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Abstract. It is well known that many problems of practical importance in sci-

ence and engineering have multiple-scale solutions. Moreover, the calculations

of numerical methods for these problems is very intensive, even if using some

multi-scale proceedures. It is therefore important to seek efficient calculation

methods. In this paper, superconvergent techniques are used in existing multi-

scale methods to improve the calculation efficiency. Furthermore, based on

comprehensive analysis, the order of the error estimates between the numerical

approximation and the exact solution is verified to be improved.
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1. Introduction

Multi-scale methods have been investigated for a long time in the mathematics
and engineering literature. For example of these papers, we refer to [4], [9] and
[11]. Early papers concentrated on multi-scale methods that are mainly based on
the theory of asymptotic expansion and homogenization. Later, various different
but related multi-scale methods were proposed, including the multigrid numerical
homogenization method ([33], [34], [46], [47]), the multiscale finite element method
(MsFEM) ([37], [38], [31]), the heterogeneous multiscale method (HMM) ([25], [26],
[27], [28]), the finite element method based on the Residual-Free Bubble method
([12], [32], [35], [39]), the wavelet homogenization method ([22]) and so on. Each
of these methods has advantages in some special cases. As is well known, the
multi-grid method as a classical multi-scale technique achieves optimal efficiency
by relaxing the errors at different scales on different grids. It can give an accurate
approximation to the detailed solution of fine scale problems. HMM is a specific
strategy to compute the macro-scale behavior of the system with a standard macro-
scale scheme in which the missing micro-scale data can be evaluated concurrently by
using the micro-scale model. It can deal with many multi-scale problems efficiently
even for problems whose period is unknown. MsFEM can obtain the large scale
solutions accurately and efficiently without resolving the small scale details. The
main idea is to construct in each element finite base functions which can capture
the small scale information. Such small-scale information is then brought to the
large scales through the coupling of the global stiffness matrix.

Although the methods can deal efficiently with some practical problems, the
computation cost may still be very large. For example, in order to simulate elliptic
problems with non-uniformly oscillating coefficients by HMM, at least one unit cell
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in each element will be calculated to obtain the homogenized equation and obtain
the information of the microstructure. This results in intensive calculations if the
number of elements is large. In some cases where the domain and the solution are
smooth enough, it is important to find a more efficient method or technique to
reduce the calculations. It is known that, in [13], a fast post-processing algorithm
which is based on asymptotic expansion used to analyze a multiscale method. But
in [13], the authors just analyzed elliptic problems with uniformly highly oscillatory
coefficients. In practice, there are many multiscale problems with non-uniformly
oscillating coefficients, and by using the post processing technique directly, it is
impossible to improve the order of the error estimate on the whole domain when
one just uses linear interpolation for the unit cells that have been simulated. For
instance, under the conditions above, the error estimate of the HMM for the H1-
broken norm is just O(H). If we use a high order interpolation technique, then the
number of unit cells needed in the calculations will increase greatly if the HMM
method is employed. So, it is very important to reduce the number of unit cells
needed in the calculations. In this paper, we show that it is not necessary to choose
at least one unit cell in each element in which to calculate. We simulate unit cells
on a new mesh, which is different from the partition of the whole domain. The size
of the former is much bigger than that of the latter. This idea is different from that
used in HMM and some other multiscale methods. By using high order interpolation
techniques for the solved unit cells, we then successfully reduce the cost on unit
cells. Moreover, we can use a superconvergent technique to deal with the numerical
solution of the homogenized equation in order to improve its accuracy. Based
on these ideas, some improved error estimates are given. In this paper, we just
investigate the superconvergent techniques in the homogenized equations presented
in [9] and [27]. In fact, superconvergent techniques can also be efficiently extended
to some other multiscale methods. In addition, we just discuss elliptic problems.
For parabolic multiscale problems with suitable conditions, the superconvergent
technique is also valid.

In the past forty years, superconvergence finite element methods has been an
active research field. Early papers concentrated on superconvergence at isolated
points (see [23] et al ). Later, various type of superconvergent techniques were es-
tablished, either in the strict sense or in an approximate way (see [7], [8], [52], [53],
[58], [59], [60], [40], [44] et al ). In this paper, we merely give a framework to demon-
strate that the superconvergent technique is suited to multi-scale methods and can
efficiently improve the accuracy. Thus, we only employ certain postprocessing tech-
niques proposed in [40] and [44] to improve the existing approximation accuracy.
However some other superconvergent techniques, such as the Zienkiewicz-Zhu su-
perconvergent Patch Recovery (ZZ-SPR), can also be used to improve the order of
error estimates of multi-scale methods.

