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MORTAR FINITE ELEMENTS FOR COUPLING COMPRESSIBLE
AND NEARLY INCOMPRESSIBLE MATERIALS IN ELASTICITY

BISHNU P. LAMICHHANE

Abstract. We consider the coupling of compressible and nearly incompressible
materials within the framework of mortar methods. Taking into account the
locking effect, we use a suitable discretization for the nearly incompressible
material and work with a standard conforming discretization elsewhere. The
coupling of different discretization schemes in different subdomains are handled
by flexible mortar techniques. A priori error analysis is carried out for the
coupled problem, and several numerical examples are presented. Using dual
Lagrange multipliers, the Lagrange multipliers can easily be eliminated by local

static condensation.
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1. Introduction

Often coupled problems with completely different material properties in different
subdomains occur in solid mechanics. To get optimal a priori estimates, a proper
discretization scheme should be used in each subdomain. Here, we consider cou-
pling of compressible and nearly incompressible linear elastic materials with mortar
techniques. The boundary value problem of elasticity involves a critical Lamé pa-
rameter A. For nearly incompressible materials the Lamé parameter X is very large,
and it is well-known that working with low order finite elements with displacement
based formulation suffers from so-called locking effect yielding a poor convergence,
see [13, 18, 4]. Various approaches have been proposed to overcome this difficulty.
Among these are to apply higher-order finite elements with a standard displacement
formulation. For example, in [31], it is shown that working with the h-version finite
elements of order higher than three on a class of triangular meshes completely avoid
locking. On the other hand, in [4], it has been shown that the h-version can never
be fully free of locking in rectangular meshes no matter how higher-order finite
elements are used in the sense that optimal orders of convergence are not obtained.
The other approach is related to working with mixed methods. The linear elastic-
ity problem can be formulated as a mixed formulation in many different ways, see
[18, 13, 11, 33, 3, 1]. The general approach in these mixed formulations is to intro-
duce extra variables leading to a problem of saddle point type with a penalty term.
The essential point is to prove that the method is robust for the limiting problem,
which is the Stokes problem. Methods associated with nonconforming finite ele-
ments have also been analyzed leading to the uniform convergence in the nearly
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incompressible case, see [21, 17, 30, 15]. The central point in these approaches is
to construct an interpolation operator at each element which preserves zero diver-
gence. We point out that many different methods like the reduced integration, the
enhanced assumed strain and the mixed enhanced strain can be analyzed within
the framework of mixed formulation, see [18, 12, 14, 32, 26, 27, 29]. All these ap-
proaches have in common that the finite element approximation is robust for nearly
incompressible materials.

In order to avoid the problem of locking-effect, we consider suitable discretization
schemes for nearly incompressible materials. Introducing the pressure as an ad-
ditional unknown for the nearly incompressible case, we arrive at the problem of
coupling a saddle point problem with a positive definite one. Working exclusively
with non-matching triangulations, we use mortar techniques to realize the coupling
of different discretization schemes.

This paper is organized as follows. In the next section, we describe the boundary
value problem of linear elasticity and introduce a new formulation of the boundary
value problem in the continuous setting suitable for coupling a nearly incompressible
material with a compressible material. In Section 3, we show the stability of the
scheme and prove optimal a priori estimates. Finally in Section 4, we present some
numerical results illustrating the performance of our approach.

2. The problem of linear elasticity in the mortar framework

We consider a bounded polygonal or polyhedral domain Q C R, d € {2, 3}, which
is decomposed into two non-overlapping subdomains €7 and s with the common
interior interface I', T = 0, N 0€,. For simplicity, we restrict ourselves to the case
of two subdomains. However, the approach can easily be generalized to more than
two subdomains.

