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A POSTERIORI ERROR ESTIMATION FOR A DUAL MIXED
FINITE ELEMENT APPROXIMATION OF NON-NEWTONIAN
FLUID FLOW PROBLEMS

MOHAMED FARHLOUL AND ABDEL-MALEK ZINE

Abstract. A dual mixed finite element method, for quasi-Newtonian fluid
flow obeying to the power law, is constructed and analyzed in [8]. This mixed
formulation possesses local (i.e., at element level) conservation properties (con-
servation of the momentum and the mass) as in the finite volume methods. We

propose here an a posteriori error analysis for this mixed formulation.
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1. Introduction

Let © be a bounded domain of R? with a Lipschitz boundary I'. Given f, 9 > 0
and r a real constant verifying 1 < r < oo, we consider the following boundary
value problem : Find (u,p) such that

—2no div (|d(u)|r72 d(u)) +Vp=f inQ
(1) divu =0 in Q
u=20 onT

where d(u) is the rate of strain tensor, d(u) = (Vu + Vu'), Vu is the tensor
gradient of u.
Throughout |-| denotes the Euclidian matrix norm, that is for 7, a d x d real

1/2
matrix, |7| := Zij:l(Tij)Q} / . The above system models the steady isothermal
flow of an incompressible quasi-Newtonian fluid, f denotes the body force, u the
velocity and p the pressure.

The well-posedness of the above nonlinear problem and its standard finite ele-
ment approximation are well established in Baranger—Najib [1]. Extentions and im-
provements on the error bounds of [1] have appeared in Sandri [11] and in Barrett—
Liu [2, 3].

In the framework of standard finite element method, an a posteriori error analysis
is developed in Sandri [12]. A mixed finite element method has been introduced
and analyzed in Farhloul-Zine [8]. Due to the introduction of the Cauchy stress
tensor as a new variable, this new formulation possesses local (i.e., at element
level) conservation properties (conservation of the momentum and the mass) as in
the finite volume methods. Furthermore, it allows the approximations of all the
physical variables (stress, velocity and pressure).
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The aim of this work is to give an a posteriori error estimates for the mixed
formulation developed in [8]. In the next section we recall the mixed formulation
developed in [8] and then we give the a posteriori error estimates in section 3.

2. Mixed formulations

For the ease of the presentation, we take 7y = 1. Introducing o = |d(u) "% d(u)
the extra—stress tensor, and using the fact that

1 1 1
lo|” % o = d(u), where 1’ is the conjugate of r, i.e., — + —=1
roor

problem (1) can be formulated as

—div(ec—pl) = f in Q
divu =0 in Q
(2) N r'—2 o .
A(o) = |o] o=d(u) inQ
u=0 onT

where f € [L"'()]2, Tis the identity tensor and for a given tensor T = (7;;)1<i.j<2,
(divr); =32, 2702,

j:l axj
Note that for all (,¢) € [L" (2)]2%2 x Lj () such that div(T —q¢l) € [L" (Q)]?,
as divu = 0, one has

(A(e),7) = (d(u), ) = —(div(r — g),u) — (w, 7),

where w = w(u) = $(Vu — Vu') € [L"(Q)]?*? is the vorticity tensor and

Ly (Q) = {qeLr’(Q); /qude}.

In order to derive the mixed formulation of problem (2), we define the following
spaces

Y = {I = (1,q) € [L" ()]>*? x LE (Q); div(T — ql) € [LT/(Q)]Z} ,

o= fo= e WE@P < L@ et =0},

equipped with their respective norms:

Izls = (I

The mixed formulation of (2) reads as follows: Find o = (o,p) € ¥ and u € M
such that
(A(o),T) + (div(T — ¢l),u) + (T,w) =0 V7 =(7,9) €3,
(div(o —pl),v) + (o,m) + (f,v) =0 Vo= (v,n) e M.

U=
|=

3

r v
0,7, .

’ ’ ’
b+l g + ldiv(r = aDlly o q) ™ lwllar = (1005 .0+ Im

The results concerning the existence, uniqueness and stability condition of the
solution of (3) are developed in Farhloul-Zine [8]. However, we recall some results
obtained in [8] that we need in the following section.

Proposition 1. There exists a positive constant 3 such that

(4) inf sup (div(r — ql),v) + (7, ) > f.
VEM ey [vllmlzlls
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Theorem 1. Problem (3) admits a unique solution satisfying
lullm+ ol <C,
where C' is a positive constant depending on f.

