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L? NORM EQUIVALENT A POSTERIORI ERROR ESTIMATE
FOR A CONSTRAINED OPTIMAL CONTROL PROBLEM

LIANG GE, WENBIN LIU, AND DANPING YANG

Abstract. Adaptive finite element approximation for a constrained optimal
control problem is studied. A posteriori error estimators equivalent to the L2
norm of the approximation error are derived both for the state and the control
approximation, which are particularly suitable for an adaptive multi-mesh finite
element scheme and applications where L2 error is more important. The error

estimators are then implemented and tested with promising numerical results.
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1. Introduction

There has been so extensive research on developing adaptive finite element algo-
rithms for PDEs in the scientific literature that it is simply impossible to give
even a very brief review here. Recently, there has been intensive research in
adaptive finite element methods for optimal control problems, see, for example,
[2, 3, 4, 6, 8,9, 12, 15, 16, 18]. Particularly a posteriori error estimates equivalent
to the energy norm of the approximation error were derived for several types of op-
timal control problems. Furthermore it has been found that for constrained control
problems, different adaptive meshes are often needed for the control and the states,
see [10]. Using different adaptive meshes for the control and the state allows very
coarse meshes to be used in solving the state and co-state equations. Thus much
computational work can be saved since one of the major computational loads in
computing optimal control is to solve the state and co-state equations repeatedly.
This will be also seen from our numerical experiments in Section 4.

Although a posteriori error estimates equivalent to the H' norm of the approx-
imation error (to be called H! norm equivalent a posteriori error estimates) have
been derived for several elliptic optimal control problems, see [8, 9, 10], both for
the control constraints of obstacle types and integral types, there seems no existing
work on L? norm equivalent a posteriori error estimates, which are equivalent to
the L? norm of the approximation error, although some upper bounds were derived
using the L? norm for the control constraint of an obstacle type, see [10, 16]. It does
not seem a trivial problem whether and how some lower bounds can be derived via
the L? norm, although it seemed possible to adapt the existing duality techniques
to derive upper bounds. In many engineering applications, one cares more about
averaging values of the control and the states. In these cases, it seems to be more
natural to use the L2-norm of the approximation error as the stopping criteria in
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computations. Thus L? equivalent error indicators seem to be quite useful. Error
indicators based on the L? norm error bounds tend to produce less over-reinterment
in such cases.

The purpose of this article is to investigate indicators that are equivalent to the
L? norm of the approximation error for a constrained optimal control problem,
where the control constraint is of an integral type. This control problem was stud-
ied in [8, 9], where H! norm equivalent a posteriori error estimates were derived.
We derived L? norm equivalent a posteriori error estimators, which allow different
meshes to be used for the stats and the control. Then we performed some numerical
tests to confirm the effectiveness of the error estimators.

The plan of the paper is as follows. In Section 2, we will construct the finite
element approximation for the distributed optimal control problem. In Section
3, the a posteriori error estimators equivalent in the L? norm are derived for the
control problem. Finally numerical test results are presented in Section 4.

2. Optimal control problem and its finite element approximation

Let © be a bounded open set in R? (1 < d < 3) with the Lipschitz boundary
99Q. We adopt the standard notation W14(Q) for Sobolev spaces on  with norm
| - [[wi.ao) and seminorm | - [yy1.q(q) for 1 < ¢ < co. We set W) = {w e
Wha() : wlag = 0} and denote W12(Q) (Wy*()) by HY(Q) (H{(€)). In the
rest of the paper, we will take the state space V = H}(Q) and the control space
U = L?(2). Other cases can be considered similarly. Let the observation space Y =
L?(£2). We investigate the following distributed convex optimal control problem:

1 1
2.1 in — —ya)?+ = 2
(2.1) g$2L@ w)+2Au,
_Ay:f+u inQa y|69207

where K = {v | v e L*(Q), [,v >0} is a closed convex set. We first give a weak
formula for the state equation. Let

aly,w) = / Vy-Vw, VyweV
Q
and
(u,v) = / wv, YV ou,ve L*(Q).
Q
It follows that

(2.2) allylly < aly,y), laly,w) < Mlyllviwly, VYyweV,

where 0 < o« < M < oo are positive constants. With these notions the standard
weak formula for the state equation reads: find y € V' such that

(2.3) aly,w) = (f +u,w), Ywe HHRQ).
Then the mentioned-above control problem can be restated as follows:
1 2 1 / 2}
min § — — + = u” o,
(2.4) (OCP): { uek {5 /Q(y val 3 J,
aly,w) = (f +u,w), Vwel

It follows from [14] that the control problem (OCP) has a unique solution (y, u).
Furthermore a pair (y,u) is the solution of (OCP) iff there is a co-state p € V such
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that the triplet (y,p,u) satisfies the following optimality conditions:
a(y,w) = (f+u,w), Vwey,

(2.5) (OCP-OPT) : a(g,p) = (¥ —va,q), YqeV,

(u+pv—u)>0, Vvek.

