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GALERKIN CHARACTERISTICS METHOD FOR
CONVECTION-DIFFUSION PROBLEMS WITH MEMORY
TERMS

JOZEF KACUR AND MOHAMMED SHUKER MAHMOOD

Abstract. We use the modified method of characteristics for solving non-
linear convection diffusion problems with memory terms. The convergence
of approximation scheme is proved under minimal regularity assumptions on
the velocity field and on the solution. The results are supported by numeri-
cal experiments for contaminant transport with diffusion and non-equilibrium

sorption isotherms.
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1. Introduction

We consider the following mathematical model for convection diffusion with

memory term
(1) Ob(z,u) + div(F(t, x,u) — kVu) = f(t,z,u,s),
| s(t,a) = Jy K(t, 2)u(u(z,2))dz
in Qx (0,T], T < oo, 2 C RY is a bounded domain, 92 € C"!, see [26]. If Q

is convex, then 92 is assumed to be Lipschitz continuous. We consider a Dirichlet
boundary condition

(1.2) u(t,z) =0 onIx9Q, I=(0,T],
together with the initial condition
(1.3) u(0,z) = up(z) =€ Q.

We assume 0 < & < 9sb(z,8) < M < oo, k > 0 and suppose that f is sublinear in
u, s and 1(z) is sublinear in z. The convection term F is Lipschitz continuous in
u.

The mathematical model (1.1)-(1.3) is motivated by contaminant transport in
porous media intensively studied in the last years, see [4, 9, 10, 11, 19, 20, 21, 1]

0,(6C + pS) + div(gC — DVC) = 0,

where C is the concentration of the contaminant, g is the velocity field (Darcy),
D is the diffusion matrix, p is the bulk density, ¥ is the sorption isotherm of the
porous media with porosity 6. Here, S is the mass of contaminant adsorbed by the
unit mass of porous medium. The coefficient d describes the rate of adsorption. If
d — oo, then an equilibrium sorption process occurs with S = ¢(C) and hence,
b(s) = 0s + py(s) generates the parabolic term in (1.1) with f = 0. If d << o0,

(1.4)
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the sorption process becomes non-equilibrium. Then, we can eliminate S from the
ODE and obtain
b(x, z) = 0(x)z,

f(t7x7u; S) =d (—1/)(u(t,x)) —+ S0 e_%t _|_d S) , K(t, Z) — e—%(t—z)

in our model (1.1). The most common isotherms are 1(z) = £ (c1,c2 > 0)
(Langmuir isotherm) or ¢(z) = ¢2? (0 < p < 1 and ¢ > 0) ( Freundlich isotherm).

In the case of the Freundlich isotherm, in the equilibrium mode we obtain the model
b(x,2) =0(x)z + p2P, f(t,x,u,s) =0,

which violates 9,b(z, z) < M < oo. In such a case, our model can be considered as
an approximation of the more general case including 9.b(x, z) = oo in some points
z, see [17]. However, such a problem does not occur in the non-equilibrium model
even if 1 is of Freundlich isotherm type ( not Lipschitz continuous). Our model
(1.1) includes locally both equilibrium (in the Freundlich isotherm type we have the
approximation of the parabolic term) and non-equilibrium adsorption. Moreover,
it is a convection dominated diffusion model. For simplicity, from now on we will
drop the variables z in the terms b, F, f.

The outline of this paper is as follows. In section 2, we define our numerical
scheme. In section 3, we prove its convergence and adress related issues. Section 4
deals with the error estimate for our scheme. In section 5, we discuss the numerical
implementation and present a variety of 1D and 2D examples.

2. Definition of the scheme

Our approximation scheme is as follows: Let u; = wu(t;,z), ¢ = i, 7 =
%, (n € N). At time level ¢ = ¢;, we determine wu; successively for i = 1,...,n
from the linear elliptic problem of the form

b’(ui_l) (w) — kAul = f(ti, Ui—1, Sl) — diVmF(ti, ui_l)

2.5 T

(22 = H(ti,ui—1,5i)
i—1

u; =0 on 909, $; = Zaijz/}(uj)T

j=1

where

i F{L ti, Ui _ t;
(2.6) Y =T — Twp * (W) . Qy = % tjj,l K(t;, z)dz

and wp, * ¢ is the convolution of the mollifier wy, with g € Lo (2). As a mollifier we
can take wp(z) = w1 (¥)+ where

