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COMPRESSIBLE NAVIER-STOKES EQUATIONS IN THE
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Abstract. In this paper, we propose a dimension splitting method for Navier-

Stokes equations(NSEs). The main idea is as follows. The domain of flow in

3D is decomposed into several thin layers. In each layer, The 3D NSEs can

be represented as the sum of a membrane operator and a normal (bending)

operator on the boundary of layer. And The Euler central difference is used

to approximate the bending operator. When restricting the 3D NSEs on the

boundary in each layer, we obtain a series of two dimensional-three components

NSEs (called as 2D-3C NSEs). Then we construct an approximate solution of

3D NSES by solutions of those 2D-3C NSEs.

Key Words. 2D Manifold, Semi-Geodesic Coordinate Navier-Stokes Equa-

tions, Dimension Splitting Method.

1. Introduction

In [1, 2], the authors studied two dimensional flow on the stream surface, de-
rived a nonlinear boundary value problem satisfied by stream function defined on
the stream surface, and studied its finite element approximation. In [3, 4], Kaitai
Li propose a dimensional splitting method for the linearly elastic shell based on
differential geometry and tensor analysis. In this paper we will use classical tensor
calculation to propose a new method , called “dimensional splitting method” for
3D rotating NSEs (compressible or incompressible).

The main idea is that, a 3D flow domain Ω bounded by four 2D-surfaces is decom-
posed into several thin layers Ωii−1 bounded by 2D surfaces =i, i = 1, 2, · · · , m.
3D rotating Navier-Stokes operators in thin layer Ωii−1 ∪ Ωi+1

i under local semi-
geodesic coordinate based on the surface =i can be represented into the sum of a
membrane operator on =i and a normal (bending) operator to =, then applying
Euler central difference approximate bending operator. Then we obtain a restric-
tion of 3D rotating NSEs on the =i, that is a three components-two dimensional
NSEs (called 2D-3C NSEs). Solving 2D-3C NSEs on =i, i = 1, · · · , m by parallel
algorithms and reiterating until convergence , we can obtain approximate solution
of 3D rotating NSEs. It is obvious that the method is different from the classical
domain decomposition method because we only solve a two dimensional problem
in each sub-domain(stream surface layer), instead of solving a 3D problem, and the
3D domain is decomposed into sub-domains by two dimensional manifold instead
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of flat plane. In addition , this paper provide three methods to solve 2D-3C NSE,
those are artificial viscous method, streamline-FEM and stream functions methods.

The contents are organized as following : provide the mathematical description
of the blade’s surface in section 1; a domain partition’s method and rotating NSEs
in semi-geodesic coordinate based on two dimensional manifold = in section 2; a
2D-3C NSEs-a restriction of 3D rotating Navier-Stokes equation to = in section 4;
provide a Korn’s inequality on the = in section 5; prove the existence of solution
to corresponding variational formulation in section 6.

2. Geometry of the Channel in the Impeller and Navier-Stokes Equa-
tions

Let us consider the geometry of the channel Ωε bounded by two blade’s surfaces
Γ+
s , Γ−s and top- and bottom- surfaces Γt, Γb in a impeller. Let D ⊂ <2 simply-

connected open subset of <2, E denotes a three-dimensional Euclidean space. The
surface of blade is a two dimensional manifold = which is a smooth injective im-
mersion ~R ∈ C3(D; E3):

(2. 1) D = {(z, r)} ⊂ R2 ⇒ R3, ~R(z, r) = r~er + rΘ(z, r)~eθ + z~k,

where (~er, ~eθ, ~k) are base vectors of cylindrical coordinate system rotating with the
impeller and (x1 = z, x2 = r) are the parameters describing the surface = of blade
as a submanifold embedding into E3 , are also usually called Gaussian coordinate
system on =.

In this case the Riemannian metric tensors of manifold = are given by

(2. 2)
{
aαβ = ∂ ~R

∂xα
∂ ~R
∂xβ

= ∂r
∂xα

∂r
∂xβ

+ r2ΘαΘβ + ∂z
∂xα

∂z
∂xβ

= δαβ + r2ΘαΘβ ,
a = det(aαβ) = 1 + r2(Θ2

1 + Θ2
2),

where
Θα =

∂Θ
∂xα

,

bαβ second fundamental form of the surface =

bαβ = ∂2 ~R
∂xαxβ

( ∂ ~R∂x1 × ∂ ~R
∂x2 )/

√
a = 1√

a

∣∣∣∣∣∣
xαβ yαβ zαβ
x1 y1 z1

x2 y2 z2

∣∣∣∣∣∣ ,
where (x, y, z) denote Cartan coordinate, and xα = ∂x

∂xα , yα = ∂y
∂xα , xαβ =

∂2x
∂xαxβ

, · · · , Therefore

(2. 3)


b11 = 1√

a
(x2Θ11 + Θ2(a− 1)),

b12 = 1√
a
(x2Θ12 + Θ1a) = b21,

b22 = 1√
a
(x2Θ22 + Θ2(a+ 1)),

b = det(bαβ) = b11b22 − b212.

The mean curvature H and Gaussian curvature K are given by

(2. 4) 2H = aαβbαβ =
1√
a

(
a11b22 − 2a12b12 + a22b22

)
, K =

b

a
.

It is clear that
(aαβ) ∈ C2(D;S2

>), (bαβ) ∈ C2(D;S2)
are two matrix fields where S2 and S2

> denote the sets of all symmetric matrices of
order two , and of all symmetric, positive definite matrices. (aαβ) : D → S2

> and
(bαβ) : D → S2 are the covariant components of the first and second fundamental
forms of the surface =.
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As well known that the geometry of = is completely determined by (aαβ), (bαβ) in
the following meaning. We recall that O3 denotes the set of all orthogonal matrices
Q order three and that O3

+ = {Q ∈ O3; det(Q) = 1} denotes the set of all proper
orthogonal matrices of order three. J+(x) = c + Qox is a proper isometry of E3 :
E3 → E3 with c ∈ E3, Q ∈ O3

+.

Theorem 2. 1([9]) Two immersions ~R ∈ C1(D; E3) and ~̃R ∈ C1(D; E3) share
the same fundamental forms (aαβ) and (bαβ) over an open connected subset D of
<3 if only if

(2. 5) ~̃R = J+o~R, where J+ is a proper isometry of E3,

Furthermore, If two matrices fields (aαβ) ∈ C2(D;S2
>) and (bαβ) ∈ C2(D;S2)

satisfy Gauss and Godazzi equations in D

∂βΓασ, τ − ∂σΓαβ, τ + ΓµαβΓστ, µ − ΓµασΓβτ, µ = bασbβτ − bαβbστ ,
∂βbασ − ∂σbαβ + Γµασbβµ − Γµαβbσµ = 0,

where
Γαβ, τ = 1

2 (∂αaατ + ∂αaβτ − ∂τaαβ),
Γσαβ = aστΓαβ, τ , where (aαβ) = (aαβ)−1,

Then there exist an immersion ~R ∈ C3(D; E3) such that

aαβ = ∂α ~R∂β ~R, bαβ = ∂2
αβ
~R · { ∂1

~R× ∂2
~R

|∂1
~R× ∂2

~R|
}.

Lemma 2. 1([2]) Third fundamental tensor is not independent of first and
second fundamental tensors aαβ , bαβ they have following relationships

(2. 6)


εαλεβσbαβbλσ = 2K, bαβbλσ − bαλbβσ = Kεασεβλ,
Kaαβ − 2Hbαβ + cαβ = 0, Kaαβ − 2Hbαβ + cαβ = 0,
aαβ − 2H ˆbαβ +K ˆcαβ = 0,

(2. 7)
{
Kb̂αβ = 2Haαβ − bαβ , K2ĉαβ = (4H2 −K)aαβ − 2Hbαβ ,
Kb̂αβ = εαλεβσbλσ, K2ĉαβ = εαλεβσcλσ,

where b̂αβ , ĉαβ are inverse matrixes of bαβ , cαβ , respectively. Following formulae
are useful throughout this paper

(2. 8)


b̂αβ = ĉαλbβλ, ĉαβ = b̂αλb̂βλ, bαβ = b̂αλcβλ,

cαλb
λ
β = −2HKaαβ + (4H2 −K)bαβ ,

cαλc
λ
β = −K(4H2 −K)aαβ + 2H(4H2 − 2K)bαβ ,

cαα = aαβcαβ = bαβbαβ = 4H2 − 2K;
bαβcαβ = 8H3 − 6HK; cαβcαβ = 16H4 − 16H2K + 2K2.

