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FOR THE TRANSIENT STOKES EQUATIONS
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Abstract. This paper is concerned with the development and study of a stabilized finite volume
method for the transient Stokes problem in two and three dimensions. The stabilization is based
on two local Gauss integrals and is parameter-free. The analysis is based on a relationship between
this new finite volume method and a stabilized finite element method using the lowest equal-order
pair (i.e., the Py — Py pair). An error estimate of optimal order in the H'-norm for velocity and
an estimate in the L2-norm for pressure are obtained. An optimal error estimate in the L2-norm
for the velocity is derived under an additional assumption on the body force.
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1. Introduction

Finite difference, finite element, and finite volume methods are three major nu-
merical methods for solving engineering and science problems. The finite differences
are easy to implement and locally conservative but not flexible to handle complex
geometry. The finite elements have this flexibility but do not locally conserve mass.
The finite volumes lie somewhere between the finite differences and the finite ele-
ments. They have the flexibility to handle complicated geometry, and their imple-
mentation capability is comparable to that of the finite differences. Moreover, their
numerical solutions usually have certain conservation features that are desirable in
many engineering and science applications.

The finite volume method has a variety of names: the control volume, covolume,
and first-order generalized difference methods [3, 5, 7, 9, 12, 14, 22, 23, 24, 25, 29].
Compared to the finite element method, this method is harder to analyze; partic-
ularly, its stability and convergence for multidimensional partial differential equa-
tions is more difficult to establish. There exist some preliminary error estimates for
second-order elliptic and parabolic partial differential problems. However, for more
complex problems such as the Stokes problem under consideration, a fundamental
stability and convergence theory for the finite volume method is limited.

Recently, a new stabilized finite element method based on two local Gauss inte-
grals was developed for the stationary Stokes equations [18, 20]. This new method
stabilizes the lowest equal-order (i.e., P; — P;) elements by the residual of these local
integrals on each triangular element. It is free of stabilization parameters, does not
require any calculation of high-order derivatives or edge-based data structures, and
can be implemented at the element level. Optimal error estimates were obtained
using the technique of the standard finite element method [20]. More recently, this
stabilized finite element method was extended to the finite volume method for the
stationary Stokes equations [19]. After a relationship between this method and a
stabilized finite element method was established, an error estimate of optimal order
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in the L?- and H'-norms for velocity and an estimate in the L2-norm for pressure
were obtained.

In this paper, we extend the definition and analysis of the stabilized finite volume
method to the transient Stokes equations. The crucial argument in the analysis is
how to use the relationship between the finite element and finite volume methods
developed for the stationary problems to establish the desirable optimal error esti-
mates for the transient problems. This crucial argument will be developed in detail
here. This new finite volume method will be applied to porous media flow [6, §].

This paper is organized as follows: In the next section, we introduce some nota-
tion, the transient Stokes equations, and their finite element discretizations. Then,
in the third section, a stabilized finite volume method for the transient Stokes
equations is developed, and a relationship between this method and a finite ele-
ment method is considered. Stability and optimal order estimates for the finite
volume method are obtained in the last three sections.

2. Preliminary

We focus on two dimensions; a generalization to three dimensions is straightfor-
ward. Let Q be a bounded domain in $#2, with a Lipschitz-continuous boundary T,
satisfying a further condition stated in (A1) below. The transient Stokes equations
are

(2.1) u—vAu+Vp=f, divu=0, (x,t)€Qx(0,T],
(2.2) u(z,0) =uo(z), z€Q, wu(z,t)lp=0, tel0,T],
where v = u(x,t) = (u1(z,t),us(z,t)) represents the velocity vector, p = p(x,t)
the pressure, f = f(z,t) the prescribed body force, v > 0 the viscosity, T' > 0 the

final time of interest, and u; = du/0t.
To introduce a variational formulation, set

X = (HLQ)P, Y = (I@Q)7, M = L3(Q) = {q e ) [ q o o} ,

V={veX:dive=0}, D(A) = (H*(Q)*NV.

As noted, a further assumption on {2 is needed:
(A1) Assume that € is regular in the sense that the unique solution (v,q) €
(X, M) of the steady Stokes problem

—Av+Vg=g, dive=0 1in$, vjga=0
for a prescribed g € Y exists and satisfies

[oll2 + llglls < ¢llgllo,

where ¢ > 0 is a constant depending only on 2 and || - ||; denotes the usual norm of
the Sobolev space H(Q2) or (H*(Q2))? for i = 0,1,2. Below the constant ¢ > 0 will
depend at most on the data (v, T, ug, ).

We denote by (-, ) and || - |o the inner product and norm on L?() or (L?(2))?,
as appropriate. The spaces Hg(Q) and X are equipped with their usual scalar
product and norm

((u,0)) = (Vu, Vo), Jully = ((u, ).

