuity argument,
the function p on the boundary satisfies

o) = L) = /80 (55 (G ) = Gt
w /\n+1

# (Gt antain) = L @)/t + dua(arta) - B @)/ At
w ,&}\n—i-l

tans( P2 (@, 1) — T (1)) At 4y (o ) — B (@) /A

Lemmas 6, 9 and 12 prove |p(z)| < 051_1/2, z = 0,1. Then, from the maximum

principle it follows [p(x)| < Cafl/2 for x € [0,1], and therefore, from (46), we
deduce

92t -
75| < Cer?

a2 0x?
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Differentiating equations (8) and (24) three times w.r.t. x, we obtain

o .
(I+(At/2)LL ) 53 (@7 —w1)/At))
1 d3w1 1 83 1
=Ly, dr3 2923 (a12(@3 ™ + w2))

1 b o . 2
3 (a/ﬁ(wlﬂ +w1) + 3a’1’8—$(w1+1 +w1) + 3a,1@(w1+1 + w1)> , z€(0,1),

»? ? L
923 ((w1+1 —w1)/At), 923 ((w1+1 —wi)/At), giveninz =0,1.

Taking into account that

6311}1 6411}1 a'wl
1 — " " /
1 8{E3 8313815 11w1 3 1 8.’.E 3 B

< Cle;**B., (x) + ¢, ** B., (2)),

the maximum principle proves

0%w o3
Ly — (a12w2)

0 <
0x? ox3

»? —3/2 —3/2
55 (@7 —w1)/At)| < Oer™?Bey (1) + " *Bey(2), =€ [0,1]
Finally, we consider the problem
&>, o Puw, O
1 _ ~n+1 1 ~n—+1
we1 ge3 T Y93 ((w1 - wl)/At) - Lz,al—%gg T 953 (012(11’2 + w2))
— @@ 4 wn) + B0y o (@7 4 wn) + Bay o (@7 + w1)> 2 e(0,1),
d3i 03wy

given.

a3 O g

Using in the boundary the crude bounds (45), again from the maximum principle
we obtain (42).
O

Proposition 15. Suppose that €1 < e9. Then, the singular component can be
decomposed as

ﬁ)\iz-i-l ~n+1 _|_ﬁ)\n+1 ~n+1 ~n+1 _|_ﬁ}"+1

=Wy g legr Wa @ = Wy, 2,60
where
2 ~n+1 3 ~n+1
wl,al 1 d wl,ag 3/2
(47) s < Cei " Be, (2), e < Cey "' Be,(2),
2 ~n—+1 3 ~n+1
w2,€ 1 d w2,a 3/2
(48) p L < Cey " B, (2), 70 2| < Cey ™' Be, (2),

and also it can be decomposed as

R R A R
where
22n+1 d42n+1
(49) | < Cer'Be (), | | < Cerley B, (a),
22ﬂ+1 4271—1—1
(50) | < Cey'Be(a), || < OBy ()

Proof. Tt is completely similar to the proofs given in [13, 14]. O
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4. The totally discrete scheme

We discretize (21) by the central difference scheme defined on a piecewise uniform
mesh QO of Shishkin type (see [8]). From Proposition 13 we know that there are
two overlapping boundary layers at © = 0 and « = 1. Then, to define the Shishkin
mesh we use two transition parameters given by

Te, = min{1/4,2\/52/alnN}, Te, = min {7}._-2/2,2\/51/a1nN},

where « is given in (3). In the subintervals [0, 7], [Te,s Tes]s [Tesr 1 — Tes], [1 —
Teyy 1 — 7o, ] and [1 — 7., 1] we distribute uniformly N/8 + 1, N/8 + 1, N/2 + 1,
N/8+ 1 and N/8 + 1 mesh points respectively. So, the mesh points are

jhEU ]:OavN/sv
s+ (= N/8)he,, j=N/8+1,...,N/4,
2j =14 anu+(j — N/4)H, j=N/4+1,...,3N/4,

£L'3N/4 + (j —3N/4)h€2, j = 3N/4+ 1,.. ,7N/8,

r7n/s+ (j —TN/8)he,, j=TN/8+1,...,N,
where he, = 87, /N, he, = 8(7e, — 7, )/N, H = 2(1 —27.,)/N. Here we only con-
sider the most interesting case when /g2 < CN~! and therefore Te, = 24/€2/aln N
Te, = 24/€1/aln N. Below we denote the local step sizes by h; = x; —x;_1, j =
1,...,N. On QY the central finite difference scheme is given by
U%=0, 0<j<N,

