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MULTISCALE ASYMPTOTIC METHOD FOR HEAT TRANSFER
EQUATIONS IN LATTICE-TYPE STRUCTURES

FANG-MAN ZHAI AND LI-QUN CAO

Abstract. In this paper, we discuss the initial-boundary value problem for the
heat transfer equation in lattice-type structures that arises from the aerospace
industry and the structural engineering. The main results obtained in this pa-
per are the convergence theorems by using the homogenization method and
the multiscale asymptotic method (see Theorems 2.1 and 2.2). Some numer-
ical examples are given for three types of lattice structures. These numerical
results suggest that the first-order multiscale method should be a better choice
compared with the homogenization method and the second-order multiscale
method for solving the heat transfer equations in lattice-type structures.

Key Words. homogenization, multiscale asymptotic expansion, parabolic
equation, lattice-type structure, multiscale finite element method.

1. Introduction

In this paper, we consider the initial-boundary value problem for second order
parabolic equations with rapidly oscillating coefficients as follows

0 ,€0 1 £5 1
AN - 2 aij(é,t)a“aif(;"t) — f(x,1), (X t) COs x (0,T)

u=°(x,t) = g(x,t), (x,t) Calx(0,T)

€d
%n(é,t)%‘;j =0, (1) CaFes % (0,T)

u=d(x,0) = Uo(X),
where f(X,t), g(X,t), Op(X) are some known functions. We follow Cioranescu’s
notation (see [6], p.74) by denoting Qes = 2\ T g5 the perforated domain, where
is a bounded domain of R™",n =2, Te5 = T(€T5) is the set of all translated images
of €T of the form &€(z +Ts), 2 = (21, ,zn) CZ", Ts =Y \ Y5, Y = (0,1)". Here
Y5 is a lattice structure as shown in Figs. 1-3. The boundaries of {2 and T¢5 are
respectively 02 and 0Tgs and W2 (v1, -+ ,Vn) is the unit outer normal to 0Tegs.

In order to apply the extension theorem (see, e.g. Theorem 2.10 of [6], p. 28),
we make the following assumption

(H1) The holes do not intersect the boundary 9.

This assumption restricts the geometry of the open set 2. For example, ) can
be a finite union of the periodic cells.

Set & = £71x, and suppose that

(A1) the coefficients a;j (&, t) are 1-periodic in &;

(A2) voInl* = aij (&, tninj <va|nl*, [, ,nn) CR",
Yo, Y1 are positive constants independent of €;

(1)
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Figure 1. (a) lattice-type structure: Type I;  (b) the unit cell Ys.
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Figure 2. (a) lattice-type structure: Type II;  (b) the unit cell Ys.
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Figure 3. (a) lattice-type structure: Type III;  (b) the unit cell Ys.

(Az) f CLF(0,T;L%(Q)),g CLF(0,T; HY2(89)), 0,9 CLF(0,T;H2(01)),
Ug IZEIl(Q),g(x,O) = ﬂo(X).

Lattice-type structures are characterized by two properties: periodicity and small
thickness of the material. Such structures have a wide range of applications in
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the aerospace industry and the structural engineering. Two small parameters are
essential in thermal problem for lattice-type structures. One is periodic parameter
€ and the other is thickness parameter 0 of the domain. They make direct numerical
computation of the solution difficult because it would require a very fine mesh.

The periodic distribution of lattice-type structures suggests that we can use
the homogenization method for the perforated domain when € - 0 and 6 - 0.
The basic idea of the homogenization method is to give the overall behavior of the
structures. The homogenization method for lattice-type structures was first studied
by Panasenko [2].

We would like to state that, if €,0 are not sufficiently small, the numerical
accuracy of the standard homogenization method may not be satisfactory(see, e.g.
[4],[5]). Therefore it is necessary to seek the multiscale asymptotic methods.

For the problems of lattice-type structures, Bakhvalov and Panasenko [2] ob-
tained formal asymptotic expansions for the limit solution when € and 8 are small
enough. They justify the first terms of these expansions by proving sharp error
estimates. Cioranescu and Saint Jean Paulin ([6],[7],[8]) studied the same types of
structures in a different way. They used variational methods to establish conver-
gence theorems, and developed a general method for treating structures with very
complicated geometry.

In this paper, we consider parabolic equations in lattice-type structures, and
obtain the convergence results for the multiscale asymptotic method. The main
difficulty is how to deal with the multiscale asymptotic solution near the boundary
0Q. Allegretto, Cao and Lin [1] studied parabolic equations with rapidly oscillating
coefficients, and gave the explicit convergence rates for the multiscale asymptotic
method in a general domain. There was only a small parameter € in [1]. But
now there are two parameters €,0 for the lattice-type structures. In such case,
we obtain the new convergence rate for the approximate solutions and numerical
approximations techniques. In this paper, we focus on the three types of lattice
structures, see Figs.1-3.

The remainder of this paper is organized as follows. In Section 2, we derive the
convergence theorems for the homogenization method and the multiscale asymp-
totic method for solving the heat transfer equation in the lattice-type structures.
An algorithm based on the multiscale finite element method is proposed in Section
3. Finally, we do some numerical experiments for three types of lattice structures,
which support the convergence results of this paper. These numerical results sug-
gest that the first-order multiscale method should be a better choice compared with
the homogenization method and the second-order multiscale method for solving the
heat transfer equations in lattice-type structures.

