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NUMERICAL SOLUTIONS OF STOCHASTIC DIFFERENTIAL
DELAY EQUATIONS WITH JUMPS
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Abstract. In this paper, the semi-implicit Euler (SIE) method for the sto-
chastic differential delay equations with Poisson jump and Markov switching
(SDDEwPJMSs) is developed. We show that under global Lipschitz assump-
tions the numerical method is convergent and SDDEwPJMSs is exponentially
stable in mean-square if and only if for some sufficiently small step-size A
the SIE method is exponentially stable in mean-square. We then replace the
global Lipschitz conditions with local Lipschitz conditions and the assump-
tions that the exact and numerical solution have a bounded pth moment for

some p > 2 and give the convergence result.
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1. Introduction

Stochastic modeling has come to play an important role in many branches of sci-
ence and industry and there are significant literatures that have been done concern-
ing approximate schemes for stochastic differential equations (SDEs) with Markov
switching [8, 12] or SDEs with Poisson jump [5, 6, 7].

In general, the future state of a system depends on the present and past states.
Hence, it is more significant to consider stochastic differential delay equations with
Poisson jump and Markov switching (SDDEwPJMSs). As many other equations,
SDDEwPJMSs cannot be solved analytically. Thus, it is necessary to develop
numerical methods and to study the properties of these methods. Finite time
convergence analysis of an Euler scheme is given in [13]. In this work, we consider
the finite time convergence of SIE method, the exponential mean-square stability
of analytic and SIE numerical solutions.

Throughout this paper, we let W (¢) be a d-dimensional Brownian motion, N (t)
be a scalar Poisson process with intensity A and independent of the Brownian
motion. Also we let r(¢), ¢ > 0 be a right-continuous Markov chain taking values
in a finite state space S = {1,2,..., N}. The corresponding generator is denoted
I' = (vi)Nxn, so that

ij : —J
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where 0 > 0. Here ;; is the transition rate from i to j satisfying ~;; > 0 if
i # j while v = — Z#i vij- Assume the Markov chain r(-) is independent of the
Brownian motion W () and Poisson jump N(-). We note that almost every sample
path of r(-) is right continuous step function with a finite number of sample jumps
in any finite subinterval of Ry := [0, c0).

In this paper, we need to work on the probability space (2, %, P) with a filtration
{#}1>0 satistying the usual conditions. To construct such a filtration, we denote
by N the collection of P-null sets, that is N' = {A € .7 : P(A) = 0}, For each t > 0,
define F; = o(N' Ua(B(s),r(s),N(s) : 0 < s <t)).

We will use |-| to denote the Euclidean norm of a vector and the trace norm of a
matrix and < -, - > to denote the scalar product. We will denote the indicator func-
tion of a set G by I¢ and denote by L}t ([-7,0]; R™) the family of .%#;-measurable,
C([-,0];R™)-valued random variables ¢ = {¢(t) : —7 <t < 0} such that

lollz == sup Elgp(u)|* < oo.
—7<u<0

For i € R, In[u] denote the integer part of p. In this paper we consider the following
n-dimensional SDDEwPJMSs

dz(t) =f(t, z(t), (T (t), r(t))dt + g(t, x(t), z(7(t)), 7(t))dW ()
(1.1) + h(t, z(t), z(7(¢)), r(t))dN(t), t>0,
z(t) =p(t), r(0) = ro, te -0l

where f : R X R?" x R® = R”, g : R x R* x R = R™*? h:R x R" x R* — R",

7(t) satisfy:
there exists a positive constant p such that

(1.2) —7 < 7(t) <t, and |7(t) — 7(s)| < p|t — 3|, Vt,s >0,

and ¢(t) € L%, ([-7,0];R™) which is uniformly Hélder continuous with exponent
~ € (0,1], that is, there exists a constant M > 0 such that for all -7 <s <t <0

(1.3) El(t) — o(s)|* < M(t - 5)".
We also assume that
(1.4) a(t,0,0,i) =0Vi €S, a= f,g,h,

so Eq. (1.1) admits the zero solution z(t) = 0.
To define the SIE approximate solution, we will need the following lemma (see

[1)).
Lemma 1.1. Given A > 0, let r& = r(kA) for k> 0. Then {r2, k =0,1,2,...}
is a discrete Markov chain with the one-step transition probability matriz

(1.5) P(A) = (Pi;(A)) yxn = 2T

Given a fixed step size A > 0 and the one-step transition probability matrix
P(A) in (1.5), the discrete Markov chain {r&,k = 0,1,2,...} can be simulated as
follows [8]. Let r5* = ro and compute a pseudo-random number ¢; from the uniform
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(0,1) distribution. Define
:if 4 € S — {N} such that

R ZIP’ <§1<ZPTO j

N : lePA ) < &,

where we set 2]0‘:1 P,a ;(A) = 0 as usual. In other words, we ensure that the
probability of state s being chosen is given by P(rf = s) = P,a ((A). Generally,
having computed 75, 7£,..., 72, we compute rkAH by drawing a uniform (0, 1)
pseudo-random number &1 and setting

i:if i € S— {N} such that

i—1
A E Pr?,j <€k+1 < E Prk J
Thk+1 = j=1 j=1
N—-1

NIlePA ) < &gt

This procedure can be carried out independently to obtain more trajectories.

Having explained how to simulate the discrete Markov chain, we now define the
SIE approximation for Eq. (1.1).

Let the step-size A € (0, 1) be = for some positive integer m, t,, = kA. The SIE
method applied to (1.1) computer approximations Yy ~ x(¢x), by setting Y = o (tx)
for —m < k <0, TOA = rp and forming
(1.6)

Visr =Yi + [(1 = 0) f(te, Ve, Yingr ey /2] 7o) + 0F (et Yirt, Yinfr (e )40 76)I1A
+ 9(ths Yie, Vingr(e) /a1 6 ) AWk + h(ti, Yi, Yingr(e) /a1 76 VAN, k>0,

where AWk = W(thrl) — ( ) ANk = N(thrl) — N(tk). Let

21 (t) = Yy, 21(t) = Yit1,
22(t) = Yifrey/a),  22(t) = Yin[r(tea)/a) for t € [th,trs1)
t = tk, t=1tpt1, F(t) =15,

and define the continuous SIE approximate solution by
t

Y(t):=Yo+ / (1= 0)f(s,21(5), 22(5), 7(s)) + 0f (5, 21(5), 22(5), 7(s))ds
(1.7) L0 .
# [ s,1(5). 20 7AW (S) + [ hs,1(5), 220, 1) ),

0 0
with Y(t) = ¢(¢t) on t € [—7,0].