Due to the norm equivalence between ||ul|; and |[Vullo on H}(f2), we are using
the same notation for them: It is well known that for each v € X the following
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inequality holds:
(2.3) [vllo < ¥lIVvllo,

where 7 is a positive constant depending only on 2.
(A2) The initial velocity ug € D(A) and the body force f(x,t) € L*(0,T;Y) are
assumed to satisfy

T 1/2
l[uoll2 + (SIS + WL+ NLlE) dt ) <e
0

The continuous bilinear forms a(-,-) on X x X and d(-,-) on X x M are, respec-
tively, defined by

a(u,v) =v((u,v)) Yu,ve X, d(v,q)=—-(v,Vq) = (g, divv) Yve X, g€ M,
and the generalized bilinear form on (X, M) x (X, M) is given by

B((u,p); (v,q)) = a(”? U) —d(v,p) + d(”? q)-
Then the following estimates for the bilinear term B((:,-); (-,-)) hold [2, 15]:

(2.4) IB((u, p); (u,p)) = vl
(2.5) 1B((u,p); (0. 0)] < ellulls + Iplo)(lloll + lallo)
(2.6) Golllul + Iplo) < sup (PR )l

waoex.m) vl +llallo

for all (u,p), (v,q) € (X, M), where 5y > 0.
The mixed variational form of (2.1) and (2.2) is to seek (u,p) € (X, M), t > 0,
such that, for all (v,q) € (X, M),

(27) (utav) +B((U,p),(1},q)) = (fa 1}),
(2.8) u(x,0) = uo(x).
For convenience, we recall the Gronwall Lemma that will be frequently used.

Lemma 2.1. ([26]). Let g(t), £(t), and £(t) be three nonnegative functions satis-
Jying, fort € [0, T],

§(t)+G(t)§c+/0 éds—l—/o g€ ds,

where G(t) is a nonnegative function on [0,T]. Then

(2.9) () +Glt) < (c+ /Otﬂ ds) exp (/Otg ds) .

The following result concerning existence, uniqueness, and regularity of a global

strong solution to the Stokes equations is presented under the assumptions (Al)
and (A2).

Lemma 2.2. ([16]). Assume that (A1) and (A2) hold. Then, for any given T > 0
there exists a unique solution (u,p) satisfying the following regularities:

sup (lu(®)3 + [pIF + lu:®IF) < e,
0<t<T

T
sup T(t)IIUtII?Jr/ 7(t) (luell3 + lpell? + Nusell3) dt <e,
0<t<T 0

where T(t) = min{1, t}.
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For h > 0, we introduce finite-dimensional subspaces (X, M},) C (X, M), which
are associated with K, a triangulation of € into triangles, assumed to be regular
and quasi uniform in the usual sense [4, 13]. We assume that for the finite element
spaces (X, Mp,), the following approximation properties hold: for v € (W7 (Q))2,
1<r, 1<k<2andqge HY(Q)N M,

(2.10) v = Inolliw < B Holky, [lg = Jngllo < chlgly, i=0, 1,

where || - |4, and | - |;,» are the usual norm and semi-norm of the Sobolev space
Wk (Q). Particularly, the interpolation operator I, satisfies

(2.11) [Tnvlly < cfjvlls
Due to the quasi-uniformness of the triangulation Kj, the inverse inequality holds
(2.12) ”'UhHl < Ch_lHUhHQ Yy, € Xp,.

Note that the generic positive constant ¢ depends only on Q.
We consider the finite element spaces

Xh:{’u: (’Ul,’Ug) EXZ’UilK EPl(K), 1=1,2, VKeKh}7
M, ={q€ M :qlx € PI(K), VK € K.},

where P;(K) represents the space of linear functions on set K.
It is well known that the lowest equal-order pair of conforming finite elements
does not satisfy the discrete inf-sup condition

d(vn, qn
sup  H0mdn) 5 g,
o£uexy, |lvnll

where 8 > 0 is independent of h. A technique was used in [20] by adding the
residual of two local Gauss integrals on each K € Kj for the pressure space to
enforce this condition. Specifically, we define

G(pn:qn) = Z {/ Phqn dx —/ Pran dCC} . DPhy qn € Mp,
Ker, K2 K1

where f K.i g(x) dz indicates an appropriate Gauss integral over K that is exact for
polynomials of degree i, i = 1,2, and g(z) = prqp is a polynomial of degree not
greater than two. Thus, for all test functions g;, € My, the trial function py € M,
must be piecewise constant when i = 1. Consequently, we define the L2-projection
operator Iy, : L?(Q)—W),

(2.13) (p, gn) = (IInxp, qn) Vp € L*(Q), qn € Wh,

where W), C L?(2) denotes the piecewise constant space associated with Kj,. The
projection operator II;, has the following properties:

(2.14) [Mrpllo < cllpllo Vp € L*(9),
(2.15) lp—apllo < chllplly  Vp e H ().

Now, using the definition of II, we can define the bilinear form G(-,-) as follows:

(2.16) G(pn,an) = (pn — Uapn, an) = (pn — Uapn, qn — Inqn).
Then the bilinear form of the finite element method on (X, Mp) x (X, M},) is

B((wh,pn), (Vn,aqn)) = alun,vn) — d(vn, pr) + d(un, gn) + G(pn, qn)-
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FI1GURE 1. Control volumes associated with triangles.