Assume that there are number N blades of an impeller . Then expansion angular of
the channel between two successively blades is 2ε = 2π

N . The channel between two
blade’s is denoted by

(2. 9)


Ωε = {(x1 = z, x2 = r) ∈ D, −ε+ Θ(x1, x2) ≤ θ ≤ ε+ Θ(x1, x2)},
~R(x1, x2, s) = x2~er + x2(εs+ Θ(x1, x2))~eθ + x1~k ∈ Ωε,
∀(x1, x2) ∈ D, s ∈ [−1, 1].

Let us make variable transformation

(2. 10) r = x2, θ = εs+ Θ, z = x1, −1 ≤ s ≤ 1,
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∀ s = constant means that it represents a 2D-manifold = , its geometric position
is reached by angle εs of rotation. Take (x1, x2, s) as new coordinates system:
x1 = z, x2 = r, s = ε−1(θ −Θ). The channel Ωε becomes a cylindrical body

Ω =
{

(x1, x2) ∈ D, −1 ≤ s ≤ 1
}
⊂ R3. Jacobi determinate of the transformation

is given by J
(

∂(r, θ, z)
∂(x1, x2, s)

)
= ε, . It is clear that it is nonsingular

Fig. 1 and Fig 2. Blade and Channel Ωε and boundaries of projection at meridian plane

where D = (x1, x2) ∈ <2 :

∂D = γ0 ∪ γ1, γ0 = ÂB ∪ ĈD, γ1 = ĈB ∪ D̂A,

there are four positive functions γ0(z), γ̃0(z), γ1(z), γ̃1(z) such that

(2. 11)



r := x2 = γ0(x1) = γ0(z) on ÂB, x2 = γ̃0(x1) on ĈD

r := x2 = γ1(x1) = γ1(z) on D̂A, x2 = γ̃1(x1) on B̂C,

r0 ≤ γ0(z) ≤ r1 on ÂB, r1 < r̃0 ≤ γ̃0(z) ≤ r̃1 on ĈD,

r0 ≤ γ1(z) ≤ r1, ∀za ≤ z ≤ zd, on D̂A,

r0 ≤ γ̃1(z) ≤ r1, ∀zb ≤ z ≤ zc on B̂C.

Assume that turbo-machinery flow in the impeller is stationary flow. We employ
rotating coordinate system with same angular velocity ω as impeller. The governing
equations are Compressible Navier-Stokes equations

(2. 12)


Continuous Equation div(ρw) = 0,
Dynamical Equations −∇ · σ + div(ρww) + 2ρω × w

= ρω × (ω ×R) + f,
Energy Equation div(ρEw) + pdivw − div(κ0gradT )− Φ = 0,
State Equation p = p(ρ, T ),

where w is relative velocity of fluid, ω angular velocity of the rotator, ρ density
of the fluid, p pressure, E = Cv T inner energy in a unite volume, Cv specific
heat at constant volume, and µ viscosity, T temperature, κ0 the coefficient of heat
conductivity, 2ω × w Coriolis force, F = f

% + ω × (ω × R) volume force including
centrifugal force, stress tensor σ and dissipative function Φ are given by

(2. 13)
{
σij(w) = (−p+ 2

3µdivw)gij + 2µeij(w) = −gijp+Aijkmekm(w),
Φ = 2µeij(w)eij(w) + 2

3µ(divw)2, eij(w) = 1
2 (∇iwj +∇jwi),
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where

(2. 14) ∇iwj = ∂wj

∂xi + Γjimw
m, ∇iwj = gik∇kwj ,

Aijkm = 2µgikgjm + µ
3 g

ijgkm.

are covariant derivative and contravariante derivative and viscosity tensor. Γijk is
Christoffel symbolism in coordinates x in <3. The eij(w) is the deformation rate
tensor of the velocity w.

(2. 15) eij(w) =
1
2

(∇iwj +∇jwi) =
1
2

(gjk∇iwk + gik∇jwk).

In sequence we employ entropy equation in stead of energy equation (for the poly-
tropic gas state equation)

(2. 16)


wi∇iS − 1

WT (κ%∆T + Φ/%) = 0,
W = gijw

iwj module of velocity[2],
S = R log(T

γ
γ−1 /p), p = Aργ , ,

where S is the entropy, 1 ≤ γ ≤ 5/3 is heat specific radio, A is a constant.
Let Γin entrance boundary, Γout exit boundary, Γs = Γ+

s ∪ Γ−s positive and
negative surfaces of the blade, Γt top boundary , Γb bottom boundary:

∂Ωε = Γ = Γ1 ∪ Γ0, Γ1 = Γin ∪ Γout, Γ0 = Γ+
s ∪ Γ−s ∪ Γt ∪ Γb.

Then boundary conditions are

(2. 17)


w|Γs = 0, w|Γb = 0, w|Γt = 0,
σ · n|Γin = ~gin, σ · n|Γout = ~gout,
∂T

∂n
+ λ(T − T0) = 0, on Γt ∪ Γb ∪ ΓS ∪ Γout,

T |Γin = Tin, where λ ≥ 0

3. Domain Partition and Navier-Stokes Equations in Semi-geodesic co-
ordinate

Fig. 3 Section of the Channel and Angular Expansion, Fig. 4 Domain Decomposition

Let consider domain Ω = {(x1, x2) ∈ D, −1 ≤ s ≤ 1} decomposition. Making
partition on

[−1, 1] = {s0 = −1, si+1 = si +4s, i = 0, 1, · · · , m, sm = 1}

it is obvious that each s = si corresponds a 2D manifold =i. By theorem 2. 1 they
have the same geometry as the surface of blade. =i, i = 0, 1, 2, · · · , m decompose
Ωε into m sub-domain (is called thin flow’s layer and denote byΩii−1, see Fig. 4).
Flow layer Ωi+1

i is bounded by =i, =i+1 and ∂Ωε. Assume that Ωε consists of
the flow layers of number m. In the neighborhood {Ωii−1 ∪Ωi+1

i } of =i we establish
semi-geodesic coordinate (the abbreviations S-coordinates) (xα, ξ) based on =i and
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gαβ(x, ξ) denote metric tensor of E3 in this coordinate. Then we find relationship
between gij and aαβ(see [2]):

(3.1)


gαβ(x, ξ) = aαβ(x)− 2ξbαβ(x) + ξ2cαβ(x);
gα3(x, ξ) = g3α(x, ξ) = 0, g33(x, ξ) = 1,
gαβ(x, ξ) = κ−2(aαβ(x)− 2Kb̂αβ(x)ξ +K2ξ2ĉαβ(x)),
g3α(x, ξ) = gα3(x, ξ) = 0, g33(x, ξ) = 1,
g(x, ξ) = det(gij) = κ2(ξ)a(x); κ(ξ) = 1− 2Hξ +Kξ2.

where the third fundamental form is given by (cαβ = aλσbαλbβσ) and (b̂αβ) =
(bαβ)−1, and (ĉαβ) = (cαβ)−1.

Let h := ∆ξ denotes the distance along the normal from =i to =i+1, then

(3. 2) h = 4ξ = 4s · rε
√
a = (si+1 − si)rε

√
a.