We assume that the subdomains €2; and 22 are occupied with different isotropic
linear elastic materials. Furthermore, the material in €y is supposed to be nearly
incompressible, whereas {25 is occupied with a compressible material. We consider
the following linear elasticity problem of finding the displacement field u in €2 such
that
(1) —div (615(11)) = fl in Ql,

—div (CQE(U.)) = f2 in Qg
with homogeneous Dirichlet boundary conditions on 9. Here, C; and Cy are con-
stant and symmetric fourth-order elasticity tensors corresponding to different ma-
terials in € and g, respectively. Denoting the identity tensor by 1, their actions
on the strain tensor are defined as

Cie(u) = A1 (divu)l 4 2u1 e(u), and Coe(u) = Az2(divu)l + 2ug e(u).
Moreover, the plane strain is assumed in the two-dimensional case. We define
the global Hooke tensor C which takes the value C; on 21 and Cs on €5, and set
u; = u, and up :=uy, . We assume that f; € (L2(2))%,i = 1,2. The interface
conditions on I' are given by
(2) [u] = up—u2=0 on T,

[u], (Cie(u))n — (C2e(uz))n =0 on T,

where n is the outer normal to I' from €.
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In order to write the variational formulation of the linear elasticity problem (1), we
introduce H' () := (H'(Q%))? for k = 1,2 and define the unconstrained product
space

2
X = H{V eH' ()] Vieanaa, — 0}.
k=1
The i . 1/2 . 1/2 o 1 d .

e interpolation space H) (') is defined by Hg)™(I') := (Hg,(I'))", and its
dual space will be denoted by H~'/2(I"). The weak matching condition on the
interface is imposed by introducing the vector-valued Lagrange multiplier space
M := H~/2(T') on the interface T'. Here, we consider the positive definite varia-
tional problem on the constrained finite element space which is given by means of
the global Lagrange multiplier space M

3) V::{VEX|/F[v]-¢da:O,¢€M}.

Then, the variational problem of linear elasticity in the mortar formulation can be
written as: given [ € (L?(2))? find u € V such that

(4) a(u,v) =1(v), veV,

where the bilinear form a(-,-) and the linear form [(-) are defined by

a(u,v): = Cie(u) :e(v)de + | Cae(u):e(v)dx, and
Q4 Q2

I(v):

fi-vde + fo-vdz,
Ql QQ
respectively. Taking into account the definition of Ce(u), we can write the varia-
tional formulation (4) as

2

2
(5) 22‘”/ e(u):s(v)d:c—l-/\i/ divudivvd:c:Z/ fi-vdz.
i=1 & Qi 18

i 1=

From the assumption on C, we find that a(-,-) is symmetric, continuous and V-
elliptic, and hence the problem (5) has a unique solution u € V. Since the material
occupying €2y is supposed to be nearly incompressible A; is very large, and hence
the divergence of the exact solution divu; is very small. This constraint for the low
order approximation based on displacement approach leads to the locking. In the
next paragraph, we will relax this constraint by introducing an additional variable
for the pressure.

There are many efficient numerical approaches to handle a nearly incompressible
material, see [32, 18, 11, 29]. In general, they are more complex than the standard
displacement formulation. Our goal is to combine the standard formulation with a
suitable scheme for a nearly incompressible material without losing the simplicity
and optimality of the approach. For that purpose, we want to get a variational
formulation which is uniformly well-posed in terms of A\;. Now we introduce an
additional unknown variable p := Ajdivu in ©; leading to a mixed formulation.
Then the variational problem (5) is given by: find (u,p) € V x L?(£;) such that

(w,v) + b(v,p) = I(v), v € V,

(6) bug) — Lépg) = 0, q¢ € L*M),
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where

2
a(u,v) = Z / e(v)d:c—l—)\g/Q divudiv v dz,
i 2

l;(v,q) = / divvgdr and ¢&(p,q) ::/qud:v.
1
)

As usual, for v € H*(Q) (H°(Q) = L?(Q)), s € R, ||v||s.o denotes the standard
norm in H*({), and we use the same notation for norms on H*(Q2) and H*(Q),
whereas a broken norm is used on X defined as

vl == lvilna + 1vie,-

We remark that in contrast to the setting of the Stokes problem with homogeneous
boundary condition, where p € L2(Q1), here, the pressure p € L*(Q;). The essential
points for the existence and the uniqueness of the solution of a saddle point problem
are ellipticity, continuity and a suitable inf-sup condition. Furthermore, for the
saddle point problem with penalty, it is necessary that the bilinear form é(,-,)
should be positive semi-definite and bounded, see [11]. The bilinear form af(-,-) is
symmetric, continuous and V-elliptic uniformly with respect to A;. It is also clear
that the bilinear form é(-,-) is continuous, symmetric and positive definite. The
continuity of b(-, -) follows from its definition.

