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DISCONTINUOUS GALERKIN METHODS FOR
CONVECTION-DIFFUSION EQUATIONS FOR VARYING AND
VANISHING DIFFUSIVITY

J. PROFT AND B. RIVIERE

Abstract. This work formulates and analyzes a new family of discontinuous
Galerkin methods for the time-dependent convection-diffusion equation with
highly varying diffusion coefficients, that do not require the use of slope limit-
ing techniques. The proposed methods are based on the standard NIPG/SIPG
techniques, but use special diffusive numerical fluxes at some important inter-
faces. The resulting numerical solutions have an L? error that is significantly
smaller than the error obtained with standard discontinuous Galerkin methods.

Theoretical convergence results are also obtained.

Key Words. numerical fluxes, discontinuous Galerkin methods, high and low

diffusivity, L? error

1. Introduction and Problem Definition

In this work we explore the development and analysis of discontinuous Galerkin
methods applied to the solution of linear advection-diffusion equations

(1) Ou+ V- (Bu— eVu) = f, in Qx(0,7).

Although problems of this type occur in many applications, we are primarily mo-
tivated by the modeling of flow in porous media such as petroleum reservoir and
groundwater aquifer simulation. The physical, geological, and chemical properties
of the medium may lead to a degeneracy in the spatially varying diffusion coeflicient
of the mathematical equations describing the model.

Classical numerical methods exhibit instability in the solution even in the non-
degenerate case, when the diffusion coefficient is sufficiently small compared to the
advection coefficient. In such a situation, the ratio of advection to diffusion is suffi-
ciently high to impose hyperbolic-type behavior in the solution and the numerical
solution is incapable of capturing the resulting boundary layer phenomenon. Con-
sequently, even though sufficient regularity exists in the mathematical description
of the problem to expect stable results, the numerical scheme is unable to recog-
nize the existence of small and possibly zero diffusion leading to extreme numerical
instabilities. Although this phenomena may be resolved by refinement of the mesh,
there is a corresponding considerable increase in computational effort.

Advection-diffusion equations of this type have been discretized using classical
finite element and finite difference methods that typically utilize an operator split-
ting technique to handle the difficulties associated with advective transport and
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diffusion separately [23, 16]. Such computational methods often utilize slope lim-
iting procedures to supress the amount of unphysical oscillations in the numerical
solution or the inclusion of a streamline-diffusion stabilization term [15]. Addi-
tionally, domain decomposition techniques utilizing differing numerical methods on
distinct subdomains have been proposed to model the multi-physics aspects of the
problem [12, 25]. In this paper, we propose an adaptive flux technique to maintain
stability, based on a discontinuous Galerkin (DG) discretization, that minimizes the
L2 norm of the error and makes the use of slope limiting techniques superfluous.

DG methods possess several characteristics which render them useful in many ap-
plications. The flexibility of the method allows for element-wise polynomial degree
approximation and general non-conforming meshes. Some well known versions ap-
plied to elliptic equations include the symmetric interior penalty method (SIPG) [2],
the OBB method [3], the non-symmetric interior penalty Galerkin method (NIPG)
[20] and the incomplete interior penalty version (IIPG) [8]. In [14], the analysis is
extended to advection-diffusion-reaction problems with variable tensor-valued diffu-
sion but the proposed technique still exhibits the same instabilities as the classically
defined DG methods we consider herein. DG methods have been applied to trans-
port equations [19, 24] where the estimates derived are semi-discrete and present
numerical examples for constant diffusion only. Alternative DG methods based on
the discretization of hyperbolic equations include the local discontinous Galerkin
method [6], subsequently extended by various authors to advection-diffusion equa-
tions.

The case of a spatially dependent, possibly degenerate diffusion coefficient has
not been analyzed previously in the context of DG methods. In this work, our
focus is to improve the numerical results in the case of a small (and possibly de-
generate) diffusion coefficient without resorting to the use of slope-limiters nor the
considerable increase in computational cost associated with mesh refinement. Un-
der the assumption that the mesh fits the discontinuities of the diffusion coefficient,
our scheme successfully detects the difficult boundary layer region and adaptively
switches techniques to maintain stability. The boundary layer region occurs when
the advection-diffusion ratio is sufficiently high that the method cannot resolve
the small scale solution behavior. Instead, it treats the problem as the degener-
ate diffusion case where sufficient mathematical regularity does not exist to justify
use of the SIPG/NIPG method. Indeed, the use of an averaged flux is only valid
in the case of a continuous solution, which is not mathematically accurate in the
degenerate diffusion case at the interface from low to high diffusivity. Only when
the advection-diffusion ratio is relatively small can the original numerical technique
recognize the small scale phenomena, i.e. non-degenerate diffusion. Our adaptive
method automatically recognizes these regions of numerical instability and success-
fully produces an accurate, stable, and relatively efficient solution.

Verification is the process of demonstrating that a computational model accu-
rately approximates the exact solution to a mathematical model. The identification
and quantification of errors in the corresponding numerical implementation is a cen-
tral component of this process [1, 22]. Our paper deals with verification in the sense
that we show that the standard DG methods yield poor L? accurary with respect to
benchmark solutions. We propose new adaptive DG methods that solve the math-
ematical model problem accurately. Moreover, our verification analysis is valid for
a spatially varying diffusion coefficient that may possibly be degenerate. We obtain
theoretical estimates for the L2 norm of the error and we show numerically that
our proposed method yields a smaller error.
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In the following section, we define the formulation of our semi-discrete scheme.
Error estimates are proved in Section 3. Both implicit and explicit fully discrete
schemes are analysed in Section 4. Section 5 contains the adaptive scheme and
corresponding analysis. Finally numerical examples are presented in Section 6.

2. Formulation

The specific equation we consider is of advection-diffusion type defined on a
bounded polygonal domain 2 in R, n = 1,2, 3,

(2) Ou+ V- (Bu—eVu) = f, in Qx(0,7),
supplemented with boundary and initial conditions

(3) u(z,t) = up(x), reNt=0,

(4) (Bu(z,t) — eVu(z, t)) - nog = Buin - naq, x € 0y, t >0,
(5) —eVu(z,t) - nog = 0, z € 0%ut, t >0,

where ug € L%(Q) and uy, € L?(9,). We assume that the velocity 3 is divergence-
free: V-3 = 0. Define inflow and outflow regions 9, = {x € 9Q : § - napq < 0}
and OQout = {2 € 0N : 8- nsq > 0} respectively. The unit vector ngq is outward
to the boundary 0f).

We assume that the domain 2 is partitioned into two polygonal subdomains Qg
and Qp. We assume that the spatially dependent function e = e(z) is bounded in
Q uniformly: 0 < e, <e < €. In general, e may vary over the domain with several
orders of magnitude. However we assume that e takes small values in the region
Qg (for example e = O(10~%)) and that e takes larger values in the region Qp (for
example e = O(1)). For readibility, we denote ey = €|q,, and ep = €|q,. Let T
define the interface between Qp and Q. Conventionally set the unit normal np
on I' to face outward from Qp and inward to Qy. Define I'yp to be the subset of I
through which the flow crosses from hyperbolic solution behavior (small diffusion
coefficient) to parabolic solution behavior subdomains:

I‘Hp:{:vel":ﬁ-np<0}.

The accuracy of the numerical solution at this interface I'yp from low to high
diffusivity (and not vice-versa) is of primary interest, since the numerical solution
may exhibit instability resulting in overshoot at this location.