%exp( 1‘1271) for |z| <1 2

B ||

wi(z) = ) K= exp( ).
<1

. |z|2 =1

0 otherwise
The approximation scheme (2.5) represents the approximation of the two processes
in the time interval ¢ € (¢;_1,¢;) where the composition u;_1 o gpi represents the
transport part of the concentration profile u;_1 along the approximated character-
istics ¢’ and the diffusion process is approximated by the implicit Euler scheme.
We note that for the transport equation

owu+q-Vu=0,



CONVECTION DOMINANT WITH MEMORY TERM 91

the exact characteristics X (s, t;,x) satisfies
dX (s,t;,x)

ds
This ODE can be approximated by explicit Euler approximation

= Q(S,X(S,ti,,f)), s € (ti—luti)7 X(ti,ti,w) = .

xTr — X(tifl,ti,x) ~ Tq_(ti,I)

and thus ¢*(z) = x—7q(t;, ) can be considered as an approximation of X (t;_1,t;, x).
The concept of the method of the characteristics, see [7, 25, 27, 3, 2, 14, §], is
realizable, if the characteristics and also their approximations are not intersecting,
i.e., p! is a one-to-one map. This can be guaranteed by requiring || Vg|leo < M < oo
and for sufficiently small time step 7.
In our problem (1.1) the transport part of (1.1) is of the form

Oib(u) + divE(t,u) =0
which formally can be rewritten according to
F'(t,u) Ty — _divmp(t, u)
b (u) b’ (u)

Note that the velocity field ¢ = Fé,((i;?) depends on the unknown u. Accordingly, it

8tu +

is difficult or impossible to guarantee ||V{|lco < M < 0o, which in return needs to

require |Vulloo < M <00, ¥Vn i=1,...,n.
We follow [17, 18] and use the smoothed approximated characteristics !, see
(2.6). As we shall see below, the map (' will be one-to-one Vi = 1,...,n, if we

choose h = 7 with w € (0, 1).
It is worth to mention that in the scheme (2.5) 9 (u) has been approximated by
a piecewise constant function (in time)

P(ult, z)) = ¥(ui(z)).

This approximation can be improved using a piecewise linear continuous function

t—1t;,_
%d}(ui), ti1 <t<t;.

An improvement in the approximation of the characteristics can be obtained by

1
taking the solution w; in (2.5) as a first approximation. Denoting it by u?, we use

Fl(tiui 1) | Fl(t,u?)
)

F;(t, x, ui_l)

1
b (u?
(ul—1)7 bl(ul_l)

instead of b’ (u;_1),

1

= +

2 b (ui—1) b(
(this can be done also with respect to ¢*).

3. Convergence of the method

Let C' denote a generic, positive constant. We shall assume

H;) b(z,s) is continuous in = € €, s € R and Lipschitz continuous in s with
0<e<d(z,s) <M< oo.

Hs) F(t, z,s) is Lipschitz continuous in s and
[Fy(t,@,s)| < C,|diva F(t,2,8)] < C(1+s))
Hs) f(t,z,s,m) is continuous in its variables, sublinear in s and n such that

[f(t.z,s,m)] < CA+s| +[nl)
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Hy) K(t,z,s) : I x Q x R — R is continuous, ¢(s) : R — R is continuous and
[W(s)| < C(L+s)
Firstly, we prove that ¢’ and its inverse are Lipschitz continuous.

Lemma 1. Assume 7 < 19. Then uniformly in i =1,...,n there holds
1 i i
lz =yl <l¢'(@) ='Wl < 20z —y| Va,y .

Proof. Due to ¢; = % € Loo(R) we have ||Gilloc < M,V i=1,...,n. Then

we deduce that ||wp, * @ |lec < M and
_ c, CM
Since h = 7 with w € (0,1), it follows that
(L= "CM)|z —y| < |¢'(x) = ' (W) < A+ 77 CM)]z —y| VYz,yeQ,

which allows to conclude. O

Now, the map ¢° is one-to-one from {2 to Qi C Q* where Q C QF (2 is a small

21
neighborhood of © provided 7 < 79) . We extend u;—1 € W,(2) to Q* denoting by
ui—1 0 " the value of the extended function at the point ¢’(z) € Q*. From Lemm
1 it follows
lui—1 0 ¢'llo < Cllui-illo,  [IVui-1 0¢'llo < Cl[Vui1llo,

(II-llo is L2(£2) norm).

Due to the regularity of our data (952, ug, etc.) there exists a unique variational
solution u; € WZ(Q) N Loo(Q), see, e.g. [23], satisfying

1 .

(37) ;(b’(ui_l)(ui — Uj—1 © (pz), ’U) + k(Vul, V’U) = H(ti, Ui—1, S5, ’U)
YveV = W;, where (u,v) := [, uvdz and W;(Q), W3(Q) are standard Sobolov
spaces. Since u; € W3, (2.5) is satisfied for a.e. = € Q. We prove some a priori
estimates for u;,i =1,...,n.