A key component in our analysis is the compensated Poisson process
(1.8) N(t) :== N(t) — M

which is a martingale.
Throughout this paper, we usually use the following equalities.

(1.9) IE|/O F(s)dN(s)|? :/\/O E|F(s)|*ds,
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(1.10) E|/0 F(s)dW(s)|2_/0 E|F(s)|*ds

which hold for integrated functions F' (in particular, F'(s) is .%,-measurable, if it is
random).
2. Convergence with the global Lipschitz condition

In this section we shall show the strong convergence of the SIE approximate
solution to the exact solution under the following global Lipschitz conditions:
(GL) There is a constant C' > 0 such that

21 la(t,2,y,i) —a(t,2,5,0) < Cle =2 + ly = 7*), a=f,9,h,

for all z,y,z,y e R*", t e R, and i €S;
there is a constant K > 0 such that

(22) |CL(t, €L, y,l) - G(S,.I,y, Z)|2 < K(l + |$|2 + |y|2)|t - S|7 a = fvgv h’a
for Vz, y € R", Vi, s € [-7,00), 1 € S.

Recall (1.4) we observe from (2.1) that the linear growth condition
(2:3) lat,z,y,9)]* < Cl2* + [y*), a = f,9,h

hold for all (¢,z,y,i) € Ry x R™ x R™ x S. Let us now present a number of
lemmas that will lead to our convergence result. First, we consider the existence of
a solution to (1.6).

Lemma 2.1. Under (2.1), if A is sufficiently small such that AG/C < 1, then
equation (1.6) can be solved uniquely for Yi 11 given Y,y /Al Yinlr(tesr)/A]s Yo
with probability 1.

Proof. Define, for u € R”
F(u) =Ye + [(1 = 0)f (tr, Yie, Vingr(e) /a1 i) + 0F (bea1, 0, Yinjr (i) /4] 7)1
+ 9(tk, Yie, Yinr ()8 TR D AW + A(te, Vi, Yingr6) /a1 T ) AN
Using (GL), we have
|F(u) = F(0)] = 0A|f (ths1, 4 Vingr e, )ya) i) — £t 0 Yingr (e, )/a0 75|
< OAVC|u — ).

By the classical Banach contraction mapping theorem, F'(u) has a unique fixed
point, which is Yj41. O

Lemma 2.2. If (2.3) holds, then for all sufficiently small A(< 1/(3 4+ 3C)) the
SIM approzimate solution (1.7) satisfies, for any T > 0,

(2.4) sup E|Y(1)]? < ar,

—r<t<T

where ap = [6 + 10TC(2 4+ 3T + 8CT + 6CAT + 2X2T)(1 + T + 2X + 2X%T)x

e(8+150+120)‘+3v+3)‘)(TJrl)]||g0||]2E. Moreover, the true solution of (1.1) also obeys
(2.5) sup E|x(t)]* < Br,
—7<t<T

where By = [5+4C(1 42X+ T + IN2T)]e8C (1224 T+2)°T) ll¢llz. For convenience,
we denote B = max{ar, Br}.
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Proof. Tt follows from (1.6) that

E|Yit1]? =E|Yi|?> + E|[(1 = 0) f (te, Ye, Yinpreo) /a) i) + 0F (berts Yir1s Yingr oy a) /a0 7)) A
+ 9(t, Yie, Yinpr (e /a1 T ) AWk + h(te, Yie, Yinr (i) 4 T ) AN [
+ 2AE(< Yi, (1= 0) f (tr, Ye, Yinre) ya) ) + 0F (bt Yirts Yingr (s ) /a0 76 ) >
+2E < Yi, 9(tk, Yi, Yinpr(t)/a], T )AWE > +2E < Vi, h(te, Yie, Yinjr (e /4] T )JANE >

Noting that AW} and AN}, are independent of .%#;, , EAW) = 0, EAN, = MA.
Hence

E|Yii1)? =E[Y5|> + E[[(1 — 0) f (tr, Yi, Vingr(en)/as T ) + 0F oty Yier 1, Yinfr(spaa)/a) 7o) A
+ 9(tk, YVie, Yinjr (e /) T ) AW + h(te, Yie, Yinr (e /4 T ) AN 2
+ 2AE(< Vi, (1= 0) f(tr, Ye, Yingr(e)/a], i) + 0.f (trtt, Vit Yinpr(en /a1 T60) >
+ 2\AE < Y, h(th, YViey Yinjr(t) /A1 T ) > -

Using elementary inequalities

2 < u,v>< |ul® +|v]? and |(1 — O)u + Ov|* < |ul® + [v]?, ¥ u,v € R",

E(lg(te, Yies Yinir () /a1 T )| AW|] = AE|g(tr, Yi, Vingrt0) /4], 700) %

E[|h(tk, Yie, Yingrt) /4] T ) | ANE 2] = (A2A2 + AA)E| Ak, Yie, Yingr(0) /a0, T )1

7(t) < t and (2.3), we then compute

E|Yiy1|* <E[Yi|? + 3E[|f (tk, Y Yingren)yap T )P A% + | F(tert, Yir s Yingreesn)/al ) PA%

+19(tks Yies Yiagr (/a0 70 )P IAWE? + [A(te, Yi, Yinjr (o) /a) i) PIANR ]
+ AE(|Yi? + [ £ (th, Ya, Yingr ey /al 701”4 1 (tr1s Ve, Yingr(ey ) /a] 7))
+ MAE(|[Yi|* + |h(te, Ye, Vingr ()4, Ti0) %)

<E|Yi|? + (3CA% + 3CA + 3C(\’A% + AA) + A + MA + CA + A\CA)E| Yy |?
+ (3CA% + 3CA + 3C(N2A% + AA) + CA + ACA)E|Yin(r (1) 41>
+ (BCA? + CA)EYinjr (ty11)/a]° + (BCA? + CA)E| Vg [

<E|Yi]? + A(2 +4C +4CA + A\ + ME|Y} |2
+ A1 44C +4CX + M)E|Yin(r 1) /0]
+ A1+ OB Yinrtp,1y/all® + A + C)E[Yiqa |,
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where we have noted that 3CA < 1. Let M be any positive integer such that
M < In[T/A]+ 1. Summing the inequality above for k from 0 to M — 1, we obtain