Lemma 1. The bilinear form b(-,-) on 'V x L2(Qy) satisfies an inf-sup condition
uniformly with respect to Ap.

Proof. The proof is based on applying the argument due to Boland and Nicolaides
[10]. Given q € L?(£2;), we split ¢ = go+¢., where le go dz = 0 and ¢, is a constant

such that [, ¢dv = [, qcdz = |Qlg.. Thus [|¢llf o, = llooll§ o, + llgcll3 o, - Since
qo € L3(£21), there exists a vo € H} (1) with ||voll1.0, < Cllqollo.e, such that

qu”3191 = B(VQ,(]Q), see [23, Corollary 2.4].

Hence ||¢[I§ o, = b(vo,qo) + ¢2|Q|. Now, we define a piecewise constant function f

in  with
TR if v € Qq,
)= {——qlcg';}' if z € Oy
so that f € L3(12), and hence the divergence equation
(7) V.w=f in Q
has a solution v.. € H}(Q) with ||v.|[1 < C| fllo, see [2, 22]. Thus

lallb, = BWmmﬂ+qﬂQﬂ=5Wm%)+glV-w&dw=5Wmmﬂ+5WQ%)
1

Since vo € H§(1), we can extend vq trivially on by defining Vo := vo in ; and
Vo := 0 in Oy, and find that vo € H}(Q2). Hence b(vo, qo) = b(Vo, o). On the other
hand,

b(¥o + Ve, qo + ¢e) = b(¥o,q0) + b(Ve, gc) + b(Vo, ge) + b(Ve, o).
Noting that b(Vo,qe) = 0, and b(v., qo) = 0, we get

lallg., = b(¥o + Ve, @0 + qe)-
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Finally, taking into account that vo € H}(2) we get v, + vy =: v € H}(Q) with
[IVll1 < [[ve+ Vol < C(Ifllo + llgoll0,0, ), which completes the proof. O

An immediate consequence of the previous lemma is the following theorem.

Theorem 2. The problem 6 has a unique solution and there exists a constant C
independent of A1 such that

lulls + [[2llo,.2. < Clllo-

3. Mortar discretizations and a priori estimates

In this section, we briefly review mortar finite elements and prove optimal a pri-
ori estimates for the discretization errors. Let 77 and 73 be independent shape
regular triangulations on 2y and 29 with mesh-sizes bounded by h; and hs, respec-
tively. We define the unconstrained discrete finite element space for the displace-
ment X, := X; x X5, where X, := X,‘j, X} being the conforming finite element
space of order pr > 1 in Q. We recall that no interface condition is imposed on
X}, and the elements in X}, do not have to satisfy a continuity condition at the
interface. The pressure space L?(Q;) is discretized by some finite elements and will
be denoted by Rj, C L?(€);1). The efficiency and optimality of the mortar method
depends on the choice of a discrete Lagrange multiplier space, which should satisfy
assumptions stated in [28, Assumptions 2-4]. Without loss of generality, the La-
grange multiplier space is based on a “d — 1”-dimensional mesh 7r, inherited from
73, and its basis functions are defined locally having the same support as finite
element basis functions associated with the interior nodes of the slave side.

We observe that since the normal has jumps if I' has corners although u € H*t1(Q;),
e(u)n is, in general, not an element in H*~/2(T') when s > 1. Therefore, we de-
compose I' into a finite number of subsets ;, 1 < ¢ < N, such that each ~; entirely
lies in a “d — 1”-dimensional hyperplane, and

N
r={Jw
i=1
where v Ny, = 0, and ; U 4; does not entirely lie in a “d — 1”-dimensional
hyperplane, 1 < k # | < N. Denoting the discrete Lagrange multiplier spaces
on v; by M;, 1 <1i < N, we define M; := Mid7 and our global discrete Lagrange
multiplier space is then given as the product space

N
M), == HMZ-.
=1

The finite element nodes in J-y; on the slave side, 1 < i < N, are the crosspoints and
they do not carry any degree of freedom for the Lagrange multipliers. We assume
that Wi and W are the trace spaces of X; and Xy restricted to ;, respectively,
satisfying homogeneous boundary conditions on 0+;, and we set