This bilinear form satisfies the continuity and weak coercivity [20], with (u,p),
(v,q) € (X, M):
(2.17) 1B((u,p); (v, )| < ¢ (llulls + [Ipllo) (vl + llgllo)

(2.18) sup |B((un, pn), (vn, an))|

= B([lunllr + l[prllo)
(vn,qn) €(Xn,Mp) HUhHl + HQhHO

where 3 is independent of h.
The corresponding discrete variational formulation for the Stokes equations is
recast:

(219)  (unt,vn) + B((un, pn), (vhoan)) = (Fron) Y (vn,qn) € (X, Mp).

Because of (2.17), (2.18), and Lemma 2.2, system (2.19) has a unique solution.
Moreover, the error estimate (optimal for «) for the finite element solution (un, pp)
holds [21],0 < ¢t < T,

(2.20)  Jlu—unllo+ A (Jlu—unlls + [lp — pallo) < er 2 ()R (ull2 + llpll1) -
3. Finite Volume Method

Let P be the set containing all the nodes associated with the triangulation Kjp,
and N be the total number of these nodes. To define the finite volume method,
a dual mesh K n is introduced based on Kj; the elements in K n are called control
volumes. The dual mesh can be constructed by the following rule: For each element
K € K}, with vertices Pj, j = 1,2, 3, select its barycenter O and the midpoint M;
on each of the edges of K, and construct the control volumes in K, by connecting
O to Mj, as illustrated in Fig. 1.

Now, the dual finite element space is defined as

X, = { € (L3(Q)? : vl € Po(RK) VE € Ky
v|z# = 0 on any boundary dual element f(}

Obviously, the dimensions of X} and X n_are the same. Furthermore, there exists
an invertible linear mapping I'y, : X, — X}, such that for

N
vh(x)zzvh(Pj)%(I), z€Q, vy € Xp, Pj €P,

J=1
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we have

N
Thop(x) = th(Pj)Xj(:zr), € Q, vy € Xy, PjeP,
j=1

where {¢;} indicates the basis for the finite element space X}, and {x;} denotes the
basis for the finite volume space X}, that are the characteristic functions associated
with the dual partition Kp:

X; () =

1 ifreK; € Ky,
0 otherwise.

The above idea of connecting the trial and test spaces in the Petrov-Galerkin
method through the mapping T'y, was first introduced in [1, 22] in the context of
elliptic problems. Furthermore, the mapping I'j, satisfies the properties [28]:

Lemma 3.1. Let K € Kj,. If v, € X, and 1 <1 < o0, then

(31) / (’Uh — Fhvh)dilf = O,
K
(32) H’U}L—Fh’l}hHLr <ChK||’UhHW1r K)»
where hy is the diameter of the element K.
Multiplying equation (2.1) by I'yv, € X, and integrating over the dual elements
K € Kj, equation (2.2) by g, € My, and over the primal elements K € Ky,

and applying Green’s formula, we define the following bilinear forms for the finite
volume method:

N
Ju
Alun, Thop) = =Y on(P; / —ds, un, v, € Xp,
= af(j on
N
D(Tpvn, pn) = th / prn ds, pn € My,

j=1

Mz

(f,Trhon) = > ol )/~ fdz, wvn € Xp,
K;

j=1

where 7 is the unit normal outward to 9K;.
Now, the new stabilized finite volume method is defined for the solution (up, pr) €
(Xn, M},) as follows:

(@ne,vn) + A(tn, Tpon) + D(Tpop, pr) + d(tn, qn) + G(Ph, qn)
(3.3) = (f,Thon) Y(vn,qn) € (Xn, My).

Note that we use vy, in the first term of the above equation instead of I',v,. With
the latter, the convergence analysis is still open. The next lemma holds [19].

Lemma 3.2. It holds that

(3.4) A(up, Tpop) = alup, vp) Yup, vp € Xp,
with the following properties:

(3.5) A(up, Tpop) = A(vp, Thup),

(3.6) |A(un, Cron)| < cllunlliflvall,

(3.7) | A(vn, Tron)| > cllonllT-
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Moreover, the bilinear form D(-,-) satisfies
(3.8) D(Thvn,qn) = —d(vn,qn) V(0w qn) € (Xn, Mp).
4. Stability

Detailed results on existence, uniqueness, and regularity of the solution for the
continuous problems (2.1) and (2.2) can be found in [4, 15, 27]. For the finite
volume method (3.3), we define the bilinear form C(-,-) on (Xp, Mp) X (Xp, My):

(4.1)  C((dn,Pn), (v, qn)) = A(tn, o) + D(Lpvn, pr) + d(tin, qn) + G(Phs gn)-
The following result establishes its continuity and weak coercivity [19]:

Theorem 4.1. It holds that
|C((dih, D), (vhs qn))|< ¢ (lunllr + IPRllo) (lvnllr + llgnllo)

4.2 1Wrll
“2) V(tn, ), (Vn,qn) € (Xn, Mp).
Moreover,
|C((in, pn), (Vn, qn))] - .
sup > B (|[inll1 + [1Pnllo)
(4.3) wman)exn. ) lonll+llanllo