Forn=0,...,M —1,

GD 1 (14 (At/2)LY ) UL = (1 — (At/2)LY.) UT + (Atj2)(E7+ + £7),
Uyt = Ut =0,
where
_ 9 T — 7 Zi— Zi
Ly = c1 )52+AI, §2Z; = < i S N J1>.
e < —&2 / hj+hjt1 R h;

Lemma 16. For each value of At, the discrete operator (I + (At/2)LY.) is uni-
formly stable and it satisfies a discrete maximum principle.

Proof. 1t trivially follows using that (I 4 (At/2)LY,) is an M-matrix . O

To prove the uniform convergence of (51), we split the global error at the time

tn+1 in the form
(52)

(s ts1) = UG = (e, b)) = G () + (@ () - 07 )+ (T3 =0,

where IAJ'?Jr1 is the solution of

(53)
(I + (At/2)L] NYUM = (I — (At/2)LY ) u(zy, ta) + (At/2)(FT +£1),
uptt = U”“_O 0<j<N.

To bound appropriately ( () — U"+1) we consider a further decomposition
Ul = Vol 4 Wotl = 0,1,--- , M — 1, where

)

(I+ (At/2) )Vn-i-l ( . (At/2)L£{€) (QCJ, ) + (At/Q)(fn+1 + f”)
Vg-i—l — Qn+1(0) Vn+1 /\nJrl(l)7 0 <j < N
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and

(I + (At/2)LY )W”+1 (I = (At/2)LY,) w(zj,tn), 0<j <N,
Wit = w1 (0), Wit = (1),

Proposition 17. Let u"*!(z) be the solution of (22) and {ﬂ?"’l} the solution of
(53). Then, if \/e1 < \/e2 < N1, it holds

(54) @ (2;) — U |gn < CALN I N)2,

Proof. The local error for the central difference scheme, at the mesh point z;,
satisfies
(55)
(I + (A/2)LY )@ () — U = (A/2)(LY, — Lo )@ (2)) + ulay, t).
Using the decomposition into regular and singular components, appropriate Taylor
expansions and the hypothesis /g1 < /g2 < N ~! we can obtain
(56)
(Lo = Lo o) (@4 () + v(zj,ta)| < CNYe?, 65T < CN72(1,1)7,
(L = Loe) (@ (@) + Wiz, ta))] < C(N" I N)2(1, )7,

Using the uniform stability of the discrete operator (I 4 (At/2)LY_), from (56) it
follows (54).
O

Theorem 18. Let u(x,t) be the solution of (1) and {U?“} the solution of (51).
Then, if \/e1 < /g2 < N1, and we assume that the powers of the transition
operator Ry Ay associated to (51) given by

(57) Ryae = (I+(At/2)L7 )~ (I — (At/2)L7,),
are uniformly bounded, then the error satisfies
(58) [a(es, ta) = U gy < CN"210 N + (A1),

Proof. From (52) we must bound three different terms. First, from Lemma 7 we
have

[, tast) = 8 () v < Cops (AL,
In second place, from Proposition 17 it follows
G (25) — U gn < Crgr AN ™' In V)2,
Finally, to bound HIAJ?'H - U?H I, we take into account that
U}Hrl _ U}Hrl — RN,At ( (IJ; ) Un)
Similarly to previous bounds, we can obtain
(s ta) = UF = (u(aj, ta) = 6°(z;)) + (@°(z;) = 07 ) + (O - 07},
[u(z;, tn )—u (zj)lav < Cn(AL)?,

[G"(z;) — U} [lgn < CoAHN ' InN)?),
U?—U?ZRN,M( u(zj,tp—1) — U
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Then, using a recursive argument we deduce

la(z;, tn1) = U Hlaw < C Y IRY Agllan (A1* + AH(N T I N)?) <

i=1
< CALY Ry Allon (At)? + N2 In® N).
i=1
where C' = max{Cy,Cs, -+ ,Cpy1}. Then, using that the powers of the transition
operators Ry, a; are uniformly bounded, the result follows. [l

Remark 19. From the results given in [1], [7] and [17], it is known the stability of
the Crank-Nicolson method for a fized value of the diffusion parameters, even on
nonquasiuniform meshes. Nevertheless, so far, we do not have a theoretical proof
giving the stability of this method uniformly with respect to the diffusion parameters
on Shishkin meshes. On the other hand, the experiments performed in many cases
(see next section for an example), give us a numerical evidence that the mazximum
norm of the powers of the transition operator Ry a: are bounded independently of
the parameters €1, and €2. The theoretical results in previously cited papers and
the numerical experiments performed (see Tables 2, 3 and 4) allow us to conjecture
that the uniform stability of our totally discrete method holds.