Lemma 2. There holds ||uillcc < C ,i=1,...,n, uniformly for n.

Proof. Since u; € W3 N Loy, we substitute v = w.?™'(p = 1,2,...) into (3.7) to
obtain

2p+1
WPz,

bl Ui — u2p+2d$</bl Uq— |:UZ O(pi+7’ !
/Q (wi-1)u; =, (wi-1) [ui—1 ok

where we have used
(2p + 1)k/ uZ? (Vug)2dz > 0.

By Young’s inequality

we find that

1 ) 2p+2
b/ i 2;D+2d < / b/ i ( i 7 4 ) ) d
/Q (wia)u; v 2p+2 Jq A G b/(ui—l)) !

2p+1/ , 9t
+ b (w1 )u; P2 dx.
2p+2 Jq ( 1)
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To obtain ||u;||ce, we take the (2p + 2)-th root and let p — co. We get

Juilloe < i1 0 @'lloe + 7l 372 oo < Nti-alloe + 7O + ui-ioc)

Ui—1)
= (1 + CT)”uz—lHoo + C'T.
From this recurrent inequality we deduce

[[willoo < C(1+ Jluolloo)-

Following [14], we can prove the following lemma.

Lemma 3. There holds

i
Uj—1 —Uj—1 0P

(38) — Wh * lL . VUZ

SCT”UJi”Wz?(Q), Vi=1,..,n,

T 0

uniformly in n.

Proof. Tt is sufficient to prove (3.8) for a smooth function w;_; because of density
results in W3(€2). In view of the mean value theorem we find

i
Ui—1—U;—10p
T

—wp * @ - Vi1 = fol (Vui_l(x — s(¢'(z) — :v)) ds — Vu;_1)wp * §;

= wp * q; fol Jo V2ui—1(z — sz(¢'(x) — x))dzdswy * G
From this and [Jwp, * ;|| < C we can easily deduce (3.8). O

We set du; 1= “—=L.

Lemma 4. The estimate
n J
2 2 2 2
S 6wl + max [Vail < 1 +Cor® Y flulfhg

i=1 i=1
holds uniformly fori=1,...,n.

Proof. We choose v = (u; — u;—1) in (3.7) and sum up for ¢ = 1,...,j. Using the
splitting

(3.9) Uj — Wi—1 O <Pi =U; — Uj—1 + Uj—1 — U;—1 © sﬁi,
we obtain
J 5 kK 5 kK 2 : Uis1 — U1 0 ¢’ :
3 Idulfr+ 51Vl < GIPunlf 3 (T g ) v 3 buay
=C+Jy+ Jo,
where we have used

1 1
V(wia) 2 e, (Vi V(i = ui)) 2 5lIVusll§ = 5IVia 5.
Observing ||w * G;|lcoc < C, for any 5 > 0 we obtain

J J i J
Uj—1 — Uj—1 O P
[ < B Iouilldr +Cp Y |——————[37 < B _ llous|I3
i=1 i=1

T :
=1

J Wi g — Ui O Spi J
+Cﬁz|\% —wn * GVu3T + Cp > || Vui[3T
i=1 i=1
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Similarly, we get
J J J J
[T < B I6uallgr +Cs > I Hillgr < B 1willgr + Cp Y (1+ Jusli§)r-
i=1 i=1 i=1 i=1

Using these estimates, Lemma 3 and Gronwall’s inequality we get the desired result.
O

Lemma 5. Uniformly in n there holds

n
> lluillfzr < C.
=1

Proof. We multiply (2.5) by Au;, integrate over 2 and make use of the splitting
(3.9). Then, we estimate

2

0)

Uj—1 — Ui—1 O "

/ |Au;*dr < B Augl|§ + Cg (||5ui|3 + —wh * G VU1
Q

+Cs (| V- [lf + [1H:3)-

Hence, for g small

J J
Do lAullgr < Cr+ Cor® Y || willfyer
i=1 1=1
since u;log = 0, [[Au;|lo is equivalent to [[u;|yz. Then, for 7 < 75 we obtain the
required estimate. (|

By means of {u;}? , we construct Rothe’s functions

a™(t) = u;

(3.10) W (t) 1= w1 + Oug(t — ti_1)

fort € (tifl,ti], i1=1,...,n

with @"(0) = ugp. The a priori estimates of Lemmas 4 and 5 can be rewritten
according to

3.11) [l <. sup (ool + Ja(s)l) < €.