Throughout the paper the Einstein summation convention on repeated indices
is adopted. By C we shall denote a positive constant independent of €, 9.

2. The Main Convergence Theorems

In this section, we first present a formal multiscale asymptotic expansion of the
solution for problem (1). Then we obtain the main convergence theorems in this
paper. For simplicity, we discuss problem (1) only for a type of lattice structure:
Type I (see Fig.1) in the two-dimensional case. The others can be treated similarly.

We can take the following particular cell as a representative cell (see [6], p.76),
thanks to the periodicity,

11

Y = (—5.5) % (—5.5)

N —
N —
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Denote the part occupied by the material by

d d
Yo={y Y il <5 or Iyal <3}

and set Ts =Y \Ys.
We set formally

0 wWxy- N (2w

1=0 g, ,00=1

———, l=s=2,
aXal"'anl

with &€ = 7 1x.
We define the cell functions in turn.

(3) NS, t) =1, (&1t) LY x(0,T),

L1 & 5 (5 g
= g Y = - @a @), 6y x0T

4 ONg, (&, t
()ggﬂw%%sz%ﬁ@(MHHMMU

%, (&, t) is l-periodic in &, Ys N&, (8, t)dg =0,
where t plays the role of a parameter, and W2 (v1, -+ ,Vp) is the unit outer normal
to the boundary 0Ts.

= T g my 5 O ]
aij (&, t)—z—alaz_ — == aiq, (§ NG, E 1)
a J 5{: 2

" 5
oS a6 ) 4 a0, 0, €0 CRx0T)

L NV
1) ’ —a_E_]— - 1404 i:>| (e ’ ’ ’ 14} ’
2.0 (& 1) is 1-periodic in &, Vs NS, a, (€ 1)dE =0,

where
L 5 |
5 (g 1 . _ aNj(E,t)
(6) a”(t)__lYalY a.,(E,t)+a.k(E,t)7aEk dg,

and |Ys| denotes the Lebesgue measure of Y.
For any fixed 8 > 0, we get the homogenized equation of equation (1) given by

1 — 1
Pl - 2 T, ot COx (0,T)
(7) (0 = gx1), (xt) CaNx (0,T)
%(x, 0) = Go(x),

where the homogenized coefficients matrix (él?j (t)) is given as in (6).

Remark 2.1. Note that we add the index 6 to the homogenized solution and to
the homogenized coefficients because the geometry of the material in the periodic
of reference depends on 0. Indeed, the cell functions Ngl are solutions of a system
posed in Y, while the coefficients éiéj are integrals computed on Ys and containing
Ng,. Finally, the solution u® depends on & via éiaj (1).

Next we would like to study the limit behavior of the solution u®(x,t) as & - 0.
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Theorem 2.1. If we assume that the coefficients of problem (1) only depend
on time variable t, under the assumptions of (Hy), (A1) — (Asz), we have

u® — u™ strongly in L2(0,T; HY(Q)),
(8) ud - u':I strongly in L*(0,T; L)),

%“— T strongly in L2(0, T;H™Y(€)), as 8 - 0,

where u%(, t) is the solution of the following equation

égg‘i@t) _ a th a”%‘ t) f(x,t), (x,t) CA% (0,T)
%, x( (X, 1) Efmx (0,T)
with
1 L] - ajk (t)ak; (t) -
(10) ailﬁt) = 5 2au (t) - T(t‘;

It is obvious that (ai'ﬁ‘t)) is a positive-definite matrix for any fixed t (0, T).
So equation (9) has exactly one solution.

Proof. If we assume that coefficients ajj of problem (1) only depend on time
t, ajj are constants for any fixed t [C(0, T). Following the lines of the proof of
Theorem 1.1 of ([6], p.75), we have

(11) a - ajj] as 8- 0.

The positive definiteness of the matrix (a,‘f(‘t)) comes from that of the matrix
(aij (t)), which is equivalent to the ellipticity condition (Az). In other words, there
are two positive constants y&;y{=Such that

(12) yolil> < ajf{tnin < yiil°, ae t (0, T).

In order to obtain (8), we first prove

u® U weakly in L2(0, T;HY(Q)),

(13) ul 5@ |geakly in L*=(0,T;L?(Q)),
o weakly in L2(0, T;H™Y(Q)), as & - 0.

We rewrite é?j (1) as
(14) = ajjft) + SP (t

where S% - 0asd - 0, thanks to (11).
From (7), we get (u® —g) CLP(0, T;H3(Q2)) and the integral identity

11
bus 5 0u® v

vdxdt + a

-
<
o
Pal
o
~+

holds for any v CLP(0, T; H3(Q2)).
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Setting v(x,t) = (Ud(x,t) — g(x,t)) , and using the decomposition (14) in (7),
we have

5

wdxdt — o
dxdt 3t gdxdt
0 Q 0 Q
11
aud aud
5
+ (aj +S,J)a Ix Idxdt
0 Q
aud ag
— 0 gd
(aij+ Sjj )axJ x; —dxdt
0 Q
11 11
= fuldxdt — fgdxdt
00 00
It is obvious that
ou? 5 1 o Lt 1 5 2 )
S Y dxdt = 3 ET: (u®) dtdx = 3 (u®(x, 1)) — (do(x))* dx,
0 Q Q0 Q
and
L s - O [T .
- —¢ goxdt = — (u®g)(x,t) — (Oo(x))? dx + 66 dxdt.
00 Q 00

