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MULTISCALE ASYMPTOTIC METHOD FOR HEAT TRANSFER

EQUATIONS IN LATTICE-TYPE STRUCTURES

FANG-MAN ZHAI AND LI-QUN CAO

Abstract. In this paper, we discuss the initial-boundary value problem for the

heat transfer equation in lattice-type structures that arises from the aerospace

industry and the structural engineering. The main results obtained in this pa-

per are the convergence theorems by using the homogenization method and

the multiscale asymptotic method (see Theorems 2.1 and 2.2). Some numer-

ical examples are given for three types of lattice structures. These numerical

results suggest that the first-order multiscale method should be a better choice

compared with the homogenization method and the second-order multiscale

method for solving the heat transfer equations in lattice-type structures.

Key Words. homogenization, multiscale asymptotic expansion, parabolic

equation, lattice-type structure, multiscale finite element method.

1. Introduction

In this paper, we consider the initial-boundary value problem for second order
parabolic equations with rapidly oscillating coefficients as follows

(1)



























∂uεδ(x, t)
∂t − ∂

∂xi

(

aij(xε , t)
∂uεδ(x, t)
∂xj

)

= f(x, t), (x, t) ∈ Ωεδ × (0, T )

uεδ(x, t) = g(x, t), (x, t) ∈ ∂Ω × (0, T )

νiaij(xε , t)
∂uεδ

∂xj
= 0, (x, t) ∈ ∂Tεδ × (0, T )

uεδ(x, 0) = ū0(x),

where f(x, t), g(x, t), ū0(x) are some known functions. We follow Cioranescu’s
notation (see [6], p.74) by denoting Ωεδ = Ω \ T εδ the perforated domain, where Ω
is a bounded domain of Rn, n ≥ 2, Tεδ = τ(εTδ) is the set of all translated images
of εTδ of the form ε(z + Tδ), z = (z1, · · · , zn) ∈ Zn, Tδ = Y \ Yδ, Y = (0, 1)n. Here
Yδ is a lattice structure as shown in Figs. 1-3. The boundaries of Ω and Tεδ are
respectively ∂Ω and ∂Tεδ and ~ν = (ν1, · · · , νn) is the unit outer normal to ∂Tεδ.

In order to apply the extension theorem (see, e.g. Theorem 2.10 of [6], p. 28),
we make the following assumption

(H1) The holes do not intersect the boundary ∂Ω.
This assumption restricts the geometry of the open set Ω. For example, Ω can

be a finite union of the periodic cells.
Set ξ = ε−1x, and suppose that
(A1) the coefficients aij(ξ, t) are 1-periodic in ξ;
(A2) γ0|η|

2 ≤ aij(ξ, t)ηiηj ≤ γ1|η|
2, ∀(η1, · · · , ηn) ∈ Rn,

γ0, γ1 are positive constants independent of ε;
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(a) (b)

Figure 1. (a) lattice-type structure: Type I; (b) the unit cell Yδ.

(a) (b)

Figure 2. (a) lattice-type structure: Type II; (b) the unit cell Yδ.

(a) (b)

Figure 3. (a) lattice-type structure: Type III; (b) the unit cell Yδ.

(A3) f ∈ L2(0, T ;L2(Ω)), g ∈ L∞(0, T ;H1/2(∂Ω)), ∂tg ∈ L2(0, T ;H1/2(∂Ω)),
ū0 ∈ H1(Ω), g(x, 0) = ū0(x).

Lattice-type structures are characterized by two properties: periodicity and small
thickness of the material. Such structures have a wide range of applications in



234 F. ZHAI AND L. CAO

the aerospace industry and the structural engineering. Two small parameters are
essential in thermal problem for lattice-type structures. One is periodic parameter
ε and the other is thickness parameter δ of the domain. They make direct numerical
computation of the solution difficult because it would require a very fine mesh.

The periodic distribution of lattice-type structures suggests that we can use
the homogenization method for the perforated domain when ε → 0 and δ → 0.
The basic idea of the homogenization method is to give the overall behavior of the
structures. The homogenization method for lattice-type structures was first studied
by Panasenko [2].

We would like to state that, if ε, δ are not sufficiently small, the numerical
accuracy of the standard homogenization method may not be satisfactory(see, e.g.
[4],[5]). Therefore it is necessary to seek the multiscale asymptotic methods.

For the problems of lattice-type structures, Bakhvalov and Panasenko [2] ob-
tained formal asymptotic expansions for the limit solution when ε and δ are small
enough. They justify the first terms of these expansions by proving sharp error
estimates. Cioranescu and Saint Jean Paulin ([6],[7],[8]) studied the same types of
structures in a different way. They used variational methods to establish conver-
gence theorems, and developed a general method for treating structures with very
complicated geometry.

In this paper, we consider parabolic equations in lattice-type structures, and
obtain the convergence results for the multiscale asymptotic method. The main
difficulty is how to deal with the multiscale asymptotic solution near the boundary
∂Ω. Allegretto, Cao and Lin [1] studied parabolic equations with rapidly oscillating
coefficients, and gave the explicit convergence rates for the multiscale asymptotic
method in a general domain. There was only a small parameter ε in [1]. But
now there are two parameters ε, δ for the lattice-type structures. In such case,
we obtain the new convergence rate for the approximate solutions and numerical
approximations techniques. In this paper, we focus on the three types of lattice
structures, see Figs.1-3.

The remainder of this paper is organized as follows. In Section 2, we derive the
convergence theorems for the homogenization method and the multiscale asymp-
totic method for solving the heat transfer equation in the lattice-type structures.
An algorithm based on the multiscale finite element method is proposed in Section
3. Finally, we do some numerical experiments for three types of lattice structures,
which support the convergence results of this paper. These numerical results sug-
gest that the first-order multiscale method should be a better choice compared with
the homogenization method and the second-order multiscale method for solving the
heat transfer equations in lattice-type structures.

Throughout the paper the Einstein summation convention on repeated indices
is adopted. By C we shall denote a positive constant independent of ε, δ.

2. The Main Convergence Theorems

In this section, we first present a formal multiscale asymptotic expansion of the
solution for problem (1). Then we obtain the main convergence theorems in this
paper. For simplicity, we discuss problem (1) only for a type of lattice structure:
Type I (see Fig.1) in the two-dimensional case. The others can be treated similarly.

We can take the following particular cell as a representative cell (see [6], p.76),
thanks to the periodicity,

Y = (−
1

2
,

1

2
) × (−

1

2
,

1

2
).
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Denote the part occupied by the material by

Yδ = {y ∈ Y | |y1| <
δ

2
or |y2| <

δ

2
},

and set Tδ = Y \ Yδ.
We set formally

(2) uεδ
s (x, t) =

s
∑

l=0

εl
n

∑

α1,··· ,αl=1

N δ
α1···αl

(ξ, t)
∂luδ(x, t)

∂xα1 · · · ∂xαl

, 1 ≤ s ≤ 2,

with ξ = ε−1x.
We define the cell functions in turn.

