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Abstract. Numerical simulation of fluid flow and transport processes in the subsurface must
account for the presence of wells. The pressure at a gridblock that contains a well is different from
the average pressure in that block and different from the flowing bottom hole pressure for the
well [17]. Various finite difference well models have been developed to account for the difference.
This paper presents a systematical derivation of well models for other numerical methods such
as standard finite element, control volume finite element, and mixed finite element methods.
Numerical results for a simple well example illustrating local grid refinement effects are given to
validate these well models. The well models have particular applications to groundwater hydrology
and petroleum reservoirs.
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1. Introduction
Numerical simulation of fluid flow and transport processes in the subsurface
must account for the presence of wells. The pressure at a gridblock that contains
a well is different from the average pressure in that block and different from the
flowing bottom hole pressure for the well [17]. The difficulty in modeling wells in
a field scale numerical simulation is that the region where pressure gradients are
the largest is closest to a well and is far smaller than the spatial size of gridblocks.
Using local grid refinement around the well can alleviate this problem but can lead
to an impratical restriction on time step sizes in the numerical simulation [5]. The
fundamental task in modeling wells is to model flows into the wellbore accurately
and to develop accurate well equations that allow the computation of the bottom
hole pressure when a production or injection rate is given, or the computation of
the rate when this pressure is known.
The first theoretical study of well equations was given by Peaceman [17] for cellcentered finite difference methods on square grids for single phase flow. Peaceman’s
study gave a proper interpretation of a well-block pressure, and indicated how it
relates to the flowing bottom hole pressure. The importance of his study is that the
computed block pressure is associated with the steady-sate pressure for the actual
well at an equivalent radius re . For a square grid with a grid size h, Peaceman
derived a formula for re by three different approaches: (1) analytically by assuming
that the pressure in the blocks adjacent to the well block is computed exactly by the
radial flow model, obtaining re = 0.208h, (2) numerically by solving the pressure
equation on a sequence of grids, deriving re = 0.2h, and (3) by solving exactly
the system of difference equations and using the equation for the pressure drop
between the injector and producer in a repeated five-spot pattern problem, finding
re = 0.1987h. From these approaches, he concluded that re ≈ 0.2h.
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Peaceman’s finite difference well models on square grids have been extended in
various directions, including to rectangular grids, anisotropic reservoirs, horizontal
wells, and multiphase flows and to incorporating gravity force, skin, and non-Darcy
effects. Peaceman himself extended his classical well model [17] to more general
scenarios [18] where rectangular grids and anisotropic permeabilities are allowed.
For the treatment of arbitrary well locations and horizontal wells, the reader can
refer to [2, 19]. Lee and Milliken [13] studied an arbitrary monobore well in a layered
system of laterally infinite extent. They combined a semianalytical solution based
on slender body theory with a finite difference pressure solution with lateral pressure
boundary conditions described by the semianalytical solution. Ding [8] introduced a
layer potential function to obtain a steady state pressure distribution in the vicinity
of the well. Furthermore, he adjusted well block transmissibilities to account for
radial flow. Later, Ding and Jeannin [9] developed a multipoint discretization
in a curvilinear coordinate system and used the discretization coefficient of an
elliptic equation as the well index. Recently, Wolfsteiner et al. [22] extended
Peaceman’s well models to account for different well configurations in heterogeneous
porous media. More recently, Chen and Yue [6] derived a well model by introducing
multiscale basis functions that resolve well singularity, and Aarnes [1] proposed a
modified mixed multiscale finite element method that can account for radial flow
near a well. Finally, Ewing et al. [10] and Garanzha et al. [11] developed numerical
well models that account for non-Darcy effects.
As far as the authors know, however, most of these existing well models have
been developed for finite difference methods [8, 17, 19]. On the other hand, finite
element methods have been successfully applied for numerical simulation of fluid
flow and transport processes in the subsurface due to their intrinsic grid flexibility
[5]. Thus it is clear that, to use finite element approximations in the presence of
wells, accurate well models must be derived for this important class of numerical
methods.
This paper presents a systematical derivation of well models for finite element
approximations of three types: (1) standard finite element methods, (2) control
volume finite element methods, and (3) mixed finite element methods. Extensions
of these numerical well models to anisotropic reservoirs, horizontal wells, and multiphase flows and to incorporating gravity forces and skin factors are also discussed.
For uniform grids and isotropic reservoirs, Peaceman’s second approach for deriving well models will be used. When the grids are nonuniform or the reservoirs
are anisotropic, we will make remarks on Peaceman’s third approach. Numerical
results for a simple well example illustrating local grid refinement effects are given
to validate the well models derived. To motivate the derivation of finite element
well models, the derivation of finite difference models is briefly reviewed.
The rest of the paper is organized as follows. The development of well equations
requires the use of analytical formulas, which is given in the second section. In the
third section, finite difference models are reviewed. The derivation of well models
for the standard, control volume, and mixed finite element methods is carried out,
respectively, in the fourth, fifth, and sixth sections. The seventh section is devoted
to numerical results. The well model equations derived in this paper have particular
applications to numerical simulation of aquifer remediation and of enhanced oil
recovery, for example.

