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NUMERICAL IDENTIFICATION OF MAGNETIC
PERMEABILITY

HUI FENG, DAIJUN JIANG, AND JUN ZOU

Abstract. This work is concerned with the analysis on a numerical reconstruc-
tion of the magnetic permeability. The ill-posed problem is solved through a
stabilized nonlinear minimization system by an appropriately selected Tikhonov
regularization. The existence and stability of the optimization system are
demonstrated. The nonlinear optimization problem is approximated by an

edge element method, whose convergence is established.
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1. Introduction

In this work we are interested in the numerical reconstruction of the distribution
of the magnetic permeability in the following Maxwell system:

(1.1) E(X)%—E}—VXH = JinQ,
(1.2) V(x)%—I;I—FVXE = 0inQ,

where E and H represent the electric and magnetic fields of the physical medium
which occupies a domain © in R3?. The Maxwell system (1.1)-(1.2) is formed by the
Ampere’s law (1.1), and Faraday’s law (1.2), and plays an important role in most
applications that involve electromagnetism. The coefficients e(x) and v(x) in (1.1)
and (1.2) are the electric permittivity and magnetic permeability of the medium
in 0, while J is the applied electric current density. When the physical properties
of the medium involved are known, i.e. €(x) and v(x) are given, one can solve the
system (1.1)-(1.2) to find the behaviors of the electric and magnetic field E and H
in . This is usually called a direct Maxwell problem. While in many applications,
the inverse Maxwell problem may be more interesting and practically important,
where the electric or magnetic property of the physical medium occupied by 2 is
unknown. But knowing them is indispensable to some research investigations in €2
or to a good understanding of the physical medium 2 and how the fields E and H
behave in . In this work we shall consider the case when the electric permittivity
of the physical medium occupied by €2 is available, but the magnetic permeability
of the medium is unknown. In order to recover the magnetic permeability of the
medium, we need to have some extra measurement data from the electric field E
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or magnetic field H. We shall assume the measurement data of E is available in
some small subregion inside €2. So the inverse problem to be considered can be
formulated as follows:

Inverse Problem I. Let w be a subregion in 2. Given the measurement data

(1.3) E'(x,t) ~ E(x,t), (x,t)€wx(0,T),

we will reconstruct the distribution profile of the magnetic permeability v(x) in the
entire domain €.

Noting that only the measurement data of the electric field E is available in
Inverse Problem I, but the Maxwell system (1.1)-(1.2) involves both the electric
and magnetic fields. So it is more natural to deal with a system that involves only
the electric field. To do so, taking the time derivative on both sides of equation
(1.1) and applying equation (1.2) gives the following electric field equation

0’E 0J
(1.4) s(x)ﬁ +Vx (v x)VXE)= 5 D Q.
Complementary to this electric field equation we shall consider the boundary con-
dition

(1.5) Exn=0 on 00
and the initial conditions
(1.6) E(x,0) = Eo(x), E:((x,0)=E;(x) in £.

For the known electric permittivity e(x), we know physically that it should be
always bounded below and above. Hence we will assume that

(1.7) g0 <e(x)<e; ae. in

where €¢ and &1 are two positive constants.

Inverse problems of parameter identifications have attracted a great attention
in the recent two decades due to their practically important applications in engi-
neering and scientific computing; see, e.g. [1] [5] and the references therein. The
mathematical and numerical analysis of identifications of parameters in many par-
tial differential equations were available in the literature, see [1] [2] for the elliptic
system; and [5] [6] [8] [11] for parabolic systems. But very little has been done for
the analysis of numerical reconstruction of the parameters in the electromagnetic
Maxwell system. This motivates the central topic of this current investigation.

2. Problem formulation and existence of solutions

In this section we shall formulate the ill-posed Inverse Problem I stated in Sec-
tion 1 as a stabilized minimization system and establish the existence of the solu-
tions and stability of the minimization formulation. For the sake of convenience,
we shall rewrite the electric system (1.4) as

O°E A
(2.1) E(X)W +Vx(ux)VxE)=j in Q
where j = %, and u(x) = v~1(x) is the magnetic susceptibility. If u(x) is known,
then the magnetic permeability v(x) targeted in Inverse Problem I can be obtained
by taking the simple inverse of p(x). So in the subsequent sections, we shall address
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the reconstruction of the magnetic susceptibility u(x) under the measurement data
E° provided in (1.3). For the purpose, we will need the following Sobolev spaces:

H(curl;Q)) = {v € L*(Q)% curlv e L2(Q)3} ,
Hy(curl; Q) = {v € L*()% curlve L?(2)* vxn=0on 8(2} ,
H% curl; Q) = {v € H*(Q)3; curlv € HO‘(Q)S} )

for 0 < a < 1, with the norms

1
2

1
2
IVllocurt = {IVIZ + 1V x VI2}, Vllacun = {IVI2 + 119 x vI2} .

Here and in the sequel, || - || will always mean the L?(Q)3-norm (or L?(Q)-norm if
only scalar functions are involved). And as usual, we will use || - ||, to denote the
norm of the Sobolev space H*(Q)3 (or H*(f2) if only scalar functions are involved).

In general, Inverse Problem I is not solvable. Instead we shall transform it into a
mathematically solvable minimization system. For this we introduce the admissible
set for the recovering parameter p(x):

(2:2) K= {u € H'(); po < p(x) < p ae. in Q}

where po and pq are two a priori lower and upper bounds of the parameter u(x).
Then we formulate the Inverse Problem I as the following minimization process:

T
. B
(23) min G = [ [ [BGo) ~ B Paixat+ F1 Ve

where 3 is a positive constant, called the reqularization parameter, and E = E(u) €
Hy(curl; Q) satisfies the initial conditions

(2.4) E(x,0) = Eg(x) and E:(x,0)=E;(x) in Q

and the variational system associated with the electric field equation (2.1):

(2.5) / e(x)Ey - vdx —l—/ pu(x)curlE - curlvdx = / j-vdx, Vv € Hy(curl; Q)
Q Q Q

for a.e. t € (0,T).

In the rest of this section, we shall justify the formulation (2.3)-(2.5), and demon-
strate that the nonlinear optimization system always has solutions and its solutions
are stable with respect to the change in the error of the observation data E°. The
next theorem establishes the existence of solutions.