(3) N δ
0 (ξ, t) ≡ 1, (ξ, t) ∈ Yδ × (0, T ),























∂
∂ξi

(

aij(ξ, t)
∂N δ

α1
(ξ, t)

∂ξj

)

= − ∂
∂ξi

(aiα1 (ξ, t)), (ξ, t) ∈ Yδ × (0, T )

νiaij(ξ, t)
∂N δ

α1
(ξ, t)

∂ξj
= −νiaiα1(ξ, t), (ξ, t) ∈ ∂Tδ × (0, T )

N δ
α1

(ξ, t) is 1-periodic in ξ,
∫

Yδ
N δ

α1
(ξ, t)dξ = 0,

(4)

where t plays the role of a parameter, and ~ν = (ν1, · · · , νn) is the unit outer normal
to the boundary ∂Tδ.







































∂
∂ξi

(

aij(ξ, t)
∂N δ

α1α2
(ξ, t)

∂ξj

)

= − ∂
∂ξi

(

aiα1(ξ, t)N δ
α2

(ξ, t)
)

−aα1j(ξ, t)
∂N δ

α2
(ξ, t)

∂ξj
− aα1α2(ξ, t) + âδ

α1α2
(t), (ξ, t) ∈ Yδ × (0, T )

νiaij(ξ, t)
∂N δ

α1α2
(ξ, t)

∂ξj
= −νiaiα1(ξ, t)N δ

α2
(ξ, t), (ξ, t) ∈ ∂Tδ × (0, T )

N δ
α1α2

(ξ, t) is 1-periodic in ξ,
∫

Yδ
N δ

α1α2
(ξ, t)dξ = 0,

(5)

where

(6) âδ
ij(t) =

1

|Yδ|

∫

Yδ

[

aij(ξ, t) + aik(ξ, t)
∂N δ

j (ξ, t)

∂ξk

]

dξ,

and |Yδ| denotes the Lebesgue measure of Yδ.
For any fixed δ > 0, we get the homogenized equation of equation (1) given by

(7)















∂uδ(x, t)
∂t

− ∂
∂xi

(

âδ
ij(t)

∂uδ(x, t)
∂xj

)

= f(x, t), (x, t) ∈ Ω × (0, T )

uδ(x, t) = g(x, t), (x, t) ∈ ∂Ω × (0, T )
uδ(x, 0) = ū0(x),

where the homogenized coefficients matrix (âδ
ij(t)) is given as in (6).

Remark 2.1. Note that we add the index δ to the homogenized solution and to
the homogenized coefficients because the geometry of the material in the periodic
of reference depends on δ. Indeed, the cell functions N δ

α1
are solutions of a system

posed in Yδ, while the coefficients âδ
ij are integrals computed on Yδ and containing

N δ
α1

. Finally, the solution uδ depends on δ via âδ
ij(t).

Next we would like to study the limit behavior of the solution uδ(x, t) as δ → 0.
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Theorem 2.1. If we assume that the coefficients of problem (1) only depend
on time variable t, under the assumptions of (H1), (A1) − (A3), we have

(8)

uδ → u∗ strongly in L2(0, T ;H1(Ω)),
uδ → u∗ strongly in L∞(0, T ;L2(Ω)),

∂uδ

∂t
→ ∂u∗

∂t
strongly in L2(0, T ;H−1(Ω)), as δ → 0,

where u∗(x, t) is the solution of the following equation

(9)











∂u∗(x, t)
∂t

− ∂
∂xi

(

a∗ij(t)
∂u∗(x, t)
∂xj

)

= f(x, t), (x, t) ∈ Ω × (0, T )

u∗(x, t) = g(x, t), (x, t) ∈ ∂Ω × (0, T )
u∗(x, 0) = ū0(x),

with

(10) a∗ij(t) =
1

2

[

2aij(t) −
aik(t)akj(t)

akk(t)

]

.

It is obvious that (a∗ij(t)) is a positive-definite matrix for any fixed t ∈ (0, T ).

So equation (9) has exactly one solution.
Proof. If we assume that coefficients aij of problem (1) only depend on time

t, aij are constants for any fixed t ∈ (0, T ). Following the lines of the proof of
Theorem 1.1 of ([6], p.75), we have

(11) aδ
ij → a∗ij , as δ → 0.

The positive definiteness of the matrix (a∗ij(t)) comes from that of the matrix
(aij(t)), which is equivalent to the ellipticity condition (A2). In other words, there
are two positive constants γ∗0 , γ

∗
1 such that

(12) γ∗0 |η|
2 ≤ a∗ij(t)ηiηj ≤ γ∗1 |η|

2, a.e. t ∈ (0, T ).

In order to obtain (8), we first prove

(13)

uδ ⇀ u∗ weakly in L2(0, T ;H1(Ω)),
uδ ⇀ u∗ weakly in L∞(0, T ;L2(Ω)),

∂uδ

∂t
⇀ ∂u∗

∂t
weakly in L2(0, T ;H−1(Ω)), as δ → 0.

We rewrite âδ
ij(t) as

(14) âδ
ij(t) = a∗ij(t) + Sδ

ij(t),

where Sδ
ij → 0 as δ → 0, thanks to (11).

From (7), we get (uδ − g) ∈ L2(0, T ;H1
0(Ω)) and the integral identity

t
∫

0

∫

Ω

∂uδ

∂t
vdxdt+

t
∫

0

∫

Ω

âδ
ij

∂uδ

∂xj

∂v

∂xi
dxdt

=

t
∫

0

∫

Ω

fvdxdt,

holds for any v ∈ L2(0, T ;H1
0 (Ω)).
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Setting v(x, t) = (uδ(x, t) − g(x, t)) , and using the decomposition (14) in (7),
we have

t
∫

0

∫

Ω

∂uδ

∂t
uδdxdt−

t
∫

0

∫

Ω

∂uδ

∂t
gdxdt

+

t
∫

0

∫

Ω

(a∗ij + Sδ
ij)
∂uδ

∂xj

∂uδ

∂xi
dxdt

−

t
∫

0

∫

Ω

(a∗ij + Sδ
ij)
∂uδ

∂xj

∂g

∂xi
dxdt

=

t
∫

0

∫

Ω

fuδdxdt−

t
∫

0

∫

Ω

fgdxdt

It is obvious that

t
∫

0

∫

Ω

∂uδ

∂t
uδdxdt =

1

2

∫

Ω

t
∫

0

∂

∂t

[

(uδ)2
]

dtdx =
1

2

∫

Ω

[

(uδ(x, t))2 − (ū0(x))2
]

dx,

and

−

t
∫

0

∫

Ω

∂uδ

∂t
gdxdt = −

∫

Ω

[

(uδg)(x, t) − (ū0(x))2
]

dx+

t
∫

0

∫

Ω

uδ ∂g

∂t
dxdt.

Due to ellipticity of (12), using Cauchy’s inequality, we thus get

1

2
‖uδ(x, t)‖2

L2(Ω) + γ∗0

t
∫

0

‖∇uδ‖2
L2(Ω)dt

≤

t
∫

0

|Sδ
ij |‖∇u

δ‖2
L2(Ω)dt+

t
∫

0

|a∗ij + Sδ
ij |‖∇u

δ‖L2(Ω)‖g‖H1(Ω)dt

+

t
∫

0

‖uδ‖L2(Ω)‖∂tg‖L2(Ω)dt+ ‖uδ‖L2(Ω)‖g‖L2(Ω)

+

t
∫

0

‖f‖L2(Ω)‖u
δ‖L2(Ω)dt+

t
∫

0

‖f‖L2(Ω)‖g‖L2(Ω)dt+
1

2
‖ū0‖

2
L2(Ω).
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Using Young’s inequality, we get

1

2
‖uδ(x, t)‖2

L2(Ω) + γ∗0

t
∫

0

‖∇uδ‖2
L2(Ω)dt

≤

t
∫

0

|Sδ
ij |‖∇u

δ‖2
L2(Ω)dt+ Cγ

t
∫

0

‖∇uδ‖2
L2(Ω)dt

+C
1

4γ

t
∫

0

‖g‖2
H1(Ω)dt+ µ‖uδ(x, t)‖2

L2(Ω) +
1

4µ
‖g(x, t)‖2

L2(Ω)

+

t
∫

0

‖uδ‖2
L2(Ω)dt+

1

2

t
∫

0

‖∂tg‖
2
L2(Ω)dt

+

t
∫

0

‖f‖2
L2(Ω)dt+

1

2

t
∫

0

‖g‖2
L2(Ω)dt+

1

2
‖ū0‖

2
L2(Ω).

We recall Sδ
ij(t) → 0 as δ → 0 for any fixed t ∈ (0, T ). Therefore, if we take

δ > 0 sufficiently small, we have |Sδ
ij | ≤

γ∗0
4 . On the other hand, we choose Cγ <

γ∗

0

4 , µ <
1
4 , and derive

1

4
‖uδ(x, t)‖2

L2(Ω) +
γ∗0
2

t
∫

0

‖∇uδ‖2
L2(Ω)dt

≤ C
1

4γ

t
∫

0

‖g‖2
H1(Ω)dt+

1

4µ
‖g(x, t)‖2

L2(Ω)(15)