WELL FLOW MODELS FOR VARIOUS NUMERICAL METHODS

377

2. Analytical Formulas
The derivation of well flow equations is based on a basic assumption that the flow
is radial in a neighborhood of the well, and requires the use of analytical formulas
for radial flow. These formulas are known only in simplified flow situations. Thus
we consider single phase incompressible flow in isotropic reservoirs. Furthermore,
we focus on steady state flow. In the steady state case, the mass conservation
equation is [3, 5]
(2.1)

∇ · (ρu) = qδ,

where ρ and u are the density and volumetric velocity of the fluid, respectively, δ is
the Dirac delta function representing a well placed at the origin, for example, and
q is the mass production/injection at this well. Darcy’s law without the gravity
term is
1
(2.2)
u = − k∇p,
µ
where k is the absolute permeability tensor of the reservoir and p and µ are the
fluid pressure and viscosity, respectively.
To obtain an analytical solution for equations (2.1) and (2.2), we assume that:
• The flow is two dimensional in x1 and x2 (i.e., it is homogeneous in the
x3 -direction).
• The reservoir is homogeneous and isotropic; i.e., k = kI and k is a constant.
• The viscosity µ and density ρ are constant.
• The flow is radial in a small neighborhood of the well.

With the last assumption, near the well the velocity u has the form
u(r, θ) = u(r)(cos θ, sin θ),

where (r, θ) is the polar coordinate system. Since the well is placed at the origin,
substitution of this velocity into equation (2.1) gives
du 1
+ u = 0,
r > 0,
dr
r
whose solution is u = C/r. The constant C is proportional to q. Note that q
represents the mass production/injection. Hence, when the well is an injector, for
example, for any small neighborhood B of the origin (a small circle) q is the mass
flux
Z
q
q = h3
ρu · ν da(x) = 2πρh3 C; i.e., C =
,
2πρh
3
B
where ν is the outward unit normal to B and h3 is the reservoir thickness (or the
height of the gridblock containing the well). Consequently, we obtain
q
(2.4)
u=
(cos θ, sin θ).
2πρh3 r
(2.3)

Substituting (2.4) into (2.2), taking a dot product of the resulting equation with
ν = (1, 0), and integrating from (ro , 0) to (r, 0), we obtain
r
µq
ln o ,
(2.5)
p(r) = p(ro ) −
2πρkh3
r

where (ro , 0) is a reference point (e.g., ro is the well radius rw ). Equation (2.5) is
the analytical flow model near the well, on which the development of well equations
for various numerical methods is based in the next four sections.
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Fig. 3.1. Cell-centered difference on a square grid.

Fig. 3.2. Radial flow.