Due to ellipticity of (12), using Cauchy’s inequality, we thus get

1
] III

< |s§j||:nni*|@(g)dt+ G S5 | T gy 0Tk () dt
0
]

+ P Gy (A9 [k (qydt + [ 2oy [GTE (o)
0
(| (|

1
+ O3 L3gdt+ L) Ghic)dt+ 3 [0 (73 -

0 0
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Using Young’s inequality, we get

]
1
S (0 gy +ve ! HIITE g)dt

0
1 1

< |s?j||:nn€:|@(9)dt+0y Dmil@(g)dt
0

0

|
1 1
+CE @ﬁ@)dw pd(x, t) |:|2_3(Q) + m [g{x, t) I;2_—_4(9)
0
| 1 ]

0 0
- 1 - 1
0 0

We recall Siaj (t) » 0asd — 0 for any fixed t (0, T). Therefore, if we take
=
8 = 0 sufficiently small, we have |Si5j| = X4Q. On the other hand, we choose Cy <

v& 1 .
T U<z, and derive

1 Yo:rt__I
1 [t (x, t) 3 gy + o) [I°TE3 ) dt
0

]
1 1
(15) = CE [GTEh gyt + " [gix, t) [ q)
0

] ] ]
+ M gdt+ 5 [0 23 dt
0 0
- 1 * 1
0

0

90/
If we set E(t) =  (u(x,t))2dxdt, and
0Q

]
1 1
F() = CE [QT7h q)dt + n [gix, t) (3 g,
0

1 (L L 1 (L
0

0 0

1
+§ IE)@(Q),
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then we conclude
q'z—d—“) <E(t) +F(t)
i =
E(0) = 0.
Using Gronwall’s inequality, we obtain
il
E(t) = Ce! IElﬁh(g'z)dt + [gix, t) I:|2_3(£'2)
0
] ] (-

+ g dt+ FIg,dt+ Mg, -
0 0
Substituting into (15), we have

1 \/olj_t__I
1 [t (x, t) 3 gy + o) [I°TE3 ) dt
0

mal
<C(l+e')  [GIfhq)dt + [gIx, 1) [,
0

] 1 1
+ g3 dt+ g dt+ Mg, -
0 0
Therefore, we get

] L pryzcan + (T3 0,7;1.2(0))
=C(T) Ldo1;H1(Q) + @k 1;L2Q)

+0AIg L3 (o 1.1 2¢0)) + O30, 1:12¢0)) + ML)

where C is independent of €,  but dependent of T.
Hence, up to a subsequence, we have
u® %1 weakly in L2(0,T;HY(Q)),
u® WPl weakly~in L*(0, T;L?()).
From (7) and (14), after multiplication by any v [CLP(0, T; H}(Q)) and integra-
tion by parts, we obtain
1 1
au® - ou’ av
—, =— (a4 s%)—=—d fvd
( at V)LZ(Q) ( 1] + I‘I)an aXi X+ vax
Q Q

< |ajj '+ S{ | [t Db o) Tk ) + (L o) Ik (o)

=
Y,
< (yi+ IO) [ Gk o Tk o) + B o) MLk o) -
We thus have

3 3

u ou
%,mel(g)ﬁg(g) = (—at WV)L2()
< C( Rk (o) + OFli(q)) (KVA I 409

o)
‘%uﬁ 1) < C(MH DRk gy + O(qy),
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and
4o
% @I%TI;H—l(Q)) < C(T) (I Lo, 1;11(ey) + Flid(0.my<)
= C(T) m@Ldo1:H1@) + Ghd0,1:L2(0)

+ 0019 L3 o 1:2(q)) + L3 (0 1:12(0)) + b L3y -
This implies

ou’ °
> %{— weakly in L2(0, T;HH(Q)).

Multiplying both sides of equation (7) by any v CLF(0, T; H3(f2)) and integrat-
ing over (0, T) respect to t, we get
Hud oud av
———vdxdt &% —— ——dxdt = fvdxdt.
ot * 11 3 0%,
00 00 00

As 8 - 0, we find that u® is the solution of (9) and u® = u™~by uniqueness.
Actually all sequences U® have the same limitation. Therefore, we prove (13).

The next step is to establish the claimed strong convergence result. We take
u® —utads a test function in (7) and (9), respectively. Using (14), we obtain

- CI] —9ud—
W UF — ubdixdt + a,J u u?a UFdxdt

oot
16 0Q 0Q X
W 53 0u° —a—" U gt
0Q 0% Xi
It is obvious that
(U —uT 15
an o —6— — ublxdt = 3, 3 g W —ut g dt
_ 1
= s (x, t) —uk ) [ o,
—u59(ud —u rt_—'
(18) .ﬁt 5 dxdt= Yo ! O — uHiE ot
0Q X ! 0
and
11
| S.é_a_uaa(uai_udxdq
(19) U9x;  ox;

00
< |S§ | I T3 (0, 1y =y [ — U3 0,111

Since Siaj - 0asd - 0, from (16) to (19), we complete the proof of (8).
Next we define

F___1r 1 48 (x. t

(20) U2(x,t) = ul(x,t) + ¢ NG, o (&) o'u’(x, 1)

=1 dg,,0q4=1 anl Y axa'

In a standard way (see [1]), we can prove that
] 1
(21) sup  (U(x, 1) —uP(x,1)%dx + R —uP ), dt
0=t=T Q.5 0
=C(T,0)g, 1=s=2,

where C(T,d) is a constant independent of € but dependent on T and 9.
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Figure 4. The horizontal bar Hs

Since we do not know how C(T,d) depends on 6 > 0, we can not estimate the
magnitude of the error when comparing U (X, t) with u®(x,t). To overcome this
difficulty, we define the multiscale asymptotic solution given by

(22) UB(, ) —ufk )+ & NS (62Ut

, 1l=s=2.
anl"‘aXal

=1 Og, - ,04=1
where utX, t) is the solution of the homogenized equation (9).