N N
wir= Wi, Wi o= W5
i=1 i=1
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As in the continuous setting, we consider the positive-definite variational problem
on the constrained finite element space Vj which is given by means of the discrete
global Lagrange multiplier space My,

() Vi = {vi € Xp | b(vi,),) =0, ), € My},

where b(vp, ¥;,) = Zi\il f% [Vi] -1, do. We remark that the elements of the space
V), satisfy a weak continuity condition on the skeleton I' in terms of the discrete
Lagrange multiplier space M. However, V/, is, in general, not a subspace of H}(12).
Replacing the space V x L?(£2;) by our discrete space V, x Ry, in (6), we obtain
our discrete variational problem: find (up,pn) € Vi X R, such that
©) a(up,v) +b(v,pn) = IUv), vV € Vy,

b(up, q) — A—llé(ph,q) = 0, q € Ry,
To establish a priori estimates for the discretization errors, we consider the saddle
point formulation (9) of the elasticity problem and apply the theory of mixed finite
elements. The continuity of the bilinear form a(-,-) on 'V}, x Vy, of b(-,-) on Vi, X Ry,
and of é(+,-) on Ry X Ry, is straightforward. Moreover, the continuity constants are

independent of A\;. Furthermore, we need the ellipticity of the bilinear form af(-, -)
on Vi, XV, and a uniform inf-sup condition for the bilinear form b(-, -) on Vj, x Ry,.

3.1. Uniform inf-sup condition and ellipticity. The following two assump-
tions will be crucial to prove the inf-sup condition in the discrete setting and are
supposed to hold in the following.

Assumption 3. 3(i) Fora constant ¢. € R, there exist functions v; € W5 v €
W™ for some i € {1,---,N} with ”VZHHéf(%-) < Clqel, thmHH[l)f(%) <
Clqc| so that

/ v; -ndo = g, and/ (vi —vi)-pdo =0, ¥ € M,.

Vi Yi

3(ii) For any q € R, N LE(Q1), there exists a constant C > 0 independent of the
meshsize such that

sup b(vh, ) > O|lql

v €X1NHE (1) [villie

0,21+

Assumption 3 (i) is readily met if the triangulation is fine enough and the discrete
Lagrange multiplier space satisfies the stability assumption [28, Assumption 2], and
Assumption 3 (ii) tells that the spaces X; and Ry, should be chosen carefully so that
they form a stable pair for the Stokes problem. The following lemma provides a
necessary tool to prove inf-sup condition.

Lemma 4. For a constant q. € R, there exists a vy, € Vy, with ||vp]1 < Clge| such
that le V. vpdr =q..

Proof. Because of Assumption 3 (i), we can choose a function vi € W? with
IVillex1/2,. y < Clge| such that [ v§ -ndeo =g,
Hyo" (vi) v
and define a function v}* € W7 with ”VTHH(%Z(%‘) < Clg.| so that f%(vi -

vi*) -pdo = 0, ¥ € M;. Since v, v}’ € H(l)é2(%-) both v; and v}* can trivially
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be extended to functions in W; and W7}*, respectively, still denoted by v; and
vi*. Using the discrete harmonic extension, we obtain functions wj* € X; and
wj, € Xy so that wi, = vj and wi', = vi". Defining a function v, € X, with
Vhlo, = wp', and Vilg, = wj, we find that v, € Vj, and from the well known
property of harmonic extension we have ||v |1 < C|g.|. Finally, the result follows
from

V-Vhdacz/vfl-nda:/ vi -ndo = q..
031 r Vi
O

Theorem 5. For any qn € Ry, there exists a constant C independent of \1 and
the meshsize such that

sup b(vh, qn) > Cllgnl

vRLEV) |\Vh||1

0,27 -

Proof. As in the continuous case, we resort to the argument due to Boland and
Nicolaides [10] to prove the inf-sup condition. We take ¢, € Ry, and split g, =
goh + qch, Where fﬂl gon dx = 0 and ¢, is the L2-projection of ¢; onto R such that

le gndr = le qen dz. Since qon, € Ry, N LE(Q1), from Assumption 3 (i), we get a

von € X1 NHE(Q1) with [[vonlli.e, < Cllgonlloe, so that |lqonll3 o, = b(Von. don)-
Hence
(10) lanllg.0, = b(Von: qon) + ¢2u] .