3. Finite Difference Methods
3.1. Square grids. For a square grid Kh , we solve equations (2.1) and (2.2) in
the case where the well is located in the center of a grid cell. The adjacent cells are
enumerated as in Fig. 3.1. Application of a five-point stencil scheme to (2.1) and
(2.2) gives
(3.1)

ρkh3
(4p0 − p1 − p2 − p3 − p4 ) = q.
µ

Using the symmetry of the solution p, i.e., p1 = p2 = p3 = p4 , we see that
(3.2)

ρkh3
q
(p0 − p1 ) = .
µ
4

We assume that the pressure at the adjacent cells is computed accurately. In
particular, this means that the analytical well model derived in the previous section
can be an accurate approximation in cell 1. Thus, if a bottom hole pressure pbh is
given, then it follows from equation (2.5) that
 
r1
µq
(3.3)
p1 = pbh −
ln
,
2πρkh3
rw
where we recall that rw is the well radius and r1 = h. Inserting equation (3.3) into
(3.2) yields
 
µq
h
qµ
p0 = pbh −
ln
+
2πρkh3
rw
4ρk
µq   rw  π 
= pbh +
ln
+
2πρkh3
h
2


µq
rw
= pbh +
ln
,
2πρkh3
α1 h

where α1 = e−π/2 = 0.20788 . . .. This is exactly Peaceman’s well model:
(3.4)

q=

2πρkh3
(pbh − p),
µ ln(re /rw )

where the equivalent radius equals re = α1 h = 0.20788h and p = p0 (Fig. 3.2). The
equivalent radius is the radius at which the steady state flowing pressure for the
actual well equals the numerically computed pressure for the well cell. When the
well is a producer, q is
(3.5)
3.2. Extensions.

q=

2πρkh3
(p − pbh ).
µ ln(re /rw )
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3.2.1. Extension to anisotropic media. The well model (3.4) (or (3.5)) needs
be extended in various directions, including to rectangular grids, anisotropic reservoirs, horizontal wells, and multiphase flows and to incorporating gravity force and
skin effects. The gravitational effects must be treated on the same footing as pressure gradient effects. The skin factor sk is a dimensionless number, and accounts
for the effect resulting from formation damage caused by drilling. With these effects for single phase flow for an anisotropic permeability k = diag(k11 , k22 , k33 ),
the well model is extended to
√
2πρh3 k11 k22
(3.6)
q=
(pbh − p − ρ℘(zbh − z)) ,
µ (ln(re /rw ) + sk )
where ℘ is the magnitude of the gravitational√ acceleration, z is the depth, and
zbh is the well datum level
√ depth. The factor
√ k11 k22 comes from the coordinate
transformation: x′1 = x1 / k11 and x′2 = x2 / k22 [5].
In the non-square grid and anisotropic medium case, the equivalent radius re
can be calculated using Peaceman’s third approach [18]

1/2
0.14 (k22 /k11 )1/2 h21 + (k11 /k22 )1/2 h22


(3.7)
re =
,
1/4
1/4
0.5 (k22 /k11 ) + (k11 /k22 )
where h1 and h2 are the x1 - and x2 -grid sizes of the gridblock that contains the
vertical well. The well index is defined by
√
2πh3 k11 k22
.
(3.8)
WI =
ln(re /rw ) + sk

3.2.2. Extension to horizontal wells. Horizontal wells in either the x1 - or the
x2 -coordinate direction use the same well model equations as vertical ones. Only
the parameters related to the direction of the wellbore need be modified. The well
index for a horizontal well parallel to the x1 -direction is calculated:
√
2πh1 k22 k33
(3.9)
WI =
;
ln(re /rw ) + sk
if the well is parallel to the x2 -direction, it is
√
2πh2 k11 k33
(3.10)
WI =
.
ln(re /rw ) + sk
Accordingly, in the x1 -direction the equivalent radius re is
1/2

1/2
1/2
0.14 (k33 /k22 ) h22 + (k22 /k33 ) h23


(3.11)
re =
,
0.5 (k33 /k22 )1/4 + (k22 /k33 )1/4
and in the x2 -direction,
(3.12)


1/2
0.14 (k33 /k11 )1/2 h21 + (k11 /k33 )1/2 h23


re =
.
1/4
1/4
0.5 (k33 /k11 ) + (k11 /k33 )

A well in an arbitrary direction (i.e., a slanted well) cannot be easily modeled via
finite difference methods. It will be discussed in the fifth section.
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Fig. 4.1. Support Ω0 of ϕ0 .

Fig. 4.2. Two adjacent triangles.