Continuity of the total flux (ie the solution and the flux) must hold everywhere
throughout the domain; however, in the limiting case where ¢ = 0 on Qy, only
the flux is continuous on the subset 'yp [13, 17]. Although the flow is continuous
elsewhere in the domain, at this interface there is a discontinuity in the solution.
Even in the case where diffusion is nonzero but small, the numerical solution mim-
ics this limiting case and may exhibit overshoot on I'yp [10]. Consequently, we
discretize the advection-diffusion equation via DG interior penalty techniges and
explore strategies for defining stable numerical flux functions on I'gp.

Let 7, = {Qc}. be a nondegenerate shape-regular subdivision of {2 such that
T'yp is the union of a subset of edges in 2D (and faces in 3D). In other words, an
element €2, is either a subset of 2y or a subset of Qp. As usual, we denote h. to be
the diameter of element 2, and h the maximum diameter of elements in 7;,. Let Fj,
be the set of faces belonging to elements €2, € 7;, and partition Fj, into distinct sets
FipUFTUF2UF?,, where Fjip denotes the set of interior faces on interface region
I'up, F? denotes the set of remaining interior faces, F2 the set of faces located on

0Q%n, and Foaut the set of faces located on 0Qut. To each face F' € Fy,, we associate
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a unit normal vector ng such that ng coincides with ngq on Fl?] U Ffut and with
nr on Fyjp. Let Ay denote the set of elements (2, C Qp such that the intersection
0Qc N Fip contains at least one edge (or face). Define

A
€y = max eg(x).
Let p be a positive integer. Define the finite element approximating space
Vi, = {vn € L*(Q) : Ve € T1(Q), vp]a. € PP(Q)},

where PP().) is the set of polynomials of total degree less than or equal to p.
Let (,-)o, and (-,-)p denote the L? inner-product over Q. € 7, and F € F),
respectively. The corresponding L? norm is denoted by || - ||q, or || ||#. Let H*()
be the standard Sobolev space with norm || - || zx (o) and semi-norm | - |k (). Let

H*(T},) be the broken Sobolev space.

HE(T,) = {0 € 13(9) : Y9, € T(9), vlo, € H*(@,)},
with norm || - [[gr(z) = Qq.ez, || - ||§{k(ﬂﬁ))1/2. Let L2(0,T; H*(T,)) denote
the space of functions v with fOT HU(t)H%Ik(Th) < oo. For any interior face F' =

00e, N O, with np pointing from ., to £2,, we define the jump [-] and average
operators {-}:

Yop € Vi, [vn] = vnla,, — vnla {vn} = 0.5(vnla,, +vnla.,)-

We also define upwind and downwind quantities, using characteristic functions 1y.;:

(6)
vk =vla., Lgnpso) + 0o, Lignr<op, Uk = vla., Lignr<op + vla., L{gnr>0}-

eg )

For uy, v, € V},, define the bilinear form

Alunsvn) == Y (Bun — eVun, Vor)a, + Y |F| " (or[un), [va])
Qe €Th FeF?
+ Z (Bu), - nr, [vn]) F + Z (Bup, - np,vp)p
FeFs FEF?,
— Y {eVun} g, [on)r + 5 Y ({eVon} - np, [un])r
FeFs FeFs
(7) + a(un, vp) + d(up, vp),
and linear form
(8) L(vn) = (f,on)o = Y (Btin - np, vn)F.
FeF]

The coefficient k takes the values: k € {+1,—1,0}, which yields respectively the
non-symmetric, symmetric and incomplete interior penalty Galerkin method (ex-
cept on the interface I'yp). The penalty parameter o may vary from face to face,
but for simplicity of writing we might drop the subscript F' and use the notation
o. We will choose o to be equal to 1 if k = 1 (non-symmetric case) and bounded
below by a large enough constant oy if K = —1 (symmetric case) (see [11]) or if
k = 0. Here, |F| denotes the (d — 1)-dimensional measure of F.

One aim of this paper is to study numerically and theoretically different ap-
proaches for defining the advective a(-,-) and diffusive d(-, -) fluxes on I'yp. In [18§],
we explore the results obtained by upwinding, averaging and downwinding the ad-
vective term and show numerically that, as expected, stable and accurate solutions
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are obtained only for the case of upwinding. Consequently, we fix the advective
interface flux to be upwinded:

(9) a(un,on) = Y ((Bun)" e, [va]) e,

FeF,
and consider the following numerical fluxes for the diffusion:

d(un,vn) = dy(un,vn) = —v(up,vp) + kv(vs, up) + js, (Wn, vn),
d(un,vn) = dao(un,vn) = —a(un,vy) + ka(vn, un) + js, (un, vn),

where we have

v(un,on) = > {(eVun)! - np, [va])F,

FeFip

a(un,vn) = Y ({eVun}-nr, [val)F,
FeFjp

dalun,on) = > [P (G [un), [on]) p-
FeFi,

In this paper, we refer as the improved DG method the case where d = d,. If
kK = op = k =1 and 6, = eg, then the method is called improved NIPG. If
k =k = —1 (resp. 0) with or and &, large enough, the method is called improved
SIPG (resp. improved IIPG). We show that the improved DG method is convergent
and yields a minimal L? error in space if there is an abrupt and substantial jump
in the diffusivity coefficient.

In the general case where the diffusivity coeflicient varies over a wide range of
values, the proposed method is called adaptive DG method and it consists of a
linear combination of the improved fluxes d, and the averaged fluxes d,. To be
more precise, the adaptive DG method uses the following flux on Fjjp:

do(un,on) = Y (=(1=0)(eVup)"-np + (1= 0)|F| 75, [un], [vn]) r

FeFip
+ Z <I~£(1 - 9)(€V’Uh)T ‘nre, [uh]>p + Z <—9{€Vuh} “np + 9|F|71&d[uh], [vh]>p
FeFip FeFip
(10) + Y (#0{eVon} np, [un])r

FeFip
where 6 is the function varying in space, defined by:

€ (ac)
ep(z)

Vx € I'yp, 6‘(,@) =

This adaptive flux automatically detects the appropriate amount of upwinding ver-
sus averaging. We show in Section 5 that the adaptive DG method is convergent
and that it minimizes the L? norm of the error in space for varying diffusivity
coeflicients.

We recall that the choice d,, corresponds to the standard interior penalty Galerkin
flux (see [19]) if &4 is nonzero (symmetric if &£ = —1, non-symmetric if & = 1) and
to the ITPG flux if K = 0. If both 6, and K are zero, the case d = d, is simply
an averaged diffusive flux without any additional terms. In [18] we have explored
various choices of fluxes.
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For any ¢ > 0, the continuous in time solution uy(t) € V3, of (2) satifies

(11) Yo € Vi, (Orun,vn)a + A(un(t),vn) = L(vp),
(12) Vvh S Vh, (Uh(O),Uh)Q = (uo,vh)g.

Our investigation of various flux functions defined on I'yp is motivated by the
numerical instabilities of the computed solution when the diffusion coefficient on
Qpg is very small. In the limiting case e = 0 on Q, the interface conditions are rela-
tively well understood. In [13], a vanishing viscosity singular perturbation analysis
is employed to derive appropriate theoretical interface conditions: continuity of the
flux must hold across any hyperbolic and parabolic interface, whereas continuity
of the solution is not satisfied on the subset I'yp. We remark that these interface
conditions were used in [7] to establish well-posedness of a one dimensional periodic
degenerate diffusion advection-diffusion equation. These conditions were numeri-
cally verified in [10] where it is shown that for a non-vanishing but small ey, the
modified NIPG method with flux d = 0 yields a stable solution without overshoot
whereas the standard NIPG method produces an incorrect solution.