M-1
E[Yy;* <E[Yo]? + AQ2+4C +4CA + X+ X) > E[Vi[?
k=0

M-1
+ AL +AC + 40N+ %) Y EfYiapr (e a)l?
k=0

M—-1 M-1

+AQ+C) Y EVuprtnnyal? + Y AL+ C)E|Yiya |
k=0 k=0

<(1+ 2T +5CT +4CAT + N>T)||¢||z + A(1 + CO)E|Y |
M-1
+AB+10C +8CA+2)2 +2)) > E|Vi|*.
k=0

Noting that (1 + C)A < 1/3, we have
M—1
E[Yyz]? < (2+3T+8CT+6CAT+2X°T)||p|| 3+ (8+15C+12CA+3X7+3N)A Y E[V;|?

k=0

Using the discrete Gronwall inequality [3] and recalling that MA < T +1, we
obtain

E[Yyl* < arllelz,

where ar = (2 + 3T + 8CT + 6CAT + 2X2T)eB+150H1200+3X*+30) (14T) | Recalling
the definition of z;(t), z2(t), 21(t) and 22(t) we see that

sup Elz;(t)| < arllelg, sup E[Z(t)| < arllellz, j=1,2.
0<t< 0<t<T

Using the Holder inequality, (1.8)-(1.10) and (2.3), we derive from (1.7) that
BV (O <5V + 501~ 0T [ 17(s,20(5) 2260, 7050 P
+ SE /Ot 02T f (5, 21(5), 22(5), 7(5))|* + 19(s, 21(5), 22(5), 7(5)) | *ds
+ (10A + 10A*T)E /Ot |h(s, 21(5), 22(s),7(s))|*ds
<5E|Yp|? + 56°TCE /Ot 121(5)|? + |22(s)|*ds

t
+B5(1 = 0)°T + 5+ 10\ + 10)\2T]CE/ |21(8)]? + |22(s)?ds
0
<[54 10arTC(1+ T 42X + 2X2T)]| ¢ |I3.

Hence

sup E|Y(8)]? < [6 4 10arTC(1 + T 42X + 2X°T)]| ¢||3,
—7r<t<T
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which is the required assertion (2.4). Next, we prove (2.5). Using the Holder
inequality, (1.8)-(1.10) and (2.3), we derive from (1.1) that

Elz(t)]* <4E|zo|* + 4E/0 T|f(s,2(s),z(1(s)),7(s))|*ds
+ 1g(s,z(s), 2(7(s)), 7(s))|?ds

+ (8)\+8)\2T)]E/0 |h(s,z(s), z(7(s)), (s))|*ds

t
<4E|zo|> +4C(1 + 20+ T + 2A2T)JE/ |z(s)” + [(r((s))[ds
0
<AE|zo|? + 4C(1 + 2X + T + 2)2T) |||

t
+80(1+2>\+T+2/\2T)/ sup El|z(€)[*ds.
0 0<¢<s

Since the right-hand side term is non-decreasing in ¢, we have

sup Elz(t)* <[4 +4C(1 42X+ T + 2X°T)]||¢|I2

0<t<t;

i1
L 8C(1 420+ T + 202T) / sup Elz(¢)|ds.
0 0<£<s

The continuous Gronwall inequality [9] yields

sup Elz(t)]? < [4+4C(1 + 2X + T + 2X2T)]eBCOTATH2AT) | )2
0<t<T

Hence

sup  Elz(t)]? < [5+4C(1 + 2X + T + 2X2T)]BCH2MHTH2T) ) )12
—r<t<T

O

Next, we shall employ the technique in [8] to bound the effect of replacing the
right-continuous Markov chain by the interpolation of the discrete time Markov
chain.

Lemma 2.3. If (2.3) holds, then for all sufficiently small A,

T
(2.6) E/O la(s, 21(s), 22(8), 7(s)) — a(s, 21(s), z2(s),7(s))|2ds < C1 A

and
T
27 E / (5, 21(5), 22(5), 7(5)) — F(5, 21(5), £a(s), 7(s))|2ds < CrAA

for any T > 0, where a is f, g, or h and C; = 8CAT B, ¥ = N[ max (—v;) + 1].

ma.
1<i<N
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Proof. Let | = [T/A], then

T
E / 1£(5, 21(5), 22(5),7(5)) — (5, 21(5), z2(s), 7(s))[2ds
0

B ZE/ a S 21(5)7 22(5)7 T(S)) - f(s, 21(5)7 22(5)7f(5))|2d5

(2 <2ZE AR
+ If(s 21(s), 22(8), 7(8)) P () (111 s

tr41
<4OZE / (22 ()P + 122(8)P) g0y o3

with, for convenience, t;11 being redefined as 7. By the property of conditional
expectation in [9], we have

tr41
E / (1 ()P + 122(8)P) Lo (o) ey

ty

tre41
(2.9) = / EE[(1Ye]* + |Yinrtn)/a]l )  1r(s)sr ey 7 (te)]] ds

123

lkt1 ) 9

= / BE[(Yk]™ + [Yintr )/ al DI )BT 5 2r (1)1 7 (E0)]]ds,

123

where in the last step we used the fact that Yi and Yi,(;(s,)/a) are independent
of I{y(s)#r(t,)} With respect to the o — algebra generated by r(tz). By the Markov

property
Bl r(s)2r ()3 Pt = D Tpy=y P(r(s) # ilr(ts) = i)

1€S
=3 Iie—iy O _(is(s — tr) + o(s — i)
i€S j#i
< (121534 (=) A + o(A Zf{r(tk) i
€S
<AA,

where 4 = N[1 + nax (—74:)]. Substituting this into (2.9) gives

s 2 2
E / (22 () + 122(9) ) Lo oy ey

tr

s 2 2
<A / E{Yil? + Yingr (oo lds
tr

Putting it into (2.8)

T
E/ |f(§7 21 (5)7 22(5)7 T(S)) - f(§7 21 (8)7 22(5)7 f(s))|2d3
0

< 4CWAZ/ E[|Ykl?* 4 |Yinfrte) /2] [*1ds

< 8CATBA.
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We can show a = g and a = h similarly. We have used that z;(t) is .#;-measurable.
However, %1(t) is not %#;-measurable, so assertion (2.7) requires a more careful
treatment. By (2.3), it is easy to show that