3.2.3. Extension to multiphase flow. The vertical well equations derived for
single phase flow can be extended to multiphase flow, e.g., to a flow system of water,
oil, and gas:
√
2πh3 k11 k22 ρα krα
(3.13)
qα =
(pbh − pα − ρα ℘(zbh − z)) ,
ln(re /rw ) + sk µα
where ρα , krα , and pα are the density, relative permeability, and pressure of phase
α, respectively, α = w, o, g. Note that the definitions of the well index W I and
equivalent radius re remain the same. A similar extension to horizontal wells for
multiphase flow can be carried out as in Section 3.2.2.
4. Standard Finite Element Methods
The well equations derived in the context of finite differences can be extended
to finite elements. For finite difference methods, the pressure at the well cell is
numerically computed, and the pressure at the adjacent cells is computed using the
analytical formula (2.5). This approach is also employed in the context of finite
elements. Again, we concentrate on two-dimensional flow. Finite element methods
have already been successfully applied for numerical simulation of fluid flow and
transport processes in the subsurface due to their intrinsic grid flexibility [5]. Thus
it is necessary to develop well equations for this important class of methods.
4.1. Triangular finite elements. For simplicity, we consider the case where the
finite element space Vh is the space of piecewise linear polynomials associated with a
triangulation Kh [4, 7]. As an illustration that the present derivation also applies to
an anisotropic medium, we consider the anisotropic case in detail for the triangular
elements. Extensions from the isotropic to anisotropic cases for other finite elements
can be similarly carried out.
Let ϕ0 ∈ Vh be the basis function at node x0 where the well is located, and Ω0
be the support of ϕ0 (Fig. 4.1). Then, using equations (2.1) and (2.2), we see that
Z
ρh3 X
(4.1)
k∇p · ∇ϕ0 dx = q,
µ
K
K⊂Ω0

where the K’s are the trianglesX
in Ω0 . Let ϕi be the basis function at node xi
adjacent to node x0 . Since p =
ϕi pi on Ω0 , it follows from (4.1) that
i

(4.2)

ρh3
µ

X X Z

K⊂Ω0

i

K


(k∇ϕi ) · ∇ϕ0 dx pi = q.

Applying the properties of basis functions [4], this equation can be written:
ρh3 X
(4.3)
−
T0i (pi − p0 ) = q,
µ i
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Fig. 4.3. Example of Kh near the well.
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Fig. 4.4. Support Ω0 for the bilinears.

where the transmissibility coefficient T0i between nodes xi and x0 is (Fig. 4.2)
(4.4)

T0i = −

2
X
l=1

(|Kl | (k∇ϕi ) · ∇ϕ0 )

,
Kl

with |Kl | the area of Kl (Fig. 4.2). System (4.3) is the linear system of algebraic
equations arising from the finite element discretization of equations (2.1) and (2.2)
at node x0 .
We consider a homogeneous anisotropic medium in the vicinity of the well:
k = diag (k11 , k22 , k33 ) (i.e., k11 , k22 , and k33 are positive constants). Using the
coordinate transform
x1
x2
x′1 = √ , x′2 = √ ,
k11
k22
the transmissibility coefficient T0i becomes


p
cot θK1′ + cot θK2′
(4.5)
T0i = k11 k22
,
2

where θK1′ and θK2′ are the opposite angles of the two triangles in the transformed
plane.
At an adjacent node xi , the analytic model in (2.5) is used to find the pressure
 
µq
ri
√
(4.6)
pi = pbh −
ln
,
rw
2πρ k11 k22 h3
where ri is the distance between xi and x0 . Substituting (4.6) into (4.3) gives the
well model equation
√
2πρ k11 k22 h3
(4.7)
q=
(pbh − p),
µ ln(re /rw )
where p = p0 and the equivalent radius re equals
"
#
!
X
X
(4.8)
re = exp
T0i ln ri − 2π /
T0i .
i

i

We consider an example where the support of ϕ0 is shown as in Fig. 4.3 and the
medium is isotropic. In this case,
(4.9)

T01 = T02 = T04 = T05 = 1,

T03 = T06 = 0,

and
(4.10)

re = he−π/2 = 0.20788 . . . ,

which is exactly the same as that in the finite difference method. This is not
surprising because the finite element method is a five-point stencil scheme for the
case shown in Fig. 4.3 [4, 5].