To better motivate our work, we present a numerical example indicative of the
numerical difficulties associated with small diffusivities. The coarse mesh is defined
in Fig. 1 with gray areas indicating Qg and white areas 2p. We consider the case
B =(1,0),ep = 1 and ey = 10~3. The problem is described in detail in Section 6.1.
Fig. 2 (left) shows the ”exact” solution, which is in fact an overkill solution obtained
on a very fine mesh. The standard NIPG solution obtained on the coarse mesh is
shown in Fig. 2 (middle); this solution clearly exhibits large amount of overshoot
near the interface I'gp. Fig. 2 (right) shows our proposed adaptive flux solution on
the coarse mesh which is almost identical to that of the exact solution. All three
solutions are for linear basis functions and explicit time discretization.

FIGURE 1. Mesh and domain partition of hyperbolic-type sub-
domains where ey = 1073 (gray) and parabolic-type subdomain
where ep = 1 (white).

3. Analysis

In this section we analyze the DG scheme (11)-(12) with the improved and
averaged diffusive fluxes d = d,,, d,,. We prove stability bounds, then state the con-
sistency of the scheme and derive error estimates in the L? norm. We first define
one condition that may be assumed to hold for certain values of &, 6, and 7, .

Condition I: The penalty parameters ¢, and ¢, are equal to a sufficiently large
enough constant .
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FIGURE 2. ”Exact” overkill solution (left), standard explicit NIPG
solution (d = d, and k = o = k& = 6, = 1) (middle) and adaptive
NIPG solution (d = dg with k = op =k =6, =1 and 6, = €g
(right) at times to (solid line), ¢; (dashed line) and 5 (dotted line).

Let us define the norm ||| - |||5:
loalll = > 1e/Vonlle, + > 18- nel?[on]llf
Q€T FeFiUF},
—1y 172 )
13) > B nelPonllE+ Y I o 2 onl I3+ o (vns o).
FeFPUF?, FeF?

In the definition above, it is understood that & is equal to &, for the choice d = d,,
and &, for the choice d = d,. The notation ¢ will be used for readability provided
there is no confusion.

3.1. Analysis Tools. In subsequent analysis, we will use the following trace in-
equalities with respect to h. = diam(.) [2]:

1
e)s F =Yt 7 Qe e Hl(Qe) )
(14) Yo € H'(Qe),  IollE < Co(5-lvlid, + helvl?

1
(15) Yv € Hz(Qe), ||V’UTLFH% S Ct(h—|’l)|§{1(ﬂe) +h€|’l}|§_]2(ﬂe)).
For polynomial functions, we use the following trace lemma [21]:

Lemma 3.1. For element Q. in R™, (n = 2,3) with h, = diam(£), let F be an
edge or a face of Q. with unit normal vector ng. Then, if vy is a polynomial on
Q., there exists a constant C; independent of Q. such that

(16) onllr < Coh 2 |up
(17) IVup - nplp < C-hy 2|V q, -

Recall the standard inverse inequality [4, 9]: there exists a constant C; indepen-
dent of Q. such that for any v, polynomial on €2,

(18) lonll a1,y < Cikg Hlvnllo, -

We will have occasion to use a function u*(t) € V}, that satisfies the following
approximation properties: For ¢ = 0,1, 2,

(19)  Vte(0,7), V%, [ut) =u @)l < Cah? T ul) e o,)-
(20)  Wte(0,T), Y, [0u(t) —du*(t)]a. < Cah®|Ouu(t)|ps(o.)-
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Finally, we will use the constant C throughout the paper for a generic constant
independent of h and e, unless specified otherwise. We will also explicitly add
to the constant the parameters on which this constant depends: for instance, the
constant Cj ; » depends on C;, C, and o.

3.2. Stability and Consistency. In this section, we derive stability bounds for
the proposed schemes and determine consistency.

Theorem 3.2. Let up, be the semi-discrete solution in V3, to (11)-(12). Then up
satisfies the bound:
(21)

T
I\Uh(T)II?ﬁ/O [llun(@)II[3dt < IIUh(O)II?ﬁCT,e*/ (1 Y MBnr ] uin3)dt,

FeFg

where Cr o« 1s a constant independent of h and e, but dependent on C; and €*.
This stability bound holds unconditionally except in the cases k& € {—1,0} where
Condition I is needed.

Proof. Fix t > 0. To simplify notation, we write up(t) = up. Using Green’s
formula and the fact that V- 3 = 0, we have [5]:

— > (Bun, Vun)a, = —(8- naq, %U}%>8§2 - > (B-nr %[U%DF

Qe€Th FeFiUFjp

Thus taking v, = up in (11) yields:

1d 1
gl D 12Vl + 5 >0 18- nel 2w
Qe€Tp FeFiUF},
1 1/2
D DI R R e Va1 e[
FeFQUF? . FeFi
(22) —(1-k) Z ({eVup - np}, [un)) p + d(un, un) = L(up).
FeFi

Using Young’s inequality, we bound L(up):

1 1
L) < 5 30 W8 nelunle+ 30 W8 el 2usald + 1R +

Fer? Ferg

and the equation (22) becomes:

1d 1
sl + 30 12 VumllE, +5 0 > N8 nel 2 ualllp
Qe€Ty FeFqu;'IP
1 1
5 2 M8-nel Pl 5 3 18- nelPullh
FeFoaut FGE?)
1
1/2
+ 3 I o unlllE + dunyun) < 37 18- wel Puinl + 4171 + lunl
FeF? FeF?

(23) +H(1=r) D ({eVun-nr}, [un))rl-

FeFj,
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Let us first assume that x = 1 in (7). It remains to bound the diffusive flux term
d(up,up). In the case where £ = 1, we have d, = d,, = js, and this yields

d 1
@) —lunllg - enllls < Y2 118 ne [ PullE + JIFIE + lunl
FeF?

We conclude by integrating from 0 to T and using Gronwall’s lemma.
For & = 0, we have d, = —v + j5 and d, = —a + js. In the first case, the term
v(up,up) is bounded by using the definition of the jump term:

_ 1
v(un,un)| < Crew Y, |F| ”2H[Uh]||%+1 > €V,
FeFIiIP Q.EAH

Thus, both terms can be hidden in the left-hand side of the equation (23) if & >
Crep. In other words, we obtain (21) if Condition I holds true. Finally, in the
second case, the following bound is obtained using trace inequality Lemma (3.1):

1 _
(25) alun, un) < 5 o e PVunlp, + Cree Y 1FI fuallE

Qe €T FEFIEIP

Thus, (23) becomes

1
thHuhHQ ) Z H61/2vuh||sz ) Z |||ﬁ'nF|1/2[Uh]H2F

Qe€Ty FeFiUFjp
1 1/2
+5 > 8- nel"Punli + Z 8- ne M 2unld+ D (P17 log *ual 13
FGFfm FeF8 FeF?
+(6 = Cree) Y IFI T unllE < Y7 8- nelPumld + 1£1E + luall.
FeFip FeF?
Then, Condition I, integration from 0 to 7" and Gronwall’s lemma yield the stability
bound. Finally, in the case & = —1, the diffusive fluxes are d, = —2v + j; and
do, = —2a+ j5. It is clear that as above, Condition I is needed for d = d, and for
d = d,. The case kK = 1 and k = —1 are handled similarly if o is bounded below

by a large enough constant.

Remark 3.3. Existence and uniqueness of the solution of (11) is a corollary of the
stability result Theorem 3.2 and the theory of ordinary differential equations.

For the consistency of the scheme, we see that the solution u of (2) satisfies:

(26) Yup € Vy, vp) + A(u,vp) = L(Uh).

(Bu

ot’
3.3. Semi-Discrete Error Analysis. We next derive a semi-discrete a priori
error estimate in the energy norm.

Theorem 3.4. Fort > 0, let up(t) be the semi-discrete solution in Vi, to (11)-(12).
Assume that uy € HP(T), uw e L*(0,T; Herl(’]}I)) and dyu € L*(0,T; HP(Ty,)).