T
E [ 175,219, 2a(9)r(5) — 15, 21(5) a(s). (50 P
l tr41
i) =3 / (5. 21(5), 22(s), 1(5)) — (5. 21(5), 2a(s), 7(s)) [Pds

! tr41
< 4CZE/t (IYkt1|® + Vingr(er 1)/ a1 ) Lr(s)r () 1d5-
k=0 k

By the Markov property
(Y41 2L (s) r(t)}]
= ///ZE[|Yk+1|21{r(s);ﬁi}|Yk = 21, Yin[r(te)/A] = P25 Yin[r(tei1)/a] = €3, 7(tk) = 1]
Rn Rn Rn €S
X P{Yy = dx1, Yin[r(ty)/a] = d22, Yin[r(ty,1)/8] = dos, r(t) = i}

Given that Yy = 1, Yin[r(t)/a] = 225 Yia[r(trs1)/a] = T3, r(ty) = i, we see from
(1.7) that

Yit1 =21+ [(1 = 0)f(tr, x1,22,%) + 0f (trt1, Yiy1, ©3,9)]A

+ g(tr, v1,22,9) AWy + h(tg, 1, 72,7) ANy.

For 7(t) < t, In[7(tx4+1)/A] < k. Hence, Y11 depends on AW, ANy, which are in-
dependent of the Markov chain. In other words, Yj41 and Iy, (5)-} are independent
given Yy = 21, Yinjr(1,)/a] = T2, Yin[r(te,1)/a] = T3, 7(tr) = 4. Hence
(2.11)

E[|Yer1*Lr(s)r(eay]

= ///ZE[|Yk+1|2|Yk = 21, Yin[r(te)/A] = P25 Yin[r(tei1)/a] = 3, 7(tx) = 1]
Rn Rn Rn €S
x P{r(s) # ilYr = o1, Yin[r(t)/2a] = T2, Yinr(trs1)/a] = 3, 7(tk) = i}
x P{Yy = dx1, Yinjr(t,) /8] = %2, Yinjr(ty,1)/a] = dv3,7(tg) = i}.
We compute that

P{r(s) # ilYr = 21, Yin[r(t0)/A] = T2, Yin[r(te,1)/A] = 3, 7(tk) =1}

- P{r(s) # 1, Y = 21, Yinjr()/a] = T25 Yinfr(t,0)/4] = T3, 7(tk) = i}
(2.12) P{Yk = 21, Yinjr(t)/A] = T2, Yinjr(teg1)/a] = T3, 7(tk) = i}

~ P{r(s) # 1, Y = 21, Yinjr(t)/a] = T2, Yin[r(ty40)/4) = T3|r(te) = i}

B P{Yy = o1, Yiu[r (1) /2] = T2, Yinr(tys1)/a] = T3|r(te) =i}

Noting that given r(t;) = 4, then event r(s) # ¢ is independent of Y, = xq,
Yin[r(tr)/A] = 225 Yinr(tes1)/A] = T3, We have

P{r(s) # i, Yi = 21, Yia[r(t,) /4] = T2, Yin[r(tega)/a] = T3|7(tk) = i}

=P{r(s) # ilr(tx) = i}P{Yr = 21, Yin[r(t,)/A] = 25 Yin[r(te,a)/a] = 3|7 (k) = i}
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Putting this into (2.12) we obtain

P{r(s) # ilYe = &1, Yinfr (1) /a] = 22, Yinfr(tii0)/4] = @3,7(tk) = i}
=P{r(s) £ i|r(ty) =i} <AA.

Using this in (2.11)

(2.14) El[Yis1 P I (s)=r(tn)}] < YAE[Yigs %,

(2.13)

Noting that |Y1n[7(tk+l)/A]|2 and I{,(s)2r(),)) are conditionally independent with
respect to the o-algebra generated by r(tx), we have

E[[Yinjr(ts1)/81 () (11))]

= E[E[Yinfr(tas1)/81 P T (s) ey I (t)]]

= EE[[Yinfr(tsa)/a] PP ) B () e (003 7 ()]
< AENinfr(t441)/8) 2 A

Substituting (2.15) and (2.14) into (2.10) we obtain

T
E / (5, 21(5), 22(5),7(5)) — F(5, 51(s), 2a(s), 7(s))[2ds
< 8CATBA.

(2.15)

Lemma 2.4. If (2.3) holds, for all sufficiently small A we have
E|Y (t) — z1(t)]* < CoA, Yt € [0,T),
for any T > 0, where Cy = 16(1 + X\ + A\2)CB is a constant independent of A.
Proof. For any t € [0,T], there exists a k such that ¢ € [tx,tx+1). Then
Y(t) — z1(¢)
= [(1 =) f(tk, Yi, Yin[r(tn)/a] T(tk)) + 0 f (tkr1, Y1, Yinr(epsn)/a] 7)) (8 — tr)
+ 9t Yi, Yinfr(en)/a), () ) (W () — W (tx))
+ h(tr, Yi, Yinpr(en)/a) 7(t) ) (N (t) — N(tx))-

) —
For g(tk, Yi, Yinjr(t)/a] 7(tk)) and g(tk, Yi, Yinr (1) /4], 7(tk)) are Fy, -measurable,
W (t) — W(tr) and N(t) — N(tx) are independent of .%#,, , we have
)—

Elg(t, Yi, Yingr i) a1 7)) (W (@O =W () [* = (t—t1)Elg(tr, Y, Vingren)/a], 7)1,

Elg(te, Y, Yingr(t)/a) (k) (N () — N () 1* = Elg(te, Yi, Yingr(e)/a)s 7)) * N () — N () ?
< (2)\2A2 + 2)\A)E|g(tk, Y, YIn[T(tk)/A]ar(tk))F-

(
(

By (2.3), we have
E|Y (t) = 21 (1) <4(1 = 0)*CE[|Yx|* + Vinfr(t,)/a4 1A
+ 40°CE[|Yier1 * + Yingr(t.0) a1 1A
+ ACAE[|Yx |* + [Yinpr(tn)/ag ]
+ 8AA(L + AAE[|Y5 > + [Yingr(en) /2]
<16(1+ X+ A?)CBA.

We will use the technique in [10] to prove the following lemma.
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Lemma 2.5. If (2.3) hold, then for all sufficiently small A
EY (7(t)) — 2o(t)|*> < C3A7, ¥t € 0,T],

for any T > 0, where Cs = 2M(p+1)" +16(p + 1)[(p + 1)(1 4+ 2X?) + 1 + 2)\]CB
is a constant independent of A.