From Lemma 4, we get a v., € Vj, such that le V Ven qen dz = ¢2,|Q1|. Using
this in (10), we get

lanll3.0, = b(Von, qon) + b(Ven, gen)

The rest of the proof follows exactly as in continuous setting. O

Remark 6. Working with bilinear or trilinear finite elements and piecewise con-
stant pressure (Q; Py) in the subdomain with the nearly incompressible material, it
is well known that the uniform inf-sup condition does not hold, and one can ob-
serve some spurious pressure modes. Since Assumption 3 (i) does not hold, the
theoretical analysis does not cover this case. However, as analyzed in [23] for a
problem posed in a single domain with homogeneous Dirichlet boundary condition,
the spurious pressure modes do not substantially affect the displacement. Further-
more, through the numerical results we will show that the Q; Py formulation can be
successfully used in a subdomain with nearly incompressible material.

Now we turn our attention to the ellipticity of the bilinear form a(-,-) on the space
V. If 09 N OQ has a non-zero measure for kK = 1, 2, we can apply Korn’s and
Poincare’s inequalities to each subdomain and obtain the desired results
2 2
d(V,V) = de(vvv) > CZHV”%,Q;C :C”VH% v e Xy,
k=1 k=1
where a(-, -) stands for the restriction of a(-, -) to the subdomain . Thus a(-,-) is
elliptic on X}, x Xj. Unfortunately, there are many interesting situations where we
cannot satisfy this assumption. However, it is sufficient to have ellipticity of a(-, -) in
V5, x V, for the problem (9) to be uniquely solvable. Since the bilinear form af(-, )
does not involve A; the ellipticity can been shown exactly as in [34, 16, 24] uniformly
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with respect to A1. It is shown in [16, 24] that the ellipticity constant is independent
of the number and the size of different subdomains of the decomposition.

Remark 7. Using the Stokes equation in the subdomain €y instead of equation
of elasticity we arrive at the Stokes flow coupled with a linear elastic body. The
coupled problem can be written as: given | € L?(Q) find (un,pn) € Vi x Ry such
that

Coe(up) : e(vy)dx  +m Vuy, : Vv, dx —|—/ divvyppde = 1(vy), vi € V},
Qo |95 Q1

/ divuy, qn, dx
Q

where uy, restricted to the subdomain 2o represents the displacement, wy, restricted
to the subdomain Q1 represents the velocity, and uy is the kinematic viscosity for
the incompressible fluid. The mathematical analysis of mortar finite elements for
the Stokes problem can be found in [6, 7]. The mortar finite element method for
mized elasticity problems is analyzed in [5].

0, gn € Rp,

3.2. A priori estimates. The immediate consequence of the above discussion is
the well-posedness of the discrete problem (9). From the theory of saddle point
problem, see, e.g., [18], we have

Lemma 8. The discrete problem (9) has ezactly one solution (up,pn) € Vi, X Ry
which is uniformly stable with respect to the data f;,i = 1,2, and there exists a
constant C' independent of Lamé parameter Ay such that

[unlls + llpallo,er < Cllfllo-

The convergence theory is provided by an abstract result about the approximation
of saddle point problems by nonconforming methods, see [20, 6, 5].

Lemma 9. Assume that (u,p) and (up,pr) be the solutions of problems (6) and
(9), respectively. Then, we have the following error estimate uniform with respect
to )\1.’

(11)  [[lu—wapls + [Ip = pallo.o,
. . a(u,v + b(v ,p) —U(v
<o inf, Iuvalis ol lo-gilon+ s VIR I
VREV) qnE€Rp vheVi\{0} ||VhH1

We note that the first two terms in the right hand side of (11) denote the best
approximation error and the last one is the consistency error.