V(Uh7p~h) € (Xh7 Mh)u
where B is independent of h.
It follows from this theorem that the stabilized finite volume system (3.3) has a
unique solution (Un, pp) € (Xn, Mp).
5. Error Analysis

To obtain error estimates for the finite volume solution (i, pp), we also define
the projection operator (Rp,Qp) : (X, M)— (X, M}) by

C((Rn(v,q), Qn(v,9)); (vn,qn)) = B((v,q); (vn, qn))
(5.1) V(v,q) € (X, M), (vn,qn) € (Xn, Mp),

which are well defined and satisfy the following approximation properties:

Lemma 5.1. The projection operator (Rp, Qr) satisfies

(5.2) o= Ra(v,q)ll1 + llg = Qr(v,@)llo < c(llvllx + llallo),
for all (v,q) € (X, M) and
(5.3)

lv = Bu(v,@)llo + A (v = Ri(v,q)ll + lla = Qu(v,q)llo) < ch?([[vll2 + llall1),
for all (v,q) € (D(A), H}(2) N M).
Proof. First, using the triangle inequality, (2.5), (4.3), and (5.1) gives
o = Ru(v,9)llx + lg = @ulv, @)llo < [[vllx + llgllo + [ Bnlv; )l + [[@n(v; g)llo

C((Rh(va q)7 Qh(vv q))v (vhv Qh))
(vn,an) €(Xn, My) llvrll + llgnllo
1 B((v,q); (v, q
lolls +llgllo + = sup (v, @); (on, 1))
6 (Uthhr)e(thMh) ||vh||l + th”O
(5.4) <c(||v|lx + llqllo)-

1
<llvllx + llgllo +
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Next, we see from the definition of (R}, Qp), the triangle inequality, (2.14)—(2.16),
and (4.2) that

v = Ru(v, @)1 + [lg — Qn(v, )0
<|lv = Invllr + llg = prallo + [[ v — Ba(v, @)1 + [Ipng — Qnr(v,9)llo
<|lv = Invlly + |lg — pagllo

+ l sup |C((Ih’U - Rh(l}, q)7 Phq — Qh(vv q))v (vha qh))|
B (on,an)€(Xn,Mp) lvrllx + llgnllo
<|lv = Invlls + |lg — pagllo
1 C((Inv — —q): G
4= sup | (( hv v, Phq Q)a (Uh, qh))| + | (q7 Qh)|
ﬁ (vh,qn)E(Xn,Mp) thHl + HQhHO
1 G 4, 4qn
<c(llo—Tnoll + lg— pnalle) + = sup (g, 2)

ﬁ (vn,qn)€(Xn,Mp) ”UhHl + thHO
(5.5) < ch(([vll2 + llqlh).-

Finally, to establish the estimate in the L2-norm, we consider the dual problem for
(®,¥) € X x M satistying

(5.6) B((w,r); (®,9)) = (w,v — Ru(v,q)) V(w,r) € X x M,
which satisfies
(5.7) [@ll2 + [I¥][1 < cllv— Rn(v,q)]o-

Obviously, using (2.10) and (5.5) and setting (w,r) = (e,n) = (v — Rp(v,q),q —
Qn(v,q)) in (5.6) and (vp, gn) = (In®, pp¥) in (5.1), respectively, we see that
lelld =C((e.m); (P — 1@, ¥ — pu¥)) + G(q, pr¥) — G(n, V)
<c(llells + lInllo) (1 = In®[[x + (¥ — pr¥[lo) + G(g, pr¥ — )
+G(g, V) = G, V)
<ch {(llellx + lInllo) (1@ll2 + [¥]l1) + Rllqll (¥}
(5.8) <ch (|lellx + lInllo + Allgll) (1@l + [W]l1) -
Thus, by combining (5.8) with (5.7) and using (5.5), we have
lv = Ri(v,9)lo < ch?([[v]l2 + llall1),
which, together with (5.5), yields (5.3). #
Because of ug € D(A), we can define py € H'(2) N M [16]. Now, we define
(wons pon) = (Rr(uo, po), @n(uo,po))-

Lemma 5.2. Under the assumptions of Lemma 2.2, we see that, for t € [0,T],

(5.9) Jan+ [ (Il + Gonn)) ds < c,
0

(5.10) N (®IF + G050 + [ lnlis < c

A1) ) = a0+ [l Gl + Gl p = ) ds < i

Proof. Choosing (v, q) = 2(ap, pr) in (3.3) and using the definition of C(+;-), we
see that

d, . i _ " _ _
Zlanll§ + 2vlanlt + 2G@n, pu) < [ fllolTniinllo < wlian|t + v~ *IIF15.
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Integrating the above inequality from 0 to ¢ and noting

l%r(0)[lo < [Juollo + [Juo — Ra(uo,po)llo < c(l|uollr + l[pollo),

we obtain (5.9).
Subtracting (3.3) from (2.7) with (v, q) = (vn,qn), we see that

(5.12)  (ut — Unt,vn) + C((w — Un, p — Pn); (Vhy qn)) = (f;vn — Tron) + G(p, qn),

for all (v, qn) € (Xn, Mp). Set (vn,qn) = 2(ep,nr) in (5.12), where (ep,nn) =
(Rp(u, p)—1p, Qn(u,p)—pp). Also, set E = u— Rp(u, p). Then, using the definition
of Ry and @)y, we obtain