Let us consider the finite element approximation of the control problem (OCP).
Here we consider only the conforming d-simplex elements. For simplicity, we assume
that 2 is a polygonal domain. Let 7" be a triangulation  into disjoint regular
d-simplices 7, so that Q = U,epn T - Each element has at most one face on 09,
and 7 and 7' have either only one common vertex or a whole edge or face if 7 and
e Th.

Associated with T" is a finite dimensional subspace S" of C(Q2), such that x|,
are polynomials of m-degree (m > 1) for each Y € S" and 7 € T". Let V* =
Sh N HL(Q). Tt is easy to see that V C V.

Let T} be another triangulation of €2 into disjoint regular d-simplices 777, so that
Q= UrUeT{; Ty. Assume that 7y and 7, have either only one common vertex or a

whole face or are disjoint if 7 and 7{; € Tﬁ.

Associated with T/ is another finite dimensional subspace U" of L?(f2), such
that x|, are polynomials of r-degree (r > 0) for each x € W and 7y € T} An
optimal control of a constrained problem normally has lower regularity so that we
shall use discontinuous base functions to approximate the control. Hence there is
no requirement for continuity of the functions in U".

Let hr (hr,) denote the maximum diameter of the element 7 (/) in T" (T}).
Define the discrete constraint set as

(2.6) K" = {u, e U": /Quh > 0}.

Then a possible finite element approximation of (OCP), which will be labeled as

(OCP)", reads:
1 N
u?élz?h{z/ﬂ(y" va)” + 2/9“’1}’

a(yn, wn) = (f +un,wp), YV w, €V

(2.7) (OCP)" :

s = [ =+ 3 [ ) = [ )+ g [ o

where yy,(up) € VP is given by
alyn(un),wy) = (un, wy), Y w, €V
Then the reduced problems of (2.4) and (2.7) read: u € K such that
(2.8) J(u) = min{J(v)},
and up, € K" such that

(2.9) Ju(un) = min {Jn(on)},
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respectively. Since this is a linear control problem, the reduced objective function
is convex. Furthermore J(-) is uniformly convex in the sense that there is a ¢ > 0,
independent of h, such that

(2.10) (J'(w) = J'(v),u = v) = cllu = v[Z2q),
where u,v € U. It follows that the control problem (OCP)” has a unique solution
(yn,un). Furthermore, a pair (yn,un) € V* x UM is the solution of (OCP)" iff

there is a co-state p, € V" such that the triplet (yp,pn,un) satisfies the following
optimality conditions, which shall be labeled as (OCP-OPT)":

a(yn, wn) = (f + up,wp), Y wp €V
(2.11) (OCP-OPT)" : alqn.pn) = (Yo — Ya-qn), YV an € V",

(up + pn,vn —up) >0, Yo, € KM

For the last variational inequality in (2.11) we have the following conclusion,
which was proved in [8, 9] but for the readers’ convenience we include it here:

Lemma 2.1. Assume pp, is known in the variational inequality of (2.11). The
solution of the variational inequality in (2.11) is

(2.12) up = Ph(—ph +max{0,p_h}), Dh = ffplhv
Q

where Py, is the L%-projection from L2()) to U".

Proof. The proof is divided into two steps. We will prove u;, € K" at the first
step, and then prove uy is the solution of the variational inequality at the second
step.

Step 1. Let Py, be the L2-projection from L?(Q) to U". For any v € U, we have

/Q(th —0)p=0, YoeU
Since ¢ =1 € U" such that
[ [P+ max(0,70) = (=i + max{0. )] =0,
hence
/ up = / (=pn +max{0,pr}) = — / prn+ [ max{0,pn} > 0.
Q Q Q Q

Thus up, € K"
Step 2. Noting that for each v, € K",

/ (un + ) (0 — wp) = / [P(—pn + max{0,7}) — (—pn + max{0,pi})
Q Q

+ max{0,pr}] (v — un) = /Qmax{O,p_h}(vh — up).
we see that if py, < 0 then
[+ i)t =) =0,
and that if p;, > 0 then
/Q(Uh + pn)(vn —un) =0,
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since / up = / (—pn + max{0,pr}) = 0 and / vp > 0.

