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Abstract. In this paper, we are concerned with a non-overlapping domain de-
composition method with nonmatching grids. In this method, a new pointwise
matching condition is used to define weak continuity of approximate solutions
on the interface. The main merit of the new method is that numerical integra-
tions can be avoided when calculating interface matrices. We derive an almost
optimal error estimate of the resulting approximate solutions for two kinds
of applicable situations. Some numerical experiments confirm the theoretical

result.
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1. Introduction

The domain decomposition method (DDM) with nonmatching grids is now pop-
ular in engineering and scientific computing (see [1], [2], [5], [9], [10], [12], [13], [14],
[15] and [17]). A key ingredient in this method is the choice of a suitable interface
matching condition, which defines the discrete variational problem associated with
this DDM. The convergence of the resulting approximate solution, which is only
weak continuous across the interface, strongly depends on such interface matching
condition.

There are two kinds of interface matching conditions in literature: the integral
matching condition (see [4], [3], [6] and [13]), and the pointwise matching condi-
tion (see [4] and [6]). When using the integral matching condition, calculation of
numerical integrations on the interface will be in general expensive, especially for
three-dimensional problems. Use of the pointwise matching condition can remove
this difficulty, but it may generate unsatisfactory approximate solutions (see [4] and
6])-

In the present paper we investigate when the pointwise matching condition works
well in DDM with nonmatching grids for the second-order elliptic problem in three
dimensions. The main difficulty is the design of a weak conformity on the wire-
basket set to the approximation. For two-dimensional problems, one can require
that the approximation is continuous at the cross-points (see [4]). But, one can not
impose the same continuity on the wire-basket set, since the grids on the wire-basket
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set are still nonmatching. If no constraint is added on the wire-basket set, the re-
sulting approximation has low convergence. To remove this difficulty, we propose a
combination between the pointwise matching condition and the integral matching
condition. The idea is to define a suitable discrete L? projection into the Lagrange
multiplier space defined on the common face of two neighboring subdomains. The
new matching condition implies that the restrictions of the underlying approxi-
mation on two neighboring subdomains has the same discrete L? projection. In
essence, the new matching condition involves a set of internal nodes on each local
face. We require that the approximation has point to point continuity at the nodes
not closing the boundary of the face, and possesses weak continuity in the sense
of average at the nodes closing the boundary of the face. The whole matching
condition can be expressed in a unified manner by defining an interpolation type
operator. It will be shown that the resulting approximate solution possesses almost
the optimal error estimate for two practical situations.

The outline of this paper is as follows. In Section 2, we introduce DDM with
the new pointwise matching condition. In Section 3, we show that this pointwise
matching condition can result in almost the optimal error estimate for two applied
cases. In Section 4, we give some numerical results, which confirm the effectiveness
of this new interface matching condition.

2. DDMs with Pointwise Matching Condition
In this paper, we consider the following model problem
(1) —V(wVu) = f, inQ,
u= 0, on 09,

where Q@ C R? is a bounded, connected Lipschitz domain, and w € L>®() is a
positive real function.
Let HZ () be the standard Sobolev space and define the following bilinear form:

a(u,v) = /qu -Vudz, u,v € H}(Q).

Q
Then the corresponding weak form of (1) is: Find u € H}(Q), such that:
(2) a(u,v) = (f,v), Y v € Hy(Q),

where (-,-) denotes the L?(Q)-inner product.

In the following, we define the discrete problem of (2) based on DDMs with a
new pointwise matching condition.

As usual, we decompose the domain € into the union of some subdomains =

N
> Q, which satisfies that Q; N Q; = 0 if i # j. For convenience, we assume that
Ighelz decomposition is geometrically conforming:

(1) if Q; and Q; are two neighboring subdomains, then 0€; N 08 is just a
common vertex, or a common edge or a common face of ; and €2;.

(2) each subdomain has the same ”size” d in the usual way (refer to [20]).

In particular, when 0€Q; N 0%2; is a common face of Q; and Q;, we set I';; =
082; N 0Q; and call I';; to be a local interface.

For each Qf, we introduce a partition 7; which is made of elements that are
either hexahedra or tetrahedra. Let hj be the mesh size of 7, i.e., hj denotes the
maximum diameter of all elements in 7. Define h = ) g}glgN hg. The triangulation
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of §) generally does not match on the interface I'. So each I';; relates to two different
2D meshes 7;; and 7j;, which are the restriction of 7; and 7; on I';; respectively.