(5.13) %llu —an|g +2vllenl} +2G (mn, ) = 2(f,vn — Tron) +2(ue — Gne, B).
Using Lemma 2.2 and (2.3), we see that

|(ut = Gne, E)| < e[| Elloljur — tnillo,

|(f,en = Tnen)l < chllfllollenlls < ch®|| £1I§ + leehllf-
Noting that
(5.14) 1]l + R Ellx < ch?([lull2 + lIpll),
and combining this inequality with (5.13), we have
D3+ wllenll? + G m)

(5.15) < ch? (ILFIIG + llwe = anello(llull2 + lIpll) -

Then, by integrating (5.15) from 0 to ¢ and using the Schwarz inequality, Lemma
2.2, (A2), and the following inequality:

[l — R (o, po)llo < ch®(Jluoll2 + |Ipollr),

we have
t
() — an(®))2 + / (vllenll? + Clmm)) ds
1/2
(5.16) < ch? + ch?® (/(||ut||(2) + ||ﬁht||(2))ds) ,
which, combining with (5.3), (5.14), and Lemma 2.2, yields

t
Ju®) = (O3 + [ (vu =l + G~ oo — ) ds
0

t 1/2
(5.17) < ch? {1 + (/ ||aht||3ds> }
0

To estimate fot |lnt||2ds, we differentiate the term d(un,qn) + G(Pr,qn) with
respect to time ¢ in (3.3) and set (vn, qn) = (Unt, Dr) to have

- 1d _ . - -
el + dq (vllanll} + G(Bn.Bn)) = (f, Trtine) < cllfllol|anello,
SO
_ d . S
(5.18) e 13 + T (vllanll? + G(Bn,bn)) < el £II5-

Now, integrating (5.18) from 0 to ¢, noting that

vlldon} + G(Bon, on) < c(l[@onll3 + [lonlls) < c(lluollt + Ipoll5).
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and using Lemma 2.2, we see that
t
[ Nnelfids + vz ®IE + (o). (0)
0
t
(5.19) < vl + Gloonon) + [ If1ds <
0

which implies (5.10). Finally, combining (5.17) with (5.10) gives (5.11). #

Lemma 5.3. Under the assumptions of Lemma 2.2, it holds that, for t € [0,T],

(5.20) Jans®I3 + [ nd? + Glons ) ds <
0

(5.21) 70) (e + Gl (), () + [ 70 <

6:22)  rOlu® = a3+ [ ) Vlend + Glonema)) ds < b

Proof. By differentiating (3.3) with respect to time, it follows that

(5.23) (@ntt, vn) + C((Unt; Phe); (Vn, qn)) = (fe, Tavn),

for (vn, qn) € (Xp, Mp). Taking (vp, qn) = (Unt, Pre) in equation (5.23), we deduce

1d 5 L 1, . v
(5.24) QEHUMH(% + vllane||} + G(Pne, Bre) < ZHUMH? + §||ft||(2>a
SO
d, . N [
(5.25) EH“MH% + V|| Tne||] + GBres Bre) < ¢l f2ll3-

Integrating (5.25) and using assumption (A2) and Lemma 5.2, we obtain (5.20).
Next, differentiating again the term d(@pe, gn) + G(Pht, gn) in (5.23) and taking
(Un,an) = (nie, Pue), we see that

L d, .. _ _
(Qnte, Unee) + a(VHUhtH% + G(Pnt, Prt)) = (ft, Cniinie)
_ 1 1 .
(5.26) < Iellollansillo < 5I1AlIG + 5 ll@ne 13-
Similarly, multiplying (5.26) by 7(s) and integrating from 0 to ¢, we see that
¢
/ 7(s)|aneellgds + (&) (vl anell§ + G(Bne, ne))
0
t t
2 sel [t [ i+ Gl ds).
0 0

Combining (5.27), Lemma 5.2, and (A2) completes the proof of (5.21).
To show (5.22), differentiating (5.12) with respect to time ¢ gives

(5.28) (wtt — Unte, vn) + C((ents Mt ); (n, qn)) = (ft, vn — Thon),
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for all (vpn,qn) € (Xn, My). Taking (v, qn) = (ent,Mre) in (5.28) and using (3.2)
and (5.3), we see that

(5.29)

1d

5@”%& — Gnelld + vlentlld + Gty ne) = (Firent — Thent) — (uge — tnte, Er)

<c| fellohllentlls + [Jwee — Gneellol| Etllo

c 1 -
< 2—Uh2||ft||3 + gvllehtﬂf + c(Justllo + 1anzello)h* (lull2 + llpllh)-

We multiply (5.29) by 7(s), integrate from 0 to ¢, and apply Lemma 2.2 and (5.21)
to obtain

t
(5.30) 7(t)]lue — @nel3 +/ 7(s)(Wllentll: + G (nne, nne))ds
0

t t
<at ([ wllias + [ 7wl + lanalo)ull + Ipl)ds ) < ci.
0 0

which completes the proof. #
Lemma 5.4. Under the assumptions of Lemma 2.2, it holds that, for t € [0,T],

(5.31) vr(t)||u(t) — an(t)||? —l—/o 7(8)|Jus — tine||ads < ch?.