111111

T
I — un)(T) 3 + / lat) = un()]|2dt <

T T
(27) Cirtp.ac.e th(|u0|§{p+1(7h)+/0 |u(t)|§,p+1(7h)dt+/o |8tu(t)|§,p(7h)dt),

for the following cases:
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e d=d,,k =1. Note that the constant depends on &, Vife, =60. If 6, =1
, the constant is independent of G, .

S

3
Qr
N

|| -

dy, { 1,0}, 6, = 1 and y/€5 small enough.
=d,,k € {-1,0}, 6, = 69 and Condition I. The constant depends on

,0}, 6, = e under the condition 0 < e% < h.

{-1
1,64 € {1,60}. The constant depends on G4 Lif 64 = 60.
{ ,0} and 6, = 69 and Condition 1. The constant depends

The estimate s

T
(= wn)(T) 13 + / la(t) — un(®)]|2dt <
0
(28)

6*

T T
. w(t)Fpin dt+/ Ou(t)Fp (7, dt
gﬁewp/o ) s iyt + | 1000 )

Cirt.8,a,0,e* th(|uo|§1p+1(Th) + (1 +

for the choice d=d,, k=1, G, =c¢€g.
Proof. Subtracting (26) from (11) gives the error equation:

(Or(up, — ), vp)a — Z (B(up, —u) — eV (up, — u), Vop)a, + d(up — u,vp)

Qe €T
+ Y (Bl —w) e fonlr = Y {eViun —u) npd o) e+ Y (Blun —w),vn)r
FeFiUFip FeF? FeF3%,
(29) 4k Y {eVon npt [un —u)p + D> [F| 7N ow[un — ul, [oa])r = 0.
FeFi FeFi

We decompose the error up, —u =n— & with n = up —v* and £ = v — u*, with uv*
satisfying (19)-(20). Then, choosing v, = 7 in the error equation (29) yields:

1d 1/2
garlnlla+ > e Vnld, + 37 1F o il

Q.eTy FeF?
1 1
R D[RR e U012 o S [ CRE = e
FeFiUF}, FeF2UF3 .
=@&ma— Y. (BEVMa, + D (VEVna, + Y. (B np, )r
Q. €Ty, Q. eTy, ngiupép
=Y {eVenph, e+ Y {eVn-ned (e + > FI"orEl, ) r
FeF? FeFi FeFi
+ > (& mp e — (1—k) Y {eVn-nr}, [ e +d(En) - d(n,n)
FeFd, FeFi
(30) =Ty +---+T11.

We now briefly bound the first nine terms. The techniques used are standard to the
discontinuous Galerkin methods. The first term 77 is easily bounded by Cauchy-
Schwarz and Young’s inequalities:

1 1
< Z|Inllz + =1|8:€|3.
< 2||77||Q+2H ks
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Using inverse inequality (18), the second term is bounded as

1 o1
(31) T, < gl + Cin =22 1812 el
Similarly the term T3 is bounded
1 *
(32) < 35 D 2l + ¢ VE[E
Q€T

For the fourth term we have:

1
(33) Tu< 15 Yo B -ne w48l DS NETE

FeFiUF}, FeFiUF}p
We have for T
1/2 X _
(34) Z I o2l + € h Y op 1{VE-ne}3,
FEFl FeFi
and for Tg:
(3) Tos 1o 30 12Vl + Cree 2 IFIT g
Q.eTy FeFt

The term 7% is easily bounded as

1 2 1 2
(36) R I T [ ST e e [T
FeFi FeFi

The term Tg is bounded similar to T}:

1
Ts<— > B-nel0lF+ 418l Y Nl

FeF?

out out

If kK = 1, the term Ty vanishes. Otherwise, we use a similar argument as in (25)
using Lemma (3.1):

1 _
(37) To<o 3 12Vl + Cre Y IFI I
Q€T FEFIiIP
Combining the bounds above, for k =1, equation (30) becomes:

1d 1/2
e D Rl R S T o S
Q€T FeFl

7 1 7
e SRR VAR 1 SN S (1R e Rl Sy | R R
FeFiUF}p FeF? FeF?

(38) < nliéy, + Cirtpacer W2 (Julfror g,y + 10vulipn(z,)) + d(€n) — d(n,n).

If Kk = —1, the resulting equation differs from (38) only by the constant in front

of Y pepi |F|_1||011[,/ *[7])|%. We will now continue the analysis of the scheme by
considering each diffusive flux on I'yp separately.
Case d = d,,: We first consider the numerical flux d = d, with & = 1. The last

two terms of (38) are:

Tio + T = —v(§,m) — js(n,m).
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The first term is bounded as follows:

1
—v(&n) < Cra,er h2p|u|§{P+1(7’h) T 16

16.]5’(77577)7 if 6= 1;€Ha

or as follows:
1
—V(&??) < Ct.,a.,e*,&*l thl”'%(?“(’fh,) + E

and the second term can be hidden in the left-hand side of (38). Thus, we obtain
the estimate:

(39)

t t t
IO+ [ 11 < IO + Corcea ([ by + [ 10050 ).

with the constant depending on 6~ if & = 5o. If & € {—1,0}, we need to bound
the additional term —v(n,n). First, if & = &y we have:

(10) S (Tn) np bl < 55 S 1AVl + Cociy S0 1F Il

FEF), Qc€Apy FeFip

j&(nﬂn)a if 6= 607

Provided &y is large enough, both terms can be hidden in the left-hand side of (38).
The estimate is then (39). If & = 1, we have

1 ,
Y (&) e e < o5 > €2 Vnllg, + Creqiz(n,m).

FeFjp Q€AY
Both terms can be hidden in the left-hand side of (38) if Cre5 < 1. The estimate
is still (39). Finally if 6 = e, we have:

(41) Ty = (1= &)v(nn) < Celnld +egh™> > [le/*Vnll3, .
Qe.€EAH

Therefore, using the condition 0 < /€5 < h, we have (39).
Case d = d,: Next, if d = d,, the last two terms in (38) are:

Tio + T = —a(&n) + (1 = K)e(n,n) — ja(n,m).
If Kk =1and 6 € {1,50}, then we easily obtain the estimate (39) using the bound:

1 .
(42) A < Crpeahulipininy + 35 2o 1FITE 2wl
FeFjp

*

If 6 = ey, then we have
€

1
43 —_
(43) algm) < 327 mingea, €(z)
which yields the estimate (28). Finally, the additional term to bound in the case
ke {-1,0} is

@) a5 3 1PVE O Y F I

Qe€Th FeFj,

Jz(m,m) + Cta W2 ul o (7,

which can be subtracted from the left-hand side of (38) if G is large enough.
A simple corollary of Theorem 3.4 is the convergence of the method in particular
cases.

Lemma 3.5. Let uy be solution of (11) with d chosen as one of the following
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o d(up,vp) = —v(up,vp) + v(vn,un) + js, (un, vi)

o d(up,vp) = —v(un,vn) — v(vp, up) + js, (un, vp) with 6, = 6o large enough.
o d(up,vp) = —v(up,vp) + Js, (up, vp) with 6, = &¢ large enough.

o d(up,vr) = —alup,vp) + a(vn, up) + js. (un, vp) with G4 = 1.

o d(up,vp) = —a(up,vp) —a(vp, up) + js., (up, vy) with 64 = ¢ large enough.
o d(up,vp) = —a(un,vp) + js., (un,vp) with 64 = ¢ large enough.

Then, the numerical error in the energy norm and in the L? norm converges to
zero. The rates are optimal for the energy norm, namely O(hP).

‘We now conclude this section with a few remarks.