As for the unit cell functions NG, (€,t), N§ o, (&, t) of the expansion (22), the
following estimates hold as proved in ([6], p.77-98).

Lemma 2.1. Let Ngl &), Nglaz (&,1),01,02 = 1,---,n be the weak solutions
of problems (4) and (5), respectively. For any fixed t [0, T), we have

NG, (8 1) [dv,y = CB2,
o A & i =3
DS'O(IGZ (E, t) @(yé) =Cboz2, .
D:Igmlglaz (E’ t) @(Yé) S C6§’
where C > 0 is a constant independent of 6.
The following lemma estimates the difference between é?j (t) and aﬁt).
Lemma 2.2. Let the homogenized coeflicients é?j (t) and ai'ﬁ‘t) be as given in
(6) and (10), respectively. If the coefficients ajj(, t) do not depend on &, we can

prove that

1
(24) |ag; —ajjf = C52,
where C > 0 is a constant independent of 8.

Proof. We first decompose Y5 into Hs [N} [Kl5 (see Figures 4-6). We define
the functions ®¢(&,t) and (&, t) given by

C1 5 1
B a0 ——F @), @y <o)

e p0RREY
%u (E't)—azj— = —vijaik(§,t), (& t) CIdHs \ (dHs n aY )] < (0,T)
Dp(,t) is l-periodic in &,
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Y2
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~1/2

Figure 5. The vertical bar Vs

B @2t ——F @), @y omx o)

%ij (E't)a—qjgg'—t) =—viaik(§,t), (& t) CIAVs\ (0Vs n Y )] < (0,T)
R(&,t) is l-periodicin &,

where t plays the role of a parameter, and W2 (v1, - ,Vpn) is the unit outer normal
to the associated boundary.

If we assume that the coefficients ajj (&, t) do not depend on &, a possible choice
up to a constant could be

a1k (t)
ai (t)

_ax(t) 5 _
azz(t) EZ on H6, \Ijk(z, t) =

(25) (I)E(E,t): El on Vs.
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We recall (6), and set

5 p HO ONP(E, )
(26) a5 () =< aij&t+a@t)—5— d€=Q1+Qy,
|Y5|Y 08k
)
where
(I (I
Q1= € D— <’:1ik—aNjé dg + aiki&(Nf _ q)?)di
[Ys] 0&k 08k
- Ks Hs
NP —wd) [
+ aik%da ,
Vs
1 B ae gy O
Q> = ajj + Val ajk 9%, dg +V aik 3%, dg .
k) )

It follows from (25) that

Q = ay(t) + 5 25(aftt) — ay (1)

27
(27) = g2zallt) + 50 1),

Following the lines of the proof of (1.66) in ([6],p.96), we can derive
(28) Q1] = C&*2,

where C is a constant independent of 9.
From (26), (27) and (28), we get

a5 (t) —afjft) = %aﬁt) - %aﬁ (t) + Q1.

Therefore, we complete the proof of Lemma 2.2.

We next give the main convergence theorem of this paper.

Theorem 2.2. Suppose that (g5 is a lattice-type structure which is the union of
entire cells. Let u® be the weak solution of equation (1) and let the approximate
solution UE(x,t) be as given in (22). Under assumptions of (A1) — (Az), (H1),
if 0caij CO®((0,T) x Yg), uETP(0, T; W4(2)), 0:u=T1P(0, T; W2(9)), it
holds

[ ]
(29) OSItIETQ (U (x,t) —UE(x,1))%dx + . (¥ — UE I__'%_—rll(gsé)dt
<t=TQw [] -

<C(T) €283 +82+ 89 |, 1=<s=<2,

where C is a constant independent of € and 3 , but dependent on T, q = 2p/(p—2),
2<p<rnr>>2 1/p=N2+(1—-N/r,0<A<1, and A is close to 1.

Proof. We first prove (29) for s = 2.

From (22), (4)-(5), we can obtain

ou?-ug) 9 Howt-upHH
(30) 3t 6_)(. auT = Fo(x,&, 1),
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where
(31)
_ :ll 10N, o, ()0,
Pl &1 = 1,0,0p=1 . aa 0Xq, *° aXou
[ | ‘1:' a|+1 ,t
- NG, a0 (6D g o
|=1 O, ,04=1 5 5 %z- 1
| — ONg o, (&) 2°utkt)
+ . a2_1aij(z’t) aaaz X axalasz
a3uttk, t)
* panmy 88 6 NG 6 )0,
2 N — 0" %u"tk, t)
* Izls o1 au (& ON ul o (& t)axiaxjaxou -+ 0Xq,
62u'1_‘k
+ ~ a5 axo%; S OXi0Xj
For (x,t) Cdl < (0,T), we have
(32) U (x,t) — U2 (x, 1) = Pes (X, &, 1),
where
— |1:| ' 1)
Pes(x, &, t) =— ¢ ey (8 O) gl
) I=1 o, ,on=1 O( - OXay =+ OXay
(33) U (x,0) — US2(x,0) = pes(x, &), x [,
where
| S— Ij| o' t
(34) Pes(X%,&) =— & NG, o (& ) 3 ———"— utey

=1 oy =1 OXqy " *OXq, =0

For (x,t) [Cdllgs < (0, T), from (4) and (5), we get

X . 0(u® —U%®)
35 iQii _,t _— :SS 1 ’t’
( ) Vaj(e ) an 5(X‘E )
where 3
B a%uttk, 1)
SSS(X’E’t) 8 Vi au (E t) Gldz(ait)m.