Lemma 10. The following identity holds for the consistency error in Lemma 9

p V) Bl L Cemn [vi) do]

vrEVR\{0} [vall1 vhEV\{0} Va1

)

where the integral [i.Cae(uz)n - [vy]do is to be understood as a duality pairing
between H™2 (T') and Hz (T).
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Proof.
a(u,vy) 4+ b(vi,p) —l(v) = ;Alkcks(u):s(vh)dx

+ / (p—/\lv-u)V-vhd:r—l(vh)
0

e / 626(112)1'1 : [Vh] dO',
r

where in the last step we have used the second equation of (2), and u € H{(Q). O

The a priori error estimate is obtained by combining the approximation of the
saddle point problem in our nonconforming situation with the best approximation
property of Vi, Ry and Mjy,.

Theorem 11. Assume thatu € 12_ H™T1(Qy), p € H™ (1), and x := C2e(uz)n €
HiﬂlHT?*%(”yi) with r > %, k =1,2. Moreover, assume that

inf [lg —anllo., < CA lqllpin, g € H ().
gnERp,

Then the following a priori error estimate holds for the discretization error

2
lu—wunly +lp = prlloo, <C (Z it luller, + h’illpltl,m) :
k=1

where ty, = min(rg,pr), k= 1,2.

Proof. The best approximation property of V}, is quite standard and can be found,
e.g., in [8, 9]. Hence using Lemma 9 it is sufficient to consider the consistency error.
The definition of space Vy,, the best approximation property of M;, and the trace
theorem yield for ¥, € My,

[x-lds = [ (Cetun—v,)-Wdo

N
< inf  [|Coe(uz)n — vy || w2y 1Vl /2,4
;xbh’eMi RI(HY/2(v;)) /2,7
N
< Ch Y [Cae(ua)nlliy— 1,4, [ Vall
=1
< ChB|ulltys1,0, | Vallr-

O

The assumption of Theorem 11 requires a strong assumption on the regularity
of the solution u € I?_,H"* () with r, > 3, k = 1,2. In the following,
invoking a result about the regularity of the co-normal derivative on Lipschitz
domain [19], we prove an optimal estimate under a weaker regularity assumption
such that 0 < r; < % We note that we have to exclude the case r, = % as the

result in [19] does not cover this case.
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Theorem 12. Assume that u € H%ZlHT’“‘H(Qk), p € H™ () with 0 < 1, < %,
k=1,2. If

T

inf |lg —anllo0, <ChM @l 0, a€ H™ (),
qn€ERR

the following a priori error estimate holds for the discretization error

2
lu—wnly +p = prlloo, <C (Z Wl + R ol + ho? (1 f2] 0,92> :
k=1

Proof. As fy € (L?(Q2))? and u, € H™(Q2), Lemma 4.3 of [19] yields x| €
H"™~z(I') with

XMy~ 3,0 < C(lullitr,0, + [[F2ll0,0.) -

Let 1, € M,. Proceeding exactly as in Theorem 11 and using the previous result,
we obtain

N
/x~[Vh]d0 < Chy* Y lICae(ua)nllr, 1/, Ivalla
r

1=1
< Chy? ([[alligr.00 + | F2llo,00) Va1

We note that the inegral [i.x - [vp]do is to be understood as a duality pairing
between H™~2 (T') and Hz~"2(I). 0

Here we have assumed f, € (L2(€2))? to use the result of [19]. For a loading
function f, with low regularity and for the case with some 7, = %, results similar
to those of [19] are obtained in [25].

Remark 13. If Q1 is on the slave side of the interface T', then we have to estimate
the term

N

Z inf ||Cre(ur)n — 1/’h||(H1/2(%-))/7

i=1 WnEMi

where now the Lagrange multiplier spaces M; are defined on ~v;, 1 <1i < N, with the
mesh inherited from Ty. In this case, assuming ro,m1 > %, we can use the second
equation of (2) to obtain

N

/ X lde < 3 it [Cre(unn — gy Ivalllza,
T i=1 hEMi
N
= Z inf |[Cae(uz)n — Py [ (mr/2(y,)) 1 [Valll1 /2,4,
i—1 nEM;
N
< OB S [Cos(ua)ny, 1o Vil
=1
< Ot fullessr0nlvall.
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4. Numerical results

In this section, we investigate the computational performance of our approach
through some numerical examples. In particular, we compare the results from
the standard approach and mortar approach for different test examples. In the
following, Q; or Q, denotes that standard bilinear or quadratic serendipity ele-
ments are used in the whole domain €2, whereas Q;-Q;Po, Qy-QyPo or Q,-Q,P1
denotes that Q;Pg, QyPo or Q,P; formulation is used in subdomains with a nearly
incompressible material (v — 0.5) in combination with the standard Q; or Q, for-
mulation in subdomains with smaller v. We note that the mathematical theory
presented in the previous sections do not cover the case of Q;Po discretizations as
these discretizations do not satisfy a local inf-sup condition.