Let Γijk, ∇i, and
∗

Γαβγ ,
∗
∇α denote Christoffel symbols and covariant derivative

in E3 and on = respectively,{
Γij, k = 1

2 (∂gik∂xj + ∂gjk
∂xi −

∂gij
∂xk

), Γmij = gmkΓij, k,
∗
Γαβ, λ= 1

2 (∂aαλ
∂xβ

+ ∂aβλ
∂xα −

∂aαβ
∂xλ

),
∗

Γλαβ= aλσ
∗
Γαβ, σ,

For the tensors of two and one order, covariant derivatives are given by

(3. 3)


∇iuj = ∂uj

∂xi + Γjiku
k,

∗
∇α uβ = ∂uβ

∂xα+
∗

Γβαλ uλ,

divu = ∇iui,
∗

div u =
∗
∇α uα,

∇keij = ∂eij

∂xk
+ Γikme

mj + Γjkme
im,

∗
∇λ eαβ = ∂eαβ

∂xλ
+
∗

Γαλσ eσβ+
∗

Γβλσ eασ,

Then we have
Lemma 3. 1([2]) Under S-coordinate system, Christoffel symbols (Γkij , Γij, k)

in E3 can be expressed in means of Christoffel symbols of = (
∗

Γαβλ,
∗
Γαβ, λ)

(3. 4)


Γαβ, λ = gλσ

∗
Γσαβ +ξ(Hξ − 1)

∗
∇λ bαβ

+2ξ(Hξ − 1)[
∗

Γσβλ bσα − bλσ
∗

Γσαβ ],
Γαβ, 3 = −Jαβ(ξ), Γα3, β = Γ3α, β = Jαβ(ξ),
Γij, k = 0, other case,

(3. 5)

{
Γλαβ =

∗
Γλαβ +θ−1Rλαβ , Γαβ3 = Γα3β = θ−1Iαβ , Γ3

αβ = Jαβ
Γ3

33 = Γ3
3β = Γ3

β3 = Γα33 = 0

and where

(3. 6) Rαβλ = (2Hξ2 − ξ)
∗
∇λ bαβ − ξ2bαµ

∗
∇λ bµβ ,

Iαβ = −bαβ +Kξδαβ , Jαβ = bαβ − ξcαβ

Lemma 3. 2([2]) Under S-coordinate system covariant derivative of a vector
~u in E3 can be expressed by covariant derivative of its components on the tangent
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space at =. Furthermore it is a rational function of transversal variable ξ

(3. 7)


∇αuβ =

∗
∇α uβ + θ−1(Iβαu

3 +Rβαλu
λ), ∇3u

3 = ∂u3

∂ξ ;

∇3u
β = ∂uβ

∂ξ + θ−1Iβλu
λ; ∇αu3 =

∗
∇α u3 + Jαλu

λ;

divu =
∗

div u+ ∂u3

∂ξ

+κ−1[−2Hu3 + (2Ku3 − 2uα
∗
∇α H)ξ + uα

∗
∇α Kξ2],

where and in sequence we consider third component u3 of ~u as scale function on
the 2D manifold =.

Taking into account of

(3. 8) ∇igjk = 0,
∗
∇α aβσ = 0,

which will frequently be used throughout this paper and uk = gkjuj , by using
contravariant component of vector u instead of covariant component of vector, the
strain rate tensor of velocity on = is defined by

(3. 9)
∗
eαβ (u) = 1

2 (
∗
∇α uβ+

∗
∇β uα) = 1

2 (aβλ
∗
∇α uλ + aαλ

∗
∇β uλ),

∗
eαβ (u) = aαλaβσ

∗
eλσ (u)

Lemma 3. 3([2]) Under S-coordinate system the deformation rate tensor of
the velocity u are the polynomials of two degree with respect to ξ

(3. 10) eij(u) = γij(u)+
1
γij (u)ξ+

2
γij (u)ξ2,

where

(3. 11)


γαβ(u) =

∗
eαβ (u)− bαβu3,

1
γαβ (u) =

1
eαβ (u) + cαβu

3−
∗
∇λ bαβuλ,

2
γαβ (u) =

2
eαβ (u) + 1

2

∗
∇λ cαβuλ, γ3α(u) = 1

2 (aαβ ∂u
β

∂ξ +
∗
∇α u3),

1
γα3 (u) = −bαβ ∂u

β

∂ξ ,
2
γα3 (u) = 1

2cαβ
∂uβ

∂ξ ,

γ33(u) = ∂u3

∂ξ ,
1
γ33 (u) =

2
γ33 (u) = 0.

where the strain rate tensors on the two-dimensional manifold = are given as :

(3. 12)


∗
eαβ (u) = 1

2 (aαλδσβ + aβλδ
σ
α)
∗
∇σ uλ;

1
eαβ (u) = −(bαλδσβ + bβλδ

σ
α)
∗
∇σ uλ;

2
eαβ (u) = 1

2 (cασδλβ + cβσδ
λ
σ)
∗
∇λ uσ;

Lemma 3. 4 The divergence of the strain rate tensor e(w) of the velocity in
S-coordinate is given by

div(e(w)) = {∇jeij(w), i = 1, 2, 3},

(3. 13)

∇jeαj(w) = gαβgλσ
∗
∇λ eβσ(w) + [

∗
∇λ (gαβgλσ)

+κ−1(Rαλνδ
λ
µ +Rλλνδ

α
µ )gνβgµσ]eβσ(w)

+ 1
2 (κ−1(Iαν g

νσ + Iλλg
ασ) + ∂ξg

ασ)
∗
∇σ w3

+ 1
2 [(κ−1(Iαν g

νσ + Iλλg
ασ) + ∂ξ(gασgσβ)]∂w

β

∂ξ

+ 1
2g
αβ
∗
∇β ∂w3

∂ξ + 1
2
∂2wα

∂ξ2 ,
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(3. 14)
∇je3j(w) = 1

2g
λσ
∗
∇λ
∗
∇σ w3 + 1

2 (
∗
∇β gβσ + κ−1Rββλg

λσ)
∗
∇σ w3

+gλνgσµJλσeνµ(w) + ∂2w3

∂ξ2 + κ−1Iββ
∂w3

∂ξ

+ 1
2∂ξ

∗
div w + 1

2κ
−1Rββλ

∂wλ

∂ξ .

Proof the proof is omitted here.
In order to compute Coriolis force and centrifugal force we have to introduce

permutation tensor in Euclid space E3 and on 2D manifold =

εijk =


√
g,

−√g,

0,

εijk =


1√
g , (i, j, k) is even permutation of (1, 2, 3),

− 1√
g , (i, j, k) is odd permutation of (1, 2, 3),

0, otherwise,

where g = det(gij), gij is metric tensor of <3. Similarly

εαβ =


√
a,

−
√
a,

0,

εαβ =


1√
a
, (α, β) is even permutation of (1, 2),

− 1√
a
, (α, β) is odd permutation of (1, 2),

0, otherwise,

Since
√
g = κ

√
a it is clear that

(3. 15) ε3αβ = κεαβ , ε3αβ = κ−1εαβ .

Let ~R = Rα~eα +R3~n denote the radius vector of the point (xα, ξ).
Lemma 3. 5 Coriolis force, centrifugal force and angular velocity vector in

semi-geodesic coordinate can be expressed as

(3. 16)


~C(ξ) = 2~ω × ~w = Cα(ξ)~eα + C3(ξ)~n,
~fc(ξ) = ~ω × (~ω × ~R) = fαc (ξ)~eα + f3

c (ξ)~n,
~ω(ξ) = ω~k = ωα(ξ)~eα + ω3(ξ)~n, ~R = Rα(ξ)~eα +R3(ξ)~n,

where

(3. 17)


ωα(ξ) = ω~k ~eα = ωκ−1~k(aασ − ξKb̂ασ)~rσ = ωκ−1(aα1 − ξKb̂α1),
ω3(ξ) = −x

1ω√
a
κΘ1(2 + Θ2),

Rα(ξ) = κ−1(aασ − ξKb̂ασ)(x1δα1 + x2(1 + Θ2)δσ2 + ΘΘσ(x2)2),
R3(ξ) = ξ − κ√

g (2 + Θ2)x2xλΘλ,

(3. 18)


Ci(ξ) = 2εijkωjwk = 2gijεjklωkwl,
Cα(ξ) = 2κgαβεβλ(ωλw3 − ω3wλ) = Cαβ (ξ)wβ + Cα3 (ξ)w3,

C3(ξ) = 2κελσωλwσ = C3
β(ξ)wβ + C3

3 (ξ)w3,

Cαβ (ξ) = −2κgαλελβω3; Cα3 (ξ) = 2κgαλελβωβ ;
C3
β(ξ) = 2κελβωλ, C3

3 (ξ) = 0.