Proof. Differentiating the term d(u — @p,qn) + G(p — Pn,qrn) in (5.12), we have
(u¢ = tnt,vn) + A(u — @p, Tron) + D(Tpon, p = pr) + d(ue — nt, qn)
(5.32) + G(pe = Presan) = (fsvn — Tron) + G(pe, an).
Taking (vp, qn) = (ent,nn) in (5.32) and noting that
(533) (e — s B) < 5l = nallg + 51l
we have

d
S Wlenl3 + Gl m)
1 . 1
(5.34) < el flohllendls + 5 lue = wnalld + 5 1Bl
That is,

llue — dnellg +

_ d
llue — el + E(Vﬂehllf + G(nnsmn))
(5.35) < ¢l fllollentllr + [ E¢l5-

Multiplying (5.35) by 7(s), integrating from 0 to ¢, and using Lemma 5.1, Lemma
5.2, and (5.22) yields

t
[ 7o) = el ds + @ enl + G )
0
t

t
<e / ()] Fllohllendnds + /
0 0

t 1/2 t
<ch < / ||f||%;ds> ( / r(s)Hehtn%ds)

¢
(5.36) +/ (v|lenll + G(nn,mn))ds < ch?.
0

t
(5) |1 B 3ds + / (lenll2 + Gl mn))ds
0
1/2 ¢
4 / r( )12 (]2 + el 2)ds
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This completes the proof. #
Lemma 5.5. Under the assumptions of Lemma 2.2, it holds that, for t € [0,T],
(5.37) P2W)p(t) — (B0 < ch.
Proof. It follows from the inf-sup condition (4.3) and (3.3) that
C((en(t), nn(1)); (vn: an))

lnn ()]0 <571 sup
(vn,qn)€(Xn, M) th||1 + ||Qh||0
(5.38) <B7 y|ue(t) — ane(t) o + chl| flo-

Using Lemma 5.3 and (A2), we see that
(5.39) 2@l (@)llo < erV2 (@) |ue(t) = ane(t) o + chr'2(@)[| fllo < ch.
Thus, using Lemmas 5.1 and 2.2 yields

T 2@ lp(t) = Br(®)llo < 2Ol () o + 2 (@) [p() = Qn(u(t), p(t))llo

<ch+ ch(|lu(®)llz + [p(t)[l1) < ch
which is (5.37). #
Theorem 5.6. Under the assumptions of Lemma 2.2, it holds that, for t € [0,T],
T2 u(t) = an(®)ll + 72 Ollp(t) = Bu(®) o < ch.
This theorem follows from Lemmas 5.4 and 5.5.

6. L2-Error Estimate

Now, we estimate the error ||u — upl|o using a parabolic duality argument for a
backward-in-time Stokes problem [16, 17]. The dual problem is to seek (®(t), U(t))
€ X x M such that, for t € [0,7] and g € L?(0,T,Y),

(6.1) (v, @) — B((v,q); (®,V)) = (v,9)
for all (v, q) € (X, M), with ®(T) = 0. This problem is well-posed and has a unique
solution (@, ¥) with [17]

® € C0,T,V)NL*0,T,D(A) N H0,T,Y), ¥ L*(0,T,H (Q) N M).
We recall the following regularity results [17]:

Lemma 6.1. The solution (®, V) of (6.1) satisfies
T

T
(6.2) sup ||‘1>(t)||§+/ (203 + 11T + [[2:l5) dtSC/ lgll3dt.
0<t<T 0 0

Lemma 6.2. Under the assumptions of Lemma 2.2 and f € L*(0,T, (H'(Q))?),
it holds that

T
(6.3) / u — | 2ds < ch.