Q Q Q
Therefore it has been shown that uy is the solution of the variational inequality
n (2.11). W

3. L? norm equivalent a posteriori error estimators

Adaptive finite element approximation has been found very useful in computing
optimal control, as mentioned in the introduction. It uses an a posteriori error
indicator to guide the mesh refinement procedure. Adaptive finite element approx-
imation refines only the area where the error indicator is larger, so that a higher
density of nodes is distributed over the area where the solution is difficult to approx-
imate. In this section, we will derive an upper bound estimate of error in L?-norm,
and then show that it also is a lower bound. In addition, ¢ or C' denotes a general
positive constant independent of h and hy.

3.1. Upper bound estimate in L? norm. The following theorem is one of our
main results, which gives an upper bound for the approximation error in L? norm.

Theorem 3.1. Assume that Q is a convexr domain. Let (y,u) and (yn,up) be
the solutions of (OCP) and (OCP)", and p and py, be the solutions of the co-state
equations (2.5) and (2.11) respectively. Then,

(3.1) lu = unllZ20y + 1y = wnll 7o) + 1P — pallZ20) < sza

where the error indicators n1, N2 and n3 are given by

= Z/ (—Pupn + pn)?,
TU U

(3.2) m = Z h4/ Yn — ya + div(Vpp)) Z /hl (Vpp, - n)]
TETH 1NoQ=0
W§:2h4/f+uh+dznyh Z /hl (Vyp - n)]

TETH 1N9N=0

where Py, is the L?-projection from L?(Q) to U", 1 is a face of an element 7, [Vpy-n)]
and [(Vyp - n)] are the normal derivative jumps over the interior face l, defined by

[(Vpr - n)li = (Vpnlrp — Vpnl-2) - n,
[(Vyn )l = (Vynlzr — Vyrlrz) -,

where n is the unit normal vector on | = 7} N7} outwards T}, hy is the mazimum
diameter of the face .

(3.3)

In order to prove Theorem 3.1, we need the following important lemmas.

Lemma 3.1. [5] Let w, be the standard Lagrange interpolation operator. For
m=0or1,q>% and each v € W>(Q),

(34) |’U — 7Th’U|Wm,q(Q) S Ch2_m|’U|W2,q(Q).

Lemma 3.2. Let 7, be the average interpolation operator defined in [17]. For
m=0orl,1<gq<o0 and each v € WH1(Q),

(35) |’U — ﬁhv|Wm,q(T) < Z Ch}._m|U|W1’q(7—/)-
FOFAD



340 L. GE, W. B. LIU, AND D. P. YANG
Lemma 3.3. [11] For each v € W4(Q), 1 < ¢ < oo,

_1 1—1
(3.6) [v]lwo.a(ar) < C(hr Hollwoacry + he * |U|W1,q(7)).

Let J(-) and Jp(-) be as before, and p(up) be the solution of the following aux-
iliary equation:

(8.7) alq. p(un)) = (y(un) = ya:a)s Vg€ V.

{a(y(uh)vw) =(f+tun,w), YVwey,
It can be shown that
(J'(u),v) = (u+p,v), Yvel,
(J (up),v) = (up + plup),v), YoeU
and
(Jp(un),vn) = (up + pryvn), ¥V op € UM

Then we need to prove two lemmas. In Lemma 3.4, we derive the error bound
for uw — up,.

Lemma 3.4. Let u and up, be the solutions of (2.8) and (2.9) respectively. Then,

(55) =y < OF + lpn = plun) 22y

where pp, and p(up) are the solutions of equations (2.11) and (3.7) respectively.
Proof. Tt follows from (2.10) that

cllu—unllr20) < (J'(w),w —un) — (J'(un), u — un)

(3.9) < —(J"(un),w —un) = (Jp(un), un — u) + (J (un) = J'(un), w — up)
- Uhiglf(h(J,'L(uh), vp —u) + (J7, (up) — I (up), w — up).

It is clear that

(3.10) (J5, (un),vn, — u) = (up + ph, vh — u).