+

t
∫

0

‖uδ‖2
L2(Ω)dt+

1

2

t
∫

0

‖∂tg‖
2
L2(Ω)dt

+

t
∫

0

‖f‖2
L2(Ω)dt+

1

2

t
∫

0

‖g‖2
L2(Ω)dt+

1

2
‖ū0‖

2
L2(Ω).

If we set E(t) =
t
∫

0

∫

Ω

(uδ(x, t))2dxdt, and

F (t) = C
1

4γ

t
∫

0

‖g‖2
H1(Ω)dt+

1

4µ
‖g(x, t)‖2

L2(Ω)

+
1

2

t
∫

0

‖∂tg‖
2
L2(Ω)dt+

t
∫

0

‖f‖2
L2(Ω)dt+

1

2

t
∫

0

‖g‖2
L2(Ω)dt

+
1

2
‖ū0‖

2
L2(Ω),
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then we conclude
{

dE(t)
dt

≤ E(t) + F (t)

E(0) = 0.

Using Gronwall’s inequality, we obtain

E(t) ≤ Cet
{

t
∫

0

‖g‖2
H1(Ω)dt+ ‖g(x, t)‖2

L2(Ω)

+

t
∫

0

‖∂tg‖
2
L2(Ω)dt+

t
∫

0

‖f‖2
L2(Ω)dt+ ‖ū0‖

2
L2(Ω)

}

.

Substituting into (15), we have

1

4
‖uδ(x, t)‖2

L2(Ω) +
γ∗0
2

t
∫

0

‖∇uδ‖2
L2(Ω)dt

≤ C(1 + et)
{

t
∫

0

‖g‖2
H1(Ω)dt+ ‖g(x, t)‖2

L2(Ω)

+

t
∫

0

‖∂tg‖
2
L2(Ω)dt+

t
∫

0

‖f‖2
L2(Ω)dt+ ‖ū0‖

2
L2(Ω)

}

.

Therefore, we get

‖uδ‖L∞(0,T ;L2(Ω)) + ‖∇uδ‖L2(0,T ;L2(Ω))

≤ C(T )
{

‖g‖L2(0,T ;H1(Ω)) + ‖g‖L∞(0,T ;L2(Ω))

+‖∂tg‖L2(0,T ;L2(Ω)) + ‖f‖L2(0,T ;L2(Ω)) + ‖ū0‖L2(Ω)

}

,

where C is independent of ε, δ but dependent of T .
Hence, up to a subsequence, we have

uδ ⇀ u0 weakly in L2(0, T ;H1(Ω)),
uδ ⇀ u0 weakly∗ in L∞(0, T ;L2(Ω)).

From (7) and (14), after multiplication by any v ∈ L2(0, T ;H1
0 (Ω)) and integra-

tion by parts, we obtain

(
∂uδ

∂t
, v)L2(Ω) = −

∫

Ω

(a∗ij + Sδ
ij)
∂uδ

∂xj

∂v

∂xi
dx+

∫

Ω

fvdx

≤ |a∗ij + Sδ
ij |‖u

δ‖H1(Ω)‖v‖H1
0(Ω) + ‖f‖L2(Ω)‖v‖H1

0 (Ω)

≤ (γ∗1 +
γ∗0
4

)‖uδ‖H1(Ω)‖v‖H1
0 (Ω) + ‖f‖L2(Ω)‖v‖H1

0 (Ω).

We thus have

〈
∂uδ

∂t
, v〉H−1(Ω),H1

0 (Ω) = (
∂uδ

∂t
, v)L2(Ω)

≤ C(‖uδ‖H1(Ω) + ‖f‖L2(Ω))‖v‖H1
0 (Ω),

‖
∂uδ

∂t
‖H−1(Ω) ≤ C(‖uδ‖H1(Ω) + ‖f‖L2(Ω)),
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and

‖
∂uδ

∂t
‖L2(0,T ;H−1(Ω)) ≤ C(T )(‖uδ‖L2(0,T ;H1(Ω)) + ‖f‖L2((0,T )×Ω))

≤ C(T )
{

‖g‖L2(0,T ;H1(Ω)) + ‖g‖L∞(0,T ;L2(Ω))

+‖∂tg‖L2(0,T ;L2(Ω)) + ‖f‖L2(0,T ;L2(Ω)) + ‖ū0‖L2(Ω)

}

.

This implies
∂uδ

∂t
⇀

∂u0

∂t
weakly in  L2(0, T ;H−1(Ω)).

Multiplying both sides of equation (7) by any v ∈ L2(0, T ;H1
0 (Ω)) and integrat-

ing over (0, T ) respect to t, we get

T
∫

0

∫

Ω

∂uδ

∂t
vdxdt+

T
∫

0

∫

Ω

âδ
ij

∂uδ

∂xj

∂v

∂xi
dxdt =

T
∫

0

∫

Ω

fvdxdt.

As δ → 0, we find that u0 is the solution of (9) and u0 = u∗ by uniqueness.
Actually all sequences uδ have the same limitation. Therefore, we prove (13).

The next step is to establish the claimed strong convergence result. We take
uδ − u∗ as a test function in (7) and (9), respectively. Using (14), we obtain

(16)

t
∫

0

∫

Ω

∂(uδ − u∗)
∂t

(uδ − u∗)dxdt +
t
∫

0

∫

Ω

a∗ij
∂(uδ − u∗)

∂xi

∂(uδ − u∗)
∂xj

dxdt

= −
t
∫

0

∫

Ω

Sδ
ij
∂uδ

∂xj

∂(uδ − u∗)
∂xi

dxdt.

It is obvious that

(17)

t
∫

0

∫

Ω

∂(uδ − u∗)
∂t

(uδ − u∗)dxdt = 1
2

t
∫

0

d
dt
‖uδ − u∗‖2

L2(Ω)dt

= 1
2‖u

δ(x, t) − u∗(x, t)‖2
L2(Ω),

(18)

t
∫

0

∫

Ω

a∗ij(t)
∂(uδ − u∗)

∂xi

∂(uδ − u∗)

∂xj
dxdt ≥ γ∗0

t
∫

0

‖∇(uδ − u∗)‖2
L2(Ω)dt,

and

|

t
∫

0

∫

Ω

Sδ
ij

∂uδ

∂xj

∂(uδ − u∗)

∂xi
dxdt|

≤ |Sδ
ij |‖∇u

δ‖L2((0,T )×Ω)‖u
δ − u∗‖L2(0,T ;H1(Ω)).

(19)

Since Sδ
ij → 0 as δ → 0, from (16) to (19), we complete the proof of (8).

Next we define

(20) uεδ
s (x, t) = uδ(x, t) +

s
∑

l=1

εl
n

∑

α1,··· ,αl=1

N δ
α1···αl

(ξ, t)
∂luδ(x, t)

∂xα1 · · · ∂xαl

, 1 ≤ s ≤ 2.