Since t {0, T) plays the role of a parameter, from (4), we derive

1 5 1
= AP =~ O 1)
_ 0 A 0ONG (Y .
a5 atagfj;t)—a}j— (&1 O3 = (0,T)
%ﬁv iaij (€, t)—%éz'—t)) = —viataiﬁ(i,t), (§1t) Cals < (0,T)

0, ¢(&, 1) is 1-periodic in &, N&, +(& t)dE = 0.
Ys

where N§, (&, 1) = 0:Ng, (€, 1).
If deay; CLF°((0,T) % Yp), it holds

Yo [N, ¢ I—_Q(yé) = oYV IONG, ¢ Lk vy
+ C2[TING, [dvy) LING, ¢ idevs).

1
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Given |Ys| = 26(1 — %), it follows from Lemma 2.1 that
(36) [INY, [y, < C8Y2,

where C is a constant independent of €, 6.
Following the lines of proof of (1.72) in ([6], p. 98), we have

(37) NG, Ly, < C8¥2.
We can check that

(38) (Ng,a, ¢ [dvs) < €32,

where Na1a2 = 0N 0(10(2

Given [Qg5] =9, it follows from (31), Lemmas 2.1 and 2.2 that

[Eb @(986) < Cg 3%7? Iﬂl@@ll,m(g) + £85/2 mﬁz,m(g)
53/2 [O{u Iﬁl,m(g) + £65/2 [d{u l@ﬂz,m(g)
5572 [T Bipha. oy 48Y 2 I Bipls. o
£65/2 Iﬂ@@t,m(g) + Cd Ll_ﬂﬁz.oo(g),

+ + +

and
(39) -

[Eb Ld0,7:1.2(0cs) Ce 832MH 3o 1:wie(qy) + £0°2 WH o 1wz (qy)
532 [Au 2 o 1.wie(y) + €0%2 [AIU D (0 T: w2 (0))
8°/2 [ o, mwa.e= () 8% M 0 1w (@)
e0¥2 iAo rwae=(a)) + COMH 0 w2 ()
C(T)(ed%2 4 3).
where C(T) is a constant independent of €,0 but dependent of T.

In order to estimate ks [hsz(aq), it suffices to find a function Wes CH*(Qes)

such that
au'tx, 1)
0Xq,

where Hl(Qg5,aQ) = {V EEll(an), VIaQ = O}.
Let ¢¢ be a scalar function such that ¢ C(Q), de = 1 if dist(x,00) <€, ¢ =
0 if dist(x,09) = 2¢, | Chel < c2e7 L. Set
9%u'tk, t)

1

au'tk, t)

Tes = —be NG, (&, t +€°N§

€d ¢£ € (E ) a al (X]_(Xz(E )axulaxaz

Kes = {x: dist(x,09Q) < 2€} n Qes.
It is easy to see that Wes [H(Qes) and

IA

N+ + +

2%utk, t
+82N31a2(§,t)ﬂ [H(Qe5,09),

v sN t)
& + &Ny (8, 1) 0Xq, 0Xr,

7

0Wes _  _c0%eps ou™ s orl ou™
oxj 6_ O‘16x € 6&1 ax(,(1
(40) ) Na d%u _8264)8 9%y
€701 9Xj0Xq, 6_ 102 JXq, 0Xq,

()Ng(lo(2 92u™ e

— £2¢.N2?
e gE Oy 0%ay & PeNasce I 9%, 0%
Using Holder’s inequality, it is easy to check that

(41) [Ty < W) [Ty, for u [IF(Q),
where 2<p<r,1/p=M2+(1—A)/r,0<A<1, and A is close to 1.
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From (4) and (5), under the assumptions of Theorem 2.2, for any fixed t [0, T),
we can prove that

(42) NG, (&, t) Ghmoqvyy <C, M =0,1,

where C is a constant independent of 9.
Setting Q = Y5 , and using Lemma 2.1, (41)-(42), we get

N3, (8, 1) v,y = C8 %,
[TENE, (&, t) [beysy < CO82,
N2 o, (&, 1) [y <CB %,
D]ggﬂglaz (E’ t) |—l_:'*(Yes) = C6%’

where C > 0 is a constant independent of 6, and p = 2r/((r —2)A+2), r >> 2.
Now we consider the first term on the right side of (40). Using the cut-off function
¢, we have

00 s (x,0u'h) 1o
ou |€axﬁ€Nal(§)W| dx

- ou
<C T INg, (PRI fox

Lo L4
<C INZ, [Pdx |

I__KEG K
<C ] NB P E;b% aul:lqd @h
= € NG, [Pd€ |ax—u1| X

zt z E‘-Y5 Kes

S C63)\ mﬁl,q(}(sé) 1

where C > 0 is a constant independent of 3, Kes =  €(z2+Y5), and q = 2p/(p—2).
(]

z
The other terms on the right side of (40) can be treated similarly. We thus get