Remark 2.1 For each Qj, we assume the partition on 0 is regular and quasi-
uniform because our theoretical analysis involves some mathematical tools such as
inverse estimates and discrete norms on interfaces. But it is not an essential restric-
tion for some applications such as solving the elliptic problems with singularity. In
general, we can divide €2 into more subdomains to meet this assumption.

For 1 <k < N, define
V() ={v:v e C(Q), vlggnsn, =0; Ve €Ty, v, € Pie)}

and

V(&Qk) = {’U|an L v E V(Qk)}
where e is any element in 73 and Pj(e) denotes the space consisting of continuous
linear (or trilinear) functions on e.

The definition of the finite element space on 2 involves a suitable matching
condition on each I';;. To describe the idea more clearly, we want to use a local
multiplier space W(I';;) on I';;. There are many ways to define such local multiplier
space (see [3], [4], [6], [13], [16] and [19]). As an example, we consider only the local
multiplier space defined in [3].

Without loss of generality, we assume that h; < h; for each face I';;. Then, the
local multiplier space on I';; is defined by the triangulation 7;; (instead of 7;;). For
convenience, we only consider the case that 7;; is made up of triangles here.

N2 -
Let {1}, C I';; be all interior nodes associated with 7;;, and let {xk}kNgNQvH C
ij
NO.
OT';; be all the boundary nodes associated with 7;;. Then, basis functions {¢x}, "
of W(T';;) can be defined as in [3], with ¢, corresponding to a interior node zj,. For

the quadrangle case, the definition is similar. It is known that we have, for both
NO.
ij
cases, > ¢ =1, and
k=1

W (Ti;) C Vi(Tyj), dim(W(Ty;)) = dim(V"(Ti;)) = N
In the following we will use the discrete L?(I';;)-inner product (refer to [20])
(v,w)or,, n = h?j u(zk) - v(zk), ¥V u,v e CTyy),
k=1
where h;; is the mesh size of 7;;.
Let [|-[Jo, r,;, » denote the discrete norm induced by the inner-product (-, -)o,r,;, n-
It is well known that

[0I3, vy, 0 < M0l r,, Vo€ Vily).

For two neighboring subdomains Q; and Q;, let v; € V(£;) and v; € V(£;)
be the restriction of the solution on €; and ; respectively. We require v; and v;
satisfy the following weak continuous condition on the interface I';;

</Ui Tijos ¢>Fij7 [ 07 v (;5 S W(Flj)
Define II;; : C(I';;) — W(T';;) as

Ly — Yy

Hij v = Z’U(l’k) . ¢k7 Vove C(F”)

k=1
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By the definition of the discrete L?(I';;)-inner product, one can verify directly
that

(vilry; = vilry;, ¢>1“ij, L =0,V oe W(iy) e i (vilr,;) = Wij (vjlr,,)-

Remark 2.2 The above interface continuous condition is a variant of the original
pointwise matching condition. Here, we require that v;|r,; and vj|r,; have the same
interpolation-type projection in the local multiplier space W (I';;). The difference
from that of [4] is that we require the continuity of v;|r,; and v;|r,; only at most
of the interior nodes on I';;.

Remark 2.3 The pointwise matching condition can avoid calculation of compli-
cated integrations on the local faces in the process of generating coupling matrixes.
Compared with the integral matching condition, it will reduce the arithmetic com-
plexity greatly.

N
Set V(Q) = [[ V(), and define
k=1

V(Q) ={v=(vi,-,ux) € V(Q): Ly (vilr,,) = i (v;

Note that we do not require the conformity V(€2) c H!(Q).
Define the local bilinear form

ag(u,v) = /qu - Vodz u,v € H ().
Qp

The discrete problem of (2) is: Find up = (upn,, - ,un,) € V(S), such that

Fij)? A Fij C F}.

N
(3) Zak(uhmvhk) = (fv Uh)7 Vo, € ‘7(9)
k=1

It is casy to see that the bilinear form defining (3) is coercive in V(£2). Then the
existence of the solution u; can be guaranteed.