Theorem 2.1. There exists at least one minimizer to the optimization problem
(2.3)-(2.5).
Proof. As G(u) > 0, we know that inf G(u) is finite over K. Thus there exists a

minimizing sequence § u™ ¢ in K such that

lim G(u") = inf G(u).

n— o0 pneK

Then by the definition of G(u), there exists some constant C' such that 5|V u™ ||2L2(Q) <
C. This, combining with the fact that u” € K, shows the boundedness of x” in

H(Q), thus there exists a subsequence, still denoted as {u"}, and some p* in
H(Q) such that

pt = p*in HY(Q) and p™ — p* in L*(Q) as n — oo.
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As K is a closed convex subset of H(§)), hence K is weakly-closed and we have
w* € K. Next, we will prove that p* is a global minimizer of (2.3)—(2.5). As it is
rather technical, we will divide the whole proof into four steps.

Step 1. Show the convergence of the sequence {E(u™)}.

We shall write E" = E(u"). Using the equation (2.5), we know E™ € Hy(curl; Q)
satisfies

(2.6) /E(X)E?t-vdx—i—/ u"(x)curlE"-curlvdXZ/j-vdx,VveHo(curl;Q).
Q Q Q

Taking v = E} in (2.6), we obtain

1 d n 1 n d n . n
QAE(X)E|Et |2dx+§‘/ﬂu (X)E|curlE |2dx=/ﬂ‘]-Etdx.

Integrating over [0,t], we have

1

3 [ SOOUER (e = s () )i

+ l/ll (x)(JcurlE™(x,t)|? — |curlEy(x)|?)dx

//J E}dxdt.

By the Cauchy-Schwarz inequality and the bounds of € and K, we further derive
€0l B} (t)[|72(qys + HollcurlE™ (t)[172q)s
t
< a /Q |E:1[?dx + pu]|curlEo |72y + [1ill720.7:22(0)2) +/ B (|72t
0
applying the Gronwall’s inequality yields for all ¢ € (0,7") that

o sup [|EF(1)]|720ps + 1o sup [lcurlE"(1)[[72q)s
0<t<T 0<t<T

(2.7) < C(||E1H%2(Q)3 + ||Cur1E0H%2(Q)3 + ||j|\%2(o,T;L2(Q)3)) :
This, along with the relation
E"(x,t) = Ep(x) + /t E} (x,7)dr,Vt € [0,T],
gives ’
(2.8)  [E"[z20,m522(0)2) < C(||E1HL2(Q)3 + | Eoo,cur1 + Hj||L(o,T;L2(Q)3)) :
On the other hand, it follows from (2.5) that for any v € Ho(curl; Q2),
[(e(xX)EL, v)| < | / j-vdx| +| / x)curlE" - curlvdx]

< (lillz2()ys + pallcurlE™ || L2 (qys)

hence we obtain from (2.7) that

(2.9) lle () ELl £2(0,7:(Fo (curti))yy < C
where, and throughout the rest of the work, C' will always stand for a generic
constant which depends only on some given data such as Eg, E1, j and the bounds
€0, €1, o and gy in (1.7) and (2.2).

One observes from (2.7) and (2.8) that curlE", p"curlE™, E" and E} are all
bounded in L2(0,T; L?(2)3), while e(x)E?, is bounded in L?(0,T; (Ho(curl;Q))’).
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This implies the existence of a subsequence of {E”}, still denoted as {E"}, and
some P, W, E, E € L2(0,T; L*(Q)?) and U € L2(0,T; (Ho(curl; Q))) such that

curlE" — P in L%(0,T; L3(Q2)3);
prcurlE® — W in L?(0,T; L*(Q)3);
(2.10) E" — Ein L%0,T; L3(Q)%);
Er — EinL2(0T L2(Q)3);
e(x)EL, — Uin L*0,T; (Ho(curl; Q))).

Step 2. For the limits P, W, E, E and U in (2.10), we prove that

E=E(y*), P=curlE, W= "curlE, E=E, U=c¢xE,.
Firstly, for any ¢ € L%(0,T; Ho(curl;2)), we have by the integration by parts

formula that
T T
/ / curlE" - pdxdt = / / E™ - curl pdxdt .
Q Q

Letting n — oo in the above equation and using (2.10), we obtain

211/ /P pdxdt = / /E curl pdxdt = / /curlE wdxdt .
Q Q Q

Then by the density of L?(0,T; Ho(curl;Q)) in L?(0,T; L*(Q)3), we obtain P =
curlE.
Since p"curlE" — W in L?(0,T; L?*(Q)3), we know

T T
lim / / p"curlE" - pdxdt = / / W - pdxdt, Vo € L*(0,T; L*(Q)?).
Q 0 Q

n—oo 0

Now we show W = p*curl E, namely it holds for any ¢ € L2(0,T; L?(Q)3) that

T T
(2.12) lim / / ueurlE™ - pdxdt = / / pcurlE - pdxdt .
Q 0o Ja

n—oo 0

To see this, we derive by the Cauchy-Schwarz inequality, (2.7) and (2.2) that

T T
} / / u"curlE™ - odxdt — / / p*eurlE - godxdt}
0o Ja 0o Ja

T T
< } / / (u" — p*)curlE™ - wdxdt’ + } / / *(curlE™ — curlE) - wdxdt’

0o Ja o Jo

T 12, (T 1/2

< (/ / lu™ — u*||<p|2dxdt) (/ / ™ — u*||curlE"|2dxdt)

0o Ja 0o Ja

T A
—I—‘ / / " (curlE™ — curlE) - wdxdt‘
Q

< / / ™ — u*||e]? dxdt ’ / / (curlE"™ — curlE) godxdt‘

which converges to zero as n — oo by using the Lebesgue dorminated convergence

theorem, and the Weak convergence of curlE™ to P in (2.10) and P = curlE.
Next, taking 1(t) € C§°[0,T], we have for any v € L?(Q)3,

/ / G(OE - vdadt = /O /Q DB - v .
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Letting n — oo in the above equation and using (2.10), we obtain
T A T . T .
/ Y(E - vdxdt = —/ V(OB - vdxdt = / Y(E,; - vdxdt,
o Ja 0o Ja 0o Ja

that implies E = E,.
Now taking v(t) € C[0,T] such that ¥(T) = 0, we obtain by integration by
parts for any v € L?(2)? that