—
[Wes (k) = C 8% MFEaagc,y) + 02 M auage,s)

4 2 m@ﬂz.q(Ksé) + 8% |ﬂ'¥@2-q(Ksa) 1
+ &% CuFEpdz.a i o) + €257 [ abs.a (k) -

Following the lines of the proof of Lemma 1.5 of ([12], Chap.I), and using The-
orem 1 of (][9], p.258), we can prove that

ms,q(}(sa) = CSllq mﬁs+1,q(g), s=1,2,3,

and

1
Wes b o) = C 5% l/a @@ﬂz.q(g) +3%¢l/a mﬁz.q(g)
£Q D52 [ Eaagay 6C+ D52 ey
8(2+1/q)6% m«q(g) )

+ +

where q =2p/(p—2),2<p<r,r>>2 1/p=NM2+(1—-AN/r,0<A<1, and
A is close to 1.
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We use the trace theorem, and get

(ks %;Hllzajg)) < C MWes [0, 7;H1 (Qes))
<C 3% e o r.wea@))
+332¢l/a W2 0, 1.w2.acq))
(43) +e VD5 S W o 1wsacay)
+eA+ VD52 W 07w a0y 1
TGOS » m__ED(O,T W4.4(Q))
< C(T)5M2el/s,

where C(T) is a constant independent of €,0 but dependent of T.
From (34), it follows from Lemma 2.1 that

O O
(44) [ds [t (q.) = C €832 [ Lo () + €28%/2 [0 [z, (qy) -

From (35), we observe that 0Tgs [, and have

[Sks [ (o7, < CE* NG, o, [d(o.5) [ Bl = (0,

where

1
I:NB I@ _ o 2
aiaz (OTes) 0Tes |N0(10(2| dS(X)

-1 14} 2
= Ce" . aTs INalo(zl ds(&)
i=
n—1[9Q| .—n
Ce V€ oTs

l

ING, o, I°dS (&)
Using the trace theorem and Lemma 2.1, we derive

NG, a, [ @Ts) < CMNG o, [b vy < C8*2,

and consequently

(45) [Sks [id(o,7:L2(0Tes)) = CE¥/28%2 MM 0, 7w 2. () -

From (30)-(35), combining (39), (43), (44) and (45), and using a priori estimate
for parabolic equations, we obtain

] ]
sup (UPB(x, 1) —UZ(x,1)2dx + [P — UZ [ o dt
0=t=<T o5 0 ©
S C ma I_i—l + Ea) @(0’&'2(9))

L2(0,T:H 2 (0Q))

+ Sk Bdeojrizeomesn T P o)

< C(T) €28% +8% + 89 |, s=2,

where C is independent of €, d but dependent of T, q = 2p/(p—2),2<p<r,r>>
2, 1/p=NM2+(1—N/r,0<A<1, and A is close to 1.
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We next prove (29) for s =1. From (4) and (5), we have
2™ - U

s 0UY

([

= (a5 + a'kFE_ EFE_(ak'Na) i oo
a2uttk,t) auttk,t)
) d
+(@5 — aif) 3% 0% )4 Ea'JNulax.ijaxm

aNa (& 1) au'%k —8N5 (& t)a u'%k t)

b aNglaz I%&U %(,

—_55 aij az axalaxuz

futk )

5 _ 3
a a'lﬁ 0X;j ax + €aijNg, 0Xi0X; 0Xqp, axjaxo(1
aN t)

o (& au“_d( aNgl(E,t)a 2utk,t)

ot 6>6< 0t0Xq,
— ONg,q, 0%u'(k, t)
= TEox dT9E X oxe, &,
where
aNg( (o a3u|%(’t)
Fix.&1) = &aij 65 : 0Xq, 0Xa, OXi
9%utx, t) a%uttk,t)
5 _ 5
+ (& ~aij) 5 ox;  +&iNa Ex.axjaxm
LONG (€. 1) au%( 5 0%u'tk, 1)
Ot oxe  ENa (& U5,
For (x,t) Cdlgs < (0, T), from (4) and (5), we get
€d __|1€0 2
Viaija(u ut) —ev-aialNa ’uttk 1)

0Xj az 6x20(16xo(2
alorz 0%u'tk 1)

= EVia'J ag; axalaxuz

Repeating the process of the proof for s = 2, we can prove (29) for s = 1.
Therefore, the proof of Theorem 2.2 is complete.

Corollary 2.1. Under the assumptions of Theorem 2.2, we have

- 1 -
(46) sup  (UP(x,t) —ultk, 1)%2dx < C(T) €28% 432 + 37?9 |
OStsTQ86

where C is a constant independent of € and 6 , but dependent on T, q = 2p/(p—2),
2<p<nrr>>2,1/p=M2+(1—AN)/r,0<A<1, and A is close to 1.

Remark 2.2. We prove Theorems 2.1 and 2.2 for a kind of lattice structure
of Type I. In fact, Theorems 2.1 and 2.2 are valid for other lattice-type structures
such as Type IT and Type III.

Remark 2.3. If the coefficients a.,( t) do not depend on X and t, i.e. the
coefficients ajj are constants, we can also prove Theorems 2.1 and 2.2.

3. Multiscale Finite Element Method and Numerical Examples

In this section, we first present the multiscale finite element method for solving
heat transfer equation in lattice-type structures. Then we show some numerical
results for three kinds of lattice-type structures which have the same volume ratio
of a solid material.
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From (20) and (22), the multiscale finite element method for solving problem (1)
is composed of three steps:

Step 1 Compute the cell functions N§, (€,t), N3 o, (€, 1), & = €72X in a refer-
ence cell Y;.