Proof. For any t € [0,T], there exists a k such that ¢ € [tg,tx+1). Then

(2.16) Y(7(t)) — 22(t) =Y (7(¢)) — Y(In[r(tx)/A]A).
It is also useful to note that
(2.17) T(tr) — A < In[r(tx)/A]A < 7(tg).

To show the desired result, let us consider the following five possible cases:
e if 0 < In[7(tx)/AJA < 7(¢), then by (2.17) and (1.2)
7(t) — In[7(tx)/A]JA < 7(t) — 7(tr) + A < (p+ 1)A.
Using Holder inequality, (1.8)-(1.10), (2.16) and (2.3), we have that
EJY (7(t)) — 2 ()

7(t)
_E| /1 (1= 0)f(s, 21(5), 22(5), 7(s))

n[7(tx)/AlA
=+ ef(gv Z1 (S)v Zo (S)v f(S))dS

7(t)
+/I 9(s, 21(s), 22(s), 7(s))dW ()

n[7(tr)/A]A

7(t)
+ s, 2(5) 22(5), F(5)) AN (5) P

n[7(tr)/A]A
7(t)

<4001 - 02(p + 1)AE/ |21(8)[2 + | 22(s) ds
In[7(tx)/A]A
7(t)
+4CH (p + 1)A]E/ 121(5)2 + |22(5)2ds
In[7(tr)/A]A

7(t)
—|—4C’IE/ |zl(s)|2—|—|z2(s)|2ds
In[7(tr)/A]A

(%)
+8CAl(p + 1)AA+1]IE/ 21(8)% + |22(s) ds
In[7(tr)/A]A

<8(p+ D[(p+1)(1 +232)A + 1+ 2)|CBA.

o if 0 < 7(t) <In[r(tx)/A]A, then by (2.17) and (1.2)
Infr(t)/AJA — 7(t) < 7(tx) — 7(t) < pA.
Hence, it follows from (2.16) and (2.3) that

E|Y (7(t)) — 22(t)[* < 8p[p(1 + 2X%)A + 1 + 2\|CBA.

< In[7(t)/A]JA < 0 or In[7(tx)/A]JA < 7(t) < 0, then by (2.17)

[7(t) = In[r(tx)/AJA] < (p + DA.

E[Y (1(t)) = 22(t)* = Elo((t)) — e(In[r(t)/A]A)|?
< MI7(t) — In[r(tr)/AJA]Y < M (14 p)YA".
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o if In[r(t;)/A]A <0 < 7(¢), then
—In[r(tx)/AJA < (p+ 1A, since 7(t) < 7(t) — In[7(tx)/AJA < (p + 1)A.
Hence
E[Y(7(t)) = z2(t)* < 2E[Y (r(t)) — Y(0)[* + 2E|p(0) — ¢(In[r(tx)/A]A)?
<16(p+ 1)[(p+ 1)(1 +2X*)A + 1+ 2A\|CBA + 2M (1 + p) A",
o if 7(¢) <0 < In[r(tx)/A]A, then
—7(t) < pA, since In[7(t;)/A]JA < In[7(tg)/A)JA — 7(t) < pA.
Hence
E[Y (1(1)) — 22(t)* < 2Elp(7(t)) — 0(0)|* + 2E[Y (0) — ¥ (In[r(tx) /A]A)
< 16p[p(1 +2X*)A + 1+ 2X]CBA +2Mp A7,

Corollary 2.6. If (2.3) holds, for all sufficiently small A
R|Y (t) — 21()]? < 4C2A, Vt € [0,T]
for any T > 0, where Cy is defined in Lemma 2.4.
Proof. For any t € [0,T], there exists a k such that ¢ € [tg, tx+1), then
[V () — 211 <21V (t) — z1(t)]* +2|21(t) — 21 ()
<21V (t) — 21 (1)) + 2| YViy1 — Vil
It is easy to get the result from Lemma 2.4. O
Corollary 2.7. If (2.3) hold, then for all sufficiently small A
E|Y (7(t)) — 22(1)|* < 4C3A7, WVt € [0,T)
for any T > 0, where C3 is defined in Lemma 2.5.
Proof. For any t € [0,T], there exists a k such that ¢ € [tg, txt1), then
Y (7(t)) - Z(t)*
(2.18) <2V (7(t)) — 22(t)* + 2|Z2(t) — 22(1)|?
<2|Y(7(t) = z2(8)[* + 2| (In[r(ty +1)/A]A) = Y (In[r(ty) /A]A)2.
Noting that
0 <In[r(tx + 1)/AJA —In[r(tr)/A]JA < T(tgs1) — T(tk) + A < (p+ 1)A.
Clearly, we get the result from Lemma 2.5. O
Theorem 2.8. If (2.1), (2.2) hold, then for all sufficiently small A

E[ sup |a(t) - Y ()] < €A,
0<t<T
for any T > 0, where C = 12[T + 1 + 2X\(1 + AT)][K (1 + 2B)T + C, + 8C(Cy +
C3)T)e*8CITHIH22AAD] yhich is independent of A, where B, Cy, Cy, Cs are
defined in Lemma 2.2, Lemma 2.3, Lemma 2.4, Lemma 2.5 respectively.
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Proof.

~(1-0) / F(s,2(s), 2(r(5)),7(5)) — F(s, 21(5), 22(s), 7(s))ds
0
16 / F(5,2(5), 2(7(5)), () — F(, £1(5), 2a(5), 7(s))ds
0
+ / g(s,2(3), 2(1(5)), 7(5)) — (s, 21(5), z2(s), 7(s)) AW (s)
+/0 h(S,:E(S),CL‘(T(S)),T(S)) _h(§721(5)722(8)7f(8))dN(8)'

By Holder inequality, (1.8)-(1.10), we have

E[ sup |a(s) =Y (s)]]

0<s<t

<4T(1 - 9)2/ E|f(s,2(s),2(7(s)),7(s)) = f(s, 21(5), 22(s), 7(s))[*ds

0
+ 4T€2A E|f(8, ,T(S),.’L'(T(S)),T(S)) - f(E, 21 (5)7 22(5)7 ’F(S))|2d8

(2.19) :
+ 4/ Elg(s, z(s),2(1(s)),7(s)) = g(5, 21(5), 22(s),7(s))[*ds
0

+ 8)\/0 E|h(s, 2(s), z(1(s)),7(s)) — h(s, z1(s), 22(s),7(5))|?ds

+ 8/\2T/ E|h(s,z(s), z(7(s)),7(s)) — h(s, 21(s), 22(s),7(s))|*ds.