(3. 19)

 f ic(ξ) = εijkgjlεkpqω
lωpRq,

fαc (ξ) = εαβελσgβγω
γωλRσ + ω3(ωαR3 − ω3Rα),

f3
c (ξ) = ε3jkεkpqgjlω

lωpRq = gαλω
λ(ω3Rα − ωαR3),

In particular, on 2D manifold =, i. e. ξ = 0,

(3. 20)


ωα(0) = ωaα1, ω3(0) = −x

1ω√
a

Θ1(2 + Θ2),
Rα(0) = (x1a1α + x2(1 + Θ2)a2α + aασΘΘσ(x2)2),
R3(0) = − 1√

a
(2 + Θ2)x2xαΘα,
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(3. 21)


Cαλ = Cαβ (0) = 2ω√

a
zΘ1(2 + Θ2)aαβεβλ, Cα3 = Cα3 (0) = − 2ω√

a
δα2 ,

C3
σ = C3

σ(0) = 2ωa1λελσ, C3
3 = 0,

fαc (0) = aαβεβλενσ((ωλ(0)ων(0)
+aλνω3(0)ω3(0))Rσ(0) + aλσω3(0)ων(0)R3(0)),

f3
c (0) = aσνελσενµω

λ(0)(ωµ(0)R3(0)− ω3(0)Rµ(0)),

Lemma 3. 6 ([2]) The compressible viscous rotating Navier-Stokes (2. 8) in
semi-geodesic coordinates represent

(3. 22)

−2µ
[
gαβgλσ

∗
∇λ eβσ(w) +

[ ∗
∇λ (gαβgλσ) + 1

κ (Rαλνδ
λ
µ +Rλλνδ

α
µ )gνβgµσ

]
×eβσ(w) + 1

2 ( 1
κ (Iαν g

νσ + Iλλg
ασ) + ∂ξg

ασ)
∗
∇σ w3

+ 1
2

[
( 1
κ (Iαν g

νσ + Iλλg
ασ) + ∂ξ(gασgσβ)

]
∂wβ

∂ξ + 1
2g
αβ
∗
∇β ∂w3

∂ξ

+ 1
2
∂2wα

∂ξ2

]
+
∗

div (%wwα) + ∂%w3wα

∂ξ + %wαwβ
∗
∇β lnκ

+%wαw3 ∂ ln(κ
√
a)

∂ξ + gαβ
∗
∇β

[
p− 2

3µ(
∗

div (w) + ∂w3

∂ξ + wβ
∗
∇β lnκ

+w3 ∂ ln(κ
√
a)

∂ξ )
]

+ ρCα(ξ) = ρfαc ,

(3. 23)

−2µ
[

1
2g
λσ
∗
∇λ
∗
∇σ w3 + 1

2 (
∗
∇β gβσ + κ−1Rββλg

λσ)
∗
∇σ w3

+gλνgσµJλσeνµ(w) + ∂2w3

∂ξ2 + κ−1Iββ
∂w3

∂ξ + 1
2∂ξ

∗
div w

+ 1
2κ
−1Rββλ

∂wλ

∂ξ

]
+ ∂

∂ξ

[
p− µ

3 (
∗

div w + ∂w3

∂ξ

+wα
∗
∇α lnκ+ w3 ∂ ln(κ

√
a)

∂ξ )
]

+
∗

div (ρww3) + ∂
∂ξ (ρw3w3) + ρw3wβ

∗
∇β lnκ

+ρw3w3 ∂
∂ξ ln(κ

√
a) + ρC3(ξ) = ρf3

c ,

(3. 24)

 div (%w) =
∗

div (%w) + ∂%w3

∂ξ + %wα
∗
∇α lnκ+ %w3 ∂ ln(κ

√
a)

∂ξ = 0,

w3 ∂S
∂ξ + wα

∗
∇α S − 1

WT (kρ
∗
∆ T + Φ

ρ ) = 0.

On the surface =, i.e., ξ = 0, we have

(3. 25)



eij(w)|ξ=0 = γij(w0),
gαβ |ξ=0 = aαβ , Iαβ |ξ=0 = −bαβ , Jαβ |ξ=0 = bαβ , Rαβλ|ξ=0 = 0,
∗
∆ wα = aβσ

∗
∇β
∗
∇σ wα,

wα
∗
∇α lnκ|ξ=0 = 0, w3∂ξ ln(κ

√
a)|ξ=0 = −2Hw3,

bλσ
∗
∇λ wσ = bλσ

∗
∇λ wσ = bλσ

∗
eλσ (w)

= bλσ(γλσ(w) + bλσw
3) = β0(w) + (4H2 −K)w3.

where

(3. 26). bαβbαβ = cαα = 4H2 −K = k2
1 + k2

2, β0(w) = bαβγαβ(w).

Substituting (3. 26) into (3. 22-3. 24) leads to
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Lemma 3. 7 The restriction of 3D rotating Navier-Stokes equations (3. 22-3.
24) on =, i. e., ξ = 0, are given by

(3. 27)



−µ(∂
2wα

∂ξ2 −B
α
β
∂wβ

∂ξ )|ξ=0 − 5µ
3 a

αβ
∗
∇β ∂w3

∂ξ |ξ=0 + ∂
∂ξ (ρw3wα)|ξ=0

−2µ[
∗
∇β γαβ(w0) +Haαβ

∗
∇β w3

0] + aαβ
∗
∇β (p0 − 2µ

3 (
∗

div w0

−2Hw3
0))+

∗
div (ρ0w0w

α
0 ) + 2ρ0Hw

3
0w

α
0

+ρ0(Cαβw
β
0 + Cα3 w

3
0) = ρ0f

α
c ,

− 8
3µ(∂

2w3

∂ξ2 − 2H ∂w3

∂ξ )|ξ=0 + [ ∂∂ξp−
5
3µ∂ξ

∗
div w + ∂ξ(ρw3w3)]|ξ=0

−µ
∗
∆ w3

0 − 2µβ0(w0) + 4
3w

α
∗
∇α H − 4

3 (K − 2H2)w3
0

+
∗

div (ρ0w0w
3
0)− 2Hρ0w

3
0w

3
0 + ρ0C

3
βw

β
0 = ρ0fc,

∂%w3

∂ξ |ξ=0+
∗

div (%0w0)− 2H%0w
3
0 = 0,

w3 ∂S
∂ξ |ξ=0 + wα0

∗
∇α S0 − 1

W0T0

(
k
ρ

∗
∆ T0 + Φ0

ρ0

)
= 0,

where

Bαβ := 2(bαβ +Hδαβ ), γαβ(w0) = aαλaβσγλσ(w0), β0(w) = bαβγαβ(w).

Next, the differential operators along normal to the surface =i are approximated
by Euler central difference operators

(3. 28)

{
∂w
∂ξ |ξ=0 = w1−w−1

2h , ∂2w
∂ξ2 |ξ=0 = w1−2w0+w−1

2h2 ,

w0(x) = w|ξ=0 = w(x, 0), w−1(x) = w|si−1 , w1 = w|si+1 ,

and denote

(3. 29)


Fαh := 1

2µh
−2[(δαβ −Bαβh)wβ1 + (δαβ +Bαβh)wβ−1]

+ 5
6a
αβ
∗
∇β

w3
1−w

3
−1

h − 1
2h
−1(ρ1w

3
1w

α
1 − ρ−1w

3
−1w

α
−1),

F 3
h := 8

3µ[h−2(w3
1 + w3

−1)− 2Hh−1(w3
1 − w3

−1)− 1
2h
−1(p1 − p−1)]

+ 5
3µ

∗
div w1−w−1

h − 1
2h
−1(ρ1w

3
1w

3
1 − ρ−1w

3
−1w

3
−1).