In a standard way (see [1]), we can prove that

sup
0≤t≤T

∫

Ωεδ

(uεδ(x, t) − uεδ
s (x, t))2dx+

T
∫

0

‖uεδ − uεδ
s ‖2

H1(Ωεδ)dt

≤ C(T, δ)ε, 1 ≤ s ≤ 2,

(21)

where C(T, δ) is a constant independent of ε but dependent on T and δ.
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Figure 4. The horizontal bar Hδ

Since we do not know how C(T, δ) depends on δ > 0, we can not estimate the
magnitude of the error when comparing uεδ(x, t) with uδ(x, t). To overcome this
difficulty, we define the multiscale asymptotic solution given by

(22) Uεδ
s (x, t) = u∗(x, t) +

s
∑

l=1

εl
n

∑

α1,··· ,αl=1

N δ
α1···αl

(ξ, t)
∂lu∗(x, t)

∂xα1 · · · ∂xαl

, 1 ≤ s ≤ 2.

where u∗(x, t) is the solution of the homogenized equation (9).
As for the unit cell functions N δ

α1
(ξ, t), N δ

α1α2
(ξ, t) of the expansion (22), the

following estimates hold as proved in ([6], p.77-98).
Lemma 2.1. Let N δ

α1
(ξ, t), N δ

α1α2
(ξ, t), α1, α2 = 1, · · · , n be the weak solutions

of problems (4) and (5), respectively. For any fixed t ∈ (0, T ), we have

(23)

‖N δ
α1

(ξ, t)‖L2(Yδ) ≤ Cδ
3
2 ,

‖∇ξN
δ
α1

(ξ, t)‖L2(Yδ) ≤ Cδ
1
2 ,

‖N δ
α1α2

(ξ, t)‖L2(Yδ) ≤ Cδ
5
2 ,

‖∇ξN
δ
α1α2

(ξ, t)‖L2(Yδ) ≤ Cδ
3
2 ,

where C > 0 is a constant independent of δ.
The following lemma estimates the difference between âδ

ij(t) and a∗ij(t).

Lemma 2.2. Let the homogenized coefficients âδ
ij(t) and a∗ij(t) be as given in

(6) and (10), respectively. If the coefficients aij(ξ, t) do not depend on ξ, we can
prove that

(24) |âδ
ij − a∗ij | ≤ Cδ

1
2 ,

where C > 0 is a constant independent of δ.
Proof. We first decompose Yδ into Hδ ∪ Vδ ∪Kδ (see Figures 4-6). We define

the functions Φδ
k(ξ, t) and Ψδ

k(ξ, t) given by


















∂
∂ξi

(

aij(ξ, t)
∂Φδ

k(ξ, t)
∂ξj

)

= − ∂
∂ξi

(aik(ξ, t)), (ξ, t) ∈ Hδ × (0, T )

νiaij(ξ, t)
∂Φδ

k(ξ, t)
∂ξj

= −νiaik(ξ, t), (ξ, t) ∈ [∂Hδ \ (∂Hδ ∩ ∂Y )] × (0, T )

Φδ
k(ξ, t) is 1-periodic in ξ1,
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Figure 5. The vertical bar Vδ

Figure 6. The central square Kδ

and


















∂
∂ξi

(

aij(ξ, t)
∂Ψδ

k(ξ, t)
∂ξj

)

= − ∂
∂ξi

(aik(ξ, t)), (ξ, t) ∈ Vδ × (0, T )

νiaij(ξ, t)
∂Ψδ

k(ξ, t)
∂ξj

= −νiaik(ξ, t), (ξ, t) ∈ [∂Vδ \ (∂Vδ ∩ ∂Y )] × (0, T )

Ψδ
k(ξ, t) is 1-periodic in ξ2,

where t plays the role of a parameter, and ~ν = (ν1, · · · , νn) is the unit outer normal
to the associated boundary.

If we assume that the coefficients aij(ξ, t) do not depend on ξ, a possible choice
up to a constant could be

(25) Φδ
k(ξ, t) = −

a2k(t)

a22(t)
ξ2 on Hδ, Ψδ

k(ξ, t) = −
a1k(t)

a11(t)
ξ1 on Vδ.
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We recall (6), and set

(26) âδ
ij(t) =

1

|Yδ|

∫

Yδ

[

aij(ξ, t) + aik(ξ, t)
∂N δ

j (ξ, t)

∂ξk

]

dξ ≡ Q1 +Q2,

where

Q1 =
1

|Yδ|

[

−

∫

Kδ

aik

∂N δ
j

∂ξk
dξ +

∫

Hδ

aik

∂(N δ
j − Φδ

j)

∂ξk
dξ

+

∫

Vδ

aik

∂(N δ
j − Ψδ

j)

∂ξk
dξ

]

,

Q2 = aij +
1

|Yδ|

[

∫

Hδ

aik

∂Φδ
j

∂ξk
dξ +

∫

Vδ

aik

∂Ψδ
j

∂ξk
dξ

]

.

It follows from (25) that

(27)
Q2 = aij(t) + 2

2 − δ
(a∗ij(t) − aij(t))

= 2
2 − δ

a∗ij(t) + −δ
2 − δ

aij(t).

Following the lines of the proof of (1.66) in ([6],p.96), we can derive

(28) |Q1| ≤ Cδ1/2,

where C is a constant independent of δ.
From (26), (27) and (28), we get

âδ
ij(t) − a∗ij(t) =

δ

2 − δ
a∗ij(t) +

−δ

2 − δ
aij(t) +Q1.

Therefore, we complete the proof of Lemma 2.2.
We next give the main convergence theorem of this paper.
Theorem 2.2.Suppose that Ωεδ is a lattice-type structure which is the union of

entire cells. Let uεδ be the weak solution of equation (1) and let the approximate
solution Uεδ

s (x, t) be as given in (22). Under assumptions of (A1) − (A3), (H1),
if ∂taij ∈ L∞((0, T ) × Yδ), u∗ ∈ L2(0, T ;W 4,∞(Ω)), ∂tu

∗ ∈ L2(0, T ;W 2,∞(Ω)), it
holds

(29)
sup

0≤t≤T

∫

Ωεδ

(uεδ(x, t) − Uεδ
s (x, t))2dx+

T
∫

0

‖uεδ − Uεδ
s ‖2

H1(Ωεδ)dt

≤ C(T )
{

ε2δ3 + δ2 + δλε2/q
}

, 1 ≤ s ≤ 2,

where C is a constant independent of ε and δ , but dependent on T , q = 2p/(p−2),
2 < p < r, r >> 2 , 1/p = λ/2 + (1 − λ)/r, 0 < λ < 1, and λ is close to 1.

Proof. We first prove (29) for s = 2.
From (22), (4)-(5), we can obtain

(30)
∂(uεδ − Uεδ

2 )

∂t
−

∂

∂xi

[

aij
∂(uεδ − Uεδ

2 )

∂xj

]

= F0(x, ξ, t),
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where
(31)

F0(x, ξ, t) = ε
{

−
2

∑

l=1

εl−1
n
∑

α1,··· ,αl=1

∂N δ
α1···αl

(ξ, t)
∂t

∂lu∗(x, t)
∂xα1 · · · ∂xαl

−
2
∑

l=1

εl−1
n
∑

α1,··· ,αl=1
N δ

α1···αl
(ξ, t)

∂l+1u∗(x, t)
∂t∂xα1 · · ·∂xαl

+
n
∑

α1,α2=1
aij(ξ, t)

∂N δ
α1α2

(ξ, t)
∂ξj

∂3u∗(x, t)
∂xi∂xα1∂xα2

+
n
∑

α1,α2=1

∂
∂ξi

(aij(ξ, t)N δ
α1α2

(ξ, t))
∂3u∗(x, t)

∂xj∂xα1∂xα2

+
2
∑

l=1

εl−1
n
∑

α1,··· ,αl=1
aij(ξ, t)N δ

α1···αl
(ξ, t)

∂l+2u∗(x, t)
∂xi∂xj∂xα1 · · ·∂xαl

}

+ (âδ
ij − a∗ij)

∂2u∗(x, t)
∂xi∂xj

.

For (x, t) ∈ ∂Ω × (0, T ), we have

(32) uεδ(x, t) − Uεδ
2 (x, t) = ψεδ(x, ξ, t),

where

ψεδ(x, ξ, t) = −

2
∑

l=1

εl
n

∑

α1,··· ,αl=1

N δ
α1···αl

(ξ, t)
∂lu∗(x, t)

∂xα1 · · · ∂xαl

.