where ||.| is the norm in W3 (). As a result {u"} and {u"} are compact in
Lo(I,L2(82)), (seee.g. [15]) and hence there exists u € C(I,L2(2)) with u €
Loo(I, W4(£2)) such that u™ — u in C(I, L2(92)) for n — oo and from

C
3.12 n_gn|2dt < =
(312) [ =g < 5.

where {n} is a subsequence of {n}, we obtain 4™ — u a.e. in I x Q, u"(t) — u(t
in W3 (). Then, we can easily prove that u is a variational solution of (1.1)-(1.3
satisfying

o —

(0:b(u(t)),v) + (F(t,z,u) — kVu, Vo) = (f(t,z,u(t),s(t)),v),

s(t, ) /Ktz ,z))dz,

o1
Yv € W,, a.e. t € I. This will be shown in the following theorem. We remark that
the existence and uniqueness of the variational solution can be found in [21].
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Theorem 1. If the assumptions (Hy) — (Hs) are satisfied, then

u™ = u in C(I,La()) and
" — uin L,(I,W3(Q)), Vp>1

where u is a variational solution of (1.1)-(1.3), (see (3.11)) and u™ is from (2.5),(3.10).

Proof. We multiply (2.5) by v € D(Q) ( C°°(Q) space) and integrate over (0,¢) x €.
We can rewrite it in the form

/ (¥ (@)™, v)dt + / B (@Yo * 7 - Vi, v)dt
0 0

i 1 K —n o K rm —-n gn v
+ [waan o [(@van ot = [ 6o, o)

(3.13) +/t(diva"(t,uZ(t))),v)dt,Vv € D(Q),
0

where
i
Ui—1 — Uj—1 O P

A™(t) = —wp xq; - Vi,

-
Fr(tap(t) = F(ti,ui1),q*(t) = @it € (ti1,ti),i = 1,...,n and @} (t) = a"(t —
7) with a?(s) = u, for s € (—7,0).

Due to the a priori estimate (3.12) and @™ — v and @ — w a.e. in I X Q, (a
subsequence of {n} we again denote by {n}) we have

in m nl
_ K] (t,_:t,uT) L g= F/(t,z,u)

b () b )

and moreover, in Ly(I x ), since ¢" is uniformly bounded. Then, wp, * §* — g in
Lo(I x Q) for n — oo, since h = 7¢. Then V' (a?)wp, * 7" — F) (t,x,u) in La(I x ).
Therefore and due to Va" — Vu in La(I x Q) = Lo(I, L2) we obtain

q" fora. e inl xQ

¢ t
/ (b (ul)wp, * " - Vu",v)dt — / (F!(t,z,u) - Vu,v)dt.
0 0

Due to Lemma 4 we have

[ @At v < [ llolod < 2rjolovi ( / |A"<t>||%dt)

1/2

1 2 ¢
<ol (5 [lr@lza) < LR 0 oo

From (3.13) and u™ — u in Lo(I x Q) we deduce dsu™ — Oru in Lo(I x Q) and
hence

¢ ¢ ¢
/ (b (al)ou™, v)dt — / (b (u)Opu, v)dt = / (Oub(x, ), v)dt for n — oo.
0 0 0
Similarly, we get

t t
/ (kVa", Vo)dt — / (kVu, Vo)dt,
0 0

t t
/ (dive P (¢, @), v)dt — / (diva P(t, 2, u), v)dt.
0 0
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Since @™ — u, u — u for a.e. (t,z) € I x §, we obtain

' (t,x) = E 1 azﬂ/)(uj T+ C, = fol ! Yp(a™(z,x))dz + C,,
—>f0 (z,x))dz for any t € (t;—1,t;),i =1,.
due to .
= | K(t,2)Y(a"(z,2))dz] = 0 asn — oo.
ti—1
Thus

t
(ta) = sltir) = [ K(t,2)ulu(e, 2)ds
0
for n — oo for a.e. (t,z) € I x Q. Therefore and due to [|5"|c < C we find

t
/(f"(txu( dt—>/ ft,z,u,s),v)dt.
0

From these facts and from (3.13) it follows that

fot(atb( v)dt + fo (F!(t,z,u).Vu+ div, F(t,z,u),v)dt
(3.14)
—l—fo (kVu, Vo)dt = fo f(t,u,s),v)dt Vv e D).

Differentiating (3.14) with respect to ¢, using integration by parts and due to @™ — u
in Lo(I, WZ(£2)) we have u(t) € W3 for a.e. t € I in (3.14). Hence, u satisfies (1.1).