The outline of this paper is as follows. In the next section, we introduce the model
problem and provide its two similar homogenized equations. Moreover, the error
estimate between the exact solution of the original problem and the asymptotic
expansion of order one is presented, and the estimates

‖uε − uε
1‖1,D ≤ C

√
ε‖U0‖3,∞,D

‖uε − ũε
1‖1,D ≤ (Chk‖u0‖1,D +

√
ε‖u0‖3,∞,D),

are obtained.
Based on this result, we present the principal results of this paper in Section 3.

The error estimate, between the exact solution and the numerical solution of the
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first order multiscale solution corrected by postprocessing, is shown to be

‖uε − uε‖1,D ≤ C(
√

ε‖u0‖3,∞,D + hk‖u0‖1,D + Hm‖ũ0‖m+1,D),

and

‖uε − uε‖1,D0 ≤ C(
√

ε‖u0‖3,∞,D1 + hk‖u0‖1,D1

+Hp+1‖ũ0‖p+2,D1 + ‖ũ0 − UH
p ‖−s,D1).

In Section 4 the superconvergent technique is extended to HMM and some useful
error estimates are given. Moreover, from the analysis of the orders of the error es-
timates, we observe that the accuracy of the approximation is reasonably improved.
In the last section, we discuss briefly some possible future work.

2. A model problem and its homogenized equations

In this paper, we adopt the standard notation of Wm,p(D) for Sobolev spaces
on D with norm ‖ · ‖m,p,D and semi-norm | · |m,p,D. Set Wm,p

0 ≡ {ω ∈ Wm,p(D) :
ω|∂D = 0} and denote Wm,2(D) (Wm,2

0 (D)) by Hm(D) (Hm
0 (D)) with norm ‖·‖m,D

and semi-norm | · |m,D. In addition, c or C denotes a positive constant independent
of the sizes of the finite elements and micro-structure size ε.

Consider the model problem:

(2.1)
{ −∇ · (A(x, x

ε )∇uε) = f(x) in D
uε|∂D = 0 ,

where D is a bounded convex domain in R2 with a Lipschitz boundary ∂D (for
simplicity, we only discuss the model problem in R2, in fact, the conclusions can
be extended to Rd (d > 2 or d = 1), ε is a small positive number, and

A(x, Y ) =
(

a11(x, Y ) a12(x, Y )
a21(x, Y ) a22(x, Y )

)

such that A is symmetric and

(2.2) cξiξi ≤ |aij(x, Y )ξiξj | ≤ Cξiξi, ∀ ξi, ξj ∈ R2, i, j = 1, 2.

Moreover, aij(x, Y ), f ∈ L∞(D) are all Q-periodic in Y , where Y = x/ε, Q =
(0, 1)× (0, 1).

We first introduce more notation. Let mY (v) be the integral average of v on Q:

mY (v) =
1
|Q|

∫

Q

vdY =
∫

Q

vdY ∀v ∈ L2(Q),

where Q = (0, 1) × (0, 1) is a unit cell which is the referred domain of the micro-
structure Qε in D, and |Q| is the area of Q.

Then, the homogenized bilinear equation of (2.1) reduces to finding U0(x) ∈
H1

0 (D) such that (see [9])

(2.3) A0(U0, v) = (f, v) ∀ v ∈ H1
0 (D),

where A0 is defined by

(2.4) A0(v, ω) = (Ã∇v,∇ω), ∀ v, ω ∈ H1
0 (D),

with

(2.5) Ã = (Ãij)2×2, Ãij = mY (aij + aik
∂N j

∂Yk
),

and N j is the periodic solution of the equation:

(2.6)
∂

∂Yi
(aik(x, Y )

∂N j(x, Y )
∂Yk

) = − ∂

∂Yi
aij(x, Y ) in Q,

∫

Q

N jdY = 0.
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For (2.6), we just want to obtain the solution N j(x, Y ) in the Y -direction. But,
unfortunately, there are two parameters x, Y in this equation. It is thus difficult to
directly simulate the solution by any standard numerical method, since the coeffi-
cient matrix of any numerical scheme is not constant, but involves the parameter
x. In order to resolve this difficulty, many earlier papers first gave a partition of
the whole domain and then calculated (2.6) on some fixed points of the given mesh
and finally derived a homogenized equation in the same partition. For instance,
in ([25]), ([30]), ([27]), cell problems are solved at each quadrature point of every
element. Similarly, in some other papers, the vertexes of each element are chosen
as centers of unit cells in order to solve (2.6). For these examples, we note that the
number of unit cells calculated in the whole domain is O(n2), if the number of ele-
ments in one direction of the partition is n. In this paper as mentioned earlier, we
use the Pk-interpolation technique for the obtained unit cells in a new mesh, which
is not necessarily the same as the partition of the homogenized equation. That is,
we possibly use two different meshes to simulate multi-scale problems. The bigger
one is for unit cells and the other one is for the homogenized equation. This idea
is different from those in the papers we have mentioned above. Under the same
accuracy as the method in ([25]), in the following Theorem 2.1, it is shown that
the required number of unit cells is just O(n) if we use P2-interpolation. It is thus
obvious that we can reduce the calculation on unit cells in a significant way.

Theorem 2.1. Let ρ(x) be a function satisfying ρ(x) ∈ W k+1,∞(D), and let the
Pk-interpolation of ρ(x) be denoted by Πkρ(x), then it can be shown that (see [20]),

(2.7) ‖ρ(x)−Πkρ(x)‖s,∞ =
{

O(Hk+1−s−δ) for δ > 0, if k = 1,
O(Hk+1−s) if k ≥ 2. (s = 0, 1)

Let Th be a regular partition of D with elements e with size he, and define
h := max

e∈Th

he. Let Pk be the space of polynomials with degree no more than k.

Then, from Theorem 2.1, we have that

(2.8) ‖N j(x, Y )−ΠkN j(xn, Y )‖1,∞ ≤ Chk, j = 1, 2, k ≥ 2,

where xn is chosen point of Th.
In addition, set TH to be another regular partition of D with elements K with

size hK , and define H := max
K∈TH

hK . We define the finite element space to be

XH := {v ∈ H1
0 (D) : v|K ∈ P1(K) ∀ K ∈ TH}.

From (2.8), the homogenized bilinear equation (2.3) can be written as∫

D

ã(x)∇U0 · ∇vdx =
∫

D

fvdx

where ã(x) = (ãij(x)), and

(2.9) ãij(x)|K = mY

(
aij(x, Y ) + aim

∂

∂Ym
ΠkN j(xn, Y )

)
,

For any v, ω ∈ XH , define the bilinear form:

(2.10) AH(v, ω) =
∑

K∈TH

∫

K

(
ãij(x)

∂v

∂xj

∂ω

∂xi

)
dx

Then the homogenized numerical solution is to obtain UH ∈ XH such that

(2.11) AH(UH , v) = (f, v), ∀ v ∈ XH .
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Remark 2.1. Our main interest is the numerical approximation of (2.1). There-
fore, we assume that the theoretical solution is reasonably regular in order for the
estimates that follow to apply. In particular, it is convenient for our presentation
to assume N j(x, Y ) ∈ W k+1,∞(D ×Q) (j=1,2), (k ≥ 2).

In the following, we give the main error estimates of this part.

Theorem 2.2. Let uε(x, Y ) be the solution of the equation (2.1), let U0 be the
solution of (2.3), and

uε
1 = u0 + εu1 = U0 + εNk ∂U0

∂xk
.

Assume that D is a smooth domain, aij(x, Y ) ∈ W 1,∞(D) and f ∈ L2(D). Then
(See [56]),

(2.12) ‖uε − uε
1‖1,D ≤ C

√
ε‖U0‖3,∞,D.

Remark 2.2. From Theorem 2.2, it is easy to see that

(2.13) ‖uε − U0‖0,D ≤ ‖uε − uε
1‖0,D + ε‖Nk ∂U0

∂xk
‖0,D ≤ C

√
ε‖U0‖3,∞,D.

Assume that ũ0 is the exact solution of the following equation:

(2.14) ã(ũ0, v) :=
∑

K∈TH

∫

K

(
ã(x)∇ũ0 · ∇v

)
dx =

∫

D

fvdx, ∀v ∈ H1
0 (D).

Let N j
h0

be the numerical approximation of N j . It is known that the contribution
of the error estimate ‖N j −N j

h0
‖1,D to the error estimates of this part is small and

can be neglected. Consequently, the error ‖N j −N j
h0
‖1,D is not considered in the

following part.
Next, we give the estimate of the error between u0 and ũ0. First, we give some

useful lemmas.

Lemma 2.1. Assume that N j(x, Y ) is the solution of (2.6), satisfying N j(x, Y ) ∈
W k+1,∞(D) (k ≥ 2). Let Ãij(x) and ãij(x) be as defined in (2.5), and (2.9),
respectively. Then, we have

(2.15) ‖Ãij(x)− ãij(x)‖0,∞,D ≤ Chk.

Proof. From Theorem 2.1, it follows that there exists a positive constant C, such
that

max
K∈TH

‖N j(x, Y )−ΠkN j(xn, Y )‖0,∞,K ≤ ‖N j(xn, Y )−ΠkN j(x, Y )‖0,∞,D ≤ Chk.

Using Minkowski’s Integral Inequality, a direct calculation gives,

‖Ãij(x)− ãij(x)‖0,∞,D

= max
K∈TH

‖mY (aik
∂

∂Yk
(N j(x, Y )−ΠkN j(xn, Y )))‖0,∞,K

≤ max
K∈TH

mY (‖aik
∂

∂Yk
(N j(x, Y )−ΠkN j(xn, Y ))‖0,∞,K)

≤ max
K∈TH

mY (‖aik‖0,∞,K · ∂

∂Yk
‖N j(x, Y )−ΠkN j(xn, Y )‖0,∞,K)

≤ Chk.

So, (2.15) is proved. ¤
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Lemma 2.2. Assume that A0(u, v) is defined as (2.4) and satisfies the inf-sup
condition, then for sufficiently small h, we have: ã(u, v) also satisfies the inf-sup
condition. That is, there exists a positive constant c, such that

(2.16) sup
0 6=v∈H1

0

|ã(u, v)|
‖v‖1,D

≥ c‖u‖1,D.

Proof. By using lemma 2.1, it can be easily shown that for all u, v ∈ H1
0 (D),

|A0(u, v)− ã(u, v)|
=

∑

K∈TH

|A0(u, v)− ã(u, v)|K

=
∑

K∈TH

|
∫

K

(
(Ã(x)− ã(x))∇u · ∇v

)
dx|

≤
∑

K∈TH

Chk‖∇u‖0,K‖∇v‖0,K

≤ Chk‖u‖1,D‖v‖1,D

Then, for any v ∈ H1
0 (D) we have

sup
0 6=v∈H1

0

|ã(u, v)|
‖v‖1,D

≥ sup
0 6=v∈H1

0

|A0(u, v)|
‖v‖1,D

− Chk‖u‖1,D(2.17)

But A0(u, v) satisfies the inf-sup condition; that is, there exists a constant Ĉ > 0,
such that

(2.18) sup
0 6=v∈H1

0

|A0(u, v)|
‖v‖1,D

≥ Ĉ‖u‖1,D

Combining the above inequality (2.17) and (2.18), we obtain that for sufficiently
small h, there exists a positive constant c, such that

sup
0 6=v∈H1

0

|ã(u, v)|
‖v‖1,D

≥ (Ĉ − Chk)‖u‖1,D ≥ c‖u‖1,D.

Then, this lemma is proved. ¤

Based on the Lemma 2.1 and Lemma 2.2, we give an error estimate as follows.

Theorem 2.3. Assume that the conditions of Lemma 2.2 are satisfied, u0 is the
solution of the homogenized equation (2.3) and ũ0 is the exact solution of (2.14),
then for sufficiently small h, we have

(2.19) ‖u0 − ũ0‖1,D ≤ Chk‖u0‖1,D

Proof. From Lemma 2.1 and Lemma 2.2, for sufficiently small h, we have

c‖u0 − ũ0‖1,D ≤ sup
0 6=v∈H1

0

|ã(u0 − ũ0, v)|
‖v‖1,D

≤
∑

K∈TH

sup
0 6=v∈H1

0

| ∫
K

(Ã(x)− ã(x))∇u0 · ∇vdx|
‖v‖1,K

≤
∑

K∈TH

c̃hk‖u0‖1,K

= c̃hk‖u0‖1,D
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So, from the inequality above, we obtain that there exists a positive constant C,
such that

‖u0 − ũ0‖1,D ≤ Chk‖u0‖1,D

This shows the result. ¤

Remark 2.3. If all conditions in Theorem 2.3 are valid, then for sufficiently small
h, from Remark 2.2 and Theorem 2.3, it follows that
(2.20)

‖uε − ũ0‖0,D ≤ ‖uε − u0‖0,D + ‖u0 − ũ0‖0,D ≤ (Chk‖u0‖1,D +
√

ε‖u0‖3,∞,D),

(2.21)
‖uε − ũε

1‖1,D ≤ ‖uε − uε
1‖1,D + ‖uε

1 − ũε
1‖1,D ≤ (Chk‖u0‖1,D +

√
ε‖