(33) uεδ(x, 0) − Uεδ
2 (x, 0) = pεδ(x, ξ), x ∈ Ω,

where

(34) pεδ(x, ξ) = −

2
∑

l=1

εl
n

∑

α1,··· ,αl=1

(

N δ
α1···αl

(ξ, t)
∂lu∗(x, t)

∂xα1 · · · ∂xαl

)
∣

∣

∣

t=0
.

For (x, t) ∈ ∂Tεδ × (0, T ), from (4) and (5), we get

(35) νiaij(
x

ε
, t)

∂(uεδ − Uεδ
2 )

∂xj
= Sεδ(x, ξ, t),

where

Sεδ(x, ξ, t) = −ε2νiaij(ξ, t)N δ
α1α2

(ξ, t)
∂3u∗(x, t)

∂xj∂xα1∂xα2

.

Since t ∈ (0, T ) plays the role of a parameter, from (4), we derive










































∂
∂ξi

(

aij(ξ, t)
∂N δ

α1,t(ξ, t)
∂ξj

)

= − ∂
∂ξi

(∂taiα1(ξ, t))

− ∂
∂ξi

(

∂taij(ξ, t)
∂N δ

α1
(ξ, t)

∂ξj

)

, (ξ, t) ∈ Yδ × (0, T )

∂t(νiaij(ξ, t)
∂N δ

α1
(ξ, t)

∂ξj
) = −νi∂taiα1(ξ, t), (ξ, t) ∈ ∂Tδ × (0, T )

N δ
α1,t(ξ, t) is 1-periodic in ξ,

∫

Yδ

N δ
α1,t(ξ, t)dξ = 0.

where N δ
α1,t(ξ, t) = ∂tN

δ
α1

(ξ, t).
If ∂taij ∈ L∞((0, T ) × Yδ), it holds

γ0‖∇N
δ
α1,t‖

2
L2(Yδ) ≤ c1|Yδ|

1/2‖∇N δ
α1,t‖L2(Yδ)

+ c2‖∇N
δ
α1
‖L2(Yδ)‖∇N

δ
α1,t‖L2(Yδ).
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Given |Yδ| = 2δ(1 − δ
2), it follows from Lemma 2.1 that

(36) ‖∇N δ
α1,t‖L2(Yδ) ≤ Cδ1/2,

where C is a constant independent of ε, δ.
Following the lines of proof of (1.72) in ([6], p. 98), we have

(37) ‖N δ
α1,t‖L2(Yδ) ≤ Cδ3/2.

We can check that

(38) ‖N δ
α1α2,t‖L2(Yδ) ≤ Cδ5/2,

where N δ
α1α2,t = ∂tN

δ
α1α2

.
Given |Ωεδ| ≈ δ, it follows from (31), Lemmas 2.1 and 2.2 that

‖F0‖L2(Ωεδ) ≤ Cε
{

δ3/2‖u∗‖W 1,∞(Ω) + εδ5/2‖u∗‖W 2,∞(Ω)

+ δ3/2‖∂tu
∗‖W 1,∞(Ω) + εδ5/2‖∂tu

∗‖W 2,∞(Ω)

+ δ5/2‖u∗‖W 3,∞(Ω) + δ3/2‖u∗‖W 3,∞(Ω)

+ εδ5/2‖u∗‖W 4,∞(Ω)

}

+ Cδ‖u∗‖W 2,∞(Ω),

and
(39)

‖F0‖L2(0,T ;L2(Ωεδ)) ≤ Cε
{

δ3/2‖u∗‖L2(0,T ;W 1,∞(Ω)) + εδ5/2‖u∗‖L2(0,T ;W 2,∞(Ω))

+ δ3/2‖∂tu
∗‖L2(0,T ;W 1,∞(Ω)) + εδ5/2‖∂tu

∗‖L2(0,T ;W 2,∞(Ω))

+ δ5/2‖u∗‖L2(0,T ;W 3,∞(Ω)) + δ3/2‖u∗‖L2(0,T ;W 3,∞(Ω))

+ εδ5/2‖u∗‖L2(0,T ;W 4,∞(Ω))

}

+ Cδ‖u∗‖L2(0,T ;W 2,∞(Ω))

≤ C(T )(εδ3/2 + δ).

where C(T ) is a constant independent of ε, δ but dependent of T .
In order to estimate ‖ψεδ‖H1/2(∂Ω), it suffices to find a function Ψεδ ∈ H1(Ωεδ)

such that

Ψεδ + εN δ
α1

(ξ, t)
∂u∗(x, t)

∂xα1

+ ε2N δ
α1α2

(ξ, t)
∂2u∗(x, t)

∂xα1∂xα2

∈ H1(Ωεδ, ∂Ω),

where H1(Ωεδ, ∂Ω) = {v ∈ H1(Ωεδ), v|∂Ω = 0}.
Let ϕε be a scalar function such that ϕε ∈ D(Ω), ϕε = 1 if dist(x, ∂Ω) ≤ ε, ϕε =

0 if dist(x, ∂Ω) ≥ 2ε, |∇ϕε| ≤ c2ε
−1. Set

Ψεδ = −ϕε

(

εN δ
α1

(ξ, t)
∂u∗(x, t)

∂xα1

+ ε2N δ
α1α2

(ξ, t)
∂2u∗(x, t)

∂xα1∂xα2

)

;

Kεδ = {x : dist(x, ∂Ω) ≤ 2ε} ∩ Ωεδ.

It is easy to see that Ψεδ ∈ H1(Ωεδ) and

(40)

∂Ψεδ
∂xj

= −ε
∂ϕε
∂xj

N δ
α1

∂u∗

∂xα1

− ϕε
∂N δ

α1

∂ξj
∂u∗

∂xα1

− εϕεN
δ
α1

∂2u∗

∂xj∂xα1

− ε2
∂ϕε
∂xj

N δ
α1α2

∂2u∗

∂xα1∂xα2

− εϕε
∂N δ

α1α2

∂ξj
∂2u∗

∂xα1∂xα2

− ε2ϕεN
δ
α1α2

∂3u∗

∂xj∂xα1∂xα2

.

Using Hölder’s inequality, it is easy to check that

(41) ‖u‖Lp(Q) ≤ ‖u‖λ
L2(Q)‖u‖

1−λ
Lr(Q), for u ∈ Lr(Q),

where 2 < p < r , 1/p = λ/2 + (1 − λ)/r, 0 < λ < 1, and λ is close to 1.
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From (4) and (5), under the assumptions of Theorem 2.2, for any fixed t ∈ (0, T ),
we can prove that

(42) ‖N δ
α1

(ξ, t)‖W m,∞(Yδ) ≤ C, m = 0, 1,

where C is a constant independent of δ.
Setting Q = Yδ , and using Lemma 2.1, (41)-(42), we get

‖N δ
α1

(ξ, t)‖Lp(Yδ) ≤ Cδ
3λ
2 ,

‖∇ξN
δ
α1

(ξ, t)‖Lp(Yδ) ≤ Cδ
λ
2 ,

‖N δ
α1α2

(ξ, t)‖Lp(Yδ) ≤ Cδ
5λ
2 ,

‖∇ξN
δ
α1α2

(ξ, t)‖Lp(Yδ) ≤ Cδ
3λ
2 ,

where C > 0 is a constant independent of δ, and p = 2r/((r − 2)λ+ 2), r >> 2.
Now we consider the first term on the right side of (40). Using the cut-off function

ϕε, we have

∫

Ωεδ

|ε∂ϕε
∂xj

N δ
α1

(xε )
∂u∗(x)
∂xα1

|2dx

≤ C
∫

Kεδ

|N δ
α1

(xε )|2|
∂u∗(x)
∂xα1

|2dx

≤ C
(

∫

Kεδ

|N δ
α1
|pdx

)2/p(
∫

Kεδ

| ∂u
∗

∂xα1

|qdx
)2/q

≤ C
(

∑

z′

εn
∫

z′+Yδ

|N δ
α1
|pdξ

)2/p(
∫

Kεδ

| ∂u
∗

∂xα1

|qdx
)2/q

≤ Cδ3λ‖u∗‖2
W 1,q(Kεδ),

where C > 0 is a constant independent of δ, Kεδ =
⋃

z′

ε(z′+Yδ), and q = 2p/(p−2).