3. The Main Result

For simplicity, we will frequently use the notations < and T . For any two
non-negative quantities  and y, x < y means that < Cy for some constant C
independent of mesh size h, subdomain size d and the related parameters. Similarly,
xZymeans ¢ Sy and y < x.

Define
N N
1
lolla = (3 an(or, v)%, v = (ur,--- on) € [ B ).
k=1 k=1

Theorem 3.1 Assume that ulg, € H'**(Q;) with a € (3,1] (k =1,---,N).
Let uy, be the solution of (3). When one of the following two conditions holds:
(i) V;(Ty) € ViTyg)s
(i) a; < aj, and hy < b3,
we have
al d
o 1
(4) lu —unfla S (1 +1log h*k)hi Hlull s, 0.)2-
k=1
Remark 3.1 The error estimate described in Theorem 3.1 is different slightly from
the most existing results: there is a logarithm factor in (4). It seems that this
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logarithm factor can not be eliminated.

Remark 3.2 It is known that fine mesh would be used in the subdomain associated
with a low regularity. Thus, the assumption a; < «; in the condition (ii) is natural,
since the multiplier space W (I';;) is defined by 7;; with h; < h;.

As usual, the result can be proved by Strang lemma. The main difficulty of the
proof lies in how to derive various interpolation errors of the operator Il;;. The
proof of Theorem 3.1 will be given in Subsection 3.2. In Subsection 3.1, we first
give some lemmas.

3.1. Some lemmas. For an element of 7;;, we call the element to be an interior
element, if all of its vertexes are in the interior of I';;. In addition, for each I';;,
let NV;; and N; denote the sets of all nodes of the triangulation 7;; and of Tj;
respectively.

Throughout the paper, we set v; = vp|o, and v; = vp|q; for vy € ‘7(9) Let
mij « C(Ty;) — Vi(T'y;) be the standard nodal interpolation operator.

The following Lemma 3.1~3.5 will be used to analyze the approximate error.

Lemma 3.1 If h; < hj, then the following estimate holds

1
(i = Tij)vsllo, r,, S R lvil, o)
where h;, h; denotes the mesh sizes of 7;; and Tj; respectively.
Proof: It is clear that (m;; — II;;)v; € V;(I';;). Thus,
2 — 2
(i = i)vsllo, v, = I(mi; = ig)vslly, r; p
We further get by the definition of the discrete L*(T;;) norm
2 _
(s = Tag)osllg p, ThE D (migus(a) — ygvy(ar)*.
:Ekej\[ij
For each internal node zj, € N;;, we have by the definition of m;; and IL;;
wijvj(xk) — Hijvj(xk) =0.
Thus,
2 _
(5) (i = Tig)osllo, v, TR D (maguy(an) — Tyog ().
xR € OL;NNG;

In the following we estimate the right side of (5) by three steps.
Step 1: Transform the sum in (5) into a sum over the edges close to I';;.

Let xj, be a boundary node on 01';;, and let xy, , k,, Tk, € Mj denote the interior
nodes which are connected to x by an edge. Then, there are three different location
relations between xj, and the interior nodes neighboring to z, (see Figure 1 (a)-(c)).

The definition of II;; shows that for each interior node z in N;;

ijv(z) = v (),
and for all cases showed in Figure 1,
ijvj(ex) = aallijoj(xr,) + agllijo;(2r,)

where a; > 0,a2 > 0 and a1 + as = 1.
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(a) (b) (c)

FIGURE 1. (a) xj is not a vertex. (b) zj is a vertex, and all edges
connected to zy, lie on OL';;. (c) zy is a vertex, and there is at least
one internal node which is connected to x; by an edge.

Specially, for the case showed in Figure 1 (b), we have by the definition of II;;
v (wr, ) = Wijvj (hy ), Wijvj(wr,) = ijvj (2, ).
Thus, we derive for the case (a) and (c)

(mijvj () — ijos(xe))? = (vj(er) — Wiz, (zx))?

