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CONVERGENCE OF THE TIME-DOMAIN PERFECTLY
MATCHED LAYER METHOD FOR ACOUSTIC SCATTERING
PROBLEMS

ZHIMING CHEN

Abstract. In this paper we establish the stability and convergence of the
time-domain perfectly matched layer (PML) method for solving the acoustic
scattering problems. We first prove the well-posedness and the stability of
the time-dependent acoustic scattering problem with the Dirichlet-to-Neumann
boundary condition. Next we show the well-posedness of the unsplit-field PML
method for the acoustic scattering problems. Then we prove the exponential
convergence of the non-splitting PML method in terms of the thickness and
medium property of the artificial PML layer. The proof depends on a stability
result of the PML system for constant medium property and an exponential

decay estimate of the modified Bessel functions.
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1. Introduction

We consider the acoustic scattering problem with the sound-hard boundary con-
dition on the obstacle

(1.1) % = —divp + f(x,1), 887175) = —Vu in [R®2\D] x (0,7),
(1.2) p-np=0 onIpx(0,T),

(1.3) Vr(u—p-x) —0, asr=|x|—o0, ae te(0,7T),
(1.4) uli=0 = o,  Pli=0 = Po-

Here u is the pressure and p is the velocity field of the wave. D C R? is a bounded
domain with Lipschitz boundary I'p, X = x/|x/|, and np is the unit outer normal to
I'p. f,uo, po are assumed to be supported in the circle B = {x € R? : x| < R} for
some R > 0. (1.3) is the radiation condition which corresponds to the well-known
Sommerfeld radiation condition in the frequency domain. We remark that the
results in this paper can be easily extended to solve scattering problems with other
boundary conditions such as the sound-soft or the impedance boundary condition
onI'p.

One of the fundamental problems in the efficient simulation of the wave propa-
gation is the reduction of the exterior problem which is defined in the unbounded
domain to the problem in the bounded domain. The first objective of this paper is
to prove the well-posedness and stability of the system (1.1)-(1.4) by imposing the

Received by the editors April 23, 2008.

2000 Mathematics Subject Classification. 35L50; 35B35.

This work was supported in part by China NSF under the grant 10428105 and by the National
Basic Research Project under the grant 2005CB321701.

124



CONVERGENCE OF THE TIME-DOMAIN PML METHOD 125

Dirichlet-to-Neumann boundary condition on the I'r = dBr. The proof depends
on the abstract inversion theorem of the Laplace transform and the a priori estimate
for the Helmholtz equation which seems to be new and is of independent interest.
In Lax and Phillips [20], the scattering problem of the wave equation is studied by
using the semigroup theory of operators in the absence of the source function f.
We remark that the well-posedness of scattering problems in the frequency domain
is well-known (cf. e.g. Colten and Kress [10]).

The non-local Dirichlet to Neumann boundary condition for (1.1)-(1.4) is the
starting point of various approximate absorbing boundary conditions which have
been proposed and studied in the literature, see the review papers Givoli [16],
Tsynkov [25], Hagstrom [17] and the references therein. An interesting alternative
to the method of absorbing boundary conditions is the method of perfectly matched
layer (PML). Since the work of Bérenger [5] which proposed a PML technique
for solving the time-dependent Maxwell equations in the Cartesian coordinates,
various constructions of PML absorbing layers have been proposed and studied
in the literature (cf. e.g. Turkel and Yefet [27], Teixeira and Chew [24] for the
reviews). Under the assumption that the exterior solution is composed of outgoing
waves only, the basic idea of the PML technique is to surround the computational
domain by a layer of finite thickness with specially designed model medium that
would either slow down or attenuate all the waves that propagate from inside the
computational domain.

There are two classes of time-domain PML methods for the wave scattering prob-
lems. The first class, called “split-field PML method” in the literature, includes the
original Bérenger PML method. It is shown in Abarbanel and Gottlieb [2] that the
Bérenger PML method is only weakly well-posed and thus may suffer instability
in practical applications. The second class, the so-called “unsplit-field PML for-
mulations” in the literature, is however, strongly well-posed. One such successful
method is the uniaxial PML method developed in Sacks et al [23] and Gedney [15]
for the Maxwell equations in the Cartesian coordinates. In the curvilinear coordi-
nated, the split-field PML method is introduced in Collino and Monk [9] and the
unsplit-field PML methods are introduced in Petropoulos [22] and [24] for Maxwell
equations.

Although the tremendous attention and success in the application of PML meth-
ods in the engineering literature, there are few mathematical results on the conver-
gence of the PML methods. For the Helmholtz equation in the frequency domain,
it is proved in Lassas and Somersalo [19], Hohage et al [18] that the PML solution
converges exponentially to the solution of the original scattering problem as the
thickness of the PML layer tends to infinity. In Chen and Wu [8], Chen and Liu
[7], an adaptive PML technique is proposed and studied in which a posteriori error
estimate is used to determine the PML parameters. In particular, it is shown that
the exponential convergence can be achieved for fixed thickness of the PML layer by
enlarging PML medium properties. For the time-domain PML method, not much
mathematical convergence analysis is known except the work in Hagstrom [17] in
which the planar PML method in one space direction is considered for the wave
equation. In de Hoop et al [12], Diaz and Joly [13], the PML system with point
source is analyzed based on the Cagniard - de Hoop method.

The long time stability of the PML methods is also a much studied topic in the
literature (see e.g. Bécache and Joly [3], Bécache et al [4], Appeld et al [1]). For a
PML method to be practically useful, it must be stable in time, that is, the solution
should not grow exponentially in time. We remark that the well-posedness of the
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PML system which follows from the theory of symmetric hyperbolic systems allows
the exponential growth of the solutions. In [3, 4, 1] the stability of the Cauchy
problem of the PML systems is considered for the constant PML medium property
by using the energy argument.

In this paper we will show the exponential convergence and stability of the
unsplit-field PML method for the acoustic wave scattering problem in the polar co-
ordinates. Our analysis starts with the well-posedness and stability of the scattering
problem (1.1)-(1.4) in Section 2. We then introduce the upsplit-field PML method
in the polar coordinates by following the procedure in [22] for Maxwell equations
in Section 3. Also the well-posedness of the initial boundary value problem of the
PML system is established. In Section 4 we prove the stability of the initial bound-
ary value problem of the PML system for the constant medium property based on
the method of the Laplace transform and the analysis in the frequency domain. In
Section 5 we prove the exponential convergence of the PML method.