We assume that the boundary I' of € is polygonal and we consider a regular
family of triangulations T}, (triangulation of Q into closed triangles K). We assume
that the triangulation T}, is regular in the classical sense.

Let hi be the diameter of K and E any edge of K. Let Px(K) denote the space
of polynomials of degree less than or equal to k on K. We set

X:{(l] (1)] and R(K) = [Py(K)]* + acurl by,

where « is a constant, and bg the “bubble function”, i.e. by (z) = A1(x)Aa2(z)A3(x)
with A1, Ao and A3 the barycentric coordinates in K. We define the finite element
spaces (see Farhloul-Fortin [7])

Yy = {TNh = (Th,qn) €3; anlx € Pi(K) and 74|k € [R(K)]?, VK € Th}

M, = {”Nh = (vn, M) € M; wi|x € [Po(K)]*,my, = Onx with 04 € Pi(K), VK € Th} )

and our finite element approximation of problem (3): Find o, = (o, ppn) € X, and

up = (up,wp) € My, such that

(Alon), Tr) + (div(Th — qpl), un) + (Th,wn) =0 V7p = (Th,qn) € n,

©) (div(eon — prl), vn) + (o, mp) + (f,00) =0 Vv, = (vn, M) € My

The analysis of the problem (5) is performed in [8]. For the same reasons stated
above, we recall the following result.

Theorem 2. Problem (5) admits a unique solution, (O'h,uh) € X X My, satis-

fying
[un v+ llonlls <C,

where C' is a positive constant independent of h.

Finally, for the a priori error estimates, we refer to Theorem 3.4 and Theorem
3.5 in [8].

3. A posteriori error estimates
Let (o, u) = ((O',p); (u,w)) and (op,up) = ((a'h,ph); (uh,wh)) be the solutions
of (3) and (5) respectively. On ¥ and M, one define the residues R and S :

6) <R,7> = (Alon),T)+ (div(t —ql),up) + (T, wp),V1T = (1,9) € 3,
(1) <8S,v> = (div(op —pul),v) + (on,n)+ (f,v),Vv=(v,n) € M.
We denote by R, and S, the dual norms of R and S
|<R,7>| | <S,v>|
R,=sup ——— and S, = sup

rex 7l ven vl
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Our goal is to bound the errors || g — o, ||s and || w —wy, |[ar by functions of two

error estimators whose expressions involve only the data of the problem and the
computed quantities. To this end, we firstly bound the errors in terms of R, and
S .. Afterwards, we bound R, and S, in terms of the data of the problem and the
computed quantities. As we will see later, these results depend on the parameter
r. In fact, we have to distinguish two cases: r» > 2 and 1 < r < 2. However, we
have the following estimate of (A(o,) — A(o), o), — o) in terms of R, and S..

Proposition 2. There exists a constant C independent of h such that
(8)
(A(on) —Ale),on —0) < C{ R, (lon = alloso+1f = P flor.a) + S R.
Alo)— A
8, sup (A(o) (Uh)’T)}
Tes [Tl

2
where P f is the L?—projection of f onto { H PO(K)} .
KeTy,

Proof. Using (3), (6) and (7), we obtain

9) (Alon) —A(o), )+ (div(T —ql), up —u) + (T, wp —w) =< R, T >, VT € 3,
(10) (div [(oh — ppl) — (o — pD)],v) + (o) —0,m) =< S,v >, Vv € M.
Taking 7 = (o, — o, pp, — p) in (9) and v = (up, — u,wp — w) in (10), we get
(11) (A(op) — A(o),0n —0) =< R,0p,—0 > - < S,up,—u>.

By the inf-sup condition (4) and (9) it follows
(div(T — ql),up — u) + (T, W), — W)

Blup —ullyr < sup
i TE I7lls
<R, 7> 7
< sup ——— + sup (A(o) — A(on), T)
rez lzls  ges EE
Thus,
Alo) — A
(12) fup—uln < C’(R*Jrsup (Alo) (Uh)a'r)).
) Tey (g

Using (11) and (12), we get
(13)

Alg) — A
(A(on)—A(0),0n—0) < C Ro|on—0 |15 + 5o Re+ S, sup A = Al@h).T)
~ TES 7l

Now, from (3) and (5), we have

(14)  (div[(o —pl) = (on —pal)],v) + (f = Py f,v) =0, Yo € [L"(Q)]*.