Step 2 Solve numerically the initial-boundary value problem of the homoge-
nized parabolic equation (9) with constant coefficients over a whole domain Q >
(0, T) in a coarse mesh.

Step 3 Calculate the higher-order derivatives DSu'(X,t) by using the finite
difference method. Note that we cannot directly compute higher-order derivatives
for the finite element solutions.

We implement the subdivisions for Y5 and €2, respectively. hg and h denote the
sizes of the corresponding meshes.

Define first-order difference quotients given by

I ad
) BuiiNpt) = s (5 le(Npiti)
P il
e [a(Np)
where 0(Np) ist?he set of elements with node Np; T(Np) is |:tlhe number of elements
of 6(Np), [g%;‘]e(Np,ti) is the value of the derivative g%:‘ at node Np associated
with element e at time t = t;.
We define second-order difference quotients as follows

1
T(Np)

0X;j
[ Am“r%bj’ti)ﬁ]e(’\'p’ti)’
. m
eaNp) j=1
where d is the number of nodes on e, Pj are the nodes of e, Xj(X) are Lagrange’s
type shape functions.
The multiscale finite element formula is written as

(48) A% untNp ti) =

Utho,h(Np’ti) = uptNp, ti) + SN%’l:OAxGl uptNp, ti),
(49) UZho.n(Np, ti) = urNp, ti) + NG OAxaluh%vati)
+ E2NGE AL xe, UTNG, ti).

Next we do some numerical experiments for heat transfer equation for three
types of lattice structures as shown in Figs. 1-3 in the two-dimensional case.

|

5 €d
2 = Pl (025 — k0, (0t CRex (0,T)

ud(x,t) =0, (x,t) Canx(0,T)

X ou®
%.,(s,t)m—j_o, (%) Cales < (0,T)
u0(x,0) =0, x [Dks.

where Qg5 is a lattice-type structure which is the union of entire cells, 0Tgs is the
surface of holes and 0 is the thickness of solid walls.

We take € = %, and the thicknesses of three types of lattice structures are given
as in Table 1.

(50)

Table 1. Thicknesses of solid walls for three types of lattice-type structures

thickness(d)
Type I 0.0150888
Type IT | 0.0176776
Type IIL | 0.0125
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Example 3.1. Suppose that the coefficients ajj are constants.

Case 1.1: g; is a lattice structure of Type I as shown in Fig.1 (a). f(Xx,t) =
100(x +y)(2 + sin(20mt)), aij (%) = 1008ij, tr= 1.0.

Case 1.2: Qg5 is a lattice structure of Type II as shown in Fig.2 (a), f(X,t) =
100(x + y)(2 + sin(20mt)), aijj (%) = 1006ij, t—= 1.0.

Case 1.3: g5 is a lattice structure of Type IIT as shown in Fig.3 (a), f(X,t) =
100(x +y)(2 + sin(20mt)), aij (%) = 1008ij, tr= 1.0.

Example 3.2. Suppose that the coeflicients ajj only depend on t.

Case 2.1: Qg5 is a lattice structure of Type I as shown in Fig.1 (a), f(x,t) =
100, ajj ()_s(’ t) = 100(2 + Sin(20ﬂt))5ij, t—+ 1.0.

Case 2.2: Qg5 is a lattice structure of Type II as shown in Fig.2 (a), f(X,t) =
100, a.J(X t) = 100(2 + Sln(?OT[t))éij, t—= 1.0.

Case 2.3: (s is a lattice structure of Type IIT as shown in Fig.3 (a), f(X,t) =
100, ajj(%,t) = 100(2+ sin(20mt))dij, tr= 1.0, where &;j is the Kronecker symbol.

Since it is extremely difficult to find out the exact solution of (50), in order to
show the numerical accuracy of our method, we replace u®(x,t) with its approx-
imate solution in a very fine mesh. We would like to point out that we do not
need to solve the original problem (50) in a very fine mesh in real engineering prob-
lems. Here we use the linear Lagrangian element to solve problem (50). Without
confusion we continue to use U®(x,t) to denote the numerical solution in a fine
mesh.

We implement triangle partitions for Yz and 2, respectively, and use the linear
Lagrangian elements. The computational cost is listed in Tables 2 and 3.

In Cases 1.1-1.3, the homogenized coefficients a':'for three types of lattice struc-
tures can be calculated by algebraic expressions( see [6], p.75, p.112, p.127), and é?j
defined in (6) can be computed numerically. Some numerical results are as shown
in Tables 4 and 5. In Cases 2.1-2.3, the homogenized coefficients ai‘jr(‘t) and éiéj (t)
can be easily obtained by multiplying the factor (2 + sin(20mt)).

For simplicity, we denote u'(X, t) the finite element solution for the homogenized
heat transfer equation (9) in a coarse mesh, and U$®(x, t), U5%(x, t) the first-order
and the second-order multiscale finite element solutions, respectively.

Set

eo = U (x, 1) —u(k, 1), ex = U (x, 1) — Ud(x, 1), &2 = uf¥(x,t) — USS(x, 1).
We 1ntr0ciﬂ_;1%I some not Ceh L
M2 = JuxtPdx mm = Ju(x, t)P+| I, t)[2dx , [l =

Oy G Oy G
[Zjdt , and lg) =  [OIZLdt

Some numerical results are shgwn as in Table 6.