0

By (2.1) and (2.2), we have
[f(s,2(5),2(7(5)),7(5)) = £(5, 21(5), 22(s),7(s))[”
< 31£(s,2(5), 2(7(5)),7(s)) = f(3,2(s), 2(7(5)),(s))
+311 (5, 2(s), 2(r(s)),7(s)) = f(5, 21(s), 22(7(s)), ()
+317(5, 21(5), 22(7(5)), 7(5)) = f(5, 21(5), 22(s), 7(5))]
<BK(1+|2(s)* + [a(7() )]s — 3] + 3C(Ja(s) — 21(s)[?
+12(7(s)) = 22(s)*) + 3If (5, 21(5), 22(7(5)), 7(5))
= (3, 21(5), 22(5), 7(5))|*
<BK(1+ |2(s)* + [o(7(s))[*)|s — 5] + 6C(|a(s) = Y ()]
+a(r(s)) = Y(7(s)* +[Y(s) = Z1(s)]” + [V (7(s)) — 22(s)*)
+3If (5, 21(5), 22(7(5)),7(5)) — f (5. 21(s), 22(5), 7(5)) >

I
2
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From Lemma 2.2, Lemma 2.3, Corollary 2.6 and Corollary 2.7,
t
[ Bl (s.0().2(r()),1(5) = £(5.21(0).22(6).7(5)) P
0

< /O 3K(1+ 2B)A + 6CE(|z(s) — Y ()2 + |z(r(s)) — Y ((s))|?

+ 24CCoA + 24CC3AVds + 3C; A
< BK(1 4 2B)T + 3C) + 24CCoT + 24CC5T|AY

(2.20)

t
+ 12CE/ sup |z(€) — Y (€)|*ds.
0 0<&<s

By (2.1) and (2.2), we have
[f(s,2(s), 2(7(s)),7(5)) — f (5, 21(5), 22(5), 7(5))|?
< BK(L+|a(s)]” + [2(7(5))|*)]s — s| + 6C(|z(s) — Y (s)[?
+2(7(5)) = Y (7 () + Y (5) = z1(s)* + [V (7(5)) — 22(5)?)
+3f(s,21(s), 22(7(5)), 7(s)) = f (8, 21(5), z2(s), 7(5))[*.

From Lemma 2.2, Lemma 2.3, Lemma 2.4, Lemma 2.5,
t
[ (5009, 2(r()),1(5) = Flo21(0).22(0).7(5)) P
0

< /0 3K (14 2B)A + 6CE(|z(s) — Y(s)]* + |z(1(s)) — Y(7(s))]?

(2.21) + 6CCyA + 6CC3Ads + 301 A
< [BK(1+ 2B)T + 3C; + 6CCLT + 6CC5T]AY
t
+ 12CE/ sup |z(€) — Y (€)|*ds.
0 0<£<s
Similarly,
t
| Elats,0(6), 050 7(5)) = (s 21(5), 2. 7(6)) P
0
(2.22) < [BK(1+2B)T + 3C) + 6CCyT + 6CC3T]A" a=g h

+12CE/0 sup [2(6) — Y (&)|2ds

0<¢£<s
Putting (2.20)-(2.22) into (2.19), we have
E[ sup [z(s) =Y (s)]]

0<s<t
(2.23) < 12[T + 14 2XM(1 + AT)][K (1 4+ 2B)T + Cy + 8C(Ca + C3)T]A”
t
+48C[T + 14 2X\(1 + )\T)]E/ sup |z(€) — Y (&) ds.
0 0<&<s
By the continuous Gronwall inequality

E[ sup |z(s) — Y (s)]?] < CAY,

0<s<t

where C' = 12[T+142X(14-AT)]|[K (142B) T+C148C (Co+Cs)T] e 8CIT+1+22(A+AT)]
O
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3. Stability with global Lipschitz

In this section, we shall extend the results in [4, 11] to SDDEwPJMSs. We will
consider the autonomous case of (1.1). We show that under a global Lipschitz
assumption the SDDEwPJMSs is exponentially stable in mean-square if and only
if for some sufficeiently small step-size A the SIE approximation is exponentially
stable in mean-square.

da(t) =f(x(t), x(t —7),r(t))dt + g(t, 2(t), x(t — 7),r(t))dW (t)
(3.1) + h(x(t), z(t = 7),7(£))dN (1), t>0,
x(t) =p(t), te -0,
The solution of (3.1) is denoted by z(t) := z(¢; 0, ¢). The discrete SIE approxima-
tion of (3.1) is
Yit1 =Y, + [(1 - e)f(yka Yi—m, TkA) + ef(YkJrlaYkJrl*mkaA)]A
(3.2)
+ 9(Ye, Yoo, i ) AW + h(Yie, Vi, 70 ) AN, k> 0.

The continuous SIE approximation of (3.2) is

Y(t) =Yo + /0 [(1=0)f(21(s), 22(5), 7)) + 0F (21(s), 22(s), 7i2)dss
(3.3)

n / 9z (3), 7a(s), r2)dW (s) + / h(z1(5), 22(s), 72 ) AN (5).

Denote by Y (t) := Y (¢;0, ) the SIE approximation. In this section we shall write
L% ([-7;0];R™) = L%, for simplicity. Next we will show that SIE (3.3) shares
stability with (3.1) under the (GL). First of all, we give some definitions.

Definition 3.1. The SDDEwPJMSs (3.1) is said to be exponentially stable in mean
square, if there is a pair of positive constants A and M such that for any initial
data ¢ € L?%

Elx(t)[* < Mllg|[ze ™, vt > 0.
We refer to X as a rate constant and M as a growth constant.

Definition 3.2. Given a step-size A = 7/m for some positive integer m, the
discrete SIE (3.2) is said to be exponentially stable in mean square on the SDDEw-
PJMSs (3.1), if there is a pair of positive constants u and H such that for any
initial data ¢ € L?%

(3.4) E|Yi|? < H|gp||Ze 2, Vi > 0.
We refer to p as a rate constant and H as a growth constant.