T T
/ Y()E} - vdxdt = —/ Y (OE"™ - vdxdt — | ¥ (0)Eq - vdx.
o Ja o Jo Q
Letting n — oo in the above equation and using (2.10) and E= E,, we obtain

T T
/ V(B - vdxdt = —/ U ()E - vdxdt — [ ¢(0)Eq - vdx,
0 Jo 0 Jo Q

namely
/OT [ @) viisar = = [ G(0)E, - vax

This gives that [, 9(0)E(x,0) - vdx = [, 1%(0)Eo(x) - vdx, and we know

E(x,0) = Eg(x).
Next by taking ¢(t) € C§°[0,T], we derive for any v € Hy(curl; ) that

T
/ / (tE}, - vdxdt = / / e(x)(HEY - vdxdt,
Q 0o Jo

Letting n — oo in the above equation, we obtain

T T .
/ P(t)U - vdxdt = —/ P (t)e(x)E - vdxdt,
0o Jo 0o Jo

which implies

U = e(x)E = e(x)Exs.
Furthermore, we take a (t) € C[0,7] such that ¥(T) = 0 to deduce for any
v € Hy(curl; Q) that

R Ly YRR pre—

Letting n — oo in the above equation and using U = s(x)Et, we obtain

/ /Q )e - vdxdt = 2¢(0)<€(X)E1(X)-vdx.

Hence we have .

E(x,0) = E/(x,0) = B (x).
Finally, we multiply both sides of (2.5) by a function ¢ (t) € C§°[0, T, then integrate
with respect to t to obtain

/ / (t)E},-vdxdt+ / / t)curlE" -curlvdxdt = / / Y(t)j-vdxdt.

Letting n — oo in the above equation, we obtain
(2.13)

/ / Ett vdxdt+ / / w*(t) curlE curlvdxdt = / / P(t)j-vdxdt,
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comparing with (2.5) and using the fact that E(x,0) = Eo(x) and E(x,0) = E(x)
and the definition of E(u*), we derive

E=E(u") =E".
Step 3. We prove
T T
(2.14) lim / |E(u") — E°|?dxdt = / / |E(1*) — E°|?dxdt.
n—=o0 Jo w 0 w
It suffices to show that
T
(2.15) im [ [E(") = B(u")|2eqyedt = 0.

n—oo 0

Indeed, if (2.15) holds, then we obtain by using the Cauchy-Schwarz inequality and
the bounds (2.7)-(2.8) that

T T
‘/ HE"—E‘SH%Q(w)gdt—/ |\E*—E5||%2(w)3dt‘
- ’ / / _E)-(E" + E* — 2E°) dxdt’

(/ /|E"—E*|2dxdt)%(/ /|E"+E*—2E5|2dxdt)%
0 w 0 w

T
el / IB(:™) = B 2o yodt) = 0 as 0 — o,
0

IN

IN

0 (2.14) is verified. Next, we prove (2.15). Taking v = E} in (2.5), we obtain

1 d . 1 s d n . o
(2.16) 5/528(X)E|Et|2dx+§/gu (X)E|curlE |2dX:/QJ-Et dx.
Similarly, taking v = EJ in (2.13), we obtain

1 d 1 d
2.17 = —|EfPdx + = [ p*(x)=|curlE*|*d :/'-E*d.
@i g [ BR300 loutE Pax = [ - Eidx

Subtracting (2.17) from (2.16), we have
1

d 1 d
5 [ 200G UERE — B P)ax+ 5 [ 0 G (fourlB" P — [curle” P)ax
2 Jo at 2

(2.18) = /Qj-<E?—E:>dx+§ /Qw*() () % eurl B dsx

One can rewrite (2.18) as

1 d 1 d
B /Q E(X)ELE? — EjPdx + 3 /Q u”(x)a|curlE" — curlE*|%dx

. n * 1 * n d * |2
= /QJ'(Et —Et)dx—l-i/ﬂ(,u (x) — (x))a|curlE |*dx
d n
+ [ 05 (B - (B ~B))ax

d
(2.19) +/ ,u"(x)a(curlE* - (curlE* — curlE"))dx .
Q
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By integrating both sides of (2.19) with respect to ¢ we obtain

1 n * 2
5 [ GO (x.t) ~ Bi(x.0)Pax
1 n n * 2
+§/QM (x)|curlE"(x,t) — curlE* (x, t)|“dx
_ / /j.(Ey_E;)dxdt
0 Ja
+%/Q(M*(X) — 1" (%)) (|eurlE* (x, t)|* — [eurlEq (x)[*)dx
+/ e(x)Ef (x,t) - (Ef (x,t) — E}(x,1))dx
Q
(2.20) + /Q p" (x)curlE* (x,t) - (curlE*(x,t) — curlE"(x, t))dx ,

then integrating both sides of (2.20) over ¢t € (0,7'), we come to the following
relations

T
3 [ OO Get) - B )Pt
2 0 Q

1 T
+§/ /u"(x)|curlE"(x7 t) — curlE* (x, t)|2dxdt
0o Ja

_ /OT /Ot /Qj-(Ez(x,r)_E:(x,r))dxdet

T
+%/0 /Qw(x) — () (JeurlB* (x, 1)  [curlBo(x) ) dxdt

T
+ /0 /Q B (. ) - (B2 () — B2 (3, )t
T
“
4
> ).

i=1

/ " (x)curlE* (x,t) - (curlE*(x,t) — curlE™ (x, t))dxdt
Q

(2.21)

Next we estimate all the terms (I);’s in (2.21) one by one.
First for the estimation of (I);, by the Canchy-Schwarz inequality and (2.10) we
know

/ot /Qj (B} (x,7) — Ef(x, 7))dxdr

is bounded independent of n and ¢, and tends to zero as n — oo for all t € (0,T).
Hence, by using the Lebesgue dorminated convergence theorem we have (I); —
0 as n — oo.