Now, we prove 4" — u in La(I,W3). We can extend (3.13) for v € W;(Q) and

o 1
also for v € Lo(I,W,). Then, we put v = u — @". Since " — w in Lo(I, L), we
obtain that all the terms in (3.13) except the elliptic one converge to 0 for n — occ.
The elliptic term can be estimated from below according to

[ (V@™ V (u —a™)dt = [1(kVa — ", V(u— a")dt

— [T (kVu, V(u— @™)dt > C [ (||(u— a”)||2dt —
Since 4" — u in Lo(I, W3 ), there holds

t
D, = / (kVu,V(u—a"))dt — 0.
0
Finally, from (3.13) we obtain the required result
¢
C/ |lu—a™||?dt — 0 for n — oo,Vt € (0,T).
0

From this result and @"(t) — wu(t) in L2(Q)) we obtain @"(t) — wu(t) in W3 (Q).
Since [[u™(t)|| < C,Vt € I, we get 4" — w in L, (I, W} (9)),Vp > 1. The uniqueness
of the variational solution u, see [21] implies that the original sequence {a"} is
convergent. Thus the proof is complete. (|

Remarks:
1- The result in Theorem 1 is also valid for the non-homogeneous Dirichlet
boundary condition where

u(z,t) = (x) on o0

under the assumption that ) can be extended to u, € W3 () such that the trace
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uy on 0F2 equals ¥. Then we look for w := u —uy € W;(Q), where in (1.1) we
substitute u <= w + uy.
2- The result obtained in Theorem 1 can be extended also to Newton type
boundary condition.
—kO,u = h(u — ).

However, for a mixed type boundary condition ( Dirichlet and Neumann) the reg-
ularity u; € W2(Q) for the corresponding elliptic problem in (2.5) cannot be guar-
anteed . In that case of a less regular solution, the convergence can be proven using
the technique in [17, 18].

4. Error estimate

The approximation scheme (2.5) requires the solution of linear elliptic problems.
In the error analysis we have technical difficulties to control the term,
1 .
; [b/(uifl)(ui — Uj—1 0 wl)]
in our approximation scheme. It seems that the approximation
1
— [b(ui) = b(ui-1 0 ¢4)]
of the parabolic term ( including convection) is more appropriate for the error
analysis. But on the other hand, it would require solution of the nonlinear elliptic
problems and consquently an application of some Newton-type iterations which we
have not considered in convergence analysis. To obtain stronger error estimates
results, we shall consider only linear parabolic term where b(s) = s. Moreover, we
shall assume that
Hg) O0,F(t,x,s), f(t,x,s,2) are Lipschitz continuous in ¢, s, z (uniformly for x €
2); ¢(s) is Lipschitz continuous and K (¢, s) is Lipschitz continuous in ¢.
H7) We assume that the variational solution w of (1.1)-(1.2) is Lipschitz contin-
uous in x, uniformly for ¢ € I, i.e. Vu € Loo(Qr). In addition, we assume
that 8152“’ S LQ(I, LQ(Q))
Since b(s) = s, the characteristics mapping ¢*(x) is given in the form
(4.15) wi(x) =a — Twp * F(ti,uiq).

We set i’ = %j;ll u(t)dt and e; = u® — u;, where u; is from (3.7) and u is the
variational solution. Integrating (1.1) over (¢;_1,t;) and rearranging the parabolic
term, we get

t;
(@ = ') + (it @) Va0 + KV, Voir = [ (H(tus),v)ds

ti—1

(4.16) +(a' —u(t;) — (W't —u(ti—1),v) +/ i ([F(t,u) — Fj(t;,u™")] Vu,v) dt

ti—1
Vv € V. We now subtract (3.7) from (4.16), choose v = e; and sum up fori = 1, ..., j.
Using the splitting
Uj — Wi—1 O sﬁi =U; — Uj—1 + Uj—1 — Uj—1 O <Pi

we can rewrite it in the form

] j i .

5”%‘”% +EY |IVeilldr ==Y (rF(ts, v )VaE ™ = (w1 — w1 09),€)

i=1 i=1
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(417) + Z(L“ 61') + Z(/ i (H(t, u(t), S(t)) — H(ti,ui,l, Sifl))dt, 61') + J()

where L; = @' — u(t;) — (u*~! —u(t;—1)) and

tw
Jo = Z/ [Fl(t,u) — F(t;,a"")] Vu,e;) dt

tzl

The corresponding terms are denoted by Jy + Jo = J3 + J4 + J5 + Jy. To estimate
|J3| we use the formula