Since

(3. 30)
∗

div w0 − 2Hw3
0 = aλσ(

∗
eλσ (w0)− bλσw3

0) = aλσγλσ(w0) := γ0(w0)

and vanish covariant derivatives for the metric tensor (3. 8), we claim

(3. 31)



−2µ[
∗
∇β γαβ(w0)]− aαβ

∗
∇β ( 2µ

3 (
∗

div w0 − 2Hw3
0))

= −2µaαλaβσ
∗
∇β γλσ(w0)− 2

3µa
αβaλσ

∗
∇β γλσ(w0)

= −(2µaαλaβσ + 2
3µa

αβaλσ)
∗
∇β γλσ(w0)

= −aαβλσ
∗
∇β γλσ(w0),

aαβλσ = 2µaαλaβσ + 2
3µa

αβaλσ

To sum up we assert that the restriction of 3D rotating Navier-Stokes equations
on the 2D manifold =i:
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Theorem 3. 1 The restriction of 3D rotating Naver-Stokes equations (3. 8) on
=(i. e. ξ = 0) are given by

(3. 32)



−aαβλσ
∗
∇β γλσ(w0) + µh−2wα0 +

∗
div (ρ0w0w

α
0 ) + 2ρ0Hw

3
0w

α
0

+aαβ
∗
∇β p0 + lα(ρ0, w0) = ρ0f

α
c + Fαh ,

−µ
∗
∆ w3

0 + µh−2w3
0+

∗
div (ρ0w0w

3
0)− 2Hρ0w

3
0w

3
0 + l3(ρ0, w0)

= ρ0f
3
c + F 3

h ,
∗

div (%0w0)− 2H%0w
3
0 + d0 = 0,

wα0
∗
∇α S0 + w3

0
2h (S1 − S−1)− 1

W0T0

(
k
ρ

∗
∆ T0 + Φ0

ρ0

)
= 0,

where

(3. 33)


lα(ρ0, w0) = −2µHaαβ

∗
∇β w3

0 + ρ0(Cαβw
β
0 + Cα3 w

3
0),

l3 = −2µβ0(w0) + µ( 4
3 (2H2 −K))w3

0 + ( 4
3µ

∗
∇β H)wβ0 + ρ0C

3
βw

β
0 ,

d0 := 1
2h ((ρw3)1 − (ρw3)−1),

Let boundary of =

(3. 34) γs = ΓS ∩ =i, γin = Γin ∩ =i, γout = Γout ∩ =i, γ0 = γin ∪ γout,

Taking (3. 9) into account the boundary condition (2. 11) become

(3. 35)



w0|γs = 0,(
2
3µa

αλγλβ(w0)nβ − (p0)nα
)
|γin = gαin,

( 2
3µ

∗
∇β w3

0n
β − (p0)n3)|γin = g̃3

in,
( 2

3µa
αλγλβ(w0)nβ − (p0)nα)|γout = gαout,

( 2
3µ

∗
∇β w3

0n
β − (p0)n3)|γout = g̃3

out,

(3. 36)
g̃3
in = g3

in − 2
3µaαβ(wα1 − wα−1)nβ , in γout,

g̃3
out = g3

out − 2
3µaαβ(wα1 − wα−1)nβ , in γout

4. The Navier-Stokes Equations on the Surface =

In sequence we only discuss isentropic ideal gases, in particular for the polytropic
gas: p = Aργ where A is constant and 5

3 ≥ γ ≥ 1 is the specific heat radio. Hence
we omit energy equation. Taking (3. 28) into account, the equations (3. 29) on
2D-manifolds become

(4. 1)


−aαβλσ

∗
∇β γλσ(w0) + aαβ

∗
∇β (Aργ)+

∗
div (ρ0w0w

α
0 )− 2Hρ0w

α
0w

3
0

+lα(ρ0, w0) = Fα0 ,

−µ
∗
∆ w3

0+
∗

div (ρ0w0w
3
0)− 2Hρ0w

3
0w

3
0 + l3(ρ0, w0) = F 3

0 ,
∗

div (ρ0w0)− 2Hρ0w
3
0 + d0 = 0,

where lα, l3 are defined by (3. 35).
Unless there is a statement to the contrary, the Einstein summation convention,

i. e. , repeated indices indicate summation, is used, and a “”’ denotes transposition.
For the simplicity, we use the abbreviations

(4. 2)

 ‖ · ‖0, D = ‖ · ‖L2(D), ‖ · ‖0, p, D = ‖ · ‖Lp(D),
‖ · ‖m, p, D = ‖ · ‖Hm, p(D), ‖ · ‖m, D = ‖ · ‖m, 2, D,
V (D) = {w|w ∈ H1(D)3, w|γs = 0, }.
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Noting that

(4. 3)



γαβ(w0) =
∗
eαβ (w0)− bαβw3,

γ0(w0) = aαβγαβ(w0) =
∗

div w0 − 2Hw3
0,

aαβλσγλσ(w0)bαβ = 2µβ0(w0) + 4
3µHγ0(w0),

aαβλσγλσ(w0)
∗
eαβ (v) = aαβλσγλσ(w0)γαβ(v)

+(2µβ0(w0) + 4
3µHγ0(w0))v3.

∀ v ∈ V (D). Since
∗
∇γ aαβλσ = 0, Green formula shows

(4. 4)

∫
D

[−aαβλσ
∗
∇β γλσ(w0)vα]

√
adx

= −
∫
∂D

aαβλσγλσ(w0)nβvαdγ +
∫
D
aαβλσγλσ(w0)

∗
∇β vα

√
adx

= −
∫
γ0
aαβλσγλσ(w0)nβvαdγ +

∫
D
aαβλσγλσ(w0)

∗
eαβ (v)

√
adx

= −
∫
γ0
aαβλσγλσ(w0)nβvαdγ

+
∫
D

[aαβλσγλσ(w0)γαβ(v) + (2µβ0(w0) + 4
3µHγ0(w0))v3]

√
adx,

where we used the symmetry of index. Similarly,

(4. 5)



(aαβ
∗
∇β (Aργ), vα) =

∫
γ0
Aργaαβn

αvβdγ − (Aργ ,
∗

div (v)),

(
∗

div (ρ0w0w
α
0 ), vα) =

∫
γ0
ρ0(wβ0nβ)(wα0 vα)dγ − (ρ0w

α
0w

β
0 ,
∗
eαβ (v)),

(
∗

div (ρ0w0w
3
0), v3) =

∫
γ0
ρ0(wβ0nβ)(w3

0v
3)dγ − (ρ0w

α
0w

3
0,
∗
∇α v3),

(−µ
∗
∆ w3

0, v
3) = −

∫
γ0
µaαβ

∗
∇α w3

0nβv
3dγ + (µ

∗
∇ w3

0,
∗
∇ v3)

= (µ
∗
∇ w3

0,
∗
∇ v3)−

∫
γ0
µ
∂w3

0
∂n v

3dγ,

Multiplying vα with both sides of the first of (4. 1) , v3 with both sides of second
of (4. 1), adding and taking (4. 4), (4. 5) and (3. 35) into account, and applying

4µ
3
Hγ0(w0) +

4µ
3
wβ0

∗
∇β H =

4µ
3
γ0(Hw0),

the variational formulation for (4. 1) and (3. 42) reads

(4. 6)


Find (w0, ρ0) ∈ V (D)× Lγ(D), such that ∀ (v, q) ∈ V (D)× L2(D),

a0(w0, v)− (Aργ ,
∗

div v) + b0(ρ0;w0, w0, v) + (l(ρ0, w0), v)
=< G, v >,

(
∗

div (ρ0w0)− 2Hρ0w
3
0 + d0, q) = 0,

where

(4. 7)



a0(w0, v) = (aαβλσγλσ(w0), γαβ(v)) + (µ
∗
∇ w3

0,
∗
∇ v3)

+(µh−2aαβw
α
0 , v

β) + (µh−2w3
0, v

3),
b0(ρ0;w0, w0, v) = −(ρ0w

α
0w

β
0 ,
∗
eαβ (v))− (2Hρ0w

α
0w

3
0, aαβv

β)

−(ρ0w
α
0w

3
0,
∗
∇α v3)− (2Hρ0w

3
0w

3
0), v3),

(l(ρ0, w0), v) = −(2µH
∗
∇β w3, vβ) + ( 4

3µγ0(Hw0), v3)
+(ρ0C

3
βw

β
0 , v

3) + ( 4
3µ(2H2 −K)w3

0, v
3) + (ρ0Cαβw

β
0 + Cα3w

3
0, v

α),
< G, v >=< F0, v > +

∫
γ0

[aαβ(Aργ0 − 4
3µγ0(w0))− 2µγαβ(w0)]nαvβ

−
∫
γ0
µ
∂w3

0
∂n v

3dγ +
∫
γ0
ρ0(wλ0nλ)(aαβwα0 v

β + w3
0v

3)dγ,
F0 = ρ0fc + Fh, d0 = 1

2h ((ρ0w
3
0)1 − (ρ0w

3
0)−1).
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Remark 4. 1

(4. 8) (i) 2(ω × w)v|= = (ρ0Cαβw
β
0 + Cα3w

3
0)vα + ρ0C

3
βw

β
0 v

3,

(ii) 2H2 −K = 1
2 (k2

1 + k2
2), kα − Princinple curvatures of =

Therefore

(4. 9) (l(ρ0, w0), v) = −(2µH
∗
∇β w3

0, v
β) + ( 4µ

3 γ0(Hw0), v3)
+( 2µ

3 (k2
1 + k2

2)w3
0, v

3) + (2(ω × w)|=, v),

5. Korn’s Inequality on the Surface =

In the sequel, the constant C(Θ, D) may be different from line to line but should
be independent of the vector field w. The inner product on the tangent bundle T=
induces norms on all tensor space , for example , point-wise norm and Sobolev
norms