For (I)2, we know that u™ — p* in L2(2) from the fact that g™ — p* in H(£2).
Then the convergence of (I)y follows directly from the Lebesgue dorminated con-
vergence theorem. The convergence of (I)s follows directly from the previously
proved fact that E — Ej in L?(0,T; L?(Q2)3).
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Finally we come to analyse term (I);. Following the proof of (2.12), we can
deduce

T
lim / /u"curlE"(x7 t) - curlE*(x, t)dxdt
0o Ja

n—oo
T
(2.22) = / / p*curlE*(x,t) - curlE* (x, t)dxdt.
0 Jo
Moreover, by using the Lebesgue dorminated convergence theorem we know
T
/ / (1" (x) — p* (x))|curlE* (x, t)|*dxdt — 0 as n — oo,
0 Jo

which, along with (2.22) and the triangle inequality, yields
T
Ny < | / / pcurlE™(x,t) - curlE*(x, t)dxdt
0o Ja
T
—/ / p curlE* (x,t) - curlE* (x, t)dxdt|
0 Jo

T
+|/o /Q(,u"(x) - ,u*(x))curl]i]*(x7 t) ~Cur1E*(x7 t)dxdt| 50

as n — 0o. By the previously established convergence for (I); up to (I)4, we know
from (2.21) that

|E} —Ef||L200,7:02(0)3) — 0 as n— o0,

Hence we have

T
/ /|E"(x,t)—E*(x,t)|2dxdt
0 Q

-/ ' L] (B, 7) — B (7))l

T
< T2// |Ef(x,t) — BEf (x,t)*dtdx — 0 as n — oo,
o Jo

which leads to (2.15).
Step 4. We prove the limit p* is the minimizer to the system (2.3)—(2.5).
Using the results of Step 3 and the lower semi-continuity of a norm, we have

T
* * ﬂ *
Gy = [ 1B ~ Bt + SIVH ey

n—00

T
. " Bio,
= lim ; IE(1") — E?||7 (s dt + §|\Vﬂ 1220

T
. n 5112 ﬂ P n|2
< lim ; IE(") = E’|[Za)pdt + 5 Uminf [Vi"{|72 (g
< limi ny
< liminf G(p") ;Ig{G(u),

so p* is indeed a minimizer to the system (2.3)-(2.5). This completes the proof of
Theorem 2.1.

The next theorem demonstrates that the minimization system (2.3)-(2.5) is in-
deed a stabilization of the ill-posed Inverse Problem I with respect to the changes

of the observation errors, so justifies the regularizing effect of the formulation (2.3)-
(2.5).
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Theorem 2.2. Let {Efl} be a sequence such that
(2.23) E2 5 E° in L*0,T;L*w)®) as n— oo,

and let {u(")} be the sequence of the minimizers of problem (2.8)-(2.5) with E°

replaced by BS . Then the whole sequence {u(”)} converges strongly in H(Q) to a
minimizer of (2.3)—(2.5).

Proof. By the definition of {u(")}, for any p € K we have

T T
. B g
| [ ) B s GV oy < [ [ 1RG0 Paxat 51Vl

This implies {||Vx(™|} is bounded. Furthermore, {(™} is also bounded in L?(f2)
by noting that (™ € K, so we know {u(™} is bounded in H' (). Therefore there
exists a subsequence, still denoted by (™, and some p* € K , such that p(" —
in H1(Q) as n — oo.

Now applying the Cauchy-Schwarz inequality, we can derive

‘/ / —ES 2dxdt — /()T/M|E(M*)—E5|2dxdt}
‘/ / (2E(u™) — B® — Ed)dxdt

w0 ) B - () + B - 28]

/ /|E5 E | dxdt%/ /|2E (M) — BS — E?|dxdt)?

/ /|E M) — B 2dxdt) / /lE 1) + E(u*) — 2B 2dxdt) b
R+ R>.

IN

We know that fOT [, |E°—E? |2dxdt — 0 as n — oo by using (2.23), and fOT L 12E(p™)—
E? — E’|?dxdt is bounded from the proof of Theorem 2.1. Hence we have R —
0 as n — oo. Similarly to the proof of Step 3 in Theorem 2.1, we can show that
fOT [, IE(u™) — E(u*)|*dxdt — 0, thus Ry — 0 as n — oo. This proves

n—oo

T T
(2.24) lim /|E(u<n>)_Eg|2dxdt:/ /|E(u*)—E5|2dxdt.
0 w 0 w
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Now we can show that p* is a minimizer of (2.3)-(2.5). To see this, for any u € K
we derive from (2.23), (2.24) and the lower semi-continuity of a norm that

T
* * ﬂ *
Gy = [ 1B ~ Bt + SIVH ey

T
= lim A IE(p™) —EiH%z(w)sd’f‘FgHVM 1720

n—oo

IN

T
. n B . n
tin [ BG) — B ot + 5 lmind |V

n—r oo

IN

n—00

T
. n p n
hmlnf[/o [E(u™) = B [|72 (s dt + §||VM( N2

IN

T
- B
timint( [ () — B2 st + 51Vl )

n—oo

T
B
= [ 1)~ Bt + 51Vl
(225) = Glw.

which verifies that p* is a minimizer of (2.3)-(2.5).

It remains to prove that p(™ — u* in H'(Q) as n — oco. First it follows from
the weak convergence of (™ to p* in H*(Q) that (™ — p* in L2(Q) . Next, we
get from (2.25) that

T
G(p") = min G(p) = lim [/0 IE(u™) = ) |1 72(2dt + §|\Vu( N2

neK n—ro0
which, along with (2.24), gives
nh_)ngo Hvﬂ(n)”%mz) = HVM*H%Q(Q)'
Hence we derive
IV =V lfe = IVE™ G2 + IV 17200) — 2(Vut™, Vi)
= 2|V |[fa) — 2(Vi", V") =0

as n — 0o, leading to the desired strong convergence of u(™ to p* in H'(Q). #

3. Finite element approximation

We now propose a finite element method for solving the continuous nonlinear
minimization problem (2.3)—(2.5). For the purpose, we first triangulate the space
domain Q and assume that 7" is a shape regular triangulation of Q with a mesh
size h, consisting of tetrahedral elements. We will approximate the electric field E
by the edge element space of second family (cf. [9]):

Vi = {vi € Hiewrl; @); vala € (Pi(A)), vAe T},

where P;(A) is the space of linear polynomials on A. It was proved in [10] that
any function in V}, can be uniquely determined by its degrees of freedom in the
moment set My (v) given by

My(v) = {/(v.r)qu; Vq € Pi(e) on any edge e of A € 'Th}.