One of the key ingredients in our analysis is the following uniform exponential
decay property of the modified Bessel function K, (z) (Lemma 5.1)

2
En(sp+7)| _ ~r(1-5)
[ K (sp2)]
for any n € Z, s € C with Re(s) > 0, p1 > p2 > 0, and 7 > 0. The proof depends
on the Macdonald formula for the integral representation of the product of modified

Bessel functions and extends our earlier uniform estimate in [7] for the first Hankel
function H!(z), v € R, in the upper-half complex plane.

2. The acoustic scattering problem
For any s € C such that Re(s) > 0, we let v, = Z(u) and p, = Z(p) be

respectively the Laplace transform of v and p in time

w9 = [ et puxs) = [ e pix

0 0

Since Z(0yu) = su, —up and Z(0yp) = sp, — Po, by taking the Laplace transform
of (1.1) we get

(2.1) su, —up = —divp, + f,, sp, —Po = —Vu, inR*\D,

where f, = Z(f). Because f,, ug, po are supported inside Br, we know that u,
satisfies the Helmholtz equation outside Bgr

—Au, + s*u, = 0.

Moreover, (1.3) implies that u,; satisfies the radiation condition

0
ﬁ(;L+suL>—>0, as r — oo.
r

We have the following series representation for u, outside B [17]

= Ky (sr) in6
(2.2) Uy, = n;m muf(& s)e™,
where u”(R,s) = 5= ()27{ u, (R, 0,5)e"df. Let G : H'/?('g) — H~'/2(T'g) be
the Dirichlet-to-Neumann operator for the Helmholtz equation

10u, >~ K!(sR) , ind
- — n R 1 .
s Or Irp = K, (sR) U ( s)e

(2.3) Gu, (R,0,s) =
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Then, since pg is supported in Bg, by (2.1),
p, - X+Gu, =0 onTlpg.

By taking the inverse Laplace transform we obtain the following Dirichlet-to-Neumann
boundary condition for the acoustic scattering problem

(2.4) p-Xx+7(u)=0 onTgx(0,T),
where 7 = .71 0 G o % and from (2.3) we know that
- _, (K. (sR) .
_ 1 n in6
(2.5) T(u)(R,0,t) = Y {z (Kn (SR)> % Un (R, t)] e

n=—oo

where u, (R, t) = L7 (u™(R, s)) = 5= 0277 u(R,0,t)e""9dp.
Based on (2.4) we know that the original scattering problem (1.1)-(1.4) is reduced
to the following problem on the bounded domain Qg x (0,7), Qr = Br\D,

(2.6) % = —divp + f, % =—Vu in Qg x(0,7),
(2.7) p-np=0 onIpx(0,T),

(2.8) p-Xx+7(u)=0 onIgx(0,7),

(2.9) ult=0 = uo,  Plt=0 = Po-

In this section we show that the reduced scattering problem on the bounded domain
(2.6)-(2.9) is well-posed and stable. We first state the assumptions on the boundary
and initial data:

(H1) up € H?(QR) and supp(ug) C Bg;

(H2) po € H(div; Qr), divpg € H?(2Rg), and supp(po) C Br;
(H3) f € HY(0,T; L*(QRr)), flt=o = 0, and supp(f) C Br x (0,T);
(H4) Compatibility conditions: pg-np =0, Vug-np =0 on I'p.

In the rest of this paper, we will always assume that f is extended so that
fe HY(0,+00; L*(Qr)) and || fll a1 (0, 100:22r)) < Cllfllao,102(0r)). We also
remark that the assumption f|;—o = 0 in (H3) is not very restrictive in practical
applications. If f(z,0) # 0, let w be the solution of the equation —Aw = f(z,0)
in Qg with the boundary condition Vw - n = 0 on 0Q2z. Then qp = —Vw satisfies
divgg = f(x,0) and (u, p — qo) satisfies (1.1)-(1.4) with the source f' = f — f(z,0)
and the initial condition p = po — qo-

The following theorem is the main result of this section.

Theorem 2.1. Let the assumptions (H1)-(H4) be satisfied. Then the problem
(2.6)-(2.9) has a unique solution u € L*(0,T; H'(Qr)) N H*(0,T; L?*(QR)), p €
L2(0,T; H(div,Qg)) N HY(0,T; L?>(Qr)) such that u|i—o = uo, P|i=0 = Po, and for
any v € L*(0,T5 H'(Qr)), a € L*(0,T; L*(Qr)),

T ou T
(2.10) L Go) = eove = ., ae= [ o
0 0
T ap
2.11 —.q) + Vu,q}dtzo.
(211) (%q) + (Vua
Here T (u) € L?(0,T; H-Y/2(Tg)). Moreover, (u,p) satisfies the following stability

estimate
(2.12) JDax (19cull2 ) + | VUl L2(@p) + 19eP lL2(@r) + 1 dive |22 p))

< Cl[(uo;po)llar + CllO:fllzr0.1:L2(2R))
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where ||(uo, Po)llar = [l uo [l a1(@p) + [ divpo [[L2(p)-

We remark that the stability estimate (2.12) means the solution of the scattering
problem does not grow in time. In the absence of the source f, however, it is
proved in Lax and Phillips [20] by using the semigroup theory of operators that the
solution of the scattering problem tends to zero in any bounder domain as time goes
to infinity. For star-shaped obstacles, the exponential decay of scattering solutions
for the wave equations is well-known, see, e.g. Morawetz [21].

The proof of Theorem 2.1 which depends on the abstract inversion theorem of
the Laplace transform and the a priori estimate for the Helmholtz equation will
be given in §2.2. In the following we first consider the properties of the modified
Bessel functions to be used in the paper.

2.1. The modified Bessel function. For v € C, the modified Bessel functions
K, (2), where z € C, is the solution of the ordinary differential equation

d*y | dy
2.13 Pt —
(2.13) 22 + “dz
which satisfies the following asymptotic behavior as |z| — oo

K, (z) ~ (%)1/2 e .

The importance of the function K, (z) in mathematical physics lies in the fact that
it is a solution of (2.13) which tends to zero exponentially as z — oo through
positive values. We refer to the treatise Watson [28] for extensive studies on the
functions K, (z).

The following lemma is proved in [28, P.439).