Noting that /

vZOand/th—v:()forallveK,wehave
Q Q

/ Pyv >0,
Q

which means P,v € K". So we can take v;, = Pyu in equality (3.10). Then from
Lemma 2.1, we have

(un + pn, Pru—u) = Z/ (=Pnpn +max(0,Pr) + pn)(Pru — u).
TU U
Since / (Ppu — u) = 0, hence
TU

(un + ph, Pru —u) = Z/ (= Pupn + pn) (Pru — u).
v YU
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Noting that Prup = up , we have

Z/ (=Prpn + pn)(Pru — u)

(3.11) = Z/TU(—Phph + pn) (Pr(u — up) — (u—up))

C
< CZ/ (=Pupn +pn)* + gHU —upll 20,
Ty YU
which leads to
3.12)  llu—unllf2gq) < CZ/ (—Pupn +pn)* + (i (un) — J'(un), u — up).
Ty YU

It follows from the formulas of J' and J; that

(Jp(un) = T (un), v = un) = (pn — p(un), w — un)
(3:13) < Clipn — plun)||72(q) + g”“h — ul|72q)-
Substituting (3.13) into (3.12) results in (3.8). W

Lemma 3.5. Assume that Q is a convexr domain. Let (yn,pn) and (y(up), p(up))
be the solutions of (2.11) and (8.7) respectively. Then,

(3.14) lyn — y(un)l320) + on — P(un)|3200) < C3 +n3)-
Proof. We need an a priori regular estimate for the following auxiliary problem:
(3.15) —div(VE) =g inQ, Elogg =0.

It is well-known that £ € H?(Q) () H () such that

1€l 220 < CllgllL2(o)-

Firstly, we estimate [lyn — y(un)||z2(). Let § be the solution of (3.15) with
g = y(up) — yn and & be the average interpolation of ¢ defined in Lemma 2.1.
Applying the well known residual technique ( see, e.g., [5] and [17] ), from equations
(2.11), (3.7) and Lemmas 3.1 and 3.2, we derive that

ly(en) — v 2oy = ((un) — g, —div(VE))
= (V(y(un) —yn), V(& = &1)) + (V(y(un) — yn), VEr)
= / (f + un + div(Vyn)) (€ — &1)

reTh” 7

-3 [ et - enis

TeT

< C( > hi/T(f+uh+diu(Vyh))2

TeTh

1/2
+ 3 [0 ol) el

INoQ=0

< C( > hi/T(f+uh+dw(Vyh))2

TeTh

1
b3 nE [T ) + Sl - e
noa=p 7!
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Hence,

(3.16) ly(un) = ynll72(0y < Cns-

Next we estimate ||p(un) — pnllz2(q)- Let € be the solution of (3.15) with g =
p(up) — pn, and & = € € V" be the standard Lagrange interpolation of &. Then

Ip(un) = prllt2(a) = (p(un) — ph, —div(VE))
= (V(p(un) — pn), V(€ = &) + (V(p(un) — pn), VEr)
> / (un) — ya + div(Vpp))(€ = &)

TeTh

- > [V nl(e— ends + wlun) o)

1NON=0

> [ - a+ div(Vm)e - )

TETH

-2 /Vph n)(§ = &r)ds + (y(un) — yn, §)

1N9N=0
1/2
<C’(Zh4/yh—yd+deph Z hl/Vph n]?
rETh INOQ=0
(Xowt [l-ab+ X 0 [le-af)
TETh INON=0

+ Cllyn — y(un)llL2@ Il 220

<C{Zh4/yh—yd+deph Z hg/vph'n]Q

TETh INON=0

1
o = y(n) [Fey | + 5 1Pn) = pall3acoy.

Thus
i) = ooy < C{ 3 b2 [ (on = v+ div(Tpn))?
(3.17) Tt
+ X [V = ) )
INoN=0
As a result, it follows from (3.17) and (3.16) that
(3.18) Ipr = plun) 2y < C{n8 +n3 }-

The proof of Lemma 3.5 is completed. W
Now we can prove Theorem 3.1.

Proof of Theorem 3.1. It follows from Lemmas 3.4 and 3.5 that
3

(3.19) = unllZ2(0) + llpn — p(un)1Z20) + lyn — y(un)ll72(q) < CZ”%'
=1

Noting that
(3.20) lyn = yll2() < llyn — y(un)llzz) + [ly(un) = yliz2 (),
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(3.21) P = pllr2) < llpn — p(un)llL2(0) + llp(un) = pllL2(@),
and
(3.22) 1P = p(un)172eq) + Iy — y(un)l 20y < Cllu = unll72 (o),

we then derive (3.1) from (3.19)-(3.22). &

3.2. Lower bound estimate in L? norm. Now we are in the position of deriving
a posteriori lower bounds. That is to show the derived estimators in the above
theorem are in fact equivalent in the sense that there are two constants C' > ¢ > 0
such that

3 3
CZW? —ce® < |lu—unlZ20) + 1y = wnll72(q) + 1P = PrllZ20) < 02771‘27
i=1 =1

where € is of higher order. The following theorem confirms this result.