382

Z. CHEN AND Y. ZHANG
i

Horizontal well
0
V0

Fig. 5.1. V0 for the linear finite element.

Fig. 5.2. A horizontal well through two edges.

4.2. Rectangular finite elements. Again, for brevity of presentation, we consider the simplest rectangular finite element, the bilinear finite element [4]. As an
example, let the support of ϕ0 be given as in Fig. 4.4. In this case, equation (4.1) remains valid. Because of the symmetry assumption of radial flow, p1 = p3 = p5 = p7
and p2 = p4 = p6 = p8 . Consequently, from (4.1) with Ω0 as in Fig. 4.4, simple
algebraic computations imply
√
4 ρ k11 k22 h3
(4.11)
(2p0 − p1 − p2 ) = q.
3
µ
Using the analytic model (2.5), we see that

(4.12)

µq
√
p1 = pbh −
ln
2πρ k11 k22 h3
p2 = pbh −

µq
√
ln
2πρ k11 k22 h3




h
,
rw
!
√
2h
.
rw

Combining equations (4.11) and (4.12) yields the well model (4.7) with the equivalent radius
(4.13)

re = 21/4 e−3π/4 h.

5. Control Volume Finite Element Methods
The finite difference method presented in the third section is locally conservative,
but is not flexible in the treatment of complex reservoirs. On the other hand, the
standard finite element method described in the fourth section is more flexible, but
not conservative on local elements (e.g., on triangles). It is globally conservative.
In this section, we consider a variation of the finite element method so that it is
locally conservative on each control volume. Control volumes can be formed around
grid nodes by joining the midpoints of the edges of a triangle with a point inside
the triangle, for example (Fig. 5.1). Different locations of the point give rise to
different forms of the flow term between grid nodes. When it is the barycenter of
the triangle, the resulting grid is of CVFE (control volume finite element) type,
and the resulting finite element method is the CVFE method. This method was
first introduced by Lemonnier [14] for reservoir simulation. The CVFE grids are
different from the PEBI (perpendicular bisection) grids (also called Voronoi grids
[12]) in that the latter are locally orthogonal. The CVFE grids are more flexible.
5.1. Well model equations. For the CVFE method based on the triangular
linear elements [5], the well model equation (4.7) and the equivalent radius re
defined in (4.8) remain the same since the linear system arising from this method
is the same as that from the standard finite element method using piecewise linear
functions [5]. For the CVFE, node x0 is now the center of a control volume; i.e., the
well is now located at a center (Fig. 5.1), instead of at a vertex as in the standard
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Fig. 5.3. A horizontal well through a vertex.

Fig. 6.1. Well location for triangular mixed elements.

Fig. 5.4. A horizontal well for the triangular case.

Fig. 5.5. A horizontal well for the CVFE case.

finite element method. In practice, the equivalent radius re for the CVFE can be
approximated using a simpler formula:
r
|V0 |
(5.1)
re =
,
π
where |V0 | is the area of the control volume V0 that contains the well (Fig. 5.1).
The derivation of (5.1) is based on the following principle: |V0 | is approximately
the area of a circle with radius re that contains the well and the mean value of
pressure on V0 is approximately the pressure on this circle. The extension to the
CVFE based on the rectangular bilinear elements can be similarly carried out.
5.2. Horizontal wells. The well model derived for a vertical well using finite elements can be generalized to include the following effects: gravity forces, anisotropic
reservoirs, skin factors, horizontal wells, and multiphase flows. These generalizations can be performed in the same fashion as in the finite difference case; here we
focus on the modeling of horizontal wells in arbitrary directions which cannot be
easily done using finite differences. The medium is assumed to be isotropic.
Due to the intrinsic flexibility of finite element grids, the flow pattern near a
horizontal well in an arbitrary direction can be modeled accurately, particularly
when local grid refinement is used. If the horizontal well passes through a triangle,
this triangle needs be refined: (1) If it passes through two edges of the triangle,
we can make the intersections to be the vertices of smaller triangles (or centers of
control volumes) by properly adjusting the midpoints of the two edges (Fig. 5.2);
(2) If it passes through a vertex of the triangle, the local refinement can be done as
in Fig. 5.3 by connecting the well-edge intersection with the two midpoints of the
other edges. The feature of this approach is that the horizontal well contains only
triangle vertices (Fig. 5.4) or control volume centers (Fig. 5.5).
For the CVFE, the well model equation for a horizontal well in an arbitrary
direction is derived in an analogous fashion to (4.7):
(5.2)