< af(vj(zy) — Hiﬂj(zkl))Q + a3(vj () — Mijv;(er2))?
= aj(vj(zx) — v, (xkl)) a3(vj(xr) — vj(zr2))?
< (vj(r) — vj(n, ) + (vi(@r) — vj(TR2))?,

and for the case (b)

(mijj(en) — Wijuj(ax)? = (vj(r) — v (a))

< ai(vj(wr) — Mijuj(an, ) + a5 (vj(zx) — Mijvj(2r,))?
= a3 (vj(zx) — Wijvj(Thy))* + a3 (vj(zr) — v (k)
= ai(vj (k) — vj(Try))* + a3(vj(zr) — vj(2hy))?
< (vj(a) — vj(zn,))?
< (vj(zk) = vj(r,))? + (Vi (Tr,) — vj(2hs))

Note that we can also get for the case (b)
(mizvj (wr) = Tijvj(a))? < (v(xn) = v(@y))° + (V5 (2ny) — V5 (28,))*.

Let ’];lj’ denote the set of elements in 7;;, which have either one single vertex or
one edge lying on JI';;, and let Sf’j be the set of edges of all elements in ’];’]’ Then,
we obtain by (5) and above discussions

2
I(mi; = Wig)vslly v, ShE X > (i) —vi2))?
(6) ' TE Tf; Y, 2€ T NN
Shi ¥ (vi(af) - vj(e3)”
ec &)

Hereafter, we use z{ and z§ to denote the two endpoints of an edge e associated
with 7;]

Step 2: Extend the sum in (6) into a multiple sums involving elements in 7;;.

Consider an edge e € Ef’j. There are different location relations between the two
endpoints 2§ and z§ and the elements in 7j;: x¢ and 2§ lie in the same element
7¢ of Tj; (see Figure 2 (a), (b) and (c)), or 2§ and z§ lie in two different elements
1 and 75 of Tj; respectively (see Figure 2 (d), (e) and (f)). Let 7S C 7j; be the
set of elements containing the endpoints of e. Namely, 75 = {7¢} or 7; = {71, 75 }.
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x@
Xt Ve > X
o / T ol Vet 5 T
=3 xQ a
2 xe 2
x| et %I g
2
(c) (d) (e) (f)

FIGURE 2. various location relations between the two endpoints
x¢ and x5 and the elements in 7j;.

By the triangle inequality, we have
(vj(29) = v;(25))? < (v;(25) — v(@s))? + (v () — vj(25))?

for any z, € Nj;. Noting that v; is linear on each element of 7};, we can derive for
all cases showed in Figure 2

(7) (v5(25) —v;(25))° S Y > (wly) — ()
T €T5y, z€ T NN,
Thus, we obtain by (6) ~ (7)
(8) (s = Tag)osllg o, ShE Y D > wily) —v(2)

e€ Sfj T € THy, 2€ T NN,
Step 3: Eliminate the sum over Efj.

For an element 7 of 7;;, there are at most O(Z—’) edges e € Sf’j such that an

endpoint of e contained in 7. Namely, each element 7 € T;; repeats at most O( %)

times in the sums > > . Thus, we derive by (8)
ec &b, 7 € Tf

>

(9) I(mi; — T)vslly, v, S hfj hy > > wily) —v(2)

ij .
¢ TE’Tjiy,ZETﬂ/\/.ji

The definition of the discrete H'(I';;) semi-norm shows

(10) > Yo () — @) Zloli

T € Ty, z6€ T NN
Thus, we get by (9), (10), the inverse estimate and the trace theorem
(i — TLij s 5, r, Shi- %Wjﬁ, r, Shilvili r, S hilvili g
The proof is then finished. |
Remark 3.3 For v; = vy|q,, the following estimate also holds
(s — guilly, v, S hElvil, o

In fact, the above estimate is a direct result of Lemma 3.1 when V;(I';;) = V;(T';;).
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Lemma 3.2 Assume that a; € (%, 1]. Then,

(1) M0 =il v, S (14 og 7) Al
Proof: By the inverse estimate, we get
(12) lo: = Wggvilly o, p,, S 08 v = Hygill_y p -
The definition of the operator Il;; indicates that the following equality
v; — v, =0

holds in all internal elements on I';;.
Then, we have by Lemma 6.8 in [11]