(2 + %)y =0,

Lemma 2.2 (Macdonald formula). For any v € C and z1, 25 € C satisfying

1
larg z1| < m, |argzs| <m and |arg(z; + 22)| < -,

4
we have
]. i v Z% =3 d
K (21) Ky (2) = 7/ e i, (22) 2
2 /o v v
Lemma 2.3. For any v € R and z € C such that Re (z) > 0, we have
1 %) _‘Z‘z_z2+22w dw
KIJ 2 — _ 2w 2‘2‘2 Ky -
k=3[ ()™

Proof. Since K, (2) = K, (z) for real v, we have
K, (2)] = K, (2)K, (2) = K, (2) K, (2).

Since Re (z) > 0, we have |arg(z + 2)| = 0 < § and thus we can use Lemma 2.2 to

obtain
00 R 2
|K,,(Z)|2:1/ 6*%7#[{1/ & @
2 Jo v v

This proves the lemma after the change of variable w = |z|?/v. O

An important consequence of this lemma is that for real v, K, (z) has no zeros
if |arg z| < i [28, P.511], which implies that K,(sR) # 0 for any n € Z, R > 0,
s € C with Re (s) > 0. This justifies the writing of K, (sR) in the denominator in
(2.3).

The following integral representation of K, (z) is useful in our analysis [28, P.181].
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Lemma 2.4 (Schléfli integral representation). For any v € R and z € C such that

|arg(z)| < %, we have

K,(2) =/ e~ 050 cosh(vt)dt.
0
Lemma 2.5. For any v € R and z € C such that |arg(z)| < 5, we have

K, (|2]) < [Ku(2)] < Ky (Re (2)).

Proof. First by Lemma 2.4 we have

1K (2)]

/ e—? cosh(t) COSh(Vt)dt
0

o0
< / e Re(2) cosh(®) cosh (vt)dt

0
= K,(Re(z)).
Next, if z = 21 + 129, 21,20 € R, then
22+2272ffz§7 222
21212 22+ 22+ 22

which, by Lemma 2.3, yields

L[ e d
K = g [ e e )
2 Jo w
o0 22

> g e
2 Jo

= K, (2))*

This completes the proof. [l

Lemma 2.6. For any v € R and p1 > p2 > 0, we have
K, (p1) < e*(Pl*m)KV(pQ).

Proof. This is a direct consequence of the Schlafli integral representation in Lemma
2.3 and the fact that cosh(t) > 1 for ¢ > 0. O

2.2. The proof of Theorem 2.1. We start with the following lemma which can
be proved by the standard energy argument.

Lemma 2.7. Let the assumptions (H1)-(H4) be satisfied. Let U(x,t) be the solution
of the following problem

0pU — AU =0 in Qg x (0,7,

VU -np=0 onT'p, U=0 onlpg,

Uli=o = uo, 0;Ult=0 = —divpo in Qg.
Then

10:U 72000 + 1 VU 7200, = | Vo [ 220 + [1diveo 1720,
| 0eU ||%2(QR) + [ V(aU) H%2(QR) = [| Aug H%2(QR) + || divpo ||2L2(QR)1
| O U H%z(szR) + [ V(0uU) ”%Z(QR) = [| Aug H%?(QR) + || Adivpo ||%2(QR)~
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t
Denote by P = pg —/ VU. Let v/ =u—U and p’ = p —P. Then by (1.1) we
0
know that
ou’ op’
2.14 — = —divp’ = = -Vu'.
(2.14) Y divp’+f, -, Vu

By (H4), the boundary condition (1.2) becomes

(2.15) p 'np=0 onTp.

By (2.4) we have

(2.16) px+7@W)=-P-%x onTlg.

It is obvious that

(2.17) W)= =0, p'li=o=0.

Let u;, = Z(uv'),p, = Z(p'), and P, = Z(P). Then by taking the Laplace

L

transform of (2.14)-(2.16) we obtain

(2.18) su; = —divp! + f,, sp, =—Vu  in Qg,
(2.19) p, - np=0 onlp, ©pl-x=-Gu —P_-%x onlp.

Notice that (2.18)-(2.19) is the standard scattering problem of the Helmholtz equa-
tion for u! whose well-posedness is guaranteed. Our strategy to show the well-
posedness of (2.14)-(2.17) and thus (2.6)-(2.9) is to show the inverse Laplace trans-
form of the solution (u!,p!) of (2.18)-(2.19) is existent.

We first recall the following theorem in Treves [26, Theorem 43.1] which is the
analog of the Paley-Wiener-Schwarz theorem for the Fourier transform of the dis-
tributions with compact support in the case of Laplace transform .

Lemma 2.8. Let h(s) denote a holomorphic function in the half-plane Re (s) > oy,
valued in the Banach space E. The following conditions are equivalent:

(i) there is a distribution T € D', (E) whose Laplace transform is equal to h(s);
(ii) there is a o1 real, o9 < o1 < 00, a constant C' > 0, and an integer k > 0 such
that, for all complex numbers s, Re (s) > o1,

Ih(s) e < C(1+Is])".

Here D' is the space of distributions on the real line which vanish identically in the
open negative half-line.

The following lemma on the Helmholtz scattering problems is of independent
interest,.

Lemma 2.9. Let s = s +isa, 51 > 0,50 € R. For any g € L*(Qr) and pu €
H~Y2(T'g), let w be the weak solution of the following scattering problem

(2.20) ~Aw+s*w=g inQp,
(2.21) aaTwD:O on T'p, g—f:sGw+u on T'x.

Then there exists a constant C independent of s such that

C _
[ Vwllzzp) + | swllL2p) < o <|| gllizzn) e lla-120p) + I 512 ||H—1/2(FR))~
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Proof. By testing (2.20) with any v € H*(2g) and using the boundary conditions
(2.21) we know that

(2.22) / (Vw -Vo + sQwT)) dz — (sGw,v)r, = (g,v) + {t, V)14,
Qr

where (-, -) stands for the inner product in L?(Qg), and (-, -)r,, is the duality pairing
between H~'/2(I'g) and HY/?(T'g). Since s> = s7—s3+1(2s153), by choosing v = w
in (2.22) and taking respectively the real and imaginary part of the equation we
get

(2.23)/Q {|Vw|2 + (57 — s§)|w|2} — Re(sGw,w)r, = Re [(g,w) + <,u,w>rﬁ,}7
R
(2.24) 23152/ |w|* = Im (sGw,w)r, = Im {(gm}) + (u,w)pR}.
Qr
In the domain R2\BR, we let
. 1 2 .
(2.25) K wn el w, = by w(R, 0)e""0qg.