The other terms on the right side of (40) can be treated similarly. We thus get

‖Ψεδ‖H1(Ωεδ) ≤ C
{

δ
3λ
2 ‖u∗‖W 1,q(Kεδ) + δ

λ
2 ‖u∗‖W 1,q(Kεδ)

+ εδ
3λ
2 ‖u∗‖W 2,q(Kεδ) + εδ

5λ
2 ‖u∗‖W 2,q(Kεδ)

+ εδ
3λ
2 ‖u∗‖W 2,q(Kεδ) + ε2δ

5λ
2 ‖u∗‖W 3,q(Kεδ)

}

.

Following the lines of the proof of Lemma 1.5 of ([12], Chap.I), and using The-
orem 1 of ([9], p.258), we can prove that

‖u∗‖W s,q(Kεδ) ≤ Cε1/q‖u∗‖W s+1,q(Ω), s = 1, 2, 3,

and

‖Ψεδ‖H1(Ωεδ) ≤ C
{

δ
3λ
2 ε1/q‖u∗‖W 2,q(Ω) + δ

λ
2 ε1/q‖u∗‖W 2,q(Ω)

+ ε(1+1/q)δ
3λ
2 ‖u∗‖W 3,q(Ω) + ε(1+1/q)δ

5λ
2 ‖u∗‖W 3,q(Ω)

+ ε(2+1/q)δ
5λ
2 ‖u∗‖W 4,q(Ω)

}

,

where q = 2p/(p− 2), 2 < p < r, r >> 2 , 1/p = λ/2 + (1−λ)/r, 0 < λ < 1, and
λ is close to 1.
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We use the trace theorem, and get

(43)

‖ψεδ‖L2(0,T ;H1/2(∂Ω)) ≤ C‖Ψεδ‖L2(0,T ;H1(Ωεδ))

≤ C
{

δ
3λ
2 ε1/q‖u∗‖L2(0,T ;W 2,q(Ω))

+δ
λ
2 ε1/q‖u∗‖L2(0,T ;W 2,q(Ω))

+ε(1+1/q)δ
3λ
2 ‖u∗‖L2(0,T ;W 3,q(Ω))

+ε(1+1/q)δ
5λ
2 ‖u∗‖L2(0,T ;W 3,q(Ω))

+ε(2+1/q)δ
5λ
2 ‖u∗‖L2(0,T ;W 4,q(Ω))

}

≤ C(T )δλ/2ε1/q.

where C(T ) is a constant independent of ε, δ but dependent of T .
From (34), it follows from Lemma 2.1 that

(44) ‖pεδ‖L2(Ωεδ) ≤ C
[

εδ3/2‖ū0‖W 1,∞(Ω) + ε2δ5/2‖ū0‖W 2,∞(Ω)

]

.

From (35), we observe that ∂Tεδ ⊂ Ω , and have

‖Sεδ‖L2(∂Tεδ) ≤ Cε2‖N δ
α1α2

‖L2(∂Tεδ)‖u
∗‖W 3,∞(Ω),

where

‖N δ
α1α2

‖2
L2(∂Tεδ) =

∫

∂Tεδ
|N δ

α1α2
|2ds(x)

= Cεn−1
Nε
∑

i=1

∫

∂Tδ
|N δ

α1α2
|2ds(ξ)

≈ Cεn−1 |Ω|
|Y |ε

−n
∫

∂Tδ
|N δ

α1α2
|2ds(ξ).

Using the trace theorem and Lemma 2.1, we derive

‖N δ
α1α2

‖L2(∂Tδ) ≤ C‖N δ
α1α2

‖H1(Yδ) ≤ Cδ3/2,

and consequently

(45) ‖Sεδ‖L2(0,T ;L2(∂Tεδ)) ≤ Cε3/2δ3/2‖u∗‖L2(0,T ;W 3,∞(Ω)).

From (30)-(35), combining (39), (43), (44) and (45), and using a priori estimate
for parabolic equations, we obtain

sup
0≤t≤T

∫

Ωεδ

(uεδ(x, t) − Uεδ
s (x, t))2dx+

T
∫

0

‖uεδ − Uεδ
s ‖2

H1(Ωεδ)dt

≤ C
{

‖ψεδ‖
2

L2(0,T ;H
1
2 (∂Ω))

+ ‖F0‖
2
L2(0,T ;L2(Ω))

+‖Sεδ‖
2
L2(0,T ;L2(∂Tεδ)) + ‖pεδ‖

2
L2(Ωεδ)

}

≤ C(T )
{

ε2δ3 + δ2 + δλε2/q
}

, s = 2,

where C is independent of ε, δ but dependent of T , q = 2p/(p−2), 2 < p < r, r >>
2, 1/p = λ/2 + (1 − λ)/r, 0 < λ < 1, and λ is close to 1.
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We next prove (29) for s = 1. From (4) and (5), we have

∂(uεδ − Uεδ
1 )

∂t − ∂
∂xi

[

aij(xε , t)
∂(uεδ − Uεδ

1 )
∂xj

]

=
[

(aij + aik
∂N δ

j

∂ξk
+ ∂
∂ξk

(akiN
δ
j ) − âδ

ij

]

∂2u∗(x, t)
∂xi∂xj

+(âδ
ij − a∗ij)

∂2u∗(x, t)
∂xi∂xj

+ εaijN
δ
α1

∂3u∗(x, t)
∂xi∂xj∂xα1

−ε
∂N δ

α1
(ξ, t)
∂t

∂u∗(x, t)
∂xα1

− εN δ
α1

(ξ, t)
∂2u∗(x, t)
∂t∂xα1

= − ∂
∂ξi

(

aij
∂N δ

α1α2

∂ξj

)

∂2u∗(x, t)
∂xα1∂xα2

+(âδ
ij − a∗ij)

∂2u∗(x, t)
∂xi∂xj

+ εaijN
δ
α1

∂3u∗(x, t)
∂xi∂xj∂xα1

−ε
∂N δ

α1
(ξ, t)
∂t

∂u∗(x, t)
∂xα1

− εN δ
α1

(ξ, t)
∂2u∗(x, t)
∂t∂xα1

= −ε ∂
∂xi

(

aij
∂N δ

α1α2

∂ξj
∂2u∗(x, t)
∂xα1∂xα2

)

+ F1(x, ξ, t),

where

F1(x, ξ, t) = εaij
∂N δ

α1α2

∂ξj
∂3u∗(x, t)

∂xα1∂xα2∂xi

+ (âδ
ij − a∗ij)

∂2u∗(x, t)
∂xi∂xj

+ εaijN
δ
α1

∂3u∗(x, t)
∂xi∂xj∂xα1

− ε
∂N δ

α1
(ξ, t)
∂t

∂u∗(x, t)
∂xα1

− εN δ
α1

(ξ, t)
∂2u∗(x, t)
∂t∂xα1

.

For (x, t) ∈ ∂Tεδ × (0, T ), from (4) and (5), we get

νiaij
∂(uεδ − Uεδ

1 )
∂xj

= −ενiaiα1N
δ
α2

∂2u∗(x, t)
∂xα1∂xα2

= ενiaij
∂N δ

α1α2

∂ξj
∂2u∗(x, t)
∂xα1∂xα2

.

Repeating the process of the proof for s = 2, we can prove (29) for s = 1.
Therefore, the proof of Theorem 2.2 is complete.

Corollary 2.1. Under the assumptions of Theorem 2.2, we have

(46) sup
0≤t≤T

∫

Ωεδ

(uεδ(x, t) − u∗(x, t))2dx ≤ C(T )
{

ε2δ3 + δ2 + δλε2/q
}

,

where C is a constant independent of ε and δ , but dependent on T , q = 2p/(p−2),
2 < p < r, r >> 2 , 1/p = λ/2 + (1 − λ)/r, 0 < λ < 1, and λ is close to 1.