€
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To enforce the boundary condition (1.5), we introduce the following subspace of
V}, and Hy(curl; Q):

VO:{vhevh; vhxn:OonaQ}.

We will approximate the parameter function u(x) to be recovered by the standard
nodal finite element space of piecewise linear functions (cf. [3]):

Sp = {vh € HY(Q); vpla € Pi(A), YA € Th} .

Let {x;}Y, be the set of all the nodal points of the triangulation 7", then the
constrained set K in (2.2) can be approximated by

K = {vh € Sh; po <wvp(x) <py fori=1,2,--- ,N},

To fully discretize the system (2.3)-(2.5), we also need the time discretization. To
do so, we divide the time interval (0,T") into M equally-spaced subintervals by using
the nodal points

Ap: 0=t <t < ..<tM=T
with ™ = m7,7 = M/T. We will denote the m-th subinterval by I = (™1, ¢™].
For a given sequence {E™}M_, C L%(Q)3, we introduce its first and second order
backward finite differences:

E™m — Em—l

m m—1
o ENETTL g OET -0
T

T

The differences above may also be applied to a continuous function v(x,t), in which
case we will write v = v(-,t"™) for 0 < m < M. For a vector-valued function v
with some appropriate smoothness, we introduce its edge element interpolation
I v such that v € V;,, and II5v and v have the same moments in M (v).
Similarly, for a scalar function v that is continuous, we can introduce its nodal
element interpolation 7, v such that mpv € Sy, and v and v have the same values
at all the nodal points.

With the above preparations, we are now ready to formulate the finite element
approximation of the nonlinear optimization system (2.3)-(2.5):

M

: m B

G min Ghln) =7 Y an [ B - EPdx+ 51V
m=0 w
where E* = E"(up,) € V9 satisfies
(3.2) E) =1,E,, E)-E,'=7I,E;
and
(3.3) / e(x)’EN - vydx + / wn(x)curlE - curlvy,dx = / 0:J™ - vpdx
Q Q Q

for all v, € V%, and m = 1,2,--- ;M. Here {am} are the coefficients of the

composite trapezoidal rule for the time integration over [0,T], i.e. ap = ap = +

2
and a,, = 1 for all m £ 0, M.

The next theorem shows the existence of the solutions to the discrete system
(3.1)-(3.3).

Theorem 3.1. For each fixed T > 0 and h > 0, there exists at least a minimizer
to the discrete optimization problem (3.1)-(3.3).
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Proof. We emphasize that the parameters 7 > 0 and h > 0 and the integer M can
be viewed to be all fixed constants in this proof. Clearly, as Gy, -(un) > 0 we know

inf G, (pp,) is finite. Thus there exists a minimizing sequence {uﬁ} in K} such
that
. k . .
i G (uy) = nf G (1in)-

Then it is easy to see the boundedness of { uﬁ} in H(€), hence the existence of

a subsequence, still denoted as {uﬁ}, and some py € Kj such that NZ — 5 in
HY(Q) as k — oo.
We now prove that u} is a minimizer of (3.1)-(3.3). We first show that for
m:(),l,-~- 7Ma
EM(uf) = EM(u;) in L*(Q)® as k—oo.

To see this, it follows from the definition of EI* that for any v, € VY,

(3.4) /a(x)@fE}f(uZ}-vhdx—l—/ ,u’,i(x)curlE;I”(uZ)-curlvhdx:/(?TJm-vhdx.
Q Q Q

(3.5) /E(X)BEEZL(M;;)-Vhdx—i—/ u;(x)curlEZl(uZ)-curlvhdx:/BTJm-Vhdx.
Q Q Q

Taking v, = 70, EJ!'(1f) in (3.4) and using the fact that (a—b)a > 3 (a?—b?),Va,b €
R, one gets

/QE(X)(Iaszn(u’ﬁ)l2 — 0B () [?)dx
[ k) sl ) ety () x
< T/ 10, 3™ 2dx + T/ 0, Ej (uf)?dx .
Q Q
Summing up the inequality with respect to m, we derive for m = 1,2,--- , M that
EOH‘?TEZ%NZ)H%?(Q)S + MOchrlEzn(NZ)H%?(Q)S

< ElHHhEIH%ﬂ(Q)S + /141||CU.I‘1HhE0||%2(Q)3 +7 Z HBTJ"H%Q(Q)s

n=1

+7 ) 10-E ()| 72 (s

n=1

Then by the discrete Gronwall’s inequality, we deduce that

(36)  max 0B (uf)Fa@p <O, max [leurlBR ()] Faap < C

for some constant C' independent of k, h and 7.
Similarly, taking v, = 70, E* (1) in (3.5), we can deduce that

(1) max 10BR ) eqe <O, max lewrlBR (if) |32y < C
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Now we set wi™(k) = E(uf) — EP*(u;). Clearly w) (k) = 0. By subtracting (3.5)
from (3.4), we derive

/ e(x)02w (k) - vpdx +/ p¥ (x)curlw!™ (k) - curlvy,dx
Q Q

(3.8) = /(uZ(x) — uf(x))curlEY (u}) - curlvydx ,Vvy, € VY.
Q

Taking vy, = 70,w)"(k) in (3.8), we obtain

1

2 /Q e(X)[|0-wi (k)| — |0rwp " (k)| dx

1
by [ ko lleurlef? ()7 — [eurlef? ! (k) Plax
Q
< / () — (o) Jeur B ) - eurd(wf () — '~ (k).
Summing up both sides over m, and noting that wg(k) =0, we derive

1 m
5 Hol[curlwy (k)||2L2(Q)3

1 m
550|\3rwh ()| 72()s + 5

/Q i (%) = (=) Y |Cur1EZ(uZ)|{|0ur1EZ(MZ) — curlE} ™ (1;)]
+|curlE} (uF) — curlE”fl(uZﬂ}dx