In all our examples, we work with non-matching triangulations and employ dual La-
grange multiplier spaces introduced in [34] to realize the weak matching condition.
Construction of dual Lagrange multiplier spaces for higher order finite elements can
be found in [28]. For the pressure space, piecewise constant pressure is used for
Q,Pp and Q,Py, whereas discontinuous linear pressure is used for Q,P; case. Fur-
thermore, we do not specify the measurement units, and they should be understood
with proper scaling.

Example 1: Cook’s membrane problem. In this example, we consider a struc-
ture occupying a region  := conv {(0, 0), (48, 44), (48,60), (0,44)}, where conv £ is
the convex hull of the set £&. The left boundary of (2 is fixed and an in-plane shearing
load of 100N is applied along the positive y-direction on the right boundary. Here,
the domain 2 is decomposed into two subdomains 27 and Qs with

Q= conv{(12,20.25), (36, 38.75), (36, 50.25), (12, 38.75)},

and Q := Q\QQ. The decomposition of domain €2 and the initial triangulation are
given in Figure 1. The material parameters are taken to be Fy = 250, Fs = 80,

i

Figure 1: Cook’s membrane decomposed into two subdomains

1 = 0.49999, and v5 = 0.35 to get a nearly incompressible response in ;. We
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recall that Lamé parameters A and p are related to Young’s modulus E and Poisson
ratio v by
FEv E
AT Ty AT sy

and note that A — oo corresponds to ¥ — 0.5. In Figure 2, we have shown the
absolute error in the vertical tip displacement of the membrane at point 7. We
have used a reference solution in a fine mesh computed by using Q,P1 formulation
in the whole domain 2 to obtain the error. We see that uniform convergence is
obtained if we work with Q;-Q;Po, Qs-QoPo, Qy-QoP1 or Q,, see Figure 2. In
this problem, we see that Q;-Q;Po and Q, elements work as good as Q,-QyP¢ and
Q5-Q5P1. To show the influence of the choice of the master and the slave side, we
have given the plot of the absolute error in the vertical tip displacement at the top
right corner of the membrane in the left and right pictures of Figure 2 for different
choices of master and slave sides. Comparing both of these pictures, we can see
that there is not any essential difference between choosing €2; or )5 as the slave
side. However, since the Lagrange multiplier space M, is based on a coarser mesh
if Q5 is on the slave side, we see some influence in the first step.

6 ‘\\ 6 v\\
5 ——Q, 5 o
4 -Q, , —— Ql

—-=—Q;7Q,P, ARG
3 - 3 —8— Ql_Q]_PQ

——Q,7Q;P, —o.P
2< —O—Qz_QZP]_ 2 +Q2 QZ 0

Q7 QP
1
0 h
+ 0 4

Figure 2: Absolute error in the vertical tip displacement at the top right corner
versus number of elements (27 master, 5 slave) (left) and (22 master, ; slave)
(right), €21 nearly incompressible, Example 1

In a next step, we investigate the situation with the nearly incompressible material
in )5 so that the material parameters are F, = 80, Fy = 250, v; = 0.35, and vy =
0.49999. As before we also want to see the influence of the choice of the master and
the slave side. The vertical tip displacement at the top right corner of the membrane
for different levels of refinement are shown in the left and the right pictures of Figure
3 for different choices of master and slave sides. The standard approach in both
subdomains leads to locking, whereas we obtain a good convergence behavior if a
mixed formulation is used in 3. As before, we do not see any influence of the
choice of the master and slave side when we refine the mesh.