Theorem 3.2. Let (y,u) and (yn,un) be the solutions of (OCP) and (OCP)*,
and p and py, be the solutions of the co-state equations (2.5) and (2.11) respectively.
Then,

w

(3.23) Zﬁf < O{Hu —uplF20) + 1y = ynll720) + 10— Pall2) + 62}a
i=1
where 1;, 1 = 1,2,3, are defined in Theorem 3.1 and
e = e% + eg

associated with
(3.24) G= 3 [ Hon i G ~7)"
reTh VT

and
(3.25) = /hi(f—f|7)2,
reTh T

v
-

v
It is clear that e is of higher order. The proof of Theorem 3.2 is completed by
the following lemmas.

Lemma 3.6. Let (y,u) and (yn,usn) be the solutions of (OCP) and (OCP)*, and p
and py, be the solutions of the co-state equations (2.5) and (2.11) respectively. Then,

(3.26) it < C{lu = wnllFaga + Ip = aliacey }

where 11 is defined in Theorem 3.1.

where |, is the integral average value of v on the element T such that |, =

Proof. Tt is easily seen that

Z/ (=Pupn +p1)* = Z/ (ph — Prpn)(pr —p +p — Pup + Pop — Pupn)
U TU v YU

1
< Z/ (b = Prpn)(p = Prp) + 3 Z/ (pr = Pupn)? + Clipn = pll72(0)-
TU TU U TU

Since u + p = max(0,p) = const, hence

Pu(u+p) =u+p,
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such that
Z / (ph — Pupn)(p — Pup)
v YU
:Z/ (Pr — Prpn)(p +u — Pu(p +u) + Pou —u)
v Y TU
= Z/ (Pn — Prpn)(Pr(u — up) — (u—up))
v Y TU
1
<33 [ tn = P+ Cllu = wnliacay
v YTU
Therefore,

n < C’{Hu - Uh||%2(gz) +lp —ph”%mz)}-
This is (3.26). W

Then we prove the following lemmas by modifying the standard bubble function
technique as in [1, 19].

Lemma 3.7. Let (y,u) and (yn,un) be the solutions of (OCP) and (OCP)", and p
and py, be the solutions of the co-state equations (2.5) and (2.11) respectively. Then,

21 3 ht [ (= vat div(Vp))? < C{lp= palaoy + ly = wnliiace) + 4}
TeTh T

Proof. Following the idea in the standard bubble function technique ( see [1, 19]
), we indicate with b, the standard third order polynomial bubble on 7 scaled such
that b, = A AaA3, where {A1, A2, A3} denote the barycentric coordinates on 7. Let

(3.28) wy = c1(div(Vpn) + (yn — ya)|-)b,

where ¢; = |7|/ / b2 is a constant. From the standard scaling arguments it is not
difficult to show that

ol = [ Aiv ) + G = wall- Vot

(3.29) T
<er [ (div(Vpn) + T = wlo)*

T

On the other hand, since A\ AxA3 = 0 on 97, then
wr|or = c1(div(Vpn) + yn — ya)(MA2rs3)?[o- = 0.

Furthermore, we also have
(330) Vw;, =2c1 (div(Vph) + yn — yd)()\l)\Q)\g)V()\l/\Q/\g

So we know w, € H3(7). By using the inverse property of the bubble functions, (
see [1, 19] ), we derive

(3.31) i < O [ fur(r)P

Let 7 be a reference element and X = F,(x) = B,;x + b, be an affine map from 7
onto 7 and set @ = w o F.~}(X). Then we have

wrliacr = [ 10 @)Pldet ).

T

=0.

|67’ )|87'
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Since @, € HZ(T) due to w, € HZ(7), by using Poincare inequality, we have
/ |- (R)*detB~ < C Y [ D@, (R)|?|det B
la|=2""T
such that
(3.32) wr |72y < Ohzlwe |32 sy
So we obtain
(3.33) ch?|lwr | 2y < lwrlg2(ry < Ch72|Jwe || 2y, V7T
By use of the bubble function w,, (3.29) and (3.33), we have

/ hE(div(Vpr) + (yn — ya)|-)?