< | | (x Z (Cp + Cp1) + Co(|curlEY| + |curlEy 1)) dx

with C,, = maxc7n |curlE} (u})|. Letting C' = max {CO, Cp,-+- ,CM}, then we

deduce

1 m 1 m
e0ll0rwp ()20 + §H0|\Curlwh (B)[1 7202

IN

2mC? | 1) = |dx+2cz [, 0 = et o

2mC?|Q2 |, (%) — ph (%) | 220

IN

+2CZ (| 27, (x (%) 2 (e | curlER (17| 2 (0)s -

Noting that pf — p} in L2(Q) as k — oo by means of the convergence of uﬁ to
p; in H'(Q), and the boundedness of ||curlE} (uf)|| r2(q) for alln =1,2,--- | M
implied by (3.6), we have

(3.9)  eoll0rwi (k)20 + pollcurlw) (k)[[F2(qps = 0 as k — oo.
Using (3.9) and the fact that w)) (k) = 0 we deduce

I~ () L2 gys = | Za‘rwh M2y < Z 107w (F) || L2 ()5 — 0

n=1

as k — oo, or equivalently we have for m =1,2,---, M that

(3.10) IE7 (1) — Eff(ui)lln2)s = 0 as k= oo.
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Next we show that

(3.11) hm T Z am/ BT (uf) — E°2dx = 7 Z am/ |E7 (up) — E°dx.

m=0

In fact, the strong convergence in (3.11) follows directly from (3.10) and the fol-
lowing derivations:

M M

E°|2 dx—TZam/|Em( ) )2 dx‘
m=0

T

(]

[ER

Qm

| B
o | E 0

3
Il
o

h) —
)

NE

T

~ By (7)) - By () + B (uf) — 2B x|

3
Il
o

m my, 1 m m 1
IEf (1) — Ej, (Nh)”%?(w)B )= ( Z IR (1r) + B (u7,) — 2E°[|) 2

m=0

M=

IN

(r

3
]
o

1

M
m m 1 m 1
”Eh (k) = B (i) 172 () ? (7 > IBR (uf) + ER (uf,) — 2E°||%)2
m=0

IA
3
NE

3
go

X 1
< TZ| E (1 h)”%2(9)3)2_>0 as k — .
=0

Finally we prove that p is a minimizer to the optimization problem (3.1)-(3.3).
Using (3.11) and the lower semi-continuity of a norm, we obtain

Gnr(l) = rzam / BR (1) — B P+ 5 1903 e

512
= 1ggofz_am/|Eh )~ B Pax 4 1V 2

IN

lim 7 am/ [ (uf) — E°2dx + EhmlanVuhHLg

k—o0

IN

lim inf Ghﬂ'(,uh) = nf G (1in)-
So pj, is indeed a minimizer of Gy - (pn) over Kp. f

4. Convergence of the finite element approximation

In this section we are going to show that the finite element approximation (3.1)-
(3.3) converges to the continuous minimization problem (2.3)-(2.5). For the pur-

pose, we first introduce some approximation properties of the edge element inter-
polation II, (cf. [4] [9] [10]):

Lemma 4.1. The interpolation Il has the following approximation properties for
% <a<l:
(4.12) |curl(v —1I,v)|[o < Ch|curlv|; Vv € H!(curl;Q),
(4.13) lv—TIpvio < ChY|V]a,curl YV € HY(curl; Q).
Also, we need to introduce an important projection operator Py: Hy(curl; ) —

V9 the energy-norm projection, defined by
(4.14) a(Pyu,v) = a(u,v) ¥v € Vi |
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where the bilinear form
a(u,v) = / w(x)(curlu - curlv + u - v)dx.
Q

It is easy to see by the definition of the projection P, in (4.14) that

”V_PhV”g,curl < /Lgl a(V_PhVaV_PhV)

< ,ual a(v —TIpv,v —Iv)
<

(415) Mlﬂal ”V - HhV”g,curl

for all v € Ho(curl; Q) N H*(curl; ) with a > .
In our subsequent anaylsis, we will frequently use the following estimates for
B = H!(curl; Q) or H*(Q)3 with a > 0,

1
(4.16) 8,-v™ % < ;/ 1 |ve(t)||&dt ¥ v e HY(0,T;B),
t*rnf
1
(4.17) 02wl < [ Ivu(olfade ¥ v e H20.17:B).
T t —2
tm
(4.18) |0 v — 0P v™ B < OT/ |[viee (V)| Bdt ¥ v € H?(0,T;B),
t7n72

and the following classical approximation result:

Lemma 4.2. Let X be a Banach space. For a given function f € C([0,T]; X), we
define a step function approzimation of f:

M
Safxt) = 3 xm(®)f(x, ™),
m=1
where xm(t) is the characteristic function on the interval I™. Then we have

T
timy [ 18850 = 1.t =0,

As usual, it is necessary for the solution E to the forward Maxwell system (2.5)
to have certain regularity in order to establish the convergence of the finite element
approximation (3.1)-(3.3) to the continuous minimization problem (2.3)-(2.5). For
this we will assume that for any v € K, the solution E(v) to the system (2.5) has
the following regularity

(4.19) E(y) € H*(0,T; H (curl; Q)) n H3(0,T; L*(Q)?).

Now we start with the following auxiliary estimates which will be needed for the
subsequent convergence of the finite element approximation (3.1)-(3.3).

Lemma 4.3. Let {Mh} be a sequence such that pp, € Ky, and py, converges to some

w€ K in L*(Q) as h tends to 0. Let {E7(un)} be the solution of (5.2)-(3.8), and
E(p) be the solution of (2.4)-(2.5), satisfying that E(u) € H'(0,T; Ho(curl; Q) N
H(curl;Q2)). Then the following estimate holds for all sequences {vi*}M_, c V9

m=0
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and 1 <n <M,

TZ/ x)) curl P,LE™ (p) - curld,v}" dx

< ulEY(w) (le(x) = pr(x)[|2 + h)||curlvy|

E" (1)

420+ 002+ ) - O [ B0 cumt + 37 3 ety

Proof. We will write E™(u) = E(u)(-,t™) (1 < m < M) for the exact solution
E(u)(x,t). First, using the discrete integration by parts formula for any sequences