1
d. 2z 1
(13) Joi = Wijvill _y p,, S (14 1log E) hi llvi = ijvillg .-
On the other hand, we derive by Remark 3.3, the inverse estimate and the trace
theorem

lvi = Iguilly, p,, = llvi = migvilly ., + Imivi = ijuillg p,,
ai+i z
(14) Shy J: |Ui|ai+%, r, Thi |1v1|1 Q

aits ., —a 1

Shy PRy Ui|%, T +h} |Ui|1, Q;
1

S hf‘”ih, Qi

Combining (12), (13) with (14), yields the desired result. |

Lemma 3.3 Assume that V;(I';;) C V;(I';;) and a; € (3,1]. Then,

d .
(15) lv; = ijvjlls g, v, S (1+log iTj) hi'lvily, g,

ij
Proof: By the definition of the operator II;;, the equality
Vj — Hijvj =0

holds on all interior elements in I';;. Here, we have used the assumption V;(I';;) C
Vi(Lsj).
For v; € V;(T';;) C Vi(T';;), we get by the inverse estimate
—aj, Ty ~

1
(16) [v; = ijo;]ly Shi? vy = iguill_y -

By Lemma 6.8 in [11], we have

1
(17) o5 = Moy, S (U+log 2 B oy = sugly
Note that h; > h;, we obtain by Lemma 3.1, the inverse estimate and the trace
theorem
lv; = Wijvjllo, v, = v = mizuilly, p,, + 1m0 — Wijvsllo
S h?j+%|vj\aj+%,

ai+i —a; 1
Shy? 2hja]|vj‘%,rij+h¢2|vj|1, Q;

1
(18) vy * 1 g,

1
5 h’i2 |Uj|1’ Q;°
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Since 0 < h; < h; <1 and o5 > %, we have
d .1 d. 1, hj 1 d.1 h;
(19) (1+log =) ff(Hloghfj)E(hi)5 S (1+1log hj)E(ITZ)
Combining (16), (17), (18) with (19), gives the desired result. |

Lemma 3.4 Assume that h; < hm] a; € (£,1]). Then,
J 2

(20) lv; = Wijvslls o, v, S 05 M0l g,
Proof: It is obvious that
(21) lvj — ILijv;l 2

3o, I

, S Moy =gl ¢,

By the inverse estimate, the trace theorem and the assumption that h; < hQO‘J
we obtain
i+
v = mizvilly, p,, S h j|vj\aj+%’ Iy
(22) R OSAERY

S h7vslh, a,-

1
30 g

By the above inequality, Lemma 3.1 and h; < h?aj, we can derive

lvj = Wijvslly, v, = llv; = mivillo, v, + lImigvs — Wagvslly p,,
(23) 5 h?j|11j|17 Q; + hi§|11j|17 Q;
5
ShP Nl g,
By (21), (22) and (23), yields the inequality (20). |

For convenience, set w = wy on Q. Let % denote the unit outward normal
derivative of u|g, on 09;.

Lemma 3.5 Assume that ulg, € H'7(Q) with oy € (3,1] (k= 1,---,N).
Then,

‘ f zan ) —v;)ds| S ||Wju||1+a_7.7 Q" |v; — HijUjHL_aj7 I
(24)

+> ||Wi“|‘1+ai, Q" Jvi — vazH;,a“ Tij°

ij
Proof : Using the pointwise matching condition, yields

| f wi% . (Ui - ’Uj)dS‘ S ‘ f wi% . (Ui — Hijvi + Hijvj — ’Uj)d8|
r

Lij ij
(25) < ‘Ff wiaaiu . (Hijvi — ’Ui)d8|
H [ wigt - (v — vy)ds|.
T
Here, we have used the fact that w; £* a = w5~ a . By the definition of the negative
norm and the trace theorem, we derive
‘ f wz (vi _Hijvi)d5| S szau || _1 . llvi — Huvzul_a
2y Lij i z]
(26)
S Hwiqu-&-a“ o, llvi = Wil o, )
and

Mo — Hljv]”lfa] Ty

(27) | f Jan, (vj — Ijvy)ds| < ||Wju||1+a]

Q
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Substituting (26), (27) into (25), yields the inequality (24). |

The following results will be used to analyze the consistence error.
Lemma 3.6 The following inequality holds

(28) ITLi5vllo, ri; < llmijvllo, vy Vo € C(T45).

ij ~v

Proof : By the definition of the discrete L?(T';;)-norm, we have

ITLi; vllo, v.; = My vllo, ryy, v S llmig vllo, T4y, 8 < lI7mi5 vllo, ;-

This gives the desired result. |

Let us number all internal nodes in AV;; from 1 to NZ-OJ-. For the convenience, we
define the operator II;; : W (Ty;) — V(T';;) by
v
ﬁij v= ZU(%) Vi,
i=1
where 9; € V2(T';;) is the nodal basis function related to ;.