Definition 3.3. Given a step-size A = 7/m for some positive integer m, the
continuous SIE (3.3) is said to be exponentially stable in mean square on the SD-
DEwPJMSs (3.1), if there is a pair of positive constants p and H such that for any
initial data ¢ € L?%

(3.5) E[Y (t)* < H|lpllze™", vt >0.

We refer to mu as a rate constant and H as a growth constant.
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Proposition 3.4. Under (GL), the discrete SIE method on the SDDEwPJMSs
(3.2) is exponentially stable in mean square with rate constant p and growth constant
H if and only if the continuous SIE method (3.3) is exponentially stable in mean
square with the same rate constant p but may be a different growth constant H.

Proof. Obviously (3.5) implies (3.4) and in this case we even have H = H. So
we need only to show (3.4) implies (3.5). For any ¢ > 0 choose k& > 0 such that
t € [tg,tg+1). Note that

Y(t) =Ye + (1= 0)f (Y Yiem, 72) + 0 (Y1, Yegr—m, i) (t — ti)

+ g(Y]ﬁYk*ma TkA)(W(t) - Wk) + h(Yka Yk*mvrkA)(N(t) - Nk)
By (1.8)-(1.10), it is straightforward to show that
E[Y ()] <5E[Yi|* + 5AE[(1 = 0)[f (Yi, Yieyn, 70 ° + 021 f (Y1, Yirr—m, 720 ]

+ 5AE|g(Yi, Vi, 72) 12 4+ T0AA (1 + AAE|R(Ye, Yo, 7202
Using (3.4) and (GL) we have
E|Y (8)|? < H|lp|2e " 2[5+ 5CA(1 4+ ") (A + 1+ 2X(1 + AA))].
Consequently, (3.5) follows by setting
H = He"[54 5CA(1 + ") (A + 14 2M\(1 + A\A))].
(]
Definition 3.5. [11] Let A > 0. A stochastic process {y(t;s,p) : s € Ry, s — 7 <
t < oo,p € Li@t}, which will be written as {y(t; s, o)} thereafter for simplicity, is

said to be an LL2% -related A-period stochastic flow if it satisfies the following three
conditions:

1 {y(s+u;s,0): =7 <u <0} =g,
2.y = {ylt+u;s,9): —TSUSO}GL?%, for vt > s,

3. y(t;8,0) = y(t; s+ kA, ysyra) for Ve > s+ kA and k=0,1,2,--- .

The process is said to be an L}t—related stochastic flow if it is an L}t—related
A-period stochastic flow for any A > 0 (A may be not 7/m here).

For the Eq. (3.1) and Eq. (3.3) are both automatic, we have the following Prop-
erty (P1) by Lemma 2.2 and Theorem 2.8:

1. there is a positive constant C} independent of s, ¢ and A such that

Sup [Ela(s +uss, P)I? VEIY (s +us s, 9)*] < CF Il

2. there is a positive constant C5 = C5(T') independent of s, ¢, A such that

Sup  EJY (s +uss,¢) — a(s + uis + 7, Voyr) 2 < C3llplBA7
T<u<t+T

and

sup E|Y(s4u;s+ 7, 254-) — (s +u;s, cp)|2 < C§||¢||]2EAV.
T<ult+T
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3. Y(t;s,) is L%, -related A-period stochastic flow and x(t;s, ) is L%, -
related stochastic flow.

Noting that for system (3.1), the C3 in Lemma 2.5 can be
C3 =16(p+D[(p+1)(1+2X2) +1+2\CB, t > T,

and Eq. (2.2) holds with K = 0.
By Theorem 5.1 in [11], we obtain the following result.

Theorem 3.6. Under (GL), the (3.1) is exponentially stable in mean-square if and
only if for some A > 0, the SIE method is exponentially stable in mean-square with
rate constant p and growth constant H satisfying

BSA’Y _’_2\/@671/2#(1/727) +H€7‘u(y72‘r) < 671/2,uvj
where v = 7(9+In[dlog(H)/ut)), B3 = C5(2v—27) and C5(-) was given by Property
(P1).
4. Convergence with the Local Lipschitz condition

In this section we shall discuss the strong convergence of the SIE method on the
SDDEwPJMSs (1.1) under the local Lipschitz condition. In many situations, the
coefficients f, g and h are only locally Lipschitz continuous. It is therefore useful
to establish the strong convergence of the SIE method under the local Lipschitz
condition. By the local Lipschitz condition we mean:

(LL) There is a constant C* > 0 such that

(41) |a(t,x,y, Z) - a(ta :fa ﬂ,i)|2 < OR(|$ - 1_7|2 + |y - y|2)7 a = f797 h,

for all z,y,Z,7 € R, ||V |y|VI|Z| Vg <R, t € Ry and i € S;
there is a constant K® > 0 such that

la(t,z,y,0) — a(s, z,y,9)|* < KL+ J2]* + [y[*)|t — 5], a = f,9,h,
for Vo,y € R™, |z|V|y| < R, Vt,s € [-7,00). We also have the following assumption
Assumption 4.1. There is a constant C > 0 such that
(42) (2, y,1) — f(t,2,,4)* < Clz — 2/

foralz,z,ye R*", te Ry andi €S, and
for some p > 2, there is a constant A > 0 such that

(4.3) sup Elz(t)|P v sup E|Y(t)]P < A.
—7<t<T —7<t<T

Lemma 4.2. Under (4.2), if@\/EA < 1, then equation (1.6) can be solved uniquely
Jor Y1 given Yi(r(4,) /A1 Yilr(tis1)/a]s Y, with probability 1.
Proof. From the Lemma 2.1, we can easily get the result. g
Define
pr:=1inf{t > 0: |z(t)| > R}, 7g :=inf{t > 0:|Y(¢)| > R}, Or := pr A TR.
Lemma 4.3. If (4.1) and Assumption 4.1 hold, then for all sufficiently small A

we have

TANOR
(14) E / (5, 21(5), 22(5),7(5) — 15, 21(5), 2a(s), 7(s))|2ds < CRA

and

TANOR
(4.5) E/O la(s, z1(5), 22(5),7(5)) — a(s, z1(s), z2(s), 7(s))|?ds < C’f%A
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for any T > 0, where a is f, g, or h and CF = 8CRAT AP/? 4 = N[1+1I<na<x (=i

Proof. Let | = [T'/A], then

TNOR
B[ G aa(5)2a(5). () — £(5,2a(s) ) (5P
0

= ZE [ 65060 5060700 — 15,5160 20676 P
= 2ZE/ TG 21(5), 22(5), PN+ (5 21(5), 22(),7(5)) U0 L6145

R s 2 2
<4C ZE / (21(5) + 22(8)) o (o) e 5

where [[O, HR]] is defined in [9]
[[0,0r]] :={(t,w) e Ry xN:0<t<Or(w)}.
Then we can get (4.4) directly from Lemma 2.3. Similarly, we can get (4.5). O

Using the above technique, the following lemmas and corollaries can be derived
directly by the lemmas and corollaries in section 2.