1
Ui 1 — Uj_1 0 Q" = 7'/ Vui_1(z + s(p'(z) — x))ds - wp * F(ti, ui1)
0
and write

J
—Js =7 Y ([t a ) = Bt ui1)] Vi e:)
1=1

+T;/vai(ti7ui—1)(Vui_l — Vui_i)e;(x)dz
J 1 |
> /sz /0 Fy(twi1) [Vuioa (2) = Vuioa (@ — s(¢ () — )] dseq(w)dz

J - ) ) |
+T;/ﬂ [Fu(ti, Uj—1) — Wh * Fu(ti,uz'—l)] /0 Vui(z + s(p'(x) — x))dse; (z)dx

=J31+ J30+ J33+ J34.
Using the assumptions Hg) and H7) we estimate

tj
daal < [ e o)+ Car,
0
where S27_ |le; |27 = fotj le™(t)||2dt. By Young’s inequality we have

il < 0. [ e oliar e [ Ive ol

We express J3 3 in the form
J33 =

J
TQZ// / Y (tiyuio 1)V (4 s2(@" () —x))wp * F (i, ui—1 e (v)dsdzde,
i=1

(V2u;_1 being the Hessian of u; ;). Hence, we obtain the estimate

tj
|kﬂ<82]mm7+072]mmme</

i=1 0

le™(t)||adt + TC1,

and finally, estimating J3 4 we use
[E (tiy wim1) — wh o Fy(ti, uim1)[loo < CTV2 | Fy(tiy tio1)l| o

where C%# is the space of S-Hélder continuous functions on with the norm
I - [|co.s, see [22]. Using assumption Hg), the boundedness of ||F) (t;, u;—1)||oo and
the continuous imbedding W2 (Q) — C%'/2 for N < 3 we obtain

1y (tiy wima) || coare < CUA luiza|lwzo)-
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Then, we estimate

t;

tj
Jsa| < cl/ )| dt+0272|\u1|\w27<01/ 16" (#)2dt + Cor.
0

i=1
Summarizing the above estimates yields

t
(4.18) |J3|<a/ Ve (1)) 2dt + C. || () 2dt + Cor-
0

To estimate J; we write
t;
L; = / (Oru — O u)dt
ti—1

where 9] u = 1 ftt_T drudz, making use of 9}u € Lo(I, Ls) ( see Hr)) we find

tj
g < [l + ey ZH/ (0ru — 7 0)
0

ti—1
ti

tj tj _ J
<c [lenlpae+cr [ o —o7aliar << [ e lar
0 0 0

(4.19) CET/ 162u2dt < g/ e ()24t + C.r.
0 0

By virtue of the assumption Hg) the term J5 can be estimated as follows

|J5| < E/ He ||0dt + C Z/ S(t)) - H(ti,ui,si_l))H%dt
0

ti—1

tj
(4.20) = a/ ™ (t)||2dt + J.
0
We estimate Js < 2C¢(Js1 + Js,2) according to the splitting
H(t,u(t),s(t) — H(ti,uim1,si1) = H(tu(t), s(t) — H(t, @'~ s(tiz1))
+H (t;,u" " s(tim1)) — H(ti, wim1, 8i-1).
Then using the Lipsch1tz contmuity of H in its variables we deduce

t;

Jo,1 = Z t),s(t) — H(ti, '™, s(tim) 3dt

tzl

J ts ) ti
(421) <CY (T2 / |u(t) — a2 +/ l|s(t) — s(ti_l)ugdt) <Cr,
1 ti—1 ti—1

1=
where for ¢t € (t;—1,t;) we have

t

K(t, s)Y(u(s))ds

ti—1

/ K (t,5) — K(ti 1, )|t (u(s))ds

lls(t) = s(tia)ll < +

0

+ < Cr.

Finally, we estimate

J t; )
Jo2 = Z/ I(H (s, @', s(ti1)) = H(ti, wi1, si1))||5dt

99
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tj
(4.22) gc/ lem %ﬁ+0§:/ s(ti—1) — si—1||gdt.
0

We can use the inequality

71— t
|S(fi_1)—8i_1|§2/ K ti—1,8 )(|u_ul 1|+|ul l_ul 1|)d
=

ti—1

to estimate

ZTII ()= siall<Cr+CY r ZTII6?|\0<OT+O/ /H (2)|2dzds.
=1 =

=1
Therefore and due to (4.22) we obtain

tj
(4.23) Jos < Cr+Cy / e (1)1 2dt.
0

Finally, due to H6), H7) we estimate

2 Nt )
aol<e [leola sy [ juma s
j=17ti-1

tj
a/|E(mﬁ+CT
0
since
- tj+1
Ju(t) ~ o < [ 9loct
t]‘72

and dyu € Lao(I,L2(R2)). Using this and the estimates (4.18)-(4.23) in (4.16), we
deduce the final error estimate because of Gronwall’s argument. We thus obtain
the following result.