The following result gives the stability of the operator ﬁij with respect to L?
norm.

Lemma 3.7 The operator ﬁij satisfies
(29) 1Tl r, S ol r,e Voe WT).
Proof : Note that

HHijUH(L Iy ~ ||HijU||0, Tij, h and ||U||0, i ~ ”UHQ r

B

By the definition of the discrete L2(I‘Z—j)—norm and ﬁij, we can derive the inequality
(29). |
Lemma 3.8 For v; € V(§;) and v; € V(€;), we have

1L (vjlr,,) — Tij (vilr,;) = T (I (T (v;

Proof : For convenience, set

FU)D

Fij) - (Ui

v =Tl (vjlr,;) — Wij(vilr,;) € W (T4 ).

Then, by the definitions of II;; and ﬁij, we know that
Hijﬁijv(ﬂfk) = ﬁz‘jv(l‘k) = v(xy)
at each interior nodes ;. Let ¢ denote the basis function of W(I';;) associated

with the interior node z (k =1,---, NJ). Thus, the definition of W (T';;) implies
that

NY, NY;
I T0(x) = Znijﬁijv($k)¢k(x) = Zv(a?k)qﬁk(a:) =v(x)
k=1 k=1

for any x € I';;. Here, we have used the fact that both v and Hijﬁij’u belong to
W (T';;). This gives the desired result. |

Lemma 3.9 Assume that ulg, € H'"(Qy) with ay € (3,1] (k=1,--- ,N). Let
U € V() be the nodal interpolation of u|q,. Then, we have for each I';;

~ ~ i+t3 i+3
HHij(Ui|Fij - Uj|Fij)HO’ i 5 hza 2 Hu”l—&-ai, Q; + h?] 2 Hu||1+aj, Q;°
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Proof : We derive by Lemma 3.6
[ITL5 (s

S llmij (0

r,; — U iy — U Fz‘j)”o, Ty
Fij) — Ujry; +tu Tijllo, 145

= “5i|rq,j - u|F7ij + U|Fij - 71—Z'J'(EJ'|1—‘;'J')HQ7 Tii

Fi]‘)”o7 T

~
~

H7Tij (Vs Ly — 5]'

S lulry = viles lly, ¢y, + lelryg = mi (@105l v,
l+ai ’ ~
5 hiz u|rij| lia;, Ty + ”u Li; — ﬂ-ij(vj Fu)”o7 Ty
In addition, we have
||U Iy — ’/Ti]'(’ﬁj Fij)H(L Ty = ||U Ty — :5j Iy +:Jj Iy — ’/Tij(,ﬁj Fij)HO, T

5 ||u|F'ij - ;Ejh—‘inO’ T + ||5j|rij - ﬂ-ij(;[jj|rij)HO’ Ty;
1
Shy

i Liay, Ty + ||§] Ty — Wij(ﬁj Fij)||07 Ty

Then, we get for any constant s;; € (1,1 + a;) (note that h; < h;)
||;l7j|rqij - ﬂ-ij(gth‘,j)nq Ty 5 ||(7T’ij - I)(U|Fzg - 5j|r‘ij)||07 T + ||u‘r1] - fﬁih“ij”o, Tij
Sij st
5 hz 7 I i + hf Z||’L1L+ $+ai, Ty
s4a;—s;; 54a;
< hv Ry Lia, Ty + 2T

1
Hu|l—‘ij ||%+aj’ Iy + hf ;g U|Frij||%+ai7 iy’

u

Lij = Vit sij, I'i Tij

Tij Lij |%+a,-, T

1

5toy

2 J
<h;

where I denotes an identical operator.
Combining above three inequalities, we can derive the desired result. |

3.2. The proof of Theorem 3.1. For each Q;, let J(i) denote the set of all faces
I';; satisfying

(a) Fij C 09

and

(b) W(L'i;) C Vi(T'y;).
The condition (a) implies that I';; is a face of ;. The condition (b) indicates that
we take 7;; (instead of 7};) as the triangulations defining the nodal basis functions
of W(FU)

The proof of Theorem 3.1 is based on the following Strang Lemma

N
| Y [ wrd(valo,)ds|
k:lan

(30) lu—unll4 S inf [lu—wvpll,+ sup
vhEV(Q) V() [[on]] o

Step 1: Estimate the first term (the consistence error) in the right of (30).