It is clear that w satisfies the Helmholtz equation

(2.26) —Aw+ s*w=0 in R*\Bg,

and the Sommerfeld radiation condition

(2.27) \/?(égw—ksw) —0 asr=|z]— oo
r

Multiplying (2.26) by @ and integrating over B,\Bpg, where p > R, we have
0
25152/ |w|*dz — Tm 90 Gds = 0.
p\BR I'rul’ n
Thus

0 0
25153/ |w|* — ITm 32/ %) +1Im (sz/ ww) =0,
By\Br rp or Tr or

which yields, since s; > 0,

—Ims/a—ww >—Ims/a—ww
QFRaT' - 2Fp87' '

By Lemmas 2.5-2.6 we have, for p > ‘R

)[? |K s1p)|
/ wP=2r 3 p |wn|2 w3 e ‘2| w,?

n=—oo n=—oo

IN

IN

P —(s1p—|s|R) 2
Re 1o~ Hw”L2(FR)

— 0, asp— oo
On the other hand, by (2.27),

‘310

— 0, asp— .
L2(Ty)

— +sw

or
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Thus we conclude that
0 0
(2.28) —Im (sz/ ww) > — lim Im 82/ —wu? =0,
rp, Or p—oo . or
which, together with (2.24), implies
(2.29) 28185/ lw|?dx < solm [(g,w) + (1, w)FR].
Qr
Next, by Lemma 2.4,

1 0o 7‘5‘27‘2732+§2T d
Ko(sr)f? = 2 / N LS e
2 Jo T

d
which is monotonely decreasing in r, thus . | K, (s7)]*> < 0 and consequently
r

ow - 1 9. 2 = d [ |Kn(sr))? )
_ ow N _ 1 [ 9 o d [ |[Ka(sr)]? -
e </FR or w) 2 /FR ol =R 2 7 [|Kn(sR)|2 2l

n=—oo

Therefore, by (2.23) and (2.29) we obtain

/ [|Vw|2 + (57 + 5§)|w|2} dx

Qr

< 242 /QR lw|?dz + Re [(g,w) + <u,w>rR}

< Zm[(gu) + o whr,] +Re [(9:0) + (v
- iRe [(59,) + (51, w)r, |

<

C
gll gllzz@p 5w llz2p)

c . _
+§ (I spe le-12mll Vw 2y + I 0l =120 [l S0 I22(02n)) -
The lemma now follows from the Cauchy-Schwarz inequality.

Lemma 2.10. Let s = s1 + isy with s;1 > 0,80, € R. We have

() o

Proof. Since w = K,,(sr)ei"? satisfies the Helmholtz equation (2.26) with the radi-
ation condition. The argument to derive (2.28) implies that

() 0

d
Moreover, since d—|Kn(sr)|2 < 0 as noted in the proof of last lemma, we have
r

—Re (s ?ﬁg) > 0. Now denote sg’llézgg = 71 + ivs for 71,72 € R, then we know

that y; <0, s972 < 0. Therefore, since s = s1 + is3, s1 > 0, we obtain

o () - (252) i

This completes the proof.

= W(sl’}/l + s272) < 0.
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Lemma 2.11. For any & € L?(0,T; HY/?(Tr)), we have

T
fRe/ e T (&), &) dt > 0.
0

Proof. Let
1 27

§0.0= > &GO &) =g [ &@.0edr

n=—oo

By (2.5) we know that

T©.an=2nr 3 [ (FLH) e [,

n=—oo

Denote én = &nX[o,1], Where x[o 7] is the characteristic function of the interval
(0,T). Then

T
- / e T (€), )t
0

e § [ e ()

_ — [ i1 (Ku(sR)\ :]:
= QWRnZOO/Ooe 2 {2 1 (Kn(sR)> *fn:| Endt.

By the formula for the inverse Laplace transform g(t) = .7 ~1(e***.%Z(g)(s1 + is2)),
where .Z ~! denotes the inverse Fourier transform with respect to so, we know from
the Plancherel identity that

T > 0o (s ~
[ emur@ o =-r Y [ 2@ s,

This completes the proof by Lemma 2.10. O

Now we are in the position to prove the main result of this section.

Proof of Theorem 2.1. Our starting point is the scattering problem of the Helmholtz
equation (2.18)-(2.19) which has a unique solution u/ € H'(Qg) and p/ € H(div; Qg).
It is obvious that u! satisfies

—Aul +s°u =sf, inQg,

ou' ou;
s =0 onTp, ob=sGu +sP, % onlg,
D

By Lemma 2.9, there exists a constant C' > 0 independent of s such that

IVuy 22 @r) + | sty 22 (@r)

< S (15 Nercon + I5P Kllosrarng + PPy % -vaie)
Moreover, by (2.18),
(2.30) | divp; [|z2(0q) + 11 P, 22 (2n)
S (PP AP
S SP, K ey + N SPP, & sz

S1
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By [26, Lemma 44.1], u/,p! are holomorphic functions of s on the half plane
Re(s) > v > 0, where + is any positive constant. By Lemma 2.8 the inverse Laplace
transform of v/ , p! are existent and supported in [0, 0c]. Denote by v’ = £~ (u!),
p' = £ (p)). Then, since v/ = L(u') = F(e *'u), where .7 is the Fourier
transform in sy, by the Parseval identity and (2.30), we have

/0 emnt (H V' [0 + | 90 H2L2(9R)) at

= 2n [ (19U W + 1150, W) 4

— 00

C oo
< S%/ Isf 172 (n)ds2
N T P, - x|} d
T2 IsPy - %120 + IH8IPL - X M-1/2(pyy ) dse-
1 — o0

Since fli=o =0 in Qg, P X|;=9 = ;P - X|t—0 = 0 on I'g, we have £ (0:f) = sf, in
Qr and Z(0;P - x) = sP, - x on I'r. Moreover, notice that

|s|?P, - % = (251 — 8)sP, - % = 25:.L(0;P - X) — L(0?P -%X) on I,

we have
/0 Ca <|| V' 112 () + | Ot H%WR)) dt
< C 71200 2ards
< 2/ 1)) L2 (p) @52

1 e . N
+C <1+ 32)/ (Hf(atP-x) 12120y + | L(02P - %) H;_W(FR))dsQ.
1

— 00

Again by Parseval identity

@31) [ e (190 By + 1007 o)
c e,
= S%/o e 2 B f 172 () ds2

1 . . .
+ C (1 + 52) /0 e—zélt(n P - x ||§{,1/2(FR) + || 0P - % H?H,W(FR))dt < 0.
1

This proves u' € L2(0,T; HY(Qg)) N H*(0,T; L?(g)). Similarly, by (2.30), we
have p’ € L?(0,T; H(div; Qr)) N H'(0,T; L*(QR)). Moreover, by Gu, = —p! - %
onT'g and p’ € L?(0,T; H(div; Qg)), we deduce that 7 (u') € L?(0,T; H~/%(Tg)).
By taking the inverse Laplace transform in (2.18)-(2.19) and using the definition of
' =u—U, p =p— P, one can easily show that (u,p) satisfies (2.10)-(2.11).