(5. 1)



|w|2 = aαβw
αwβ = aαβwαwβ , wα = aαβwβ , wα = aαβw

β ,
‖w‖20, D =

∫
D
|w|2
√
adx,

|e(w)|2 = aαλaβσ
∗
eαβ (w)

∗
eλσ (w),

‖e(w)‖20, D =
∫
D
|e(w)|2

√
adx,

|
∗
∇ w|2 = aαλaβσ

∗
∇α wβ

∗
∇λ wσ = aαβaλσ

∗
∇α wλ

∗
∇β wσ,

‖
∗
∇ w‖20, D =

∫
D
|
∗
∇ w|2

√
adx,

|r(w)|2 = aαλaβσrαβ(w)rλσ(w), ‖r(w)‖2 =
∫
D
|r(w)|2

√
adx,

‖
∗
∇α wβ‖20, D =

∫
D

|
∗
∇α wβ |2

√
adx,

‖ ∗eαβ (w)‖20, D =
∫
D

| ∗eαβ (w)|2
√
adx.

|γ(w)|2 = aαλaβσγαβ(w)γλσ(w), ‖γ(w)‖20, D =
∫
D

|γ(w)|2
√
adx.

What follows that we will frequently used equalities

(5. 2)
∗
∇σ aαβ = 0,

∗
∇σ aαβ = 0.

and notation
∗
eαβ (w) = 1

2 (
∗
∇α wβ+

∗
∇β wα) = 1

2 (aβλ
∗
∇α wλ + aαλ

∗
∇β wλ),

rαβ(w) = 1
2 (
∗
∇α wβ−

∗
∇β wα) = 1

2 (aβλ
∗
∇α wλ − aαλ

∗
∇β wλ),

γαβ(w) =
∗
eαβ (w)− bαβw3, β0(w) = bαβγαβ(w), γ0(w) = aαβγαβ(w).

In this section, we consider the Korn’s inequality on the surface =( a two dimen-
sional Riemannian manifold) which can be found in [8, 9, 16]. For example,

Theorem 5. 1(Th. 2. 7-1, [8])(Korn’s inequality “without boundary conditions”
on the surface) Let D be a domain in <2 and let Θ ∈ C2(D) be an injective
mapping such that the two vectors ~eα = ∂α ~R(~R is defined by (5. 1)) are linearly
independent at all points of D. Given w = (wα, w3) ∈ H1(D) ×H1(D) × L2(D),
let

γαβ(w) :=
∗
eαβ (w)− bαβw3 ∈ L2(D).

Then there exists a constant c0 = c0(D, Θ) such that

(5. 3)

∑
α
‖wα‖21, D + ‖w3‖20, D ≤

c0{
∑
α
‖wα‖20, D + ‖w3‖20, D +

∑
α, β

‖γαβ(w)‖20, D},

∀ w ∈ H1(D)×H1(D)× L2(D),

Then Riemann version of Korn’s Inequality is given by [15]:
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Theorem 5. 2 Let (M, a) be an oriented Riemann Manifold and TM the
tangent bundle. Assume Ω ⊂M be an open set with boundary ∂Ω of C1, 1, v be a
vector field on the Riemann manifold M. Then there is a positive constant c such
that

(5. 4) ‖
∗
∇ v‖20, Ω ≤ C{‖|v|‖20, Ω + ‖|e(v)|‖20, Ω},

where

(5. 5) |v|2 = aαβv
αvβ , |e(v)|2 = aαβaλσ

∗
∇α vλ

∗
∇β vσ,

Furthermore, if γ ⊂ ∂Ω with Hausdorff dimension dimH(γ) > n−2 and Ω is convex
set, then there exists positive constant c such that

(5. 6) ‖
∗
∇ v‖20, Ω ≤ C‖|e(v)|‖20, Ω,

for any vector v ∈ H2(Ω, TΩ) ∩ {v|γ = 0}.
Theorem 5. 3(Th. 2. 7-3, [8])(Korn’s inequality on the ellipc surface) As-

sumptions in theorem 5. 1 are satisfy. furthermore, the surface is elliptic, i. e. the
curvature tensor( the coefficients of second fundamental form) bαβ of the surface
is positive, or negative, definite at all points in D, or equivalently if there exists a
constant c such that ∑

α

|ξα|2 ≤ c|bαβξαξβ |, ∀ (ξα) ∈ <2

or equivalently if the Gaussian curvature of the surface is everywhere strictly posi-
tive K > 0. Then there exists a constant cM such that

(5. 7)

∑
α
‖wα0 ‖21, D + ‖w3

0‖20, D ≤ cM
∑
α, β

‖γαβ(w0)‖20, D,

∀ w0 ∈ H1
0 (D)×H1

0 (D)× L2(D),

Inversely , ellipticity of the surface is also necessary condition for the Korn’s in-
equality: If (5. 7) is valid for all vectors in space

{w0|w0 ∈ H1(D)×H1(D)× L2(D), wα0 |γ0 = 0, γ0 ⊂ ∂D}

Then γ0 = γ := ∂D and the surface is elliptic.
Remark 5. 1 (5. 6) shows if

∗
eαβ (v) = 0 on the manifold then

∗
∇α vβ = 0. It is

well know[15] that if a vectors v satisfy
∗
eαβ (v) = 0 on the manifolds then the vectors

v are called Killing vector field and letM be a compact Riemannian manifold, then
the vector space of Killing field onM is finite dimensional. In addition, if the vector
v of Killing space satisfies v|γ = 0, γ ∈ ∂Ω then v vanishes identically on the set
Ω. ”

Lemma 5. 1 There exist following relationships

(5. 16)



|
∗
∇ w0|2 = |e(w0)|2 + |r(w0)|2,
‖
∗
∇ w0‖20, D = ‖e(w0)‖20, D + ‖r(w0)‖20, D,

|
∗
∇ w0|2 + |

∗
div w0|2+

∗
div ((w0

∗
∇)w0 − w0

∗
div w0) = 2|e(w0)|2,

‖
∗
∇ w0‖20, D + ‖

∗
div w0‖20, D +

∫
∂D

(w0

∗
∇)w0 − w0

∗
div w0) · ndl

= 2‖e(w0)‖20, D,

|
∗
∇ w0|2−

∗
div ((w0

∗
∇)w0 − w0

∗
div w0) = |

∗
div w0|2 + 2|r(w0)|2,

‖
∗
∇ w0‖20, D −

∫
∂D

((w0

∗
∇)w0 − w0

∗
div w0)ndl

= ‖
∗

div w0‖20, D + 2‖r(w0)‖20, D,
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(5. 17)


1
2 (|

∗
∇ w0|2 + |

∗
div w0|2+

∗
div ((w0

∗
∇)w0 − w0

∗
div w0))

= |γ(w0)|2 + 2aαλaβσγλσ(w0)bαβw3
0 + bαβbαβw

3
0w

3
0,

|
∗
∇ w0|2 + |

∗
div w0|2+

∗
div ((w0

∗
∇)w0 − w0

∗
div w0)

≤ 4(|γ(w0)|2 + (k2
1 + k2

2)w3
0w

3
0).

Proof

4|e(w0)|2 = aαλaβσ(
∗
∇α w0β+

∗
∇β w0α)(

∗
∇λ w0σ+

∗
∇σ w0λ)

= 2
∗
∇α wβ0

∗
∇α w0β + 2

∗
∇λ wα0

∗
∇α wλ0 ,

|
∗
∇ w0|2 = aαλaβσ

∗
∇α w0β

∗
∇λ w0σ =

∗
∇α wλ0

∗
∇α w0λ,

|
∗

div w0|2 =
∗
∇α wα0

∗
∇λ wλ0 ,

|
∗
∇ w0|2 + |

∗
div w0|2 = 2|e(w0)|2−

∗
∇α wλ0

∗
∇λ wα0 +

∗
∇α wα0

∗
∇λ wλ0

= 2|e(w0)|2−
∗
∇α (wλ0

∗
∇λ wα0 − wα0

∗
∇λ wλ0 )

= 2|e(w0)|2−
∗

div ((w0

∗
∇ w0 − w0

∗
div w0).