0

Proof. We introduce the dual Galerkin projection (®p,(t), Up(t)) of ((t), ¥(¢)):
C((vn,qn)); (Pn, ¥n)) = B((Vn, qn); (2, ¥)) VY (vn,qn) € (Xn, Ma),
which gives
(6.4) C((vn, qn); (2 = @, ¥ = Wp)) = Glqn, ¥)  V (vn,qn) € (Xn, Mp).
By using a similar approach to the proof of Lemma 5.1, we can prove
(6.5) [@ — @nllo + hl|® — Bplls + AW — Tpllo < ch?(||@]|2 + [¥]l0).
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Taking (vp, grn) = (Pp, ¥p) in (5.12), we have
(6.6) (er, @) +C((e;n); (P, n)) = (f. @ — Ta®p) + G(p, Tn),
where (e,n) = (u — Up,p — pp). Adding (6.6) and (6.1) with (v,q) = (e,n) and
g = e, we see that
lelld :%(67 ®) — (e, @ — Pn) — C((e,n); (B — Pp, ¥ — Wy))
(6.7) = (f,@n —Tn®n) + G(n, ) — G(p, V).
Applying Lemma 6.1, (2.14), and (3.2), we have
(e, @ — @n)| <c(lluello + [[nello) [® = Pnllo
<ch®([luello + llanello)(I@ll2 + [[¥]]1),
(f, @n = Tp®n) =(f = Tnf, ©n — Tn®s) < chl fll1h]|Pnlly
<ch?|[ (1@ = ®all + 12]11),
|G (0, 0)| <chG'*(n,0)|[ 9|1,
(6.8) G(p,¥n) =G(p, ¥n — ) + G(p, V) < chlpl1hl[¥][x + chllpllL A W]l
As for the bilinear term, by using (6.4), (5.1), (5.5), (2.14), and (2.15), we have
C((e,m); (@ — B, U — Wp)))|
< |C((u = Ru(u,p),p — Qu(u,p)); (B — @4, ¥ = Wp,)) | + |G(Qn(u, p) — Pn, V)|
< c(llu= Ru(u,p)llr + [lp = Qn(u, p)llo) (|2 = Pplly + [[¥ — Wrllo)
+|G(@n(u,p) —p+n, V)|
< eh® ([[ulla + llplh) (19]l2 + [[]1) + ch G (, n) || @1

Then, combining the above estimates with (6.7), we see that

d
lells = = (e, @) + eh*(lluello + llunello) (1@ ll> + [1¥]11) + chG2 (n, )| ]

(6.9) +ch® (|ullz + [Ipll) (1@ll2 + [1][1) + ch® [ Fl([@]l1 + hll@]|2).
Integrating the above equation from 0 to 1" gives
(6.10)

T
/0 le(s) 2ds = —(e(0), ®(0))
T 1/2 T
T en? (/ (||ut|3+|uht||§+||u||%+|p|%)ds> (/ (||<1>||%+||\P|%)ds>

. 1/2 . 1/2
+ch</0 G(n,n)d8> (/0 I‘I’Ilfd8>

. 1/2 T
+ ch? (/O ||f||§ds> </O (|<I>|f+h2||\1/|§)d8>

In addition, by the definition of Ry, we have

(6.11)  [(e(0), 2(0)] = [(uo — Rn(uo, o), 2(0))] < ch®([[uoll2 + [Ipol|1)[|@(0)]]1-

Combining (6.11) with (6.10) and using Lemma 6.1 with g = e complete the proof
of (6.3). #

1/2

1/2
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Lemma 6.3. Under the assumptions of Lemma 6.2, it holds that, for t € [0,T],
(6.12) T2 |u(t) = un(t)|lo < ch?.

Proof. Taking (vs,qn) = (en,nn) = (Rn(u,p) — un, Qn(u,p) — pp) in (5.12) and
using (3.2), we see that

1d
5@"6’1”3 +vlenll? + Gmymn) = (f,en — Then) — (ue — Ri(u, p)is en)
= (f —Tnfen— Fheh) - (Ut - Rh(U,p)t, eh)
1 v
(6.13) < 0h45||f||§ + 5||€h||% + |E¢llollenllos
SO
d 2 2 4y 112
(6.14) EllehHo +venli + G, nn) < k| £+ cl Etllollenlo-

Multiplying (6.14) by 7(t), integrating from 0 to ¢, and using Lemmas 2.2 and
6.2, we obtain

(t)llen ()17 + /0 7(s) (Vllenlls + G(im,mn)) ds

t t
<e / lenllZds + b / r(s)]1f|2ds
0 0
1/2

t 1/2 t
+ch2(/0 T<s><||ut||%+||pt||%>ds) (/ ||eh||3ds) ,

which completes the proof. #
The next theorem follows from Lemma 6.3 and Theorem 5.6.
Theorem 6.4. Under the assumptions of Lemma 6.2, it holds that, fort € [0,T],

(6.15)  Jlu(t) — an(t)llo + hllu(t) — @n ()|l + Blp(t) — pu(t)llo < er~ /2 (t)h2.
References

(1] R. E. BANK AND D. J. ROSE, Some error estimates for the box method, SIAM J. Numer.
Anal. 24 (1987), 777-787.

[2] B. BREFORT, J. M. GHIDAGLIA, AND R. TEMAM, Attractor for the penalty Navier-Stokes
equations, STAM J. Math. Anal. 19 (1988), 1-21.

[3] Z. Ca1, J. MANDEL, AND S. McCORMICK, The finite volume element method for diffusion
equations on general triangulations, SIAM J Numer Anal. 28 (1991), 392-403.

[4] Z. CHEN, Finite Element Methods and Their Applications, Spring-Verlag, Heidelberg, 2005.

[6] Z. CHEN, The control volume finite element methods and their applications to multiphase
flow, Networks and Heterogeneous Media 1 (2006), 689-706.

[6] Z. CuEN, G. HUAN, AND B. LI, A pseudo function approach in reservoir simulation, Inter-
national Journal of Numerical Analysis and Modeling, 2 (2005), 58-67.