It remains to prove the stability estimate (2.12). By (1.1) we know that u satisfies
the wave equation

2

% — Au= 88—{ in Qr x (0,7).
We multiply the equation by 0,4, integrate over Qg, and use the boundary condi-
tions (1.2), (2.4) to get

1d

5 51 (1020 + 1 Vu a0, ) = (OU(T (), by = (90 Orw).
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By (2.5) we know that

=2 " (s Up,
(O(T (W), ey, =27R Y % [g—l (2&2;) « un(R, t)] -ddT(R, ),

n=—oo

2w

where u,(R,t) = % o u(R,0,t)e”"9dh. Since uy has compact support inside

Qr, up(R,0) =0, we have

£ () wine] - (8

Thus, by Lemma 2.11, we then get

T T
—Re / e 2549,(T (u)), Opu)rpdt = —Re / e 2T (Opu), Oyu)p,dt > 0.
0 0
By (2.32) we then obtain after integration by parts

2t (100 o + | V) = (14w g + 1 Voo o)
< 20e™ 0 f oz @py e deull o 0.7:L2(0r),  VEE (0,T).

Now the desired stability estimate follows by the standard argument and letting
S1 — 0. O

3. The PML equation and the well-posedness

Now we turn to the introduction of the absorbing PML layer. We surround the
domain Qg with a PML layer QPML = {x € R? : R < |x| < p}. In the rest of this
paper we assume p < C'R for some generic fixed constant C' > 0.

FIGURE 1. Setting of the scattering problem with the PML layer.

Let a(r) = 1+ s71o(r) be the artificial medium property, where o > 0 for
r € Rand o =0 for r < R. We remark that here we allow the function o can be
discontinuous. In particular, we will assume o is a positive constant for r > R in
Sections 4 and 5. Denote 7 the complex radius

L r if r <R,
r=r(r) = { Jy a(r)dr =rp(r) ifr>R.
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It is easy to see that for r > R, B(r) = 1+ s~'6(r), where

1 s
a(r)= f/ o(r)dr.
rJo
We follow the development in [22] to introduce the PML equations. The starting
point is the series representation of u, = 2 (u) outside B in (2.2)

1

o) 2m
Uy, = Z g:((;;)) u:(Rvs)einea U:(R, 5) = %/0 Uy, (Rveas)eiinede'

n=—oo

Based on the observation that K, (z) ~ (%) Y2 6% as |z] — oo, we define the PML
extension 4, as

o0

(3.1) a, (r,0,s) = Z [];:((:;)) u'(R,s)e™,  Vr>R.

n=—oo

Heuristically @, (7,6, s) will decay exponentially for large r. It is obvious that @,

satisfies —Ad, + 5?4, = 0 outside Bg, where A = 2.2 (7.2} 4 ;%53720 is the Laplace
7'2

operator with respect to (7,6). Since 7 = r( and e «a, we know by using the
r

chain rule that

10 (prou, 190 ( «adu, 9 e
(32) ror (a or > t o8 (ﬁr 06 ) stapu, =0.

The desired time-domain PML system will be obtained by taking the inverse
Laplace transform of (3.2). To that purpose, we define

(3.3) o —%, P! g = —%88“9% st =,
and

(3.4) Bur = 2Bl Puo = JPLo

Thus (3.2) becomes, since saf3 = s+ o + 6 + s~ Lo6,

(3.5) sty + (0 + ), + o6u; + divp, = 0.
Let, for r > R,

(36) i=27@,). b=2 b, T =L N@). B =2 ()

L
with ﬂ|t:0 = O,f)|t:0 = 0, a*|t:0 = 0, and f)*lt:O =0.
Notice that sa = s + 0, s = s + &, by taking the inverse Laplace transform in
(3.3)-(3.5), we get

op* dii*
(3.7) a‘; = Vi, B = i, ~ N
(3.8) a;;r +opy = 832: + 6P, % + 6Pg = 8;3 +opp,
(3.9) % + (o +d)a+divp + o6a* = 0.
We rewrite (3.8) as
(3.10) % +Aip = o + A2p”,

ot ot
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where

(o 0 (0 0 _( cosf sinf
A=0Q ( 0 ¢ >Q’ A2=Q ( 0 o )Q’ Q_( —sinf cosf )’

The first order partial differential equations (3.7),(3.9),(3.10) for (@, p,@*, p*) con-
sist of the time-domain PML system for the acoustic scattering problem outside
Bpg. Since u =u, p=p on 'y, 4, p can be viewed as the extension of the solution
(u,p) of the problem (1.1)-(1.3). Moreover, since 0 = ¢ = 0 inside the circle Bg,
if we set @ = 4 = u,p = p* = p in (Br\D) x (0,T), then (@, p,a*, p*) satisfies
(3.7), (3.10), and, instead of (3.9),

ou o . - fk
E—i—dlvp—i—((f—l—a)u—i—oau = f.

We summarize the above consideration in the following lemma.