Theorem 2. Let the assumptions of Theorem 1 be satisfied and let b(s) = s. If
Hg) — H7) hold, then

1

j
leslis + D IVeillir <

=1

n

Consequently, it holds

C t C
lu(t) —wl2< S vi=1,.mn, / lu(t) — (1) 2dt < <
n 0 n

5. Numerical implementation

Our scheme remedied three problems in the model (1.1)-(1.3), the nonlinearity of
b(u), the non-equilibrium isotherm (the memory term is taken into account) which
have been treated in section 2. The third problem is the convection dominance
which is treated using the method of characteristics where the crucial point is to
evaluate the inner product

(5.24) (uim1 0 @', ;) = / ui—1 0 @' (x)¢; (x)da

E;

where ¢; is a basis function, j =1,...P and

Uq— 1 Z 1¢J
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U7 | represents the value of the function u;_;(z) at the point z;. For the sake of
simplicity we consider a uniform partition of  into the elements {Ej }le. The
errors in the evaluation of this inner product is the source of the numerical insta-
bilities. To evaluate (5.24) we follow the concept of Bermejo [2, 3] (initiated by
Morton et.al., see [25]). This concept of evaluation is unconditionally stable and
efficient, see [2, 3]. We sketch its basic numerical implementation.

The idea that the integral involving the product of two piecewise bilinear polyno-
mials on different grids is equivalent to cubic spline interpolation at the knots of the
displaced grid along the characteristic curves (when using C° finite elements with
linear basis function). In other words, for all points ¢} = ¢*(z;), ¢} = (i, P5,)
represents the displacement along the characteristic of the point x;, where p and
q denote the coordinate index of the center point in the regular displaced element
such that j = (p—1)*J+qgand 1 < j < P(=1x*J). Then the integral (5.24)
which is denoted by S as shown by Bermejo [25], is a value of a bicubic spline at
the point ¢ which is as in [25]. Then

i i J I TS i i
S(ph by = Sy Ty ull Ty K (], K (0,
(5.25)
= (ui-109",¢;(2))  j=1,..P,

where p, g determine j and KT(cpzip), Ks(goéq) are piecewise cubic polynomials in
©1np and @y, respectively, u;—1 is the solution at the time #;_1, see [2]. To charac-
terize this bicubic spline we move back the coordinates % = (¢1,, 3,) to the fixed
grid point z; = (z1p, T24). Then we have

(526) S(xj) = A[Ui_l]j, ] = 1,2, ,P

where the subscript denotes the j-th component of A[U;_1], where A is the P x P
matrix, A = A(ay;), a; = ij d1(z)¢j(x). We express the spline S(z;) in terms of
the bicubic B-spline

P

(5.27) S(z) = Zug-i)Bj(:v).

j=1

where B; = Bj; ® Ba; is the Cartesian product of the natural cubic splines By;
and Bsy; corresponding to x1 and xy respectively, see [6]. The coefficients ugl) can
be determined from (5.27), (5.26) choosing = z;,(j = 1, ..., P) and solving the

linear system (5.26). Substituting the coordinates ¢ in (5.27) we arrive at
S(e}) = > " Bi(¢)
j=1

which represents the approximation of (u;—1 o ¢*, ¢;).

Now, concerning the evaluation of the 9;5 in (1.4) for the non-equilibrium case,
we use exact integration for the ordinary differential equation in (1.4) (for the
adsorption isotherm) which is of the form

t
S(t) = Spe +/ e =) 4(C(s))ds.
0
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Solution Number of iterations (k) Time Time step Space step
1 3 =2 At=1/10 Ax=1/10
2 3 t=2 At=1/20 Ax=1/20
3 3 t=2 At=1/50 Ax=1/50
1 5 t=6 At=1/10 Ax=1/10
2 5 t=6 At=1/20 Ax=1/20
3 5 t=6 At=1/50 Ax=1/50

TABLE 1. Discretization and iteration parameters for example 1

Then t
oS =d {1/;(0(15)) - (so e 4 / ea<t5>¢(0(s))ds)]

0

Approximating the integral in the expression above by choosing ¥(C(t, z)) as a
piecewise constant function, we have

(528) Sit1 = e s+ OélJrlZl/)(CZ(I)) fori=1,...,n

where a1, = €77 @ 5, since o ; = f:jj—l e~ oti=s) ds. As a result we do not need
to store the values of C; (j =1,...,i—1) for the evaluation of S;. In our numerical
experiments, we approximate the memory term more precisely using linear approx-
imation of ¥(C(¢,x)) instead of piecewise constant approximation.