Remark 3.6. One can show [18] that for the case d =0, the error estimate is:

T

T
(= un) (T3 + / lu(t) — un (D) 2dt < Cy(e5h1)? / el

(45)
T T
+Ci,rt,8,0,0,e* h2p(|“0|%1p+1(7h,) +/O [u(t)Frps1 (7, dt —i—/o |3tu(t)|%1p(7h,)dt)

Therefore, it is possible to have an accurate solution on a given mesh if e% < hPtL,
but this method does mnot converge as the mesh size tends to zero.

Remark 3.7. In general, the analysis is valid for degenerate eg = 0, except in the
case d =dy,k =1 and 6, = €g. In addition no assumption on the relative size of
€ with respect to ep is made.

Remark 3.8. Error estimates cannot be obtained for the case d = do, K €
{-1,0} and 64 € {1,en}.

4. Fully Discrete Scheme and Analysis

Let At be a positive time step and let t/ = jAt denote the time at the j** step.
We denote by v/ the function v evaluated at time t/. We define the linear form
Lt v, - R:

(46) L7 op) = (7, vn)a — Z (Bultt g, on)p.
FeF?

4.1. Backward Euler time discretization. In this paper, we refer to the im-
plicit DG solution as the solution defined by:

w1y - 4
(47) Yup € Vy, (hT, vp) + A(uff ,Uh) = [/ (Uh),
(48) Yop € Vi, (ud,on) = (uo,vn).

We first derive a stability bound then present an error estimate:

Theorem 4.1. For t > 0, let (uil)ﬂ be the discrete solution in Vi, to (47)-(48).
If & € {=1,0} and either d = do or d = d,,, assume that Condition I holds true.
Then, there is Atg > 0 such that for all At < Aty, (uj,); satisfies the bound for all
n>0:

n n
lupilEy + CALY b l3dt < uolley + Croe A (IF1G + D B -npl?ul,lIF),
j=1 Jj=1 FeF?
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where C .~ is a constant independent of h, At and e,.
Proof. Choose v), = ugfl (47). We obtain a similar bound as in (23):

1 1 i +1 1 +1
a7 (R = ) + D 12V, + 5 >0 18- nel I

Qe€Th FeFiUF},
1 ; 1 ;
DI R R A 3 SN R A
FeF?, FeF?
1/2 1 1 1 1 j
+ 3 P o 2l R + At < ST 18 eVl E + Hfﬂ*lné

FeF? FeF?

Hu NG+ 10 =r) D {evur™ npd [ul ™) el

FeFj,

Using similar arguments as in the proof of Theorem 3.2, we obtain:

1
(e 13 = e 1) + Cllled. 12
(49 SOl IR+ Crer (S 18 el 2l B + 17,

Ferg

We then multiply the inequality by 2At and sum over j =0,...,n — 1:

(1= 2C A Jupl|g = lupllg + 2048 Y || ][5
j=1

n—1 n
<20 ALY luf |G+ 20 ALY (D 1B npPul |3 + 1£7]13)
=1 i=1 Fer?
Under the assumption that 1—2CAt > 0 and using a discrete Gronwall’s estimate,
we obtain the final result.
We then remark that the exact solution u satisfies:

(%(thrl), vp) + AW vy) = LI (vg).

Theorem 4.2. Let u be the solution of (2)-(5) and let (ul); € Vi be the se-
quence of discrete solutions satisfying (47)-(48). Assume that ug € HPTY(T,),
u € L*0,T; HP(7,)) and Oyu,0uu € L3(0,T; HP(7y,)). There is a constant
Aty > 0 such that for all At < Atgy, and constants C,C; 1+ 8,a,0,c~ independent of
h, and €, such that

(50) V'Uh € Vh )

n T
= w3+ A3 [l — a2 < AP / 10u(t) 2t

j=1
(51) +Cirtpaoce th(WOI?{pH(Th) ALY W [T gy ALY |at“j|§fp<m)’
Jj=1 j=1
for the following cases:
e d=d,, i =1. The constant also depends on 5,1 if 5, = 5.
e d=d,, i €{-1,0}, 5, =1 and \/€5 small enough.
e d=d, ke {-1,0}, 6, = &0 and Condition I.
e d=d,, i €{-1,0}, 5, = ey and under the condition 0 < \/e5 < h.

o d=d,,k=1,64 € {1,50}. The constant also depends on G, if Go = 79.
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e d =dyk € {-1,0} and 6, = 59 and Condition I. The constant also
depends on 5,1 if Go = Gy.
The estimate is

n T
"~ i1+ A [lad = | < CAR [ ot

=1 0

* T T
€
+Ci,r,t,ﬁ,a,a,e* h2p(|’u,0|§{p+1(7—h) + (1 + 7@))‘/0 |u(t)|§1p+1(7—h)dt + /0 |(9tu(t)|§{p(7h’)dt>,

min e€g
€AY

for the case d=do, k=1, 04 =c¢pn.

Proof. Using the same notation as in the proof of Theorem 3.4, we have from
subtracting (50) from (47) and choosing vj, = n/*1:

1 - - - 1y 1/2
saz U e = I l16) + SOt + Y 1F o 2
Qe€Tp FeFi
1 . 1 )
ty > WBnr PR DT 118 el
FEeFiUF}, FeF2UF2 .
. u*jJrl _ ’U,*j . . ) ) )
= (Qpu* (") — T,Wﬁl)sz + (W), o - Z (BE7HY, VP )q,
Qe€Th
+ Z (6v§j+17 V77j+1)ﬂe + Z <B§T1j+1 ‘nE, [77J+1]>F
Qe€Th FeFiUF},
= 2 UV e T p e Y (VT e [ ) g
FEFi FEFi
3 (B e e — (=) S (e g
FeF2, FeF?
(52) 4 Y |F TRl T e A ) = dOP ).
FeFi

As the remainder of the proof is similar to the proof of Theorem 3.4, we only present
the bounds for the first two terms in the right-hand side of (52). Using a Taylor
expansion with integral remainder, we have

i+ Fit+1

(s—e2ds [ fou |

I

. *j4+1 u*j 1
o * t_]—i—l _ u 2 < /
|| tU ( ) At ||Q = 9A2 o
At it .
(53) < o 10eu* (13-

I
Therefore, we have
tj +1

utt — gt G+1 j+12 3 (12
—— " e <P lg+ CAL” [ [|Onu” |G-
+i

At
The second term in the right-hand side of (52) is bounded as

@), Do < G + Co h¥100 g (7.
As in the derivation of the stability result, we need the time step to be small enough

in order to conclude. A discrete Gronwall’s lemma is used, and the rest of the proof
is straightforward.

(Qeu” (t7F1) -
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Remark 4.3. Except in the case d = d,,k € {—1,0},5, = ey, we can replace
the constraint ”At small enough” by the constraint €, > 0. The constant C' in the
right-hand side of the resulting estimate will then additionally depend on 1/e..

4.2. Forward Euler time discretization. In this paper, we refer to the explicit
DG solution as the solution defined by:

Wt — , ;
(54) Yy, € Vi, (W, Uh) =L’ (Uh) — A(ui,vh),
(55) Yop € Vi, (ud,vn) = (uo,vn).

To derive stability and an error estimate for the forward Euler discretization, we
will assume throughout this section that the triangulation is quasi-uniform. Inverse
inequality (18) yields the following result.