Figs.7-9 show some numerical results for solutions u®(x,t), uk,t), U (x,t),
and U$%(x, t) along the diagonal of the square Qg5 in Cases 1. 1 1.3, 2. 1 2 3 at tlme
t— which tare as given in Cases 1.1-1.3, 2.1-2.3 .

Figs.10-15 clearly show the evolution of the relative errors of approximate so-
lutions with time t in Cases 1.1-1.3, 2.1-2.3, where the horizontal axis denotes
time t, the vertical axis is the relative error, where erreOL2, errell2, erre2l.2,

erreOH1, errelH1, and erre2H1 denote gg%? 55%, ga?_;& , gz;%, 55%,

0

and % , respectively.
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Table 2. Comparison of the numbers of nodes

original equation | cell problem | homogenized equation
case 1.1 12309 684 441
case 1.2 20181 921 441
case 1.3 28257 1173 441

Table 3. Comparison of the numbers of elements

original equation | cell problem | homogenized equation
case 1.1 16664 912 800
case 1.2 27416 1232 800
case 1.3 38704 1576 800
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Table 4. Homogenized coefficients a; j for three types of structures

air’' | ap az’ | ay
case 1.1 | 50.0 0.0 0.0 50.0
case 1.2 | 50.0 | 20.71068 | 20.71068 | 50.0
case 1.3 | 50.0 0.0 0.0 50.0

Table 5. Homogenized coefficients éiaj for three types of structures

ad a2 a5, a5
case 1.1 | 51.37552 | —7.98636 % 10~° | —7.98636 % 10~° | 51.37552
case 1.2 | 51.02844 20.46541 20.46541 51.02845
case 1.3 | 51.41881 | 1.97295 < 10~/ 1.97295 < 10~ | 51.41881

Remark 3.1. Observing the numerical results in Tables 4 and 5, it is obvious
that if d > 0 is very small, éiaj and ai'j:'are very close, which are entirely consistent
with (24).

Remark 3.2. Table 6 clearly shows that the first-order multiscale finite element
method has the better numerical accuracy. But neither the homogenization method
nor the second-order multiscale finite element method has good numerical accuracy
in these cases (see Cases 1.2-1,3, 2.2-2.3).

Remark 3.3 Theoretically, the first-order multiscale method yields the same
convergent order as the second-order one. Numerically, in the computation of
all kinds of physical fields for composites, when the difference between different
materials is very large, the first-order multiscale method is insufficient to describe
local fluctuation of the solution for considering problems. We need to seek the
second-order multiscale method. Numerous numerical results clearly show that
the numerical accuracy of the second-order multiscale method is better than that
of the homogenization method or the first-order multiscale method. However, for
lattice-type structures, since the solid part of the structures is made of only one
kind of material and the cell functions are very small (see Lemma 2.1 of this paper),
the numerical accuracy of the first-order multiscale method is sufficient good. The
numerical results of the second-order multiscale method may be bad because of the
numerical errors.



252

@

F. ZHAI AND L. CAO

Table 6. Comparison of computational results

Ted [dh led L Led Ledh [ed Leh ted Lab fed Lab
Iﬂ’r‘s@) m@@) Iﬂ’r‘s@) Iﬂ’r‘s@ IEBIE) Iﬂ’r‘s@
Case 1.1 | 0.039937 | 0.039845 | 0.10197 | 0.97475 | 0.11316 | 4.8086
Case 1.2 | 0.028745 | 0.028619 | 0.19844 | 1.0017 | 0.13893 | 6.4708
Case 1.3 | 0.029338 | 0.029285 | 0.14833 | 0.96451 | 0.12759 | 10.980
Case 2.1 | 0.039772 | 0.039685 | 0.099143 | 0.97188 | 0.10799 | 4.8241
Case 2.2 | 0.029107 | 0.028990 | 0.18847 | 1.0029 | 0.13521 | 6.0305
Case 2.3 | 0.029407 | 0.029358 | 0.14177 | 0.96259 | 0.12420 | 10.690
02 / / \\\ | ;)‘37 g
0.15 / \\ i 0.25 /*/ Qt\\\
' \\ 0.2 g
o // / \\ 015 /*/ \\
0.05 / \ 1 0.1 k\\’
o / \ 0.05 /’ \\,
' (b) ‘ ' ‘

Figure 7. Computational results: (a) case 1.1;
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—+—uo ||

\:(\& u2
A\

B 0.2

Figure 8. Computational results: (a) case 1.3,;

Conclusions

0.4 0.6

0.8

(b)

(b) case 1.2.

—*—u0
ul
u2

0.4 0.6

0.8

(b) case 2.1.

for solving the heat transfer equations in lattice-type structures.

This paper discussed the initial-boundary value problem for the heat transfer
equation in lattice-type structures. The new contribution obtained in this paper
was the determination of the convergence rate for the approximate solutions by
using the homogenization method and the multiscale asymptotic methods. We did
some numerical experiments for three types of lattice structures. The numerical
results suggested that the first-order multiscale method should be a better choice
compared with the homogenization method and the second-order multiscale method
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Figure 9. Computational results: (a) case 2.2,; (b) case 2.3.
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Figure 10. (a) case 1.1, the evolution of L? relative errors with
t; (b) case 1.1, the evolution of H? relative errors with t
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t;  (b) case 1.2, the evolution of H? relative errors with t
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