T

- / h(div(Vpn) + (yn — ya)l-)w-

T

= / h3(div(Vpn) + yn — ya)wr

T

+ / B2 (—(yn — ya) + (Yn — Ya)|-)ws

T

= / KA (div(Vpn) + yn — ya — div(Vp) — (y — ya))w,

T

+ / B (—(yn — ya) + (Yn — Ya)|-)ws

T

:/hiV(p—ph)-Vw-,—-i-/h;l—(yh_y)w‘r

T T

+/hﬁ(—(yh—yd)+(yh—yd)| Jwr

T

_ / W (pn — p)Aws + [ B (yn — y)w,

T T

+ / W (= (yn — ya) + (yn — ya) |- )ws

< (llp = a3z + lln = 3
- 1/2
+ [ B n = ) + T =l ?)
4 2 8 2 1/2
o ([ Ay A My
< Ch3||wr||L2(T)(Hp — pull T2y + lun — yllZo(r)
4 — 12\ /2
+ / hy (= (yn — ya) + (yn — ya)l-) )
2 2
< C(llp = palldary + llvn = ylldacr

+ [ B4 Gn = ) + T = )l ?)

. —
+ -l div(Vpn) + (yn — ya)lrllZz(r),



346 L. GE, W. B. LIU, AND D. P. YANG
which lead to
/ HA(div(Vn) + n — ga)le)’
j

<C(llp = palliacr + Iy = vl + [ blon = o~ Ton = wl-?)

T

such that
/ WA (div(Vpn) + v — yal)?

< 2(/hﬁ(dz‘v(Vph) + (yn — ya)lr)? + / Rr(yn — Ya — (yn — yd)|7')2)

< C (o= palltacr + Iy = waliacr + [ Wn —va — (77 - 70)°).
This ends the proof of lemma 3.7. W
Lemma 3.8. Let (y,u) and (yn,un) be the solutions of (OCP) and (OCP)", and p

and py, be the solutions of the co-state equations (2.5) and (2.11) respectively. Then,

(3.34) > /lh?[(Vph -n)]2 < C{llp = prllZz0) + Iy = ynllizi0) + 31
INON=0

Proof. We need to introduce new bubble functions. Let b; be the four order
polynomial for [, where [ = 01 N O7, see Figure 1, as follows:

0

FIGURE 1. triangle 71 U T

Define
z y 1
X yl 1
~ T 1
o = 2 Y2
To Yo 1 To Yo 1

1 oy 1|4+ @ y2 1
X9 Y2 1 I3 Y3 1
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zo Yo 1
X yl 1
:\\2 _ z y 1
zo Yo 1 zo Yo 1
1y 1|+ @ y2 1
x2 Y2 1 xz ys 1
z y 1
x2 y2 1
Xé) _ z3 ys 1
zo Yo 1 zo Yo 1
r1 Y1 1|+ 22 Y2 1
x2 Y2 1 x3 ys 1
To Yo 1
z y 1
Xé _ x3 y3 1
xo Yo 1 xo Yo 1
r1 Y1 1|4+ 22 Y2 1
X9 Y2 1 I3 Y3 1
and
/):0/):2}\\6/\/2, 71 U 7o,
b =
O, Q\Tl U T2.
Introduce the new bubble function:
(3.35) w; = 4 [(Vpn -m)bi, ¢ = Jil

1= T 19
Jivt
Following the standard scaling arguments, it is not difficult to show that

(3.36) ey = [ *(Tmn - mPb <, [Tl
Let w; = 71 U 7. Since :\\0:\\2:\\65\\’2 = 0 on Jw;, we have
8wl 8wl
3.37 =—=—=0 0
( ) w 8m 881 ’ on gwt;

where n; and s; are the unit vector normal to dw; outwards w; and the tangent
vector along dww;. So we have w; € HZ(w;). Similarly, from the standard scaling
arguments, it is easily shown that

1
(3.38) lwill£2(ryure) < ChE w2
and
(3.39) chy ?|lwill L2 um) < il g2(rur) < ChE 2 lwill L2 (ryurs)-

By use of the bubble function wy, (3.36), (3.38) and (3.39), we have
J A i
! l
— [ (7m0 = (Vo
!