Lemma 4.4. There is a constant Cy, = Ce- ; 3.+ independent of h and €, such that
(56) Yo, wn € Vi, A(vn, wn) < Cp h™Hlopllel|[wal]o-

Theorem 4.5. For t > 0, let (u]); be the discrete solution in Vi, to (54)-(55).
If d = do and & € {—1,0}, assume that Condition I holds true. Assume that
Condition I holds true for d = d, and k& € {—1,0}. Then, there is a constant Cp
independent of h and e, such that if At < Co and h=2At < Cy, there is a constant
Cy independent of h and e, such that (u}); satisfies the bound for all n > 0:

I\uhl\sz+CAtZ|lluhlllo< I\uol\sz+CbAfZ 1186+ D 18- nelul, 7).

j=1 FeFg

Proof. Choose v), = uffl in (54). We obtain:

1 j+1 j +1 +1 j+1 j+1 j+1 j+1
g (ln ™ 18 = | + g, — wf HQ)"’A(J CARES AU E RS UMTAN
< D B -np?y] ||F+—Hf’|\g+ DR 1R R [ (AR
FeFd FeF8
- j j+1 j+1
+Coh 2y, — w6 + 5 ||| Il

We rewrite the term A(u)™", uj ") and obtain the following inequality:

1 1 1 1 — ] 1
oy a R = B + G — CRh )l — I

1 1 1
TS LA A R SR [ R IL Tas

Qe€Tn FEFiUF],
1 j+1 3 1y 1/2p 41
DI R R AN i ST L AR
Fchf’ut FeFi
) 1 )
1 1 1 1 1
) < S0 N8 el 4 TR+ R+ s )
FeF?

HA=r) D {eVuy ey [u ) el

FeF?
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The rest of the proof follows as in the case of backward Euler. Here, we have the
additional stability condition (also called CFL condition):

1
AICERT < 2.

Theorem 4.6. Let u be the solution of (2)-(5) and let (ul); € Vi be the se-
quence of discrete solutions satisfying (54)-(55). Assume that ug € HPYY(Ty), u €
L>(0,T; HP*Y(73,)) and dyu € L°°(0,T; HP(73,)) and dyu € L?((0,T) x Q). There
is a constant Cy independent of h and €, such that if At < Cy and h"2At < Cy,
then there are constants C,Cy o independent of h and e, such that

T
lu" — w3 < CAP / ERE
0

n—1 n—1
4ot ([ + DY [0 Bpois ) + 88 S 100z )-
j=1 3=0

Proof. Since the proof uses similar arguments as for the stability result and
the proof for the convergence of the backward Euler scheme, we only give the first
steps. We write the error equation as:

E(IW“H% — 17 11& + 7t =7 118) + Al ) = AT =

u*g+1 —

+A(§ja anrl) + (8t€(tj)7nj+1)9 + (8tU* (tJ) - At 777j+1)'
We also have, as in (53):
o WL g xd It i}
o () =zl < oAt [ o,

Furthermore, we have
, o 1. o 4
A= o) < Sl THIPE A+ CER2 = |5,

Thus, it remains to bound the standard terms A(&7, /1) and (9;£(#7), 7 ™1 )q. The
remainder of the proof follows that of the backward Euler scheme.

5. Adaptive Fluxes

In this section, we analyze the adaptive method that uses on the interface I'yp
the flux dy introduced in Section 2. This flux is obtained as a weighted average of
the standard NIPG/SIPG fluxes and the upwind flux. When the interface region
indicates a large difference between the diffusion coeflicients, the scheme selects a
stronger emphasis on the upwinding interface terms. Similarly, when there is less
difference between the hyperbolic and parabolic coefficients, the scheme selects a
stronger emphasis on the standard DG average flux definition. Our motivation
for considering such an adaptive definition is highlighted in Section 6, where we
demonstrate its excellent numerical results when applied to a domain with highly
varying diffusion coeflicient. Essentially, the use of an adaptive flux enables the
scheme to automatically decide when to employ an upwinding strategy, in the case
of advective to diffusive flow, versus a standard averaging technique everywhere
else. In this way, the adaptive scheme successfully detects the difficult boundary
layer region, and switches to an upwinding technique to maintain stability.

The parameters in the definition of dy are chosen to be:
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e cither k = 1 with ¢, = ey and 6, = 1: the method is called adaptive
NIPG.

e or £k € {—1,0} and 6, = &, = 6o with g large enough: the method is
called adaptive SIPG or adaptive IIPG.

With these definitions, the scheme (11) is unconditionally stable.

Theorem 5.1. Assume that d = dy defined in (10). The solution up in Vi, of
(11)-(12) satisfies the following estimate:

T T
lun (D)3 + / sl 12 + / S (060 + (1 — 0)5,) un] 2

FeFip

T
< Jun(O)[3 + Cre- / 12+ S 118 ne2uml? |

FeF?

where Cr ¢~ is a constant independent of h and e, but dependent on C; and €*
whenever K # 1.

Proof. We obtain as in Theorem 3.2, the inequality (23). If & = 1, then we
obtain the bound:

T T
lun(D)I3 + / ] 12 + / SO FUO + (1= O)en)2un?

FeFj,

(57) < JunO)IE + CUFIE+ D 18- nplPuin]F)-
FeF?

The case & € {—1,0} is handled in a similar fashion; the bound (57) is derived
assuming that 6 is large enough. The final estimate is obtained then by integrating
in time and using Gronwall’s lemma.

It is easy to see that the adaptive flux dy produces a consistent scheme. We next
state some semi-discrete a priori error estimates. We skip the proof as it is similar
to the proof of Theorem 3.4

Theorem 5.2. Let u be the solution of (2)-(5) and for t > 0 let up(t) € Vi, be
the discrete solution of (11)-(12) with d = dg. Assume that ug € HPTY(Tp,), u €
L2(0,T; HP*(T},)) and dyu € L*(0,T; HP(73)). There is a constant Ci rt.5.a,0.c*
independent of h and € such that

T T
I(u—Uh)(T)I?mL/O ||IU(15)—uh(lf)llli‘idtﬂL/0 Y 1050 + (1= 0)5,)"?[u(t) — un(t)]|Fdt

FeF,

t t
< Curt i (olires iy + [ oorcryde+ [ 1000yt

111111

SIPG/IIPG methods.

Remark 5.3. It is clear that we also obtain fully discrete estimates as in Sec-
tion 4. If the time discretization is the backward Euler, then the stability bound of
Theorem 4.1) holds and the error estimate (51) is valid.
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FIGURE 3. Varying diffusivity: standard NIPG solution every-
where for ey = 0.1 (solid line), ey = 0.05 (dashed line), and
ey = 0.01 (dotted line) in Qg at time ¢t; = 1.0.

6. Numerical Experiments

6.1. Study of Fluxes. In this section, we investigate the numerical effect of the
advective and diffusive fluxes listed in Section 2. We consider a simple test problem
with large local Peclet number, which is inversely proportional to the diffusivity
coefficient. Our domain is a two-dimensional rectangular region [0, 2] x [0, 1] with
a triangular mesh consisting of 200 elements displayed in Fig. 1. We impose noflow
conditions on top and bottom boundaries, an inflow value of u;; = 1 on the left
boundary, and outflow on the right boundary. The initial solution consists of u = 0
everywhere in the domain. The velocity is S = (1,0) and the source function f
is zero. Unless otherwise specified, the diffusion parameter is ep = 1 on Qp and
err = 1073 on Q1. The timestep is sufficiently small so that spatial error dominates
the computation; hence our results are independent of the timestep size.

This particular test problem highlights the numerical difficulties encountered in
modeling advection dominated regimes. For instance, Fig. 3 shows the numerical
solution for various values of ey and a fixed mesh size. We focus on the profile
of the numerical solution along {(x,0.5) : 0 < z < 2} obtained with the standard
NIPG method everywhere (d = do, k = op = kK = 6, = 1, p = 1) and a forward
Euler scheme. If the ratio ey to ep is of order one, there are no instabilities. If
the ratio is much smaller than one, then the instabilities increase at the interface
from low to high diffusivity. One can see that the magnitude of these instabilities
directly affect the L? norm of the error: the larger the instabilities, the higher
the error norm. It is well known that the accuracy of the solution in advection
dominated regimes can be improved by refining the mesh. However, a refinement
in the computational mesh introduces a considerable computational cost that we
aim to avoid while maintaining the integrity of the solution.