Let up, € V(Q) be the standard nodal interpolation of u|q, . For each I';;, set
tij = ﬁij (HZJ (uhj Fij) - Hij (uhi Fij))‘

Then, t;; € VO(Ty;). Let tzj € V(0%;) be the zero extension of ¢;;. Let R} :
V(0€;) — V() denote the discrete harmonic extension operator, and set

ng = sz(fij)'

Define vy, € V(Q) by

FE
Vh|Q; = Un,; + E rij72:1;"',N-

;e J(4)
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It can be verified by Lemma 3.8 that such v, belongs to V/(£2).
Using the stability of the discrete harmonic extension operator and the inverse
estimate, we deduce

_1 1
(31) HrU”l Q; ~ Hth 1 , 09, ’ ||t ”0’ oQ; h : H 0, I'y;°
This, together with Lemma 3.6, yields
lu—onlly, g il g,
Tij€J (1)
Slu—unlly o+ 2 b : £s51lo,
i, e (i) :
1~
1, Q; + Z hz : HHij(Hij< Iy, — Uh; Fz‘j))”& T
TijeJ (i) )
< hm Hu||1-|-o¢77 Q; + Z hz : ”HZ](uhz i — Uh; Fij)||07 i
Iy (i) Y

By the above inequality and Lemma 3.9, we obtain
N

32 inf |u—wpl4 S Rk ||ull, 3
(32) o | 4 (; ll} 4, 0)7

Here, we have used the fact that h; < hj;.

Step 2: Estimate the second term (the approximate error) in the right of (30).

Since w; gn = —Wjs. Ou for each face I';;, we derive
ou ou
(33) Z / wka—nk(vhbk)ds = Z/M%(vz —v;)ds.
k=1 o, T T t

It follows by Lemma 3.1~3.5 that

2
| f Wi%(”i_vj)dSP DY (1+10gh )h akHwkuHHak Q |Uk|1 o

(34) T S 20,
< okl - k;j(l +log ) |ullf o, -

Then, we obtain by (34) and (33)

IZ | wige(onla)ds|

=100 1
(35) sup : SO+ log e Y [l s, 0,)?
vp EV(Q) ||vh||A k=1
Now combining (35) with (32), we get Theorem 3.1. |

4. Numerical Experiment

Consider the model problem

—V(wVu) = f, in Q,
(36) { u =g, on 0F,
where = [0,1] x [0,1] x [0, 1].
We decompose €2 into N, x N, x N, cubes with the same size, and number all
subdomains in the usual way, where each cube corresponds to a subdomain. Let
each subdomain closing the boundary 02 be divided into ny x ny x 1, smaller cubes,
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and let each interior subdomain be divided into ny x ny x ny smaller cubes. Then,
we divide further each small cube into six tetrahedral elements.

As usual, we transform the resulting discrete problem (3) into a saddle-point
system, in which a singular subproblem is involved for each interior subdomain
(floating subdomain). We use the regularization method (see [8]) to solve such
saddle-point system, where we choose the regularization parameter n = 1.0 x 1075
to handle the singularity on the floating subdomains.

For convenience, we take N, = 3 here. The 12 errors of the approximate solutions
are shown in the following tables for different ny and ny.

Example 4.1 Let f and g be defined such that the exact solution u = sinnx -
sin7y -sinmz and w =1 4+ zyz.

Table 4.1
ny | ny 12 error ny error
418 [1.28x1072| 7 [1.32x10 7
8116 [325x10° %[ 14 |3.34x 107
16 [ 32753 x10° %[ 28827 x 107

l2

OJOJOJ,EZ

Example 4.2 Let f and g be defined such that the exact solution u = (2% + y? + 22)%
and w = 1.

Table 4.2

ZZ

np | Ny error ny [? error
418 1232x103] 7 [242x10°
8 116646 x107%] 14 | 6.74 x 10~ %

16 [ 32]1.70x 107 [ 28 | 1.78 x 107

C.OOJOJ@Z

Remark 4.1 The above tables indicate that the errors of the approximate solutions
are almost optimal, which confirm our theoretical results.
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