Example 2: Comparison of errors in the L?- and H'-norms. In this exam-
ple, a two-dimensional region 2 := (—1,1) x (—1,1) is decomposed into four non-
overlapping subdomains defined by Q; := (—1,0) x (—1,0), Q2 := (0,1) x (—1,0),
Q3 := (—=1,0) x (0,1) and Q4 := (0,1) x (0,1). The problem for this example is
taken from [15] with a slight modification to enforce that the jump of the flux across
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14
10
12
8 10
-G
6
—-Q,
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10" 10

—

? 10

3

4
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Figure 3: Absolute error in the vertical tip displacement at the top right corner
versus number of elements (£2; master, 22 slave) (left), and (Q2 master, O slave)
(right), Example 1, Q9 nearly incompressible

the interface I is zero. Here, the exact solution u = (ug,u2) is
sin(27y) (=1 +cos(27mx)) (2+2v)

up(z,y) = i
: : (14+v)(1-2v)
+zysin (7 z) sin (7 y) =0 _22 5 B0’
_osin(27x) (1 —cos(27y)) (24 2v)
ug(z,y) = i
+zysin (7 z) sin (7 y) (1+r){=-2v)

1—v—2v24FEv’

where v = 0.3, E = 25 in )y and {4, and v = 0.49999, E = 250 in 3 and 3 so
that a nearly incompressible response is obtained in Q5 and Q3. In this example,
the right hand side and the Dirichlet boundary conditions are computed by using
the exact solution. We have given the decomposition of the domain and the initial
triangulation in the left picture of Figure 4, and the error plot versus number of
degrees of freedom for different levels of refinement for the L? and H'-norms are
given in the middle and the right pictures, respectively. From Figure 4, we can see
that the optimality can be obtained by using Q;Po and Q,P;-approaches for the
nearly incompressible material, whereas the standard Q;-approach locks. Further-
more, we can observe the sub-optimal behavior for Q,P¢ and Q,-discretizations.

10

10°d

10

| =Q —4-Q, ~.
10
---Q, -9,
=P —8-Q1-Q,P,
4P, 107t g~ Q2-Q,Py
—— Q" QP ——Q2-Q,P,
- -O(h? -
10° o(h%) O(h)
---o?) ---oh?)
10° 10° 10 10° 10° 10*

Figure 4: Decomposition of the domain and initial triangulation (left), error plot
versus number degrees of freedom in L2-norm (middle) and error plot versus number
of degrees of freedom in H'-norm (right), Example 2



190 B. LAMICHHANE

Example 3: Three-dimensional I-beam. In this numerical test, we consider the
coupling of compressible and nearly incompressible elasticity in three-dimensional
elasticity. The computational domain €2, which is an I-beam, is decomposed into
three subdomains 1, Q9 and Q3 with €, := (0,50) x (0, 10) x (0,2), Q2 := (0,50) x
(3,7) x (2,11) and Q3 := (0,50) x (0,10) x (11,13). We impose zero Dirichlet
boundary condition on I'p, where I'p is a part of the boundary of Q with x = 0
and x = 50 so that the left and the right sides of each subdomain are fixed. And a
constant vertical force is applied on a small part of the top boundary (z = 13) so
that o(u)n = gy on I'y with I'yy := 9Q\I'p. The function gy = (g1, 92,93) on 'y
is given as g1 = g2 = 0, and

—20.35 if22<zx<28andz=13
gs = . .
0 otherwise

The material parameters are £y = 250, v1 = 0.3, E5 = 300, v5 = 0.4, and FE5 = 350,
v3 = 0.49999. We have shown the setting of the problem in the left picture of Figure
5, and the resulting deformation of the structure is shown in the right.

X ()2 compressible

{21 compressible

Figure 5: Left: I-beam decomposed into three subdomains, Right: the distorted
mesh

In Figure 6, we have shown the error in the vertical displacement along the line
y = 0,z = 13 versus z-coordinates. The error is obtained by using a reference
solution computed in a fine mesh with Q,P; formulation in the whole domain €.
As can be seen from this figure, the standard approaches show performance worse
than a coupled approach due to the locking effect. In the case of coupled approach,
the mixed formulation is used only in subdomain 3. The vertical displacements
from Qg, Qy-QyP1 and Q,-QyPo-approaches are computed by using a one-level
coarser mesh than those from Q,-approach. We can see that numerical solutions
from the coupled approach with Q,Po and Q,P; discretizations are almost the
same.
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