Next, in Fig. 4 we compare the effects of the time discretization technique on
the numerical solution for the standard NIPG method defined everywhere (d = d,,
k=o0p =K =20, =1). The left figure shows the solution obtained by the forward
Euler scheme, whereas the right two figures show the solution obtained by the
backward Euler scheme. The time step is taken 20 times larger than for the forward
Euler scheme. The implicit time discretization is more numerically diffusive. The
overall amount of overshoot is reduced but still present. It is not surprising to
observe that the overshoot phenomena are exacerbated when the polynomial degree
is increased.
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FIGURE 4. Time discretization comparison: standard NIPG solu-
tion: explicit p = 1 (left), implicit p = 1 (middle) and implicit
p = 2 (right), at times ¢ (solid line), ¢; (dashed line) and ¢2 (dotted
line).

FIGURE 5. Time discretization comparison: improved NIPG so-
lution: explicit p = 1 (left), implicit p = 1 (center) and implicit
p = 2 (right), at times ¢ (solid line), t; (dashed line) and ¢2 (dotted
line).

We now explore various definitions of the flux at interface I'yp. The numerical
solutions for the explicit discretization for p = 1 and implicit scheme for p = 1,2
are shown in Fig. 5. The overshoots for the explicit time discretization are minimal,
and they disappear for the implicit time discretization, even when the polynomial
degree is increased.

We obtain less accurate results by retaining d = d, and further varying the
values for the parameters & and &,. Results for the explicit time discretization are
shown in Fig. 6, 7, 8. Clearly these solutions are not as accurate as those in Fig. 5,
and the overshoots are greatest for the ITPG flux on I'yp (Fig. 8). For these tests,
increasing the penalty value from 1 to 10 exacerbates the overshoot phenomena.

From the previous experiments, we conclude that the choice d = d,, with & =1,
0, = €y on I'yp yield the most accurate results for this particular example. We
now choose the adaptive flux d = dy. Fig. 9 shows the explicit solution for p = 1
and the implicit solution for p = 1, 2. The overshoot phenomena disappears for the
implicit solution while the fronts remain sharp. We note that qualitatively, there is
no noticeable difference between figures 5 and 9. However, in the next section we
will compute quantitative values of the L? norm of the error.

We finish these numerical studies by now considering the underlying method to
be SIPG (k = —1) everywhere except at the interface I'yp. In this case, there
is a constraint on the size of the penalty parameter op. First, we note that the
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FIGURE 6. Explicit NIPG solution (k = 1,0p = 1) with d = d,:
k=26, =1 (left), K = —1,6, = 1 (center) and & = —1,5, = 10
(right) at times to (solid line), ¢; (dashed line) and 5 (dotted line).

FIGURE 7. Explicit NIPG solution (k = 1,0p = 1) with d = d,
and & = 0: 6, = 1 (left) and 5, = 10 (right) at times ¢y (solid
line), ¢1 (dashed line) and t5 (dotted line).

Ficure 8. Explicit NIPG solution (k = 1,0p = 1) with d = d,
and & = 0: 6, = 1 (left) and 6, = 10 (right) at times ¢y (solid
line), ¢1 (dashed line) and ¢y (dotted line).

standard SIPG (d = d, with £ = —1) on I'yp does not produce stable solutions
even for large penalty values (op = 6, = 100) if the explicit time discretization
is used. However, the implicit time discretization stabilizes the method and the
solutions are shown in Fig. 10 for linears and quadratics and for op = 6, = 10. As
in the case of the implicit NIPG method implemented on I'yp, (Fig. 4), the fronts
are diffuse and instabilities occur when the polynomial degree is increased. If the
optimal choice for the parameters in the definition of the adaptive flux is used, the
resulting solution does not show any overshoot and the fronts remain sharp. The
profiles for the implicit solution are shown in Fig. 11.
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Ficure 9. Adaptive NIPG solution with flux d = dy: explicit
p =1 (left), implicit p = 1 (center) and implicit p = 2 (right), at
times o (solid line), ¢; (dashed line) and t5 (dotted line).

FIGURE 10. Implicit SIPG solution (k = & = —1,0p = & = 10):
p =1 (left) and p = 2 (right), at times ¢¢ (solid line), ¢; (dashed
line) and ¢2 (dotted line).

FIGURE 11. Implicit SIPG solution with (k = —1,0r = 10) and
adaptive flux d = dg (F = 1,6, = €p, 04 = 1): p =1 (left) and
p = 2 (right), at times ¢ (solid line), t; (dashed line) and ¢2 (dotted
line).

The conclusion of these numerical studies is that the improved and adaptive
NIPG methods are more accurate than the standard NIPG method. One can also
employ the SIPG method, but one has to carefully select the penalty parameter
[11]. In what follows, we show that the adaptive method is the most accurate in
the case of varying diffusivity.
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6.2. Study of L? Errors. To complement our theoretical error analysis, we verify
in this section the [°°(L?) accuracy of our improved and adaptive NIPG methods
with respect to the exact solution.

By "exact”, we mean an overkill solution where the mesh size is greatly refined
and the number of finite elements is increased from 800 to 51,200. For stability of
the numerical solution, the timestep must also be refined to 200 times smaller. We
present results for an explicit time discretization and linear basis functions.

We consider two test problems. First, we compute the [°°(L?) error for the test
problem described in the previous section. The errors for the standard, improved
and adaptive NIPG methods are given in Table 1. Clearly the improved and adap-
tive solutions are more accurate than the standard NIPG solution. We also note
that in this example, the improved solution yields the smallest error.

Method Error

standard NIPG ~ 1.0013 x 10~}

improved NIPG  8.6381 x 1073

adaptive NIPG  1.3242 x 102
TABLE 1. [°°(L?) errors for first test problem

The second test problem is a perturbation of the first test problem. We consider
the same domain with the two vertical inclusions. However, we modify the value
in the rightmost hyperbolic region from 103 to 0.5. This simple example demon-
strates more realistic variations of diffusivity: in some places the diffusivity jump
is large and in others small. Table 6.2 shows the errors in the [°°(L?) norm for
the standard, improved and adaptive NIPG methods. Both improved and adaptive
solutions have smaller errors than the standard NIPG solutions. However, in this
case, the most accurate solution is the adaptive one. The adaptive NIPG method
does a better job in capturing the exact solution on the interface where the diffu-
sivity jump is nonzero but small, compared to the upwind NIPG method. Clearly
the adaptive method is more advantageous in the case of highly varying diffusivity
coefficient.

Method Error
standard NIPG  1.0217 x 107!
improved NIPG  6.6179 x 1072
adaptive NIPG  1.1448 x 102

TABLE 2. [*°(L?) errors for second test problem

6.3. Convergence Rates. In this section, we present numerical rates of conver-
gence for a variety of diffusive fluxes, that confirm our theoretical error estimates.