This is the first of (5. 16). Since
∗
∇α w0β =

∗
eαβ (w0) + rαβ(w0)

hence

(5. 18)

|
∗
∇ w0|2 = aαλaβσ

∗
∇α w0β

∗
∇λ w0σ

= aαλaβσ[
∗
eαβ (w0) + rαβ(w0)][

∗
eλσ (w0) + rλσ(w0)]

= |e(w0)|2 + |r(w0)|2 + aαλaβσ(
∗
eαβ (w0)rλσ(w0)

+
∗
eλσ (w0)rαβ(w0)),

Owing to anti-symmetry of index for rotation tensor rαβ(w0) and symmetry of
index for the strain tensor

∗
eαβ (w0)

rαβ(w0) = −rβα(w0),
∗
eαβ (w0) =

∗
eβα (w0)

we claim

aαλaβσ
∗
eλσ (w0)rαβ(w0) = −aσβaλα ∗eσλ (w0)rβα(w0) = aαλaβσ

∗
eαβ (w0)rλσ(w0)

Returning to (5. 18) it deduces to (5. 16).
In addition, in similar manner, by virtue of(3. 26)and

(5. 19)
{
γαβ(w0) =

∗
eλσ (w0)− bαβw3, bαβ = aαλaβσbλσ,

and (5. 16), then

|γ(w0)|2 = |e(w0)|2 − 2aαλaβσ
∗
eλσ (w0)bαβw3

0 + aαλaβσbλσbαβw
3
0w

3
0

= 1
2 (|

∗
∇ w0|2 + |

∗
div w0|2+

∗
div ((w0

∗
∇)w0 − w0

∗
div w0))

−2aαλaβσγλσ(w0)bαβw3
0 − bαβbαβw3

0w
3
0,

|γ(w0)|2 + 2aαλaβσγλσ(w0)bαβw3
0 + bαβbαβw

3
0w

3
0

= 1
2 (|

∗
∇ w0|2 + |

∗
div w0|2+

∗
div ((w0

∗
∇)w0 − w0

∗
div w0)).

Owing to

|2aαλaβσγλσ(w0)bαβw3
0| ≤ aαλaβσγαβ(w0)γλσ(w0) + bαβbαβw

3
0w

3
0,

we infer

|
∗
∇ w0|2 + |

∗
div w0|2+

∗
div ((w0

∗
∇)w0 − w0

∗
div w0) ≤ 4(|γ(w0)|2 + bαβbαβw

3
0w

3
0)
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From this and (5. 19) it deduces (5. 17). The proof is complete. \
Lemma 5. 2 There exist positive constants λ, Λ such that

(5. 20) λ|ξ|2 ≤ aαβξαξβ ≤ Λ|ξ|2, ∀ξ ∈ E2

(5. 21)



Λ
∑
α
|wα0 |2 ≥ |w0|2 ≥ λ

∑
α
|wα0 |2,

Λ
∑
α, β

|
∗
∇β wα0 |2 ≥ |

∗
∇ w0|2 ≥ λ

∑
α, β

|
∗
∇β wα0 |2,

Λ
∑
α

∫
D
|wα0 |2

√
adx ≥ ‖w0‖20, D ≥ λ

∑
α

∫
D
|wα0 |2

√
adx,

Λ|w0|21, D ≥ ‖
∗
∇ w0‖20, D ≥ λ|w0|21, D,

and 
Λ
∑
α, β

| ∗eαβ (w0)|2 ≥ | ∗e (w0)|2 ≥ λ
∑
α, β

| ∗eαβ (w0)|2,

Λ
∑
α, β

|γαβ(w0)|2 ≥ |γ(w0)|2 ≥ λ
∑
α, β

|γαβ(w0)|2,

where

|w0|21, D =
∑
α, β

∫
D

|
∗
∇β wα0 |2

√
adx =

∑
α, β

‖
∗
∇β wα0 ‖20, D

denote a semi-norm in H1(D)×H1(D)
Proof Since the positive definition of metric tensor aαβ , it is obvious that (5.

21-5. 23) are valid. ]

Remark 5. 2 It is obvious that |
∗
∇ ·|0, D is an equivalent semi-norm in

H1(D)×H1(D) . Hence, by virtue of (5. 21), we assert that

(5. 22)
∑
α, β

‖ ∗eαβ (w0)‖0, D ≤
√

Λ
λ
|w0|1, D, ∀w0 ∈ H1(D)×H1(D)

Lemma 5. 3

(5. 23)


|r(w0)|2 + (

∗
div w0)2 = |e(w0)|2

−
∗
∇α (wβ

∗
∇β wα0 − wα0

∗
div w0) +K|w0|2,

‖r(w0)‖20, D + ‖
∗

div w0)‖20, D = ‖e(w0)‖20, D +
∫
D
K|w0|2

√
adx

−
∫
∂D

(wβ
∗
∇β w0 − w0

∗
div w0) · ndl.

Proof By similar manner,

|r(w0)|2 = 1
4a
αλaβσ(

∗
∇α w0β−

∗
∇β w0α)(

∗
∇λ w0σ−

∗
∇σ w0λ)

= 1
4a
αλaβσ(2

∗
eαβ (w0)− 2

∗
∇β w0α)(2

∗
eλσ (w0)− 2

∗
∇σ w0λ)

= |e(w0)|2 − 1
2a
αλaβσ[

∗
eαβ (w0)

∗
∇σ w0λ+

∗
eλσ (w0)

∗
∇β w0α − 2

∗
∇β w0α

∗
∇σ w0λ]

= |e(w0)|2 − 1
2a
αλaβσ[(

∗
eαβ (w0)−

∗
∇β w0α)

∗
∇σ w0λ + (

∗
eλσ (w0)−

∗
∇σ w0λ)

∗
∇β w0α]

= |e(w0)|2 − 1
2a
αλaβσ[

∗
∇α w0β

∗
∇σ w0λ+

∗
∇β w0α

∗
∇λ w0σ]

= |e(w0)|2−
∗
∇α w0β

∗
∇β wα0 ,

Since (5. 3),

(5. 24) |r(w0)|2 = |e(w0)|2−
∗
∇α wλ0

∗
∇λ wα0 ,
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Second term of (5. 24) shows

(5. 25)
∗
∇α wβ0

∗
∇β wα0 =

∗
∇α (wβ0

∗
∇β wα0 )− wβ0

∗
∇α

∗
∇β wα0

=
∗
∇α (wβ0

∗
∇β wα0 )− wβ0

∗
∇α

∗
∇β wα0 ,

Furthermore, by virtue of Ricci formula and Ricci curvature tensor formula for 2D
Riemann manifold[1]

∗
∇α

∗
∇β wλ0 =

∗
∇β
∗
∇α wλ0 +

∗
Rλσαβ w

σ
0 ,

∗
Rαβ= Kaαβ ,

we deduce

wβ0
∗
∇α

∗
∇β wα0 = wβ0

∗
∇β
∗
∇α wα0 + wβ0

∗
Rαλαβ w

λ
0 = wβ0

∗
∇β

∗
div w0 + wβ0

∗
Rλβ w

λ
0

=
∗
∇β (wβ0

∗
div w0)− wβ0

∗
∇β

∗
div w0 −Kaλβwβ0wλ0

=
∗
∇β (wβ0

∗
div w0)−

∗
∇β (wβ0

∗
div w0) + (

∗
div w0)2 −K|w0|2

i. e.