Lemma 4.4. Under (4.1) and Assumption 4.1, for all sufficiently small A
E|Y (t) — z1(t)]? < CRA, YVt € [0,T A 0R,
for any T > 0, where CF = 16(1 + X + X\2)CEAP/? is a constant independent of A.
Lemma 4.5. Under (4.1) and Assumption 4.1, for all sufficiently small A
E|Y (7(t)) — 2o(t)]? < CRAY, Vt € [0,T A Og),

for any T > 0 where CF = 2M (p+1)7 +16(p+1)[(p+1)(1 +2A2) + 1 + 2\]CF AP/2
is a constant independent of A.

Corollary 4.6. Under (4.1) and Assumption 4.1, for all sufficiently small A
E|Y (t) — 21(t)]* < 4CRA, VYt € [0,T A 0R]
for any T > 0, where C£ is defined in Lemma 4.4.
Corollary 4.7. Under (4.1) and Assumption 4.1, then for all sufficiently small A
E|Y (7(t)) — 22(t)* < 4CHAY, ¥t € [0, T A 0g]
for any T > 0, where CE is defined in Lemma 4.5.
Theorem 4.8. If (LL), Assumption 4.1 hold and then for any T >0
lim E[ sup |z(t) — Y (¢)]*] = 0.
0<t<T

A0
Proof. We will employ the technique due to Higham [3] to prove the theorem. Let
e(t) :=x(t) = Y(t).
Recall the Young inequality [3]: for r=t +¢ 1 =1

ab < éar + b, Va,b,6 > 0.
r

1
qélJ/T
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We thus have for any § > 0

E[ sup [e(t)]’] <B[ sup |e(t)|*I{pp>rrp>1y]
0<t<T 0<t<T

+ B sup Ie(f)|21{pR§T or Tr<T}]

0<
(4.6) 26 )
<E[ sup |e(t AOR)[ Iiop>my] + E[ sup_|e(t)["]
0<t<T 0<t<T
1-2/p
527G 2)P(pR <TorTtr<T).
Now
_ 2o, _ 1 A
Plpr <T) = Ellpp<r—pp ] < EE[_TS;I%TMLL)' <7
Using Assumption 4.1. A similar result can be derived for 75 so that
2A

P(TRSTOI‘PRST)SP(TRST)-FP(PRST)Sﬁ-

Using these bounds along with

E[ sup le(t)]’] <2P7'E[ sup (|=(t)|” + [Y(£)[")] < 2PA
0<t<T 0<t<T

n (4.6) gives
E[ sup |e(®)|?] <E[ sup |z(t AOr) =Y (t AOR)|?]

0<t<T 0<t<T
(4.7) 20154 (p—2)24
T P p§2/(P—2)RP ’
In the similar way as Theorem 2.8 was proved, we can show that
(4.8) E[ sup |z(t AOr) — Y (t AOR)|?] < CrA7,
0<t<T

where Cg is a constant independent of A. Substituting this into (4.7) gives

. 2WHSA  (p—2)24
E 2] < CrAY .
[O;gnge()l]_ RATH — 262 —2) Rp
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Now, given any € > 0, we may first choose § > 0 such that 2°716A4/p < ¢/3. then
we may choose R so that (p — 2)24/(p6* P=2) RP) < ¢/3, and finally choose A to

ensure that CrAt < ¢/3. Hence, in (4.8), E[ sup |e(t)|?] < ¢, as required.
0<t<T

O

Corollary 4.9. If (LL) and (4.3) hold, the Euler method (0 = 0) is strongly

convergent.

5. Numerical examples

In this section, we will illustrate the theoretical convergence of the semi-implicit
Euler method. The data used in FIGURE 1 and FIGURE 2 are obtained by the
mean square of data by 1000 trajectories, that is, w; : 1 < i < 1000, E|x(T)-Y|? =

1/1000%1%90| (T, w;) — Y1,(w;)|?. First, we consider the following test equation.

dz(t) = [az(t) + r(t)z(t — 1)]|dt + [cx(t) + dx(t — 1)]dW (1) t>0,
GD Y sy =t+1), 1(0) = 1, te[-1,0],
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where a, ¢, d € R, w(t) is a scalar Brownian motion, the state space for r(t) is
S = {1, 2}, the corresponding generator T is a zero matrix. By [9], we can obtain
the solution of (5.1). The solution of (5.1) for ¢ € [0, 1] is

t t
x(t) = Pro(xo + / @;é(r(s) —cd)sds + /fl);(l)dde(s)),
0 0
where

t 1 t
Do = exp{/ a— §c2ds —I—/ cdW (s)}.
0

0

For time ¢t € [1,2], we obtain the explicit solution by using the explicit solution
given above as a new initial function. Clearly, the explicit solution of (5.1) involve
a stochastic integral. Referring to [2], we take the SIE solution with # = 0 and
A = 2713 to be a good approximation of the exact solution and compare this with
the SIE approximation. We illustrate the convergence of the semi-implicit Euler
method for (5.1) incase: a= -3, c=2, d=2and casell: a = -2, c=1, d = 1.
We consider another test equation.

The global error for case |
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FIGURE 1. The global error of SIE for (5.1) at T' = 2.

5o dz(t) = pz(t)dt + ox(t)dW (t) + yz(t)dN(t), t >0,
(52) x(0) =1,

where p, o, v € R, w(t) is a scalar Brownian motion, N(¢) is a scalar Poisson
process with intensity A. By [6], the solution of (5.2) is

1
w(t) = 2(0)(1+ 7)™ exp{(p — 50*)t + oW (£)}.
We illustrate the convergence of the semi-implicit Euler method for (5.2) in case I:

p=1 =05 v=01, A=2andcasell: u=1, o =1, y=0.2, A= 1.
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