The domain € is the unit square with a coarse mesh of 25 square elements
(h = 0.2), containing a subdomain Qg = [0.4,0.6] x [0,1] and Qp = Q\ Qy. The
diffusion coefficients are constants where ep = 1 and ey takes the value 1078 or
10~*. We consider the following smooth analytical solution:

VO<x<04, u(z)= ﬁxewﬂ,
4 —U.aeg

1
V0.4 <z <06, ulz)=(z+0.56—2

) T+t
1.4 — 0.4€H
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0.56(6]{ - 1)2 €EHg — 1
V0.6<2<1.0 — (1.6eg — 0.6+ =N = )y 0.6+ (0.56—
<z<10, ulz)=((1.6en t a0, P06+ O056 )
0.56(ex — 1)2
—0.6(1.66g — 0.6+ —2NH = 1)yt
06(1.6er = 0.6+ ==

The coarse mesh is successively uniformly refined, each triangle being divided into
four triangles at each refinement stage. The time step is chosen small enough so
that the numerical error is of the order of the spatial approximation error. We
present rates obtained with the backward Euler discretization. The convergence
rate is obtained as log(en /e 2)/log(2) where ey, is the numerical error obtained on
the mesh with size h. We compute both HY and L?-type errors defined below:

Ca.ez, 1€/2V((T) = un(T))[13,)"? £, , - 1D —un (@)l
Cacer, 1€2Vu(DE )2 7 [u(T) e

Table 3 contains the convergence rates for the case ey = 1078 in the case of the
NIPG method for several diffusive fluxes. Only the results for the finest mesh
are given. For piecewise linear approximation, the finest mesh size is h = 0.0125
whereas for piecewise quadratic approximation, the finest mesh size is h = 0.025.
In this experiment, the adaptive flux dy is defined with ¥ = 6, = 1 and 7, = €g.
For the first five cases, the rates are optimal for the H} norm, as predicted by the
theory. The cases d = d,, with 6, = 1 and & € {0,—1} also yield optimal results
for the energy norm. This means that the diffusion coefficient ey is small enough
for these experiments. Finally, the last two cases should yield optimal results if
the penalty is large enough. Clearly, this is the case for the choice d = —a + 1
but not the case for d = d, with K = —1 and 7, = 1 where we only obtain
suboptimal energy rate for piecewise quadratic polynomials. For the L? norm, the
rates are optimal for piecewise linear approximations and suboptimal for piecewise
quadratics. Table 4 presents the convergence rates in the case of the SIPG method.
In this case, the choice o = 1 does not yield optimal rates and increasing the
jump parameter to op = 10, gives optimal rates both polynomial degrees and both
norms. With the last two cases, the penalty parameter ¢ was increased to 10 to
obtain optimal rates.

Epq =

6.4. Non-zero randomized diffusion. For this test problem, the diffusion coef-
ficient is randomly selected to be either ¢ = 1 or € = 1073 on each individual element
using a random number generator (see Fig. 12). The velocity vector is 5 = (1,1),
and consequently the inflow boundary consists of the left vertical boundary and
bottom horizontal boundary. In all tests, a forward Euler in time and piecewise
linear spatial discretization is used.

The adaptive technique, which automatically detects regions of numerical insta-
bility, is successful at producing an accurate and stable method without resorting
to mesh refinement and consequently increased computational effort to maintain
the integrity of the numerical solution. With this example, we demonstrate the
complete failure of the standard NIPG method to achieve stability throughout the
domain as well as the stability of both improved NIPG method and adaptive NIPG
method.

In Fig. 16, we compare the standard NIPG solution with the improved NIPG
solution extracted along the line {(z,0.45) : 0 < x < 2}. As the progression of
images clearly shows, the NIPG method tends to blow up after some finite time
whereas the improved NIPG version is stable. Furthermore, in Fig. 17 we compare
the profiles obtained with the improved method to the adaptive NIPG method The
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Degree Ey1 rate E} o rate
d(un,vn) = —v(un, vn) + v(vn, un) + j1(un, vn)

1 1.0015 2.0739
2 2.0011 2.3730
d(un,vn) = =v(Un, Vp) + V(Vh, UR) + Jeg (Un, )

1 1.0006 2.0274

1.9945 2.3567
d(uh,vh) = dg(uh,vh) with 6, = ey
1 1.0006 2.0274
1.9945 2.3567
d(un,vn) = —a(un, vn) + (v, un) + ji(un, va)

1 1.0026 2.0600
2 2.0004 2.4234
d(un,vn) = —v(un,vn) + j1(un, vp)

1 1.0015 2.0739

2.0011 2.3730
d(un,vn) = —v(un, vn) — v(vn, un) + J1(un, vn)

1 1.0015 2.0739
2 2.0011 2.3730
d(un,vn) = —a(un, vn) — a(vp, up) + j1(un, vn)

1 1.0019 2.0600
2 1.5751 2.4105
d(un,vn) = —a(un,vn) + j1(un, vn)

1 1.0011 2.0598

2.0068 2.4446

TABLE 3. Case ey = 1073 NIPG everywhere (k = 1,0p = 1)
except on interface I'gp.

lines are indistinguishable visually and demonstrate the stability of both methods.
Two dimensional contours of the solution for all three methods (standard, improved
and adaptive NIPG) are shown in Fig. 13, 14 and Fig. 15 respectively.

6.5. Vanishing randomized diffusion. Next, the diffusion coefficient is ran-
domly selected to be either € = 1, e = 1072, or completely degenerate with e = 0
on each individual element using a random number generator (see Fig. 18). The
velocity vector is 8 = (1,0), and consequently the inflow boundary consists of the
left vertical boundary only. Fig. 19, 20 and 21 show the contours of the solutions
obtained with the standard, improved and adaptive NIPG methods. Clearly the
standard NIPG solution blows up after a few time steps whereas the improved and
adaptive solutions remain stable throughout the simulation.

7. Conclusions

In this paper we analyze and develop discontinuous Galerkin methods for an
advection-diffusion equation with spatially varying and possibly vanishing diffusion
coefficient. Without resorting to slope limiting techniques nor mesh refinement,
we demonstrate successful choices of numerical fluxes that appropriately capture
solution behavior and minimize the L? norm of the error. We derived stability
and a priori error estimates for both continuous and discrete time discretizations.
Numerical tests indicate the robustness of our convergence estimates. Moreover,
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Degree Ey1 rate E} o rate
d(un,vn) = —v(un, vn) + v(vn, un) + j1(un, vn)

1 1.0016 2.0767
2 2.0084 2.9124
d(un,vn) = =v(Un, Vp) + V(Vh, UR) + Jeg (Un, )

1 1.0006 2.0291

2.0035 2.8742
d(uh,vh) = dg(uh,vh) with 5’,/ = €H
1 1.0000 1.8989
2.0035 2.8742
d(un,vn) = —a(un, vn) + (v, un) + ji(un, va)

1 1.0010 1.9017
2 2.0209 2.9505
d(un,vn) = —v(un, vn) + jro(wn, va)

1 1.0014 2.0837

2.0081 2.9195
d(un,vn) = —v(un,vn) — v(vn, un) + jro(wn, vn)

1 1.0014 2.0837
2 2.0081 2.9195
d(un,vn) = —a(un,vn) — a(vp, un) + jio(un, vn)

1 1.0012 2.0823
2 2.0075 2.9218
d(un,vn) = —a(un,vn) + jro(un, va)

1 1.0013 2.0817

2.0084 2.9235

TABLE 4. Case ey = 107%: SIPG everywhere (k = —1,0p = 10)
except on interface I'gp.

FIGURE 12. Mesh and diffusion coefficient randomly generated
(ep = 1 white, ey = 1072 gray).

our numerical results indicate a substantial improvement in the solution for our
adaptive flux technique over standard DG flux definitions.
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FIGURE 13. Two-dimensional contours with standard NIPG at
times to (left), ¢1 (middle) and ¢o (right).
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FIGURE 14. Two-dimensional contours with improved NIPG at
times o (left), ¢; (middle) and to (right).
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FIGURE 15. Two-dimensional contours with adaptive NIPG
times to (left), ¢1 (middle) and ¢o (right).

FIGURE 16. Comparison between standard NIPG (dashed line)
and improved NIPG (solid line) at times to (left), ¢1 (middle) and
to (right).
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