[7] Z. CHEN, R. LI, AND A. ZHOU, A note on the optimal L?-estimate of finite volume element
method, Adv. Comput. Math. 16 (2002), 291-303.

[8] Z. CHEN AND Y. ZHANG, Development, analysis and numerical tests of a compositional
reservoir simulator, International Journal of Numerical Analysis and Modeling 5 (2008),
86-100.

[9] S. H. Cuou AND D. Y. KWaK, Analysis and convergence of a MAC scheme for the generalized
Stokes problem, Numer. Meth. Partial Diff. Equ. 13 (1997), 147-162.

[10] S. H. CHou AND D. Y. KWaK, A covolume method based on rotated bilinears for the gener-
alized Stokes problem, SIAM J. Numer. Anal. 35 (1998), 494-507.

[11] S. H. CHou AND Q. LI, Error estimates in L%, H' and L™ in control volume methods for
elliptic and parabolic problems: a unified approach, Math Comp. 69 (2000), 103-120.

[12] S. H. CHOU AND P. S. VASSILEVSKI, A general mized co-volume framework for constructing
conservative schemes for elliptic problems, Math. Comp. 68 (1999), 991-1011.



ANALYSIS OF A STABILIZED FINITE VOLUME METHOD 519

[13] P. G. CiARLET, The Finite Element Method for Elliptic Problems, North-Holland, Amster-
dam, 1978.

[14] R. E. EwING, T. LIN, AND Y. LIN, On the accuracy of the finite volume element method
based on piecewise linear polynomials, SIAM J. Numer. Anal. 39 (2002), 1865-1888.

[15] V. GIRAULT AND P. A. RAVIART, Finite Element Methods for Navier-Stokes Equations: The-
ory and Algorithms, Springer-Verlag, Berlin, Heidelberg, 1986.

[16] J. G. HEYWooD AND R. RANNACHER, Finite element approzimation of the nonstationary
Navier-Stokes problem I: Regularity of solutions and second-order error estimates for spatial
discretization, SIAM J. Numer. Anal. 19 (1982), 275-311.

[17] A. T. HiLL AND E. SiiL1, Approzimation of the global attractor for the incompressible Navier-
Stokes problem, IMA J. Numer. Anal. 20 (2000), 633-667.

[18] J. L1, Y. HE, AND Z. CHEN, Performance of several stabilized finite element methods for the
Stokes equations based on the lowest equal-order pairs, Computing, submitted.

[19] J. L1 AND Z. CHEN, A new stabilized finite volume method for the stationary Stokes equations,
Advances in Computational Mathematics 30 (2009), 141-152.

[20] J. L1 AND Y. HE, A stabilized finite element method based on two local Gauss integrations
for the Stokes equations, J. Comp. Appl. Math. 214 (2008), 58-65..

[21] J. Li, Y. He, and Z. Chen, A New Stabilized Finite Element Method for the Transient Navier-
Stokes Equations, Comput. Methods Appl. Mech. Engrg. 197 (2007), 22-35.

[22] R. L1, Generalized difference methods for a nonlinear Dirichlet problem, SIAM J Numer
Anal. 24 (1987), 77-88.

[23] R. L1, Z. CHEN, AND W. Wu, The Generalized Difference Method for Differential Equations-
Numerical Analysis of Finite Volume Methods, Marcel Dekker, New York, 2000.

[24] R. L1 AND P. ZHu, Generalized difference methods for second order elliptic partial differential
equations (I) (in Chinese), Numer. Math. 4 (1982), 140-152.

[25] H. Rul, Analysis on a finite volume element method for the Stokes problems, Acta Mathe-
maticae Applicatae Sinica, English Series, 3 (2005), 359-372.

[26] J. SHEN, On error estimates of the penalty method for unsteady Navier-Stokes equations,
SIAM J. Numer. Anal. 32 (1995), 386-403.

[27] R. TEMAM, Navier-Stokes Equations, North-Holland: Amsterdam, New York, 1984.

[28] H. Wu AND R. L1, Error estimates for finite volume element methods for general second-order
elliptic problems, Numer. Meth. Partial Diff. Equ. 19 (2003), 693-708.

[29] X. YE, On the relationship between finite volume and finite element methods applied to the
Stokes equations, Numer. Methods Partial Diff. Equ. 5 (2001), 440-453.

Institute of Mathematics and Interdisciplinary Science, Department of Mathematics, Capital
Normal University, Beijing 100048, P. R. China
E-mail: shenlh@lsec.cc.ac.cn

Department of Mathematics, Baoji University of Arts and Sciences, Baoji 721007 and Faculty
of Science, Xi’an Jiaotong University, Xi’an 710049, P. R. China
E-mail: jiaaanli@gmail.com

Department of Chemical and Petroleum Engineering, Schulich School of Engineering, Univer-
sity of Calgary, 2500 University Drive N.W. Calgary, Alberta T2N 1N4, Canada and Faculty of
Science, Xi’an Jiaotong University, Xi’an 710049, P. R. China

E-mail: zhachen@ucalgary.ca