{am} and {bm},
Z a™ o b = — Z Ora™ ™t 4 g — et
m=2

we obtain that

T Z / (u(x) — pp(x))curl BLE™ (1) - curlo vy dx

= —TZ/ x))curl P, 0, E™(p) - curlv)" 'dx

+ / (p(x) — pn(x))curl PLE™(p) - curlvydx
Q

- / (1(x) — pn(x))curl PLE* (1) - curlv)dx
Q
(421) = —F1 +F2 —Fg.
We next estimate Fy, F» and F3 one by one. F3 can be estimated directly by

1Bl < [[(n(x) = pn(x)eurl PE! ()] [[eurlvy |
< 2 |eurl P E (p)]| [leurlvi | < 24| E (1)

For F5, we can estimate by using the Holder inequality, Sobolev embedding theorem,
Lemma 4.1 and (4.15) as follows:

Rl < | / () — () curlE" (1) - curlvdx]

+|/ x))(curl PLE™ (1) — curlE"(u)) - curlv} dx|
< lp(x) = pa(x )||L4(Q)||Cur1En( ML) l|eurlvy|
+2p1 || PhE" (1) — E" (1) lo,curt || curlvi ||
< @) ) — (Ol s g eurlE" )1 ol |
+C I |[E" (1) ||1,cur || curlvy|
< Ol — un ()l 0y + W) IE" ()
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Finally, we come to estimate F;. By the Cauchy-Schwarz inequality we derive

1 & 1 < m—
Bl < 5 31000 — m()ewrd BB (o) + 57 3 lleurtyy |2
m=2

m=2

7Y I(n(x) = pn(x)) (curl P10, E™ (1) — curld, E™ ()|

<
31 0u00) — g () el B ()] + o > feurtvy |
m=2
< 0 [POE™ ) — 05" (1) e + o S flewrtvy |
m=2 m=2
+7 Z [l pe(x )||L4 Q)||cur18 E™(u )”%4(52)7

then we further deduce using (4.15) and Lemma 4.1 that

n . 1 n .
B < Crh? Y I0-E™(1)]1F curt + 37 > lleurlvy =2
m=2 m=2
+CT Z ”/1’ )HL2||8 E™ ( )Hicurl
2 T 2 1 S 112
< C(h +||N(X)—Nh(x)”)/o IE: (@)1 currdt + 572 [[curlvy*|*.
m=2

Now the desired estimate (4.20) follows from (4.21) and the previous estimates for
Fl, F2 and F3. ﬂ

The following lemma will be essential to the convergence of the finite element
approximation (3.1)-(3.3) to the continuous minimization problem (2.3)-(2.5).

Lemma 4.4. Let {Hh} be a sequence such that un, € Ky, and pp, converges to some

p € K in L*(Q) as h tends to 0. Let {E(up)} be the solution of (3.2)-(3.3),
and E(u) be the solution of (2.4)-(2.5), satisfying the regularity (4.19). Then the
following convergence holds

M T
(4.22) Jim 7 > am/ ) — E°|2dx = / / |E(1) — E°dxdt.
h,7—0 w 0 w

m=0

Proof. We first show that

M T
(4.23) hm T Z am/ |E™ (1) — E°|?dx = / / |E(1) — E°|?dxdt.
m=0 0 w
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In fact we can derive this convergence as follows:

T
Zam/mm — EPPdx — / /|E(u)—E5|2dxdt
0 w

Eml E62 E™ _E62
_ / [ B ) B
m—1

tm

/ /w|E(u)—E5|2dxdt‘

m

[ {® 0 - B (@) + B - 28°)

M= iMi

1
- 51 1
(1) = E(1)) - (B (1) + E(x) — 2E°) haxat|

Z /m 1B — B P
Z/m 1/|Em ~ B(p) )

which converges to zero by means of Lemma 4.2.
Using the convergence in (4.23), (4.22) follows immediately if we can derive

M
: m 512 _ m 52
(4.24) h}}’_IEOTan_()am/UJ|Eh( pn) — E°2dx = hmTZam/ |E™ (1) — E°|?dx,

which is to be verified below.
By means of the Cauchy-Schwarz inequality and the a priori estimates of E}* ()
and E™(u) (similar to the ones in (3.6) and (3.7)), we can deduce

M M
7Y an [ B Gu) - B Pdx -7 3 an [ B7 () - P
m=0 w m=0 w

M
= 73 / (B () — E™ (1)) - (B (un) + E™ (1) — 2E%)dx]

3
I

_|_
3

IN

M M

< z/ B () — B () )b Y [ B un) + B () — 2B° P
m=0"% m=0"v¥

<oy / (B () — E™ (1) 2d) ¥
m=0

Now the convergence in (4.24) would follow if we have

(4.25) o { max (B (ua) — E™ (u)llo} = 0.

For the purpose, we first analysis the error function 1" = E(us) — PoE™(u) for
m =1,2,---,M. Taking v = 7~'v;, € VY in (2.5), then integrating with respect
to t over the interval I, we obtain

(4.26)

1 "
/ e(x)0:Ef* (1) - vpdx + — / ,u(x)/ curlEdt - curlvy,dx = / O-J™ - vpdx.
Q T Ja t Q

m—1
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Now subtracting (4.26) from (3.3) and making some rearrangements, we have

/ (X)) - vidx + / wn(x)curln)” - curlvydx
Q Q

- /QE(X)&(EZ”(M) — 0, PyE™ (1)) - vadx

1
+- / u(x)/ curl(E — P,E™(u))dt - curlv,dx
T 0 tm—1

+ / (u(x) — pp(x))curl PLE™ (1) - curlvydx,
Q

letting vy, = 70:n* = 0 — n,T_l, we further deduce

(1.27) 3 [ 20000~ 0,372 )i
45 [ im0 (eurty? P~ eurly ) ax
< [ OB () ~ 2B ) - Do
tr /Q £(x)(O2E™ (1) — O2PE™ (1)) - o dx
+ /Q w(x) /tm curl(E — E™(p))dt - curld,n;dx
-
47 [ ux)eurl(B () = PLE™ (1) - curlor i d
47 [ (o) — n)eurl P 1) - curld, 7' dx
. Q
(4.28) = ) A
=1

Next, we will estimate the terms A;’s above one by one. Using the Cauchy-
Schwarz inequality and (4.18), A; can be estimated by