Remark 20. In the case that the the transition parameters are 7., = 1/8, 7., =
1/4, which corresponds to large values of €1 and 2 and therefore the mesh is uni-
form, a classical analysis proves the same bounds that in Theorem 18. Also, when
g1 =e2 < N~2 a sharp analysis (see [6]) gives the bound (58) for the error.

In other case, i.e., when either e1 < €2 = 1 or the hypothesis /g1 < (/g2 < N1
assumed in Theorem 18 does not hold, it is possible to prove that (see [6] for full
details of the proof)

laey, tsn) = UTH g < CIN->H110° N + (A1),

where N~7 < CAt, with 0 < q < 1, and therefore the order is reduced. Nevertheless,
in practice this reduction is not observed.

5. Numerical results

In this section we only show the numerical results obtained in one example given
by

2
ou _ 618_1121 +2(1 4+ 2)%u; — (14 2%)uy = 2e%t(1 — t),
By o (@1) € r
8—2 - 528—; — 2cos(ma/4)u; + de' " Tuy = (10z + 1)t(1 — t),
T
u(0,¢) =u(l,¢) =0, t€][0,1], wu(z,0)=0, =ze€(0,1].

where Qp = (0, 1) x (0, 1]. Note that the compatibility conditions (5) at the corners
(0,0) and (1,0) are not satisfied in this example, but we obtain (see below) accurate
results showing the second order uniform convergence of the numerical scheme. A
more detailed analysis and more examples showing the influence of the compatibility
conditions between data of the problem are given in [6].

To find an approximation to the pointwise errors [U} — u(xj,t,)], we use a
variant of the double mesh principle. So, we calculate {Z} } on the mesh {(Z;, tn)}
that contains the mesh points of the original mesh and their midpoints, i.e., the
mesh points are

‘?Qj:‘rbju jZO,...,N, ‘?2j+1:($j+xj+l)/2u j:Ow"uN_lu
tgn:tn, HZO,...,M, t2n+1:(tn+tn+1)/2, HZO,,M—l
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At the original mesh points (z;,t,), the maximum errors and the uniform errors

n 2n
max max U} — Z3%|, dyar = mg«Xde,N,Ata

are approximated by de ny At =
0<n<M 0<j<N

where S is the set

(59) S ={(c1,e2) | e2=275,...,27% g1 = 9,27 %ey,..., 2778 2700}

in order to permit that the maximum errors stabilize. From these values we obtain

the corresponding orders of convergence and the uniform orders of convergence in a

standard way, by using p = logy(de, n,At/de 2n,At/2)s Puni = 108o(d N, at/don, Ar/2)-
Table 1 displays the results obtained in this case. From it we see that the method

gives almost second order of uniform convergence, in agreement with Theorem 18.
To illustrate the conjecture about the bounds of powers of operator Ry a¢, we

TABLE 1. Maximum (in &1) errors and orders of convergence

€2 N=16 N=32 N=64 N=128 N=256 N=512 N=1024
At=02| At=0.2/2 | At =0.2/2% | At =0.2/2% | At =0.2/2* | At =0.2/2° | At =0.2/25