(5. 26) wβ0
∗
∇α

∗
∇β wα0 =

∗
∇σ (wβ0

∗
∇β wα0 − wα0

∗
div w0) + (

∗
div w0)2 −K|w0|2,

To sum up, (5. 25) and (5. 26) imply (5. 23). The proof is complete. \
Theorem 5. 4 Let = be a 2D Surface with boundary ∂= of C1, 1 defined

previously. Let D be a domain in <2, Θ ∈ C3(D, E3) be an injective immersion
and w0 = {wα0 , w3

0} ∈ V (D):

(5. 27)

{
V (D) := {w0 ∈ H1(D)×H1(D)× L2(D), w0|∂D = 0, or

w0|γs = 0, (wβ0
∗
∇β wα0 − wα0

∗
div w0)nα|γ0 = 0, ∂D = γs ∪ γ0},

Furthermore let strain tensor of the vector field w
∗
eαβ (w0) := 1

2 (
∗
∇α w0β+

∗
∇β w0α) = 1

2 (aβλ
∗
∇α wλ0 + aαλ

∗
∇β wλ0 ) ∈ L2(D),

γαβ(w0) :=
∗
eαβ (w0)− bαβw3

0 ∈ L2(D).

Then for all w0 ∈ V (D),

(5. 28)
λ
∑
α, β

‖
∗
∇α wβ0 ‖20, D ≤ ‖

∗
∇ w0‖20, D ≤ 2‖e(w0)‖20, D

≤ 2Λ
∑
α, β

‖ ∗eαβ (w0)‖20, D,

(5. 29)


{‖
∗
∇ w0‖20, D + ‖

∗
div w0‖20, D ≤ 4‖γ(w0)‖20, D +K0‖w3

0‖20, D,

λ
∑
α, β

‖
∗
∇α wβ0 ‖20, D + ‖

∗
div w0‖20, D ≤

4Λ
∑
α, β

‖γαβ(w0)‖20, D +K0‖w3
0‖20, D,

(5. 30)


{
∑
α,β

‖∂w
β
0

∂xα ‖
2
0,D +

∑
α
‖wα0 ‖20,D} ≤ C(

∑
α,β

‖ ∗eαβ (w0)‖20,D +
∑
α
‖wα0 ‖20,D),

{
∑
α, β

‖∂w
β
0

∂xα ‖
2
0, D +

∑
α
‖wα0 ‖20, D + ‖

∗
div w0‖20, D}

≤ C(
∑
α, β

‖γαβ(w0)‖20, D + ‖w0‖20, D).

where

(5. 31) K0 = 4 min
D

(k2
1 + k2

2), ‖w0‖20, D =
∑
i

‖wi0‖20, D,

.
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Proof Integrating both sides of the first of (5. 18) and using Gauss theorem
and boundary conditions∫

D

∗
∇α (wβ

∗
∇β wα − wα

∗
div w)

√
adx =

∫
∂D

(wβ
∗
∇β wα − wα

∗
div w)nαds = 0

we infer (5. 28). By similar manner, from the second of (5. 17) and (5. 20) assert
(5. 29).

Next, let consider Sobolev norm. Because the covariant derivative

∗
∇α wβ0 =

∂wβ0
∂xα

+
∗

Γβαλ wλ0 ,
∂wβ0
∂xα

=
∗
∇α wβ0−

∗
Γβαλ wλ0

we claim

(5. 32)
∑
α, β

‖∂w
β
0

∂xα
‖20, D ≤ C{

∑
α, β

‖
∗
∇α wβ0 ‖20, D +

∑
α

‖wα0 ‖20, D},

To sum-up, (5, 28)(5. 29) and (5. 32) imply (5. 30). The proof is complete. \.

6. Existence of Solution of Variational Problem

In this section we study the variational problem (4. 6) on the manifold =

(6. 1)


Find(w0, p0) ∈ V (D)× L2(D), such that∀ (v, q) ∈ V (D)× L2(D),

a0(w0, v)− (p0,
∗

div v) + b0(ρ;w0, w0, v) + (l(ρ0, w0), v)
=< G, v >,

(
∗

div (ρ0w0)− 2Hρ0w
3
0 + d3

0, q) = 0,

where p0 = Aργ and all terms in (6. 1) are defined by (4. 7). Variational problem is
a irregular problem. In order to regularization we introduce an artificial viscosity η
such that

(6. 2)


Find(w0, p0) ∈ V (D)× L2(D), such that∀ (v, q) ∈ V (D)× L2(D),

a0(w0, v)− (p0,
∗

div v) + b0(ρ;w0, w0, v) + (l(ρ0, w0), v)
=< G, v >,

η(
∗
∇ p0,

∗
∇ q) + ((

∗
div (ρ0w0)− 2Hρ0w

3
0 + d3

0, q) = 0,

Our primary objective consist in showing that the bilinear form defined by (4. 7)
is V (D)-elliptic.

Lemma 6. 1 Let there be given a domain D in <2 and an injective mapping
~Θ ∈ C3(

−
D;E3) such that the two vectors ~aα = ∂α~Θ are linearly independent

at all points of
−
D. Let γ0 be a dγ-measurable subset of γ = ∂D that satisfies

length γ0 > 0. Then bilinear form a0(·, ·) in V (D) defined by (4. 7) is symmetric,
continuous and elliptic

(6. 3)


(i) a0(w, v) = a0(v, w), ∀ w, v ∈ V (D);
(ii) |a0(w, v)| ≤ C‖w‖1, D‖v‖0, D, ∀ w, v ∈ V (D);
(iii) a0(w, w) ≥ C0‖w‖21, D, ∀ w ∈ V (D).

where V (D) is defined by (5, 27) with the Sobolev norm

‖w‖21, D =
∑
i, j

(‖∂iwj‖20, D + ‖wi‖20, D) = |w|20, 1 + ‖w‖20, D.

where denote x3 = ξ.
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Proof Indeed it is enough to prove (iii). Since (3. 32),

aαβλσγλσ(w0)γαβ(w0) = 2µγαβ(w0)γαβ(w0)h+
2
3

(
∗

div w0)2 ≥ 2µγαβ(w0)γαβ(w0),

it infer
a0(w0, w0) ≥ ν(2‖γ(w0)‖20, D + ‖

∗
∇ w3

0‖20, D + h−2‖w‖20, D)
Taking (5. 32) into account,

a0(w0, w0) ≥ C(
∑
α, β

‖∂w
β
0

∂xα ‖
2
0, D +

∑
α
‖wα0 ‖20, D) + ν|w3

0|21, D)

≥ C(|w0|21, D +
∑
α
‖wα0 ‖20, D)

Employing Poincare inequality, semi-norm |w|1, D is equivalent to the full norm
‖w‖1, D in the V (D) we assert (iii). To sum up, it concludes our proof. ]

Lemma 6. 2 Let there be given a domain D in <2 and an injective mapping
~Θ ∈ C3(

−
D;E3) such that the two vectors ~aα = ∂α~Θ are linearly independent at

all points of
−
D. Let γ0 be a dγ-measurable subset of γ = ∂D that satisfies length

γ0 > 0. Then the trilinear form b0(·, ·, )̇ defined by (4. 9) is continuous: there
exists a constant M(Θ, D) independent of ρ0, w0

(6. 4)
|b0(ρ0, w0, w0, v)| ≤M‖w0‖0, q‖ρ0‖0, γ‖v‖1, +∞,

∀ w0 ∈ Lq(D), ρ0 ∈ Lγ(D), v ∈ C∞(D),

where γ ≥ 1, q = 2γ
γ−1 .

Proof From (4. 7) and using Hölder inequality it is easy to obtain (6. 4), Proof
is complete. ]

Theorem 6. 1 Let there be given a domain D in <2 and an injective mapping
~Θ ∈ C3(

−
D;E3) such that the two vectors ~aα = ∂α~Θ are linearly independent at

all points of
−
D. Let γ0 be a dγ-measurable subset of γ = ∂D that satisfies length

γ0 > 0. For given (G, d3
0) ∈ V ∗(D) × H−1(D), there exist the positive numbers

C0, η satisfying

(6. 5) C0 ≥
C

χ
‖G‖V ∗(D) + 1 + χ), η ≥ C

χ
‖d3

0‖V ∗(D) + 1 + χ)

for any positive number χ and a unique solution (w0, p0) : ‖w0‖1, D ≤ χ, ‖p0‖1, D ≤
χ of variational problem (6. 2).

Furthermore there exists a sequence (w0(ηk), p0(ηk)) of solution to (6. 2) with
artificial viscosity ηk weakly converging to (w0, p0) ∈ (V (D) × H1

0 (D)) which
satisfy (6. 1).

The proof is omitted.
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