(3.11)

Lemma 3.1. Let (u,p) be the solution of the problem (2.6)-(2.9) which is extended
to be (a,p) outside Br according to (3.6). Let (a*,p*) be defined in (3.6) for
r > R and (0*,p*) = (u,p) for r < R. Then (u,p,u*,p*) satisfies the PML sys-
tem (3.7),(3.10),(3.11) outside D and satisfies the initial and boundary conditions
Ult=0 = o, Pli=0 = Po,U*|t=0 = U0, P*|t=0 = Po n R*\D and p-np = 0 on
FD X <O,T)

We define the following initial-boundary value problem for (4, p,d*, f)*_) which
is referred as the PML problem in the rest of this paper, where Q, = B,\D,

(3.12) % +divp + (0 + &)i+ 06" = f, aait =i inQ,x(0,7),
op* ap op*

+Mp =

3.13 Via=0 Asp™ in Q 0,7

( ) ot + Vu ) ot ot + Aop m px(a )a
(3.14) p-np=0 onIpx(0,7), u=0 onl,x(0,7T),

(3.15) Ult=0 = uo, Pli=o =Po, U'|t=0 =uo, P'lt=0=po inQ,.

By the construction of the PML problem, (4, p) is designed to approximate the
solution (u,p) of the original scattering problem in the domain Qg x (0,7'). The
rigorous mathematical justification of this fact will be established in section 5.
Notice that (3.12)-(3.15) is a first order symmetric hyperbolic system whose well-
posedness follows from the standard theory (see e.g. Chen [6]). Here we state the
well-posedness of the PML problem (3.12)-(3.15) and omit the proof.

Theorem 3.2. Let f € L>®(0,T;L*(R)). Assume that ug € H'(Q,), po €
H(div; Q,) are supported in Br and satisfy the compatibility conditions po-np = 0,
Vug-np =0 on T'p. Then the PML problem (3.12)-(3.15) has a unique strong
solution (G, p, 4*, p*) satisfying

@€ L0, T; HH(Q,)) NWH(0,T5 L*(R,)), @* € WH(0,T; L*(R,)),
p € L>=(0,T; H(div;Q,)) N Wh*(0,T; L*(Q,)), p* € Wh*(0,T; L*(,)).
4. The stability of the PML system

In this section we consider the stability of the initial boundary value problem of
the PML system in the layer under the condition that the medium property o is
constant. In [3] and [4], the stability of the Cauchy problem of the PML system
for the constant medium property is proved by using the energy estimate. Our
argument is based on the method of the Laplace transform and the analysis in the
frequency domain. In the rest of this paper we assume o is a positive constant.
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We consider the following initial boundary value problem of the PML system in
the PML layer Q"M = B )\ Br

(4.1) %‘f +div® + (0 + 6)p + 069" =0, % =¢ in Q"M x (0,7),
o®* 0P 0®*
(4.2) 5 tVe=0, =+ AP = 5+ Ax®*  in QPME % (0,7),

(4.3) ¢=0 onTpx(0,T), ¢=¢( onl,x(0,T),
Olizo = 0, @l = 0,0 |1=0 = 0, ®*|;—o =0 in Q"M

Let ¢, = Z(¢),®, = ZL(®),¢; = ZL(¢"), and & = £(P*), then we know
that ¢, satisfies the Helmholtz equation

(4.5) —V - (AV$,) + s2af¢, =0 in QPME

_ B 99, a 9¢p . .
where AV, = S 5eer + 5r 6 €0, €r, € are the unit vectors of the polar coordi-
nates, and
(4.6) s®, =—-AVe, , dive, = —saf¢,.

Let a(-,-) : HY(QPML) x HL(QFPML) — C be the sesqulinear form

[P (Brogod | adpdY n
a((b,z/}) = /R /0 <O¢8Tar + E%% + s ﬁ’l‘(ﬁw) drdf.

Lemma 4.1. For any ¢ € H*(QPML) we have

2
m [a(, ¢)] > — 21— ||8]1% e,

(4.7) Rea(é, @) + 1 = (s1+0)?

where

E,QPML = ||Av¢||%2(QPML) + || saBe ||%2(QPML),

Proof. Simple calculation shows that

271' 2 2
(s1+0)(s1+0)+s
Rela(,¢)] = // ! |S1—|1-02) 2| 221 dras
271'
(s1+6)(s1+0)+s31 99
+ // [s1+ 6|2 ‘39 drdy

27
+ /R /0 [(31 +0o)(s1+0)— sg] r|¢|2d7“cl€7

ma(¢,¢)] = 82/ /Qﬂ \STIZIQ
wf [ e

27
+ 52// (281 + 0 + 6)r|o|*drds.
R Jo

and

2
drdf

— dd9
00

+
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Notice that ¢ > &, we have

Re [a(¢,0)] + - om la(¢, ®)]

/ /27T 51+ 6)(s1+ o) + 82 2
rl 22
|s1 + o2 or

/ /27T 81+0' 81+0)+81(81+0)71 (=4
|31+&|2 26

2m + )
(s1+0)(s1+6) = 2\ r|¢|>drdo

The proof now follows easily by noticing that

ol = [ [ (:ﬂ

Lemma 4.2. Let & € HY(0,T; HY/*(T,))NH?(0,T; H~Y/2(T,)). Then there exists
a function ¢ € HY(0,T; H*(QPMM)) N H2(0,T; L?(QPMY)) such that ( = 0 on T'g x
(0,7), (=& onT, x(0,T), and

drdf

2
drdf

2

lof* 1 ‘acb
[ERG

+ |saﬁ|2r|¢|2> drd®.

O

(4.8) 197¢ | p2(o,miz2 @y < CpM 2| 07 Nl p2 (0, mr-1/2(r, ).
(4.9) I VO |l 20,7522 @rmnyy < Cp™ 2110 | 20, m1/2(r, )
Proof. Let
=S G0, 6= 2 [ e.0e s,
= 27 Jo ’

Let xn € C™[R, p] such that x,(p) = 1,0 < x(r) < 1,|x,,(r)| < 03, for r € [R, pl,
and supp(xn») C (p — dn, p), where §,, = (p — R)/V1+ n?, n € Z. Define

(0.0 = 3 Elt)xalr)e™.

n=—oo

Then it is clear that ( =0 on I'g x (0,7), ( =& on T', x (0,7T"). Next it is easy to
see that

b P
I3 ey = 203 /R € ()2 (r) Prdr

2m Z / |*rdr

< 2mp Z Snlén ()

< (p= RN r2r, )