— / W (Vi - ) — (Vp- n)w
8Tl1U8‘rl2
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o

1 )+2
Ty UT;

O TR
Tll UTL2

< C(lIpn = Pllzzrums) + lyn = ylizrom)

V(pn —p) - Vw, + / h?div(V(ph —p))wy

1.2
i 1 YT

hi(p — pn)Aw; + / hi (div(Vpn) + yn — yYa)wr

1 )+2
T UT;

+ 1A (div(Vpn) + v = ya)ll 2 )
(Tl 2msy + b ol )

< O Junlza (In = Pllzecriom) + o = ollz2omy
+ IR (div(Vpn) + v = ya)ll 2 )

< C(llpn = Pl a(rsimy + lvn = U32r,0m)

. 1
+/ h?(dZU(VPh) +yn — yd)2> + 5 /h?(Vph . ’rLl)Q.
T1UT2 l

Hence,
(3.40)
Z /h3 Vpr - n))
INo=0
WWFMWWme+Z/ (div(Vpn) + yn = ya)? }-
TeTh

Applying (3.27) into (3.40) leads to (3.34). W

As a corollary of Lemmas 3.7 and 3.8 , we have

Lemma 3.9. Let (y,u) and (yn,un) be the solutions of (OCP) and (OCP)*, and p
and pp, be the solutions of the co-state equations (2.5) and (2.11) respectively. Then,

(3.41) 1 < C{llp = pnl3ae) + Iy = w30 + 3 }-

Similarly, we can prove the following lower bound estimate for 7.

Lemma 3.10. Let (y,u) and (yn,un) be the solutions of (OCP) and (OCP)", and
p and pp, be the solutions of the co-state equations (2.5) and (2.11) respectively.
Then,

(3.42) 1 < O{lly = wnllfeqe + llu —unllfee + 6 ).

where n3 and €3 are defined in Theorem 3.1.

Then Theorem 3.2 follows from Lemmas 3.6, 3.9 and 3.10.



L? A POSTERIORI ERROR FOR OPTIMAL CONTROL 349

4. Numerical Experiments

In this section, we carry out some numerical experiments to demonstrate the a
posteriori error estimators developed in Section 3. We wish to emphasize that the
main purpose of this paper is to compute the optimal control effectively, not the
states. In these cases, L? error of the control and states is more important than
their H! error. We consider the following control problem on = (0,1)?:

min%/(y—y@%ﬂx—l—%/(u—u0)2d:c

(4.1) @ @

st. —Ay=u+f, /uZO.
Q

To solve the optimal control numerically, we used the following iterations:

ALGORITHM.  Give an initial control ug € K" Then for k =0,1,2,------ ,
seek (“fw y,’j,p’,j) e VI x Vi x U, in iteration, such that

a(yfliawh) = (.f + uﬁilvwh); v Wh € Vha

(42) a(qhvpﬁ) = (yl}j - ydaqh)v v qn € Vha

(u’,j —I—pfl,vh - uﬁ) >0, Yu,eK"
The last inequality was solved by the explicit formula:
UZ = —Phpﬁ + max {O,p_ﬁ},
where P, is the L%-projection from L2() to U".

The proof of convergence of the iteration can be found in [10].

We performed two different examples. In Example 1, the optimal control is
smooth, so the adaptivity will not contribute greatly to the computation savings.
But it is clear that the multi-meshes still save much computational work. In Exam-
ple 2 we compare effectiveness of different error estimators. We use the indicators
given in [9], which is equivalent in energy norm, and the indicators derived in
Section 3.

In computing these examples, we used the software package: AFEpack, see [12]
for the details.

Example 1. In the first example, the data and solutions are:

ylon = 0
p = sin7wx)sinmrs
uyg = 0
(4.3) v = max(p,0) —p
ya = 0 A
fo= dn'pt+p- =
s
y = 2m°p+ya

In Example 1, the state and co-state are approximated by the piecewise linear
elements, while piecewise constant elements are used to approximate the control.
We compute Example 1 on a uniform mesh and an adaptive mesh respectively. Two
numerical experiments with different numbers of nodes are performed. Numerical
results are presented in Tables 1-2 respectively. In Tables 1-2, the mesh information
is displayed with L? approximation errors for the control and the states.
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TABLE 1. Piecewise constant element approximation for control

u, y, p on uniform mesh u,y,p on adaptive mesh

u Y p u Y p
# nodes 24993 24993 24993 24991 3737 3737
L? error || 3.112e-03 | 5.862e-04 | 5.822¢-05 || 3.091e-03 | 6.274e-03 | 6.050e-04

TABLE 2. Piecewise constant element approximation for control

u, y, p on uniform mesh u,y,p on adaptive mesh

u Y p u Y p
# nodes || 131713 131713 131713 122157 6362 6362
L? error || 1.404e-03 | 1.108e-04 | 1.087¢-05 || 1.402e-03 | 3.757¢-03 | 3.533e-04

In this example, the optimal control is quite smooth so that there was no much
difference in using either the uniform or adaptive meshes to approximate the control.
However the multiple meshes can still save much computational work in this case.
In fact it can be clearly seen that on the multiple adaptive meshes one may use
10 times fewer degree of freedoms(DOFs) in the state variables to produce a given
L? control error reduction. Since the main computational loads in solving the
control problem come from repeatedly solving the state and the co-state equations,
substantial computing work is thus saved. It is important to note that if one used
just one set of adaptive meshes, then much more degree of freedoms has to be used
for solving the state and the costate.