Remark 2.2. We prove Theorems 2.1 and 2.2 for a kind of lattice structure
of Type I. In fact, Theorems 2.1 and 2.2 are valid for other lattice-type structures
such as Type II and Type III.

Remark 2.3. If the coefficients aij(xε , t) do not depend on x and t, i.e. the
coefficients aij are constants, we can also prove Theorems 2.1 and 2.2.

3. Multiscale Finite Element Method and Numerical Examples

In this section, we first present the multiscale finite element method for solving
heat transfer equation in lattice-type structures. Then we show some numerical
results for three kinds of lattice-type structures which have the same volume ratio
of a solid material.
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From (20) and (22), the multiscale finite element method for solving problem (1)
is composed of three steps:

Step 1 Compute the cell functions N δ
α1

(ξ, t), N δ
α1α2

(ξ, t), ξ = ε−1x in a refer-
ence cell Yδ.

Step 2 Solve numerically the initial-boundary value problem of the homoge-
nized parabolic equation (9) with constant coefficients over a whole domain Ω ×
(0, T ) in a coarse mesh.

Step 3 Calculate the higher-order derivatives Dα
xu

∗(x, t) by using the finite
difference method. Note that we cannot directly compute higher-order derivatives
for the finite element solutions.

We implement the subdivisions for Yδ and Ω, respectively. h0 and h denote the
sizes of the corresponding meshes.

Define first-order difference quotients given by

(47) ∆xju
∗
h(Np, ti) =

1

τ(Np)

∑

e∈σ(Np)

[
∂u∗h
∂xj

]e(Np, ti),

where σ(Np) is the set of elements with node Np; τ(Np) is the number of elements

of σ(Np), [
∂u∗h
∂xj

]e(Np, ti) is the value of the derivative
∂u∗h
∂xj

at node Np associated

with element e at time t = ti.
We define second-order difference quotients as follows

(48) ∆2
xlxm

u∗h(Np, ti) =
1

τ(Np)

∑

e∈σ(Np)

[

d
∑

j=1

∆xl
u∗h(Pj , ti)

∂χj

∂xm
]e(Np, ti),

where d is the number of nodes on e, Pj are the nodes of e, χj(x) are Lagrange’s
type shape functions.

The multiscale finite element formula is written as

(49)

Uεδ
1,h0,h(Np, ti) = u∗h(Np, ti) + εN δ,h0

α1
∆xα1

u∗h(Np, ti),

Uεδ
2,h0,h(Np, ti) = u∗h(Np, ti) + εN δ,h0

α1
∆xα1

u∗h(Np, ti)

+ ε2N δ,h0
α1α2

∆2
xα1xα2

u∗h(Np, ti).

Next we do some numerical experiments for heat transfer equation for three
types of lattice structures as shown in Figs. 1-3 in the two-dimensional case.

(50)



























∂uεδ(x, t)
∂t

− ∂
∂xi

(aij(xε , t)
∂uεδ(x, t)
∂xj

) = f(x, t), (x, t) ∈ Ωεδ × (0, T )

uεδ(x, t) = 0, (x, t) ∈ ∂Ω × (0, T )

νiaij(xε , t)
∂uεδ

∂xj
= 0, (x, t) ∈ ∂Tεδ × (0, T )

uεδ(x, 0) = 0, x ∈ Ωεδ.

where Ωεδ is a lattice-type structure which is the union of entire cells, ∂Tεδ is the
surface of holes and δ is the thickness of solid walls.

We take ε = 1
8, and the thicknesses of three types of lattice structures are given

as in Table 1.

Table 1. Thicknesses of solid walls for three types of lattice-type structures

thickness(δ)
Type I 0.0150888
Type II 0.0176776
Type III 0.0125



250 F. ZHAI AND L. CAO

Example 3.1. Suppose that the coefficients aij are constants.
Case 1.1: Ωεδ is a lattice structure of Type I as shown in Fig.1 (a). f(x, t) =

100(x+ y)(2 + sin(20πt)), aij(x
ε ) = 100δij, t∗ = 1.0.

Case 1.2: Ωεδ is a lattice structure of Type II as shown in Fig.2 (a), f(x, t) =
100(x+ y)(2 + sin(20πt)), aij(x

ε ) = 100δij, t∗ = 1.0.
Case 1.3: Ωεδ is a lattice structure of Type III as shown in Fig.3 (a), f(x, t) =

100(x+ y)(2 + sin(20πt)), aij(x
ε ) = 100δij, t∗ = 1.0.

Example 3.2. Suppose that the coefficients aij only depend on t.
Case 2.1: Ωεδ is a lattice structure of Type I as shown in Fig.1 (a), f(x, t) =

100, aij(x
ε , t) = 100(2 + sin(20πt))δij , t∗ = 1.0.

Case 2.2: Ωεδ is a lattice structure of Type II as shown in Fig.2 (a), f(x, t) =
100, aij(x

ε , t) = 100(2 + sin(20πt))δij , t∗ = 1.0.
Case 2.3: Ωεδ is a lattice structure of Type III as shown in Fig.3 (a), f(x, t) =

100, aij(x
ε , t) = 100(2 + sin(20πt))δij , t∗ = 1.0, where δij is the Kronecker symbol.

Since it is extremely difficult to find out the exact solution of (50), in order to
show the numerical accuracy of our method, we replace uεδ(x, t) with its approx-
imate solution in a very fine mesh. We would like to point out that we do not
need to solve the original problem (50) in a very fine mesh in real engineering prob-
lems. Here we use the linear Lagrangian element to solve problem (50). Without
confusion we continue to use uεδ(x, t) to denote the numerical solution in a fine
mesh.

We implement triangle partitions for Yδ and Ω, respectively, and use the linear
Lagrangian elements. The computational cost is listed in Tables 2 and 3.

In Cases 1.1-1.3, the homogenized coefficients a∗ij for three types of lattice struc-

tures can be calculated by algebraic expressions( see [6], p.75, p.112, p.127), and âδ
ij

defined in (6) can be computed numerically. Some numerical results are as shown
in Tables 4 and 5. In Cases 2.1-2.3, the homogenized coefficients a∗ij(t) and âδ

ij(t)

can be easily obtained by multiplying the factor (2 + sin(20πt)).
For simplicity, we denote u∗(x, t) the finite element solution for the homogenized

heat transfer equation (9) in a coarse mesh, and Uεδ
1 (x, t), Uεδ

2 (x, t) the first-order
and the second-order multiscale finite element solutions, respectively.

Set

e0 = uεδ(x, t) − u∗(x, t), e1 = uεδ(x, t) − Uεδ
1 (x, t), e2 = uεδ(x, t) − Uεδ

2 (x, t).

We introduce some notations:

‖u‖L2 =
(

∫

Ω

|u(x, t)|2dx
)1/2

, ‖u‖H1 =
(

∫

Ω

|u(x, t)|2+|∇u(x, t)|2dx
)1/2

, ‖u‖(0) =

( t
∫

0

‖u‖2
L2dt

)1/2

, and ‖u‖(1) =
( t

∫

0

‖u‖2
H1dt

)1/2

.

Some numerical results are shown as in Table 6.
Figs.7-9 show some numerical results for solutions uεδ(x, t), u∗(x, t), Uεδ

1 (x, t),
and Uεδ

2 (x, t) along the diagonal of the square Ωεδ in Cases 1.1-1.3, 2.1-2.3 at time
t∗ , which t∗ are as given in Cases 1.1-1.3, 2.1-2.3 .