This shows (4.8). Similarly we can prove (4.9). O

IN

The following theorem is the main result of this section.
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Theorem 4.3. Let ¢ € H'(0,T; HY/?(T,)) N H?(0,T; H~Y/2(T',)). Then the solu-
tion of the PML system (4.1)-(4.4) satisfies the following estimate
| 9e® || L2(0.1;L2(rMry) + || dive® || L2(0, 1,12 (MY
< C(1+0T)*pT(|| 07¢ lz20,0;5-1/2(0,)) + p~ | 0k 220, 1:m1/2(r,)))-
Proof. Let ¢ be the function defined in Lemma 4.2 which we extend to be a function
in H1(0, +00; HY(QPMY)) N H2(0, +00; L2(QFPMLY)) such that
||vatCHLZ(O,_;’_OO;L2(QPML)) < C||Vatg||L2(07T;L2(QPML)),
1071l 20 400sL2(0vinyy < COFCI| L2 (0,73 L2(0mny) -
By testing (4.5) with ¢, — ¢, € Hg(QPML), where ¢, = Z(¢), and integrating by
parts we easily obtain
a’(¢L’ ¢)L) = a’(¢L7 CL)
By Lemma 4.1 we then have
2 2
o s o s
6.0 < € (14 2) Bhaoy 001 =€ (14 2) Hlaga,, 01
S1 S1 S1 S1

Since

1/2
060 61 < (196 aarmny + 156, aarmny) 19, 1 e,

we have

o 1/2
6l <€ (142 ) B (196, By + 156, Ixomny)

On the other hand, by (4.6) we know that

2
5]

S1

G lI? e = | dive®, 122 (qemey + [l B, |22 ()
Notice the formula for the inverse Laplace transform
f(t) =F e Z(f)(s1+152)),

where .Z ~! denotes the inverse Fourier transform with respect to s, by the Parseval
identity we have then

[ e (10 gy + 11 div® [3aqgenn, ) de
0

om [ (v, [Faarsn, + | 5®, [Fxgamey) dso

— 00

IN

4
o 1 [
C (1 + ) 8—2/ (II sV, 1 72qemny + 1| 8%, ||2L2<QPML)> ds2

S1 1 J—00

4
o 1 < . )
C (1 + ) 7/ [ 2s1t (H vatC H%Q(QPML) + H 8t2C ||2L2(QPML)) dt,
0

s1) s

where we have used the Parseval identity again in the last identity. This implies

T
| (108 oy + 11 v 3o, )
0

4 T
o 1 5
< C (1 + S1> 8762 1T/ <|| VO |72 euny + [ 97¢ H2L2(QPML)> dt.
1 0

This completes the proof by taking s; = T~! and using Lemma 4.2. O
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5. Convergence analysis

Let (u,p) be the solution of the problem (2.6)-(2.9) and (4, p,d*, p*) be the
solution of the PML problem (3.12)-(3.15). The purpose of this section is to prove
that (a,p) converges to (u,p) exponentially in the domain Qg x (0,7). We start
with the following fundamental estimate for the modified Bessel function K, (z).

Lemma 5.1. For any v € R, s € C with Re(s) > 0, p1 > p2 > 0, and 7 > 0, we
have

Ky (o1 + 1) _ (1-3)

|K,,(S,02)| - .
Proof. Let s = s1 + iss with s > 0,s2 € R. We consider two cases. First assume
s1p1 > |$|p2. Then by lemmas 2.5-2.6,

2
|KV($,01 +T)| < KV(Slpl +7’) <o < e—T( —%)
[Ku(sp2)l = Ku(lslp2) = 7 ’
which is exactly the estimate (5.1).
Next we assume s1p; < |s|p2. Denote by z1 = sp; + 7 and z3 = spy. Then by
Lemma 2.4

(5.1)

2
(5.2) K, (21)]
2, :2
1 [ _l=®_E4Er dw
= = e 2w 20z 2 Ky(w)i
2 Jo w
0o lz11%-12012 zrf)*f%_Z%JrEg l20]2  z3+22
— 1 e 2w 212112 2|23/? “’,e— Zw _2|22|2wa(w)dw.
2
0
Now we are going to show that
I PG 2 G £ 1 VRPN () |
(5.3) e Zw 22112 2|22 <e i3

The desired estimate (5.1) follows easily from (5.3) and Lemma 2.4.
To show (5.3), we first note that by simple calculation
A+a A4z 2sipn+7)%s505 — sts3pipd] | 27533

20l 2nf 212 2] ~ laPlel*

2
Since |21]? > |s]?p? = Z—é|22|2, we obtain
2

2 2
2 =1- |Z2|2 = %
|21] |21] pi

By Cauchy-Schwarz inequality, for any w > 0,

lmPlzp® (24} 2343 o[ U2tz 272303 1V/2
e 2w 2‘z1‘2 2‘z2‘2 e 2w |21|2‘z2‘2
1/2
o128\ "% 5200
< e 03 [z2]
Since s1p1 < |s|p2, we have
2 92 2 2
S3P2 52 P2
2T 2,22 2
|22] S+ 85 1
This completes the proof. ([

We also need the following estimate for the convolution which is widely used in
the analysis of absorbing boundary conditions, e.g. in Hagstrom [17].
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Lemma 5.2. Let fi, fo € L*(0,T). For any s; > 0, we have

I f1# f2 2oy < €T ( max_ |Z(f1)(s1 + i82)|> I f21lz2(0,1)-

—00<852< 00

Proof. For the sake of completeness we give a proof here. We first note that by the
formula for the inverse Laplace transform, we have

ft) = F e L (f)(s1 + is2)),

where .#~! denotes the inverse Fourier transform with respect to sp. Let f2 =
f2X(0,1), where x(o,r) is the characteristic function of the interval (0,7"). Then

I 1 f2llzzory = I i f2lleeom
= | F e L (f1+ f2)(s1 +1s2)) | 2 0,1)
< T FHL(f1* f2)) |12 (= 0,00

N

which by using the Parseval identity yields

1

| fix folliaom < 5= 120* F2) e (oo
1 5 7
= %62 lT” f(fl) . g(fQ) H%ﬂ(foo,oo)
1 5, : f
< oo max [Z(f)(s+is)] | L) [Fa( oo

Again by using the Parseval identity

1L (f2) 12 (—o0im0) = 1 Z (€T ) 2 (conoe) = 27l €™ 2l T2(—00.00)

2l e o 20,1

A

< 27|l f2llZ2 0.1y

This completes the proof. O

Now for 7 > R, let @ be the PML extension of @ in the time domain

o0

a(r,0,t) = > [$—1< I[((:((j;))>*ﬁn(]%,t)] ¢int.