On the other hand, since f — PP f € [Lj (2)]?, there exists (see Galdi [9])
gef{r e[l (@)% divr e [L7(Q))
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such that
divé=f—P)f inQ, and ||€llo.0+ [|divE|or.a <Clf— P flora-
Thus, from these last relations and (14), we get
(div [(c—on)+&—(p— ph)]l],v) =0, Yo e [L"(Q)]?,
and (by Lemma 4 in [10])

lp — prllo0 < Cllo—on +E&llor.a,

which implies

(15) lp = prllor 0 < C( o+ I f =P fllos )
Owing to (14), we also have
(16) I div [(o = pI) = (o = puD)] o2 = I = P Fllo. 0.
Therefore, the estimate (8) follows from (13), (15) and (16). O

Our purpose now is to bound || g — o [|s and ||u —wp, [|a in terms of R, and

S.. We will have to distinguish two cases: © > 2 and 1 < r < 2. We begin with
the case r > 2.

Theorem 3. Let (o,u) and (o, uy) be the solutions of problems (3) and (5),

respectively. Suppose that r > 2, then there exists a constant C independent of h
such that

(17) le—onls < C(Ru+8.+8.72 +[1f = Pfllora),

(18) [lu—up flar < O(R* TR+ 8.7 RMT(S. +||f - P,?fno,r,ﬂ)l/r)_

Proof. Following Sandri [11], we have

lonllera + ol o

lon—all§..
(Alen)—A(c),on—0) > c{ 0.0 / |A(on) — A(0)||on — o dz
and, V7 € [LT,(Q)}QXZ,

1/r
19)  (Alow) — A(o).7) <C [ | taton) - @l lon - o dx} —
Then, from (8), we get

o, — O 2
los ol [\t - ato)lon - ol

— !
lonllg o + IIUllﬁ,J,Q

< {R.(low—olora+|f —Pﬁfﬂo,r',ﬂ)

+8.R.+8S. UQ |A(on) — Ao)||on — o dx] w} .
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1 1 !

Using the Young inequality, i.e. Va > 0, Vb > 0, ab < —a" + —b", we obtain
r r

Ve>0and Ve>O0,

Ho-h - UH(Q) r’,Q

|A(o) — A(o)||lon — | dx
||O'h”0 r, Q + HUHO r, Q Q

<l (lonllsra +lolirg) B2

||Uh—0|| 0 NIV
0,7‘72_7_, +R>k ||f_Pf(L)f||0,T’7Q+S* R* +(€) T S:

lonB et lolZ s
e / (Alon) — Alo)||o o] da].
Q

To simplify the notations, we set
A= (lonldro +llol30) B2+ Bollf = PP flloo+ S. Ba+ ST
We then have
low=ola = C(lonld o+ lolE o)A
and

/|A0'h (o)|lop —0o| dr < CA

Using the fact that ||o o, o and ||ok|lo, o are bounded, (see Theorem 1 and
Theorem 2), it follows from the previous inequalities :

lon=al3, 0 < C(R2+R.|F~ Pfloso+ S, R.+S%),

[ 1A@) = A@llon—ol o < C(RE+ R\~ P 0.
which implies

(20) lo = illose < C (Ra+f = Piflora+S.+877)

and

(21)

[ 1At~ A@) lon — o] do < C (B2 457 + R (S. +f - P
Q

70)).

Thus, the estimate (17) is a consequence of (20), (15) and (16). On the other hand,
from (12) and (19) we have

lu=wnlar < O( Rt [ [ L)~ @) lon o] as] ).

Therefore, the estimate (18) follows from this last one and (21). O
We now turn to the case 1 < r < 2.
Theorem 4. Let (o,u) and (o, uy) be the solutions of problems (3) and (5),

respectively. Suppose that 1 < r < 2, then there exists a constant C' independent of
h such that
s ’,Q)7

(22) lo—onls
O( R+ R+ 8. +]f = P fllorn).