2-F 1.933E-2 | 6.013E-3 4.935E-3 3.820E-3 1.719E-3 5.800E-4 1.839E-4
1.685 0.285 0.370 1.152 1.568 1.657

2= 4.895E-2 | 1.853E-2 5.294E-3 3.817E-3 1.718E-3 5.794E-4 1.837E-4
1.401 1.807 0.472 1.152 1.568 1.657

2~ 10 8.561E-2 | 6.571E-2 1.974E-2 5.571E-3 1.718E-3 5.794E-4 1.837E-4
0.382 1.735 1.825 1.697 1.568 1.657

2~ 12 8.555E-2 | 6.567E-2 3.775E-2 1.632E-2 5.775E-3 1.951E-3 6.222E-4
0.381 0.799 1.210 1.499 1.565 1.649

211 8.551E-2 | 6.565E-2 3.775E-2 1.632E-2 5.775E-3 1.951E-3 6.223E-4
0.381 0.799 1.210 1.498 1.565 1.649

2730 8.549E-2 | 6.564E-2 3.774E-2 1.631E-2 5.776E-3 1.952E-3 6.223E-4
0.381 0.799 1.210 1.498 1.565 1.649

dn,ac || 8561E-2 | 6.571E-2 3.775E-2 1.632E-2 5.776E-3 1.952E-3 6.223E-4
[Puni) 0.382 0.799 1.210 1.499 1.565 1.649

calculate the maximum norm for Rﬁj\ﬂ Ap for some values of €1,€2, N and At. Note
that if we have | R} .|| < 1 for some value of p, then for any ¢ > p with ¢ = p-r+s,
0 < s < p, it holds 7
IR adcl < (IBR aclD" (RN, a:l)°,

and then trivially it follows that |R% A,| is bounded. Tables 2 and 3 display the
maximum norm of Ry, ,,; from them, we clearly observe that its value is bounded
and the larger is p, the smaller is |RY acll for N and At fixed. Same conclusions
has been obtained for any value of the diffusion parameters considered in the ex-
periments. Moreover, we also have observed that the maximum norm of the power
of the discrete transition operator Ry a; stabilize when the diffusion parameters
are sufficiently small.

TABLE 2. Maximum norm for RY »,, with e1 = 1076, ey =103
N=16 N=32 N=64 N=128 N=256 N=512 N=1024
At=0.2 | At=0.2/2 | At =0.2/22 | At =0.2/2° | At =0.2/2* | At =0.2/2° | At =0.2/2°
TR~ o]l || 0.4464470 | 0.6916734 0.8418833 0.9208203 0.9608592 1.0542657 1.5341987
IR% A.ll || 0.0646130 | 0.2973178 0.5677750 0.7655138 0.8809182 0.9410089 1.1171190
IR A.ll || 0.0097496 | 0.1282374 0.3792081 0.6292697 0.8030617 0.9009582 0.9510187

Finally we are interested in to see what happens when we consider a large value
of the discretization parameter N and the time step At is not too small. Table 4
display the results obtained for different values of the diffusion parameters ¢; and
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TABLE 3. Maximum norm for RIZD\,’M, with g1 = 10710, 65 = 1076

N=16 N=32 N=64 N=128 N=256 N=512 N=1024
At=0.2 | At=0.2/2 | At =0.2/22 | At =0.2/2° | At =0.2/2* | At =0.2/2° | At =0.2/2°
TR~ a:]l |[ 04777628 | 0.7087096 0.8483049 0.9237030 0.9620024 0.9810943 0.9905794

€. From it, clearly we again deduce that the powers of the transition operator are
bounded in all cases, according with our conjecture.

TABLE 4. Maximum norm for RY »;, with N = 512, At = 0.1

e1=102]e; =107 [ e, =105 [ gy =10 11

e =1 e2=10"2 | e =107% | ex =10"°

TR~ A:]] || 2.4634039 | 2.2992496 | 1.1744234 | 1.3164294
1IR3 Al || 2.0801142 | 1.9027820 | 0.4448608 | 0.4548921
IR A:ll || 2.0851964 | 1.8157999 | 0.2321241 | 0.2353049
IR% ALl || 2.0809942 | 1.7585435 | 0.1188727 | 0.1196725
IR% Al || 2:0786761 | 1.7103613 | 0.0614513 | 0.0619040
RN .l || 2:0752610 | 1.6677914 | 0.1186732 | 0.0325003
RS .l || 2:0717191 | 1.6307874 | 0.0321934 | 0.0169643
RN A.ll || 2.0691277 | 1.5943620 | 0.0087984 | 0.0088996

Acknowledgments

The authors are very grateful to the anonymous referees for their careful reading

of the paper and their helpful suggestions to improve this work.

References

(1]

[2

(3

[4

5

=

(7

B

(10]

11]

(12]

BAKAEV, N.Y., CROUZEIX, M. & THOMEE,V., Mazimum-norm resolvent estimates for elliptic
finite element operators on nonquasiuniform triangulations, Math. Model. Numer. Anal. 40
(2006), pp. 923-937.