1 m 1 m m
Al S 5517-”87'77}1 ||% + 5517_H67'Et (/J’) - aZE (/J’)”%
1 2 2 " 2
< sarllo-m | + Car / [ Eveellodt
tmf2

while As can be bounded by using the Cauchy-Schwarz inequality and Lemma 4.1
and the estimates (4.15)-(4.17) as follows:

1 1 . .
Ay < 5517’H3ﬂ7h ||g + 5617’”8.,2.]3 () — Phaqz—E (N)Hg,curl
1 m m
< 5817’”87-77}1 ||3 + 0517h2||872—E (:u)”icurl
1 "
< gerloa s Ca? [ B cumdt
tm—2
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For As, we can use the integration by parts formula to derive
A = / / curl(pu(x)curl(E — E™(p))) - 0. dxdt
tm-1.JQ
= - / / / curl(pu(x)curlE;) - 9.n; dxdsdt
tm—1 J¢ Q

mor Sy
1 m T
< [ Gelom + Jleurluxicurti,) F)dsde
tm—1 J¢ T 2
o

1 1
< grloaE+ 57 [ fleurl(uo)eurtEn) s
t’VTL*

For the estimate of A4, we use the definition of P, in (4.14) and Lemma 4.1 to
derive that

Ay = T/ p(x)curl(E™ (p) — P,E™ (1)) - curldrny'dx
Q

- /Q (1(x) (B™ (1) — PyE™ (1)) - Oy dx

1 m T m m
< 57’/14%”(9777}1 Hg + iHE (/J’) - PhE (N)”%,curl

1 m m
< 57’/14%”(97—77;1 Hg + CTh2HE (N)”%,curl .

N

Summing up both sides of (4.28) from 1 to n (n < M) with respect to m, and using
the previous estimates of A;’s, we obtain

1 'es 1 n
(429)  Seoll i I3 + rollourliy |3
1 1 n . n
< sellol + gmlleurlff + Or 37 10, I3+ O + 52 + 3 4.

m=1 m=1
By the definition of E} and P, and their approximation properties, we have
(4.30) [Inpllo,curt = [|Po(I1nEo—Eo)[lo,curt < C|TnEo—Eollo,curt < Ch[|Eoll1,curl-
And by the definition of 1) , EY and E,:l, we derive

1
oy = 0,(E) — B,E’) = —(E) -E,' - BL,E’+ BL,E™)

— 3

= PB,(IIL,E, —E;) + ;Ph(E(—T) —E(0) + 7E(0)) ,
which leads to

1
j0m812 < C(IMEx = Bxlf curt + =5 [E(=7) = E(0) + 7EA(0) [

0
(431) < Ch2||E1 ”%,curl + CT/ HEtt||(2),cur1dt .

-7

With the above estimates, it follows from (4.29) that

1 n 1 el . m .
S=oll O3 + Spolleurlag |3 < C(r +12) + 7 3 i3+ 3 As

m=1 m=1
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Then by making use of the result of Lamma 4.3 with v}* = 7} in (4.20), we obtain
that

1 1
Seollarng 3 + S pollcurliy 3

IN

1
i l[E (1) [lo,curt [eurlig || + ClIE™ (1) l1,curt (| 1) = pn(x)[|g + h)[|curlyy |

T
+O(? + u(x) — pn()]lo) / VB (1)[12 euntdt + C(7 + h2)

+C7 Y (leurlni |+ 10,03 115) -

m=1

Now, using (4.30) and applying the discrete Gronwall’s inequality to the above
estimate we conclude that

n|( 2
(4.32) pax 1070l =0 as h,7—0.

Using this and the following estimate that

n n
el < 1Rl A+ =gl = Il + 7l > el < gl + 7> lo-nil

m=1 m=1
< bl + T max {l9-ni" ],
we derive from (4.32) and (4.30) that
n||2
(4.33)  fax lnlls =0 as h,7—0.

Finally noting that

[PLE™ (1) — E™ ()0 < [TILE™ (1) — E™ (1) llo,curt < CAIE™ (1)]]1,curt ,
we then have by the triangle inequality that

m _m < m m _Tm
1SrglnaglelEh (n) — E (u)ll_lsrglnanglnh H+1§I§713SXMHPhE (1) —E™ (]l

which leads to the desired convergence in (4.25), hence completes the proof Lemma 4.4.

!

Finally we are ready to demonstrate the convergence of the finite element ap-
proximation (3.1)-(3.3) to the the continuous minimization problem (2.3)-(2.5).

Theorem 4.1. Let {,u;ﬁl} be the minimizers to the discrete minimization prob-
h>0

lem (3.1)-(3.3), then there exists a subsequence of {,u;;} which converges strongly
h>0

in L?(Q) to a minimizer of the continuous problem (2.3)-(2.5) as h and T tend to
0. If the minimizers of the system (2.3)-(2.5) are unique, then the whole sequence

of {uh}h>0 converges to the unique minimizer.

Proof. As we did earlier, it is easy to see the boundedness of {/‘Z} in H'(Q). Thus

there exists a subsequence, still denoted as {/‘Z}v and some p* in K such that

i — p*in HY(Q), and p} — p* in L2(Q). Next we prove that p* is a minimizer
of the continuous problem (2.3)-(2.5). For any p € K, letting pj, = mpp € K}, then
we have

(4.34) Ghr(up) < Gur(map) and - lim [|map — pl| o) = 0.
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Now using (4.34), Lemma 4.4 and the lower semi-continuity of a norm, we deduce

SO

T
* * B *
Gy = [ [ Bw) ~EPax+ SIVi s

M
. m * /8 *
= Jim r Y an [ B G - B Pdx+ SI900 Fa
m=0 w

h,7—0
M
< lim 7 am, |EZ”(;L;‘L)—E5|2dx—|—éliminf||v,u2|\22
~  h,7—=0 0 w 2 h,7—0 L7
< liminf Gp . (pf) < liminf G,
< lminf G - () < liminf G- (mnp)
- 8
. m §
< lm 3 an [ B ) — B Pax + SVl )

g 5 p
= [ [1BG0) - BPaxt 19l
= G,

p* is indeed a minimizer of the continuous problem (2.3)-(2.5). The second

part of the theorem follows directly from the unique assumption on the minimizers

to

the system (2.3)-(2.5) and the previously proved result in the first part of the

theorem. This completes the proof of Theorem 4.1.
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