Figs.10-15 clearly show the evolution of the relative errors of approximate so-
lutions with time t in Cases 1.1-1.3, 2.1-2.3, where the horizontal axis denotes
time t, the vertical axis is the relative error, where erre0L2, erre1L2, erre2L2,

erre0H1, erre1H1, and erre2H1 denote
‖e0‖L2

‖uεδ‖L2
,

‖e1‖L2

‖uεδ‖L2
,

‖e2‖L2

‖uεδ‖L2
,

‖e0‖H1

‖uεδ‖H1
,

‖e1‖H1

‖uεδ‖H1
,

and
‖e2‖H1

‖uεδ‖H1
, respectively.
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Table 2. Comparison of the numbers of nodes

original equation cell problem homogenized equation
case 1.1 12309 684 441
case 1.2 20181 921 441
case 1.3 28257 1173 441

Table 3. Comparison of the numbers of elements

original equation cell problem homogenized equation
case 1.1 16664 912 800
case 1.2 27416 1232 800
case 1.3 38704 1576 800

Table 4. Homogenized coefficients a∗ij for three types of structures

a∗11 a∗12 a∗21 a∗22
case 1.1 50.0 0.0 0.0 50.0
case 1.2 50.0 20.71068 20.71068 50.0
case 1.3 50.0 0.0 0.0 50.0

Table 5. Homogenized coefficients âδ
ij for three types of structures

âδ
11 âδ

12 âδ
21 âδ

22

case 1.1 51.37552 −7.98636× 10−8 −7.98636× 10−8 51.37552
case 1.2 51.02844 20.46541 20.46541 51.02845
case 1.3 51.41881 1.97295× 10−7 1.97295 × 10−7 51.41881

Remark 3.1. Observing the numerical results in Tables 4 and 5, it is obvious
that if δ > 0 is very small, âδ

ij and a∗ij are very close, which are entirely consistent

with (24).
Remark 3.2. Table 6 clearly shows that the first-order multiscale finite element

method has the better numerical accuracy. But neither the homogenization method
nor the second-order multiscale finite element method has good numerical accuracy
in these cases (see Cases 1.2-1,3, 2.2-2.3).

Remark 3.3 Theoretically, the first-order multiscale method yields the same
convergent order as the second-order one. Numerically, in the computation of
all kinds of physical fields for composites, when the difference between different
materials is very large, the first-order multiscale method is insufficient to describe
local fluctuation of the solution for considering problems. We need to seek the
second-order multiscale method. Numerous numerical results clearly show that
the numerical accuracy of the second-order multiscale method is better than that
of the homogenization method or the first-order multiscale method. However, for
lattice-type structures, since the solid part of the structures is made of only one
kind of material and the cell functions are very small (see Lemma 2.1 of this paper),
the numerical accuracy of the first-order multiscale method is sufficient good. The
numerical results of the second-order multiscale method may be bad because of the
numerical errors.
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Table 6. Comparison of computational results

‖e0‖(0)

‖uεδ‖(0)

‖e1‖(0)

‖uεδ‖(0)

‖e2‖(0)

‖uεδ‖(0)

‖e0‖(1)

‖uεδ‖(1)

‖e1‖(1)

‖uεδ‖(1)

‖e2‖(1)

‖uεδ‖(1)

Case 1.1 0.039937 0.039845 0.10197 0.97475 0.11316 4.8086
Case 1.2 0.028745 0.028619 0.19844 1.0017 0.13893 6.4708
Case 1.3 0.029338 0.029285 0.14833 0.96451 0.12759 10.980
Case 2.1 0.039772 0.039685 0.099143 0.97188 0.10799 4.8241
Case 2.2 0.029107 0.028990 0.18847 1.0029 0.13521 6.0305
Case 2.3 0.029407 0.029358 0.14177 0.96259 0.12420 10.690
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Figure 7. Computational results: (a) case 1.1; (b) case 1.2.
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Figure 8. Computational results: (a) case 1.3,; (b) case 2.1.

Conclusions

This paper discussed the initial-boundary value problem for the heat transfer
equation in lattice-type structures. The new contribution obtained in this paper
was the determination of the convergence rate for the approximate solutions by
using the homogenization method and the multiscale asymptotic methods. We did
some numerical experiments for three types of lattice structures. The numerical
results suggested that the first-order multiscale method should be a better choice
compared with the homogenization method and the second-order multiscale method
for solving the heat transfer equations in lattice-type structures.
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Figure 9. Computational results: (a) case 2.2,; (b) case 2.3.
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Figure 10. (a) case 1.1, the evolution of L2 relative errors with
t; (b) case 1.1, the evolution of H1 relative errors with t
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Figure 11. (a) case 1.2, the evolution of L2 relative errors with
t; (b) case 1.2, the evolution of H1 relative errors with t
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Figure 12. (a) case 1.3, the evolution of L2 relative errors with
t; (b) case 1.3, the evolution of H1 relative errors with t
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Figure 13. (a) case 2.1, the evolution of L2 relative errors with
t; (b) case 2.1, the evolution of H1 relative errors with t
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Figure 14. (a) case 2.2, the evolution of L2 relative errors with
t; (b) case 2.2, the evolution of H1 relative errors with t

References

[1] W. Allegretto, L.Q. Cao and Y.P. Lin, Multiscale asymptotic expansion for second order
parabolic equations with rapidly oscillating coefficients, Discrete and Continuous Dynamical
Systems, 2008, 20(3): 543-576.



MULTISCALE METHOD FOR LATTICE-TYPE STRUCTURES 255

(a)

0 0.2 0.4 0.6 0.8 1
0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

erre0L2
erre1L2
erre2L2

(b)

0 0.2 0.4 0.6 0.8 1
0

2

4

6

8

10

12

erre0H1
erre1H1
erre2H1

Figure 15. (a) case 2.3, the evolution of L2 relative errors with
t; (b) case 2.3, the evolution of H1 relative errors with t

[2] N.S. Bakhvalov and G.P. Panasenko, Homogenization: Averaging Processes in Periodic Me-
dia, Kluwer, Dordrecht, 1989.

[3] A. Bensoussan, J.L. Lions, and G. Papanicolaou, Asymptotic Analysis of Periodic Structures,
North-Holland, Amsterdan, 1978.

[4] L.Q. Cao, Multiscale asymptotic expansion and finite element methods for mixed boundary
value problems of second order elliptic equation in perforated domains, Numer. Math., 2006,
103:11-45.

[5] L.Q. Cao and J.Z. Cui, Asymptotic expansions and numerical algorithms of eigenvalues and
eigenfunctions of the Dirichlet problem for second order elliptic equations in perforated do-
mains, Numer. Math., 2004, 96: 525-581.

[6] D. Cioranescu and J. Saint Jean Paulin, Homogenization of Reticulated Structures, Springer,
New York, 1999.

[7] D. Cioranescu, An Introduction to Homogenization, Oxford University Press, Oxford New
York, 1999.

[8] D. Cioranescu and J. Saint Jean Paulin, Homogenization in open sets with holes, J. Math.
Anal. and Appl., 1979, 71(2): 590-607.

[9] L.C. Evans, Partial Differential Equations, American Mathematical Society, Providence,
Rhode Island, 1998.

[10] J.L. Lions, Some Methods in the Mathematical Analysis of Systems and Their Control,
Science Press, Beijing, Gordon and Breach, New York, 1981.

[11] R. Miller, Extension theorems for homogenization on lattice structures, Appl. Math. Lett.,
1992, 5: 73-78.

[12] O.A. Oleinik, A.S. Shamaev and G.A. Yosifian, Mathematical Problems in Elasticity and
Homogenization, North-Holland, Amsterdam New York, 1992.

State Key Laboratory of Scientific and Engineering Computing , Institute of Computational
Mathematics and Science-Engineering Computing, Academy of Mathematics and Systems Science
,Chinese Academy of Sciences, Beijing, 100080, China

E-mail : zhaifm@lsec.cc.ac.cn

State Key Laboratory of Scientific and Engineering Computing , Institute of Computational
Mathematics and Science-Engineering Computing, Academy of Mathematics and Systems Science
,Chinese Academy of Sciences, Beijing, 100080, China

E-mail : clq@lsec.cc.ac.cn