IN

C(R/™ +8,+ 8" +|f - P}

IN

(23) | w—wp [|ar
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Proof. As in the proof of Theorem 3, we have, by using the fact that (cf. Sandri

[11])
(Alon)—Alo),on—0) = C {Ilah —olfa+ /Q (lonl + o))" 2oy — o dw} :

, 1/2
|A(on) = A(o)]lor0 < C [/ (onl + o) 2o — o dx]
Q
(24) [Ho‘h”[)’»,‘f,ﬂ + ||0'||0,r/,Q](T 72)/27
and (8)
lon =l q +/ (ol + o) 2 on — of? do

<C{R.(low-clora+|f - Pf

0,7,Q
1/2 /
1—2 2 —2)/2
+ 8. R+ 5. [/ (lonl+ o))" " lon — o df} llorllor+ HUHO,W,Q](T / }
Q

Thus, using this last relation and the Young inequality, we get

o =l o+ [ (ol +lo o~ of* da

Q
<C{elon ol g+ BRI+ RS~ POfloa+S. R}

ro{e [l +1o) 2 low ol do s @ llowlosna + ol ) 52},
Q

and then (using the fact that ||o|/o, o and ||y |0, o are bounded)
r’ r’'—2 2
Ho'h_aHo,w,Q‘f‘/Q(|0'h|+|U|) oy, — o dz
<C{R.+R.||f — P flowa+ S« R+ Sf}
< C{RI+f = Pfll5, 0+ S +8%}.

Thus

(25) lon = allora < C{RI" +8.+8%" +]f = Pifloa)

and

(26) / (oul+ o) 2 lon —of? de < C{R, + R2+[|f — PLFI3 00+ S}

Thus the estimate (22) is a consequence of (25), (15) and (16).
On the other hand from (12), (24) and the fact that ||o|/o. o and ||os||o, .0 are
bounded, we have

/ 1/2
lw—unln < C<R*+[/ (loal+ o))" 2 lon — o dx} )
Q

Therefore, the estimate (23) follows from this last one and (26) O

Owing to the results of Theorem 3 and Theorem 4 it is sufficient to estimate R,
and S.. To this end, we first precise some notations: for a tensor field 7, and for
a vector field v = (v1, v2),

or 0t11 OT or:
)= ) == o) (G ),
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Ov Ou
Curl(v) = | Gr2 go |,
dzy  Oxy

and [[g]] 18 the jump of g across an edge E.
The key for the estimation of R, is the following Helmholtz decomposition of a
tensor field in X.

Proposition 3. Let T € X. Then there exist z € [T/I/Q’T/(Qﬂ2 and i € [W“/ (Q)]2
such that

(27) T —ql=Vz+ Curly,
with the estimate
(28) |zll2,m .0 + Il 0 < Cl T s.

Proof. To prove this result it is sufficient to apply Theorem 1.1 of [6] to each row
of the tensor 7 — ¢l i.e. the two vector fields (111 — ¢, 712) and (721,722 —¢q). O
We then have the following result.

Lemma 1. For every T € X, we have

29
( )< R, 7> = ) per (Alon) +wn, Vz —1In(V2)) + > kep (tr(Alon)), q)
+ ke, (TOf(A( ) +wn), ¥ — La(¥))
ZEEEh < I:[ (on) +wn tﬂEv —1a(¥) >k
where
o (z,9) € W2 (Q)]2 x WL (Q)]2 denotes the Helmholtz decomposition of
TEY,

I.;(v) is the Clément interpolate of 1 (see [5]),
Ey, denotes the set of all edges of the triangulation Ty,

[(A(on) + wh)tﬂE denotes the tangential jump of A(or) + wh,
I1;,(V z) is the Brezzi-Douglas-Marini interpolate of the lowest degree of Vz

(see [4]).

Proof. By (6) for every T € X,

<R, T >= (A(on) + wn, T) + (div(T — ql), up).

Then, using the Helmholtz decomposition (27), we get
< R7 T > = (A(O'h) + Wh, VZ) + (A(Uh) + wh, q]I)
+  (A(on) + wn, Curltp) + (div(Vz), up).

Let II,(Vz) denote the Brezzi-Douglas-Marini interpolate of the lowest degree of
Vz. We have (see [4])

(30)

2
(div(I1,(V2)),vp) = (div(Vz),vy), Yoy, €

IT nix

KeTy,

Thus, using this last relation and the fact that tr(wp) = 0, (30) may be rewritten:
<R, 7> = (A(on)+wn, Vz)+ (tr(A(on)),q)

(31) .
+  (A(on) + wn, Curltp) + (div(1,(V2)), up).
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Taking successively 75, = (II(V2),0) € &5 and 7, = (Curl(I4(v)),0) € Ly, in
the first equation of the discrete problem (5), we obtain
(A(O'h) + wh, Hh(Vz)) + (div(Hh(VZ)), uh) =0

and
(A(O'h) + whp, Cu’l”l([cl(’l,b))) =0.
Injecting these two last relations in the right-hand side of (31), we get