Comparison of numerical with exact solutions

To demonstrate the effectiveness of our numerical scheme, we will compare the
numerical solution with an analytical one. We shall consider the model problem

O (u 4 u'/?) 4+ 0pu — DO?u = 0,

(5.29) uw(0,t) = uo¥(¢), wu(x,0)=0, x>0

where WU is a smooth increasing function with ¥(0) = 0 and ¥(¢) — 1 for t — co. We
shall specify it later. Notice that (5.29) is a special case of (1.4), where adsorption
in equilibrium mode is considered only.

The exact solution , u(z,t) = f(z — vt), is the travelling wave which is given by,
see [18]

uo(1 = exp (55 7rasé))’s €<0
5.30 = Vo
(5.30) ro={; )
Here v = 1;_/\%_0 and U(t) = %f(—vt). f(&) — wup for £ — —oo, which can be
easily justified.

In our numerical experiments, we choose ug = 2, i.e., v = % , U = (1 -

exp (—8%))2. Since D is small, U(t) is very close to 1 for ¢ > § > 0 with small 4.
Example 1: We use the data ug = 2.0, D = 0.01, with the discretization and
iteration parameters listed in Table 1. In Figure 1 we present the exact
and numerical solution with the corresponding discretization parameters.
In this case, the Courant number equals 1.
Example 2: We consider the more regular case with stronger diffusion. We
choose ug = 2, D = 0.1, with the discretization and iteration parameters
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Solution Number of iterations k Time Time step Space step
1 3 =2 At=1/10 Ax=1/10
2 3 t=2 At=1/5 Ax=1/10
3 3 t=2 At=1/2 Ax=1/10
1 3 t=6 At=1/10 Ax=1/10
2 3 t=6 At=1/5 Ax=1/10
3 3 t=6 At=1/2 Ax=1/10

TABLE 2. Discretization and iteration parameters for example 2

in the Table 2. Less iteration steps occur due to the higher regularity
of the solution. The comparison with the exact solution is depicted in
Figure 2 for ¢t = 2 and ¢t = 6. The real velocity (retarded) of contaminant
transport equals %, while the water velocity of the model (5.29) equals 1.
The approximate solution 2 corresponds to the discretization parameters

with the Courant number larger than 1.

Numerical experiments in 1D and 2D

We present 1D and 2D numerical experiments supporting our concept of approx-
imation. However, this concept can also be used in the three dimensional case. We
consider

00u+ pdS+q-Vu—DAu=0 inze(0,L),t>0,
(5.31)
OS = d(uP = S)
with constants 0, p, @, p, D, along with the Dirichlet boundary conditions
u(t,0) = u(t, L) = 0.

We consider S(0,z) = 0. The initial profile is given in pulse form:

1, 01<x<05
u(0,z) =
0, otherwise

According to the procedure described in section 1 and (5.28) we eliminate the
kinetic equation in (5.31).

In the following examples we choose the number of iterations k£ = 3. The concen-
tration profile u(¢, ) at t = 1,2 and 6 is depicted in Figures below for the following
choices of 0, p, @, p, D:

Example 3: We shall take the following data 8 = 0.5,p = 1.5,§ = 3,D =
0.05, d = 10. This example was run with the following discretization:
Az =1/10, At = 1/200. This example is used to investigate the influence
of p on the solution. The solution plotted in Figures 3-6.

Example 4: In this example numerical experiments are reported in two di-
mensions model with nonequilibrium adsorption d = 10. Other parameters
are the same as in example 3 except # = 1. For simplicity we consider the
initial condition

1, 01<2<051<y<3

u(0,2,y) =
0, otherwise

and the boundary conditions are

u(()? y? t) = u(L7y’ t) = O’ U(I5 07 t) = u('r7 L7 t) = O
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2.5 : Y Y | -
Exact solution
Solution (1) ———
2 Solution (2) -~ |
Solution (3)
1.5 - |
1 | —
0.5 |
0 r
-0.5 . ) 1 1 |
0 1 2 3 2 . .

FiGURE 1. Comparison exact and numerical solutions for ¢ =
2,t=6,D = 0.01.

Exact solution
Solution (1) -~ 1
Solution (2) -
Solution (3) 1

1 1 1

2 3 4 5

FIGURE 2. Comparison exact and numerical solutions for ¢ =
2,t=6,D=0.1.

The concentration profiles have been drawn for p = 0.4. The discretization
parameters are: Ax = Ay = 1/10, At = 1/200. The solutions are depicted
in Figures 6-9.
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