BARENBLATT, G.1., ZHELTOV, [.P. & KOCHINA,I.N., Basic concepts in the theory of seepage
of homogeneous liquids in fissured rocks, J. Appl. Math. and Mech., 24 (1960), pp. 1286-1303.
Bujanpa, B., CLAVERO, C., GRACIA, J.L. & JORGE, J.C., A high order uniformly conver-
gent alternating direction scheme for time dependent reaction-diffusion singularly perturbed
problems, Numerische Mathematik, 107 (2007), pp. 1-25.

CLavERO, C., GrAcia, J.L. & JOrRGE, J.C., High—order numerical methods for one—
dimensional parabolic singularly perturbed problems with reqular layers, Numerical Methods
for Partial Differential Equations, 21 (2005), pp. 149-169.

CLAVERO, C., GRACIA, J.L. & O’RIORDAN, E.; A parameter robust numerical method for a
two dimensional reaction-diffusion problem, Math. Comp., 74 (2005), pp. 1743-1758.
CLAVERO, C., GRACIA, J.L. & LIsBONA, F., An almost second order uniformly convergent
method for parabolic singularly perturbed reaction-diffusion systems, preprint 20 (2008), Sem-
inario Garcia Galdeano, University of Zaragoza.

CROUZEIX, M., LARSSON, S., PISKAREV, S. & THOMEE,V., The stability of rational approxi-
mations of analytic semigroups, BIT, 33 (1993), pp. 74-84.

FARRELL, P.A., HEGARTY, A.F., MILLER, J.J.H., O’RIORDAN, E. & SHISHKIN, G.I., Robust
computational techniques for boundary layers, Chapman & Hall, 2000.

GRAcCIA, J.L.& CLAVERO, C., A compact finite difference scheme for 2D reaction diffusion
singularly perturbed problems, J. Comp. Appl. Math., 192 (2006), pp. 152-167.

GRrAcia, J.L. & LisBoNA F.; A wuniformly convergent scheme for a system of reaction—
diffusion equations, J. Comp. Appl. Math., 206 (2007), pp. 1-16.

HEMKER, P.W., SHISHKIN, G.I. & SHISHKINA, L.P., e—uniform schemes with high order
time—accuracy for parabolic singular perturbation problems, IMA J. Numer. Anal., 20 (2000),
pp. 99-121.

Linss, T. & MADDEN, N., An improved error estimate for a numerical method for a system
of coupled singularly perturbed reaction—diffusion equations, Comp. Meth. Appl. Math., 3
(2003), pp. 417-423.



(13]

[14]

(15]

[16]

(17]
(18]

(19]

20]

REACTION-DIFFUSION SYSTEMS: SECOND ORDER UNIFORM METHODS 443

Linss, T. & MADDEN, N., Accurate solution of a system of coupled singularly perturbed
reaction-diffusion equations, Computing, 73 (2004), pp. 121-133.

MADDEN, N. & STYNES, M., A uniformly convergent numerical method for a coupled sys-
tem of two singularly perturbed linear reaction-diffusion problems, IMA J. Numer. Anal., 23
(2003), pp. 627-644.

MADDEN, N.; STYNES, M. & THOMAS, G., On the application of robust numerical methods
to a complete-flow wave-current model, Proceedings of BAIL 2004, (2004).

MATTHEWS, S., O’RIORDAN, E. & SHISHKIN, G.I., A nunerical method for a system of sin-
gularly perturbed reaction—diffusion equations, J. Comput. Appl. Math., 145 (2002), pp. 151—
166.

PALENCIA, C., A stanility result for sectorial operators in Banach spaces, STAM J. Numer.
Anal., 30 (1993), pp. 1373-1384.

PROTTER, M.H. & WEINBERGER, H.F., Mazimum principle in differential equations, New
Jersey: Prentice Hall, 1967.

SHISHKIN, G.I., Mesh approzimation of singularly perturbed boundary-value problems for
systems of elliptic and parabolic equations, Comp. Maths. Math. Phys., 35 (1995), pp. 429-
446.

THOMAS, G.P., Towards an improved turbulence model for wave-current interactions,in Sec-
ond Annual Report to EU MAST-III Project The Kinematics and Dynamics of Wave-Current
Interactions, 1998.

Department of Applied Mathematics, University of Zaragoza, Zaragoza, Spain
E-mail: clavero@unizar.es, jlgracia@unizar.es and lisbona@unizar.es