<R, 7> = (Alon) +wn, Vz—11,(Vz))+ (tr(Alorn)), q)
+ (A(O’h) + whp, CUTZ(’!ZJ — Icl(’l,b)))

Thus, using Green’s formula, we obtain

<R, T> = (A(on)+wp, Vz-1I1,(Vz))+ (tr(A(on)), q)
+ Z {(TOt(A(O’h) + wh)v Q;b - Icl(,lp))
KeTy,

— < (A(on) +wp)t, Y — I4() >or}
= ) (Alon) +wn, Vz—TIu(Vz) + Y (tr(A(on)),q)

KeTy, KeT,
+ 3 (rot(Alen) + wn), ¥ — Ta())

KeTy,
— Y < [(Alon) +wn)t] 5 — Ta(®h) >5 -

O
We are now in a position to bound R, and S, by two error estimators 7; and

2.
Theorem 5. There exists a constant C' independent of h such that

1/r
(32) R, < CRi, where Ry is given by R :( Z m(K)T> ,

KeTy,

N 1/
(33) S, < (C81, where S1 is given by S, :< Z 772<K)r) ,

KeTy

where 01 (K) and n2(K) are the local estimators given by
m(K)" = hillAlon) +wnllo,x + 1tr(Alen)6.r.x

+ hicllrot(A(on) + wn)llgrs + Y hell[(Alen) +wn)t]) glo.e
EcoK

n(K)" = |f = PYflgw k + llas(@n) 6, x-
Proof. 1t follows from (29) that for every 7 € ¥

<R, 7>[ < Yken, IAlon) + whllorrxl[Vz = Ta(VZ)[lor x

> rer, Itr(Alan)llorxllallo. x
Y ke, ITot(A(an) +wn)llorx Y — La(¥) o, x
S sen, I1(Aen) +wn)t] plorell — L) lor . 5.

Now, by Lemma 3.1 of [13], we have
o = La(¥)llor .k < Chiclthli wic

(34)

-
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and
1
1%~ La@)llorv. < Chil" (1.
where wy denotes the union of K with all the triangles from the triangulation T},
adjacent to the triangle K and wg denotes the union of at most two triangles of

T}, admitting F as an edge. Thus, using these two last estimates and the fact that
IVz —I1,(V2) |05 < Chr|VZz|1 Kk, (34) yield

<R, rt>| < C Y hilAlon)

K

KeTy,

+ C > tr(Alon)) K
KeTy,

+ C Z hil|| rot(A(oy) + wp) 1)1, wie
KeTy,

1/r

+ O (A + w)t] gllor sl we
E€Ey,

< O Wl Alon) +wnlly i)V 2l 0
KeTy

+ COY Mt (A@i)b ) lallow o
KeTy,

+ C(Y 0 hillrot(A(en) +wi)llb ) 1)1 0
KeTy,

+ COY . el [(Alon) + wnt] 6. 2) " [l o
EcE,,

and so

[<R.T>| < C{ Y (Wl Alon) + wllp s + ltr(Alen)6.0.x

KeTy,

1/r
+ hicllrot(A(on) +wn)llbrx + Y hE[[(A(o-h)+wh)t]]E||6,r,E)}
ECOK

X

’ ’ ’ 1/T/
{19210 0+ gt 0 + [$lia}
Therefore, using (28), we obtain

[<Rz>[<C(Y mE))|1lls <CRlTs
KeTy,

and (32) follows immediately.
It remains to prove (33). By (7), we have for every v € M

[<Sv>] < (Y lldiv(en—pal) + fllo0 )" Ivllore

KeTy,
+ O llas@n)llor )" Imlloro
KeTy
< C(Y |ldiv(on — pal) 0.+ llas(@n) 5, x)""
KeTy

( .
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But by the second equation of the discrete problem (5), we have div(e) — ppl) =
—P) f. Therefore, for every veM,

| <S.0>1<C(Y If = P fllo,x + las(on)llo )" 1o lla
KeTy,

which implies §, < C S;. [l
4. Conclusion

A new a posteriori error estimator for a mixed finite element approximation
of non-Newtonian fluid flow problems is introduced and analyzed. The estimator
justifies an adaptive finite element scheme which refines a given grid only in regions
where the error is relatively large. Finally, the technique developed to establish this
estimator can be extended to the three dimensional case.
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