q=

2πρk∆L
(pbh − p),
µ ln(re /rw )
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where ∆L is the diameter of the control volume (that contains the well) in the well
direction and the equivalent radius re can be defined as in (4.8). For the latter,
using a similar approximation principle as for (5.1), a simpler definition is
r
|V0 |h3
(5.3)
re =
,
π∆L
where h3 is the x3 -spatial grid size of the block that contains the well. An extension
of (5.2) to multiphase flow can be given:
qα =

2πk∆L
ρα krα
(pbh − pα − ρα ℘(zbh − z)) .
ln(re /rw ) + sk µα

6. Mixed Finite Element Methods
The primary reason for using mixed finite element methods is that in some
applications a vector variable (e.g., a fluid velocity) is the main variable in which
one is interested. Then the mixed methods are developed to approximate both
this variable and a scalar variable (e.g., pressure) simultaneously and to give a
high order approximation of both variables. Mixed finite element methods use two
approximation spaces, Vh for velocity and Wh for pressure [4]. In the case of a
no-flow boundary condition on the external boundary Γ of Ω ⊂ IR2 , for example,
the mixed weak formulation of equations (2.1) and (2.2) is
Z
Z
−1
µ
k u · v dx −
∇ · vp dx = 0
∀v ∈ Vh ,
Ω
Ω
(6.1)
Z
ρh3
∇ · uw dx = qw(x0 )
∀w ∈ Wh ,
Ω

where x0 is the well location and Vh ⊂ V, with V given by [4]

V = {v = (v1 , v2 ) ∈ H(div, Ω) : v · ν = 0 on Γ}.
In this section, we consider the lowest-order Raviart-Thomas mixed spaces on rectangles and triangles [20]. As an example, we consider an isotropic medium.
6.1. Rectangular mixed spaces. Let Kh be a partition of a rectangular domain Ω into rectangles such that the horizontal and vertical edges of rectangles
are parallel to the x1 - and x2 -coordinate axes, respectively, and adjacent elements
completely share their common edge. The spaces Vh and Wh are
Vh = {v ∈ V : v

K

= (bK x1 + aK , dK x2 + cK ),

aK , bK , cK , dK ∈ IR, K ∈ Kh },
Wh = {w : w is constant on each rectangle in Kh }.

As an example, we consider the case where x0 is located in the center of a rectangle
(Fig. 3.1). In this case, the mixed method (6.1) reduces to a five-point stencil
scheme as in (3.1) [21], and the well model equation (3.4) and its extensions derived
in Section 3.2 remain exactly the same.
6.2. Triangular mixed spaces. Let Kh be a triangulation of a polygonal domain
Ω into triangles such that no vertex of one triangle lies in the interior of an edge of
another triangle. In the triangular case, the spaces Vh and Wh are
Vh = {v ∈ V : v K = (bK x1 + aK , bK x2 + cK ),
aK , bK , cK ∈ IR, K ∈ Kh },

Wh = {w : w is constant on each triangle in Kh }.

WELL FLOW MODELS FOR VARIOUS NUMERICAL METHODS

385

As an example, we consider the quarter plane symmetry case where the well is
located at the corner x0 of a square that is subdivided into two triangles by connecting the vertices adjacent to the well vertex (Fig. 6.1). The pressure and velocity
nodes are indicated as in Fig. 6.1.
Let ϕi be the velocity basis functions corresponding to the nodes xi (i =
1, 2, 3, 4, 5). Set
u=

5
X

ui ϕi ,

i=1

where ui denotes the normal component of u at xi . Via symmetry, the correct
boundary condition is no-flow on the x1 and x2 boundary edges, which implies that
u1 = u2 = 0.
It can be seen that
 √
2



(x1 , x2 ),
(x1 , x2 ) ∈ K0 ,
h
(6.2)
ϕ3 =
√


 2 (h − x1 , h − x2 ),
(x1 , x2 ) ∈ K1 ,
h
where h is the grid size in the x1 and x2 directions. It can be also checked that
Z
Z
(6.3)
ϕ3 · ϕ4 dx =
ϕ3 · ϕ5 dx = 0.
Ω