As mentioned in Introduction, the indicators equivalent in H' norm may pro-
duce over-refinement when the L? norm of the approximation error is used as the
stopping criteria, although this is not always visible. In the following example, we
try to illustrate this by using the H' equivalent indicator derived in [9] and the
L? equivalent indicator derived here. The control problem in Example 2 is almost
identical to that of [9], except that here the costate p was multiplied by a factor
of 10. Without this factor, both indicators perform similarly and lead to similar
meshes both for the control and the states. With the multiplier, the difference of
the performance of the two indicators can be clearly seen from the results below:

Example 2. In the second example, the data and solutions are:

0.5, xz1+z2>1.0,

z =
O, I1+I2§1.0,

p = Q(sinwr;sinmxsy ,

(4.4) uy = 1.O—sinw—xl—sin%v2+z,
u = max(p—1up,0)+u—p,
vya = 0,
fo= dr'p—u,
y = 2r°p+ya.

where 3 is a positive constant given late. In this case, the control is discontinuous
so that it has much weaker global regularity than co-state.
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In Example 2, the state and co-state are approximated by the conforming piece-
wise linear elements, while the piecewise discontinuous linear elements are used to
approximate the control. We compute Example 2 on two different adaptive meshes,
one is produced by the indicators given in [9], and another is produced by the indi-
cators given in this article. We consider two cases of 3 = 0.5 and 8 = 5. In every
case, two numerical experiments with different numbers of nodes are performed.
Numerical results are presented in Tables 3-4 and 5-6 respectively, in which, the
mesh information is displayed with L? approximation errors for the control and the
state.

TABLE 3. Piecewise linear element approximation for control with
B8=0.5

u, Yy, p on adaptive mesh
produced by the indicators

u, Yy, p on adaptive mesh
produced by the indicators

in [9] in this article
u y P u y P
# nodes 4693 1542 1542 4847 o917 o17
L? error || 9.799e-03 | 8.562¢-03 | 8.024e-04 || 9.797e-03 | 1.548e-02 | 1.523e-03

TABLE 4. Piecewise linear element approximation for control with
B8=0.5

u, Yy, p on adaptive mesh
produced by the indicators

u,y, p on adaptive mesh
produced by the indicators

in [9] in this article
u y p u y P
# nodes 16156 5597 5597 16067 1939 1939
L? error || 4.826e-03 | 2.393e-03 | 2.252e-04 || 4.817e-03 | 3.979¢-03 | 3.892e-04

From Tables 3-4, we see that the numbers of nodes of meshes produced by
indicators given in [9] for the states is more triple of ones by the adaptive indicators
given in this article. Further, we investigate the case of § = 5.

TABLE 5. Piecewise linear element approximation for control with

8=5
u, Yy, p on adaptive mesh u,y, p on adaptive mesh
produced by the indicators produced by the indicators
in [9] in this article
u Yy p u Yy p
# nodes 3720 17105 17105 4159 1939 1939
L? error || 1.420e-02 | 1.472¢-02 | 1.336e-03 || 1.417e-02 | 3.973e-02 | 3.889¢-03
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TABLE 6. Piecewise linear element approximation for control with

8=5
u, Yy, p on adaptive mesh u,y, p on adaptive mesh
produced by the indicators produced by the indicators
in [9] in this article
u y p u y p
# nodes 10562 18385 18385 11701 1939 1939
L? error || 7.567e-03 | 1.446e-02 | 1.306e-03 || 7.554e-03 | 3.973e-02 | 3.889e-03

From Tables 5-6, we see that the numbers of nodes of meshes produced by
indicators given in [9] for the states become almost ten-multiple of ones by the
adaptive indicators given in this article. These numerical results show that the
indicator derived here performs better than that in [9].

FiGURE 2. The adaptive meshes for the state and co-state with
different indicators

Figure 2 displays the adaptive meshes of the state and co-state in Table 5. The
left mesh is produced by using the indicators derived in [9], and the right mesh is
produced by using the adaptive indicators derived in this article. It was found that
the adaptive meshes guided by the indicators in Section 3 can further reduce the
DOFs to produce a given L2 control error reduction as shown in Table 5 and Table
6. So we can see that the new indicator is more suitable for the application where
the L?-error is more important.
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