n=—oo

where @, (R,t) = 5= 027r (R, 0,t)e""%dg. Since 1, (R,0) = 0 from the initial

condition 4|t—¢ = ug and wug is supported in Bg, we have

oo

di(r,0,t) = > {g—l (11((:(252)) « (Dyitn) (R, t)} o

n=-—oo
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Since sp = sp + pd(p), by Lemmas 5.2 and 5.1 we know that, for any s; > 0,
=2
102t 1220 7, 12(r,

= 2mp Z (14 n?)Y/2

n=—oo

2

7 ( (< 1@)) « (vitn) (R, 1)

L2(0,T)

IN

00 Kn s 2 R
2mpen Z (1+n*)?  max ‘ (p)‘ | Dtin (R, ) |1 720,1)

= —00<$2<00 Kn(sR)
P 24T
< —et max
- R —oco<n<oo — OO<82<OO K (Tr))

P osT —2p6(p)(1—L5 -
< Ee 51T ( 02)HatUHLQ(O’T;Hl/Z(FR))?

which implies, since the estimate is valid for any s; > 0,

(5.4) I 3t1:¢ ||L2(0,T;H1/2(F,,)) <Ce pa(p)( )|| ot ||L2(0 T;H'/2(T'R))"

Similarly, we can show that

= —pi(p)(1-E3 X
(55) 1020 ey < Ce P08 020 | oo vz

Now we are in the position to prove the convergence of the time-domain PML
method.

Theorem 5.3. Let (u,p) be the solution of the problem (2.6)-(2.9) and (4,p,
4*,p*) be the solution of the PML problem (3.12)-(3.15). Then there exists a
constant C > 0 depending only on p/R but independent of o,R,p, and T such
that

max (v =l + 1P = Plzon)

< C(+om2pr2e O 0 620 aiorasr-vreeny
+ C(l + UT)2T3/2€*P&(P) (17/)72) H 8tﬁ HLz(O,T;Hl/Z(FR))'

Proof. Since o = 0 for r < R we know that p* = p. From (2.6) and (3.12)-(3.13)
we know that

(5.6) 8(u6; @) +div(p—p) =0 in Qr x (0,7),
(5.7) 8(p8; ) | G(u—a)=0 inQp x (0,T).

By testing (5.6) with v € H'(Qg) and using (2.5) we know that

655 (L5 0) = 0= 5.0~ (Tl i) 0)es = (b %+ T(0) e

Let w = u— 4 and w* = f;(u —4)dt. From (5.7) we have p—p = —Vw®*. Thus by
taking v = w in (5.8) we have

1d N L. .
(5~9§£ (Hw ||2L2(QR) + || Vw ||%2(QR)) —(T(w),w)r, = (P X+ 7 (), w)r,.

Denote

X(0,T;9Qr) = {v e L>™(0,T; L*(Qr)),v* = /Olt vdt € L>=(0,T; H'(Qr))}.
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It is clear X (0,T;r) is Banach space with the norm
1/
2 * 1|2

v Q) = Ssu v + || Vv .

Ivllxiore = s (10 1Ean + 170 )
Define

T
Y(0,T;Tgr) ={e: / (p,v)rpdt < 00, Yv e X(0,T;Qr)}.
0

It is easy to see that Y(0,7;'g) is also a Banach space with the norm

’foT ©, V)1 dt’
lellyorrs = swp  —e———.
veX(0,T;QR) vl x 0,7500)

Since w|i—p = 0, w*|t=¢ = 0, from (5.9) and Lemma 2.11 we obtain

le™ " wlX o.r0m < Clle™ (B - %+ T(@)lly o,mirm e wll x 0,1105)-
Therefore by letting s; — 0,
(5.10) S (lwllz29r) + VW' llz2p) < ClD - %+ T(@)lly ©0,7,05)-

For 4, = Z (1) we define its PML extension as in (3.1)

Z: K A”Rs) nf vy > R,

where 4" = 5= [J T4 L(R,0,5)e”1"?dg. Similar to (3.3)-(3.4) we introduce

SPL - _VUL7 SUL = /liL7f)L = _diag(ﬁ/a’ a/ﬁ)véL7

where diag(3/a, a/3) is the diagonal matrix with the principal elements 3/, /(3.
Define

i=2"Ya,),p=2L"1p,). 0" =L (), p* =L (D))

U
Then we know that (@, p,a*, p*) satisfies (3.7),(3.9) and (3.10) in QPML x (0,7
and 7 (4) = —p-% on I'p x (0, 7).
To estimate ||(p — p) - X||y(0,r;r ) We notice that any function v € X(0,7;Qg)
can be extended to QFML x (0, T') (still denoted by v) such that v =0 on I', x (0,7)
and ||'U||X(07T;QPML) < C”UHX(O,T;QR)- Thus

T, n X\ A
L 4B = B) -5, ) it
(P — D) X|lyorry <C sup
vEX (0,T;QPML) ||11HX(0,T;QPML)

On the other hand, since v =0 on I',, we have

T _ T - ~
/ (Pp—P) % vhrodt = / (div(p — B), )grr + (P — By Voo
0 0

Integrating by parts we obtain

T
/ (b — D, Vu)grmrdt
0

= (BB T), Vo (-, T))gean — / (@D — D), Vo )grndt

IN

T
Oglta<XT HV’U HLZ(QPML) /O ||8t (f) - f)) ||L2(QPML)dt,
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where we have used the fact that (p — p)|,—o = 0. Therefore,

T

16~ 8) Koz <€ [ (v = 5) liaam, + 1916~ B) 2oy )
0

and consequently, by (5.10),

sup ([lwllz2(@q) + VW] L2(p))
<t<T

0<
T ~ ~
< 0 [ (10~ B) lusorsy + 101D — B) aqamny) .
0

Let ¢ =@ —1,® = p—p,¢* = a* — ", ®* = p* — p*. Then (¢, ®,¢*, *) satisfies
(4.1)-(4.4) with £ = —d|r,. By Theorem 4.3 we have then

sup ([lwllz2(eq) + IVl L2p))

0<t<T
< C(1+0T)pT?? (H o7 l2(0,m55-1/2(r,)) + p~ Y| O ||L2(0,T;H1/2(F,,))) .
This completes the proof by using (5.4)-(5.5). O

Since o is constant in (R,p), p6 = op(l — R/p). Theorem 5.3 implies that
exponential convergence of the PML method can be achieved for any fixed thickness
of the layer by enlarging the PML absorbing parameter ¢ which increases as InT
for large T.
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