Ω

Taking v = ϕ3 in the first equation of (6.1) and using (6.3) gives
Z
Z
k
u3
ϕ3 · ϕ3 dx −
∇ · ϕ3 p dx = 0,
µ K0 ∪K1
K0 ∪K1
so
(6.4)

u3

√
2h2
k
− (p0 − p1 ) 2h = 0,
3
µ

where p0 and p1 are the pressure values on K0 and K1 , respectively.
Next, by quarter plane symmetry and using (6.2), choosing w = 1 on K0 and
w = 0 elsewhere in the second equation of (6.1) yields
√
(6.5)
4 2ρh3 u3 h = q.
Combining equations (6.4) and (6.5) implies
(6.6)

p0 − p1 =

qµ
.
12ρkh3

For the value p1 , we use the well equation (2.5):
(6.7)

µq
p1 = pbh −
ln
2πρkh3



r1
rw



,

√
where r1 = 2 2h/3 is the distance from the well to the barycenter of the triangle
K1 . Substituting (6.7) into (6.6) generates the well model equation (3.4) with the
equivalent radius
√
2 2h −π/6
(6.8)
re =
e
.
3
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7. Numerical Experiments
The example simulates a transient problem with an imposed well flow rate, and
the wellbore pressure and the field pressure in the vicinity of the well have analytical
solutions [5]. An isolated well is located in the center of a large domain with a size
of 13,500 ft in the x1 - and x2 -directions. The rock and fluid properties are given in
Table 7.1.

Fig. 7.1. Base triangles and control volumes.

The standard finite element method on triangles and control volume finite element method are used in the numerical well modeling (see Sections 4.1 and 5.1). In
these two cases, the well model is given by (4.7). A local refinement with a refined
area of 19,627.7 ft2 is employed; see Fig. 7.1, where a two-level refinement is shown.
One of the advantages using triangular elements is that local uniform grids in the
vicinity of the well can be used. The comparisons between the numerical pressure
ph and the analytical pressure p at r = rw are shown in Table 7.2 from which we
see that the absolute error on the pressure computation is less than 0.01, which
shows the accuracy of the numerical model.
Table 7.1. Parameters for a reservoir
Item
q
µ
k
h3
co
cR
φ
p0
rw
x1max
x2max
h
A

Description
Oil production rate
Oil viscosity
Permeability
Thickness
Oil compressibility (i.e., cf )
Rock compressibility
Porosity
Initial pressure
Radius of wellbore
Length in the x1 -direction
Length in the x2 -direction
Length of triangles used in simulation
Local refinement area near wellbore

Unit
STB/D
cp
md
ft
1/psi
1/psi
fraction
psia
ft
ft
ft
ft
ft2

Table 7.2. The pressure comparison at r = rw .

Value
300
1.06
300
100
0.00001
0.000004
0.2
3,600
0.1875
13,500
13,500
300
19,627.7

WELL FLOW MODELS FOR VARIOUS NUMERICAL METHODS

Time
days
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.5
2.0
2.5
3.0
4.0

Time
sec
8,640
17,280
25,920
34,560
43,200
51,840
60,480
69,120
77,760
86,400
129,600
172,800
216,000
259,200
345,600

r2 /(4tχ)
×10−8
13.740
6.870
4.580
3.435
2.748
2.290
1.963
1.718
1.527
1.374
0.916
0.687
0.550
0.458
0.344

ph
psia
3,596.32
3,595.47
3,595.07
3,594.80
3,594.60
3,594.45
3,594.31
3,594.20
3,594.10
3,594.01
3,593.69
3,593.46
3,593.28
3,593.13
3,592.90

p
psia
3,596.32
3,595.46
3,595.06
3,594.80
3,594.60
3,594.44
3,594.31
3,594.19
3,594.09
3,594.01
3,593.68
3,593.45
3,593.27
3,593.12
3,593.90
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ph − p
psia
0.00
0.01
0.01
0.00
0.00
0.01
0.00
0.01
0.01
0.00
0.01
0.01
0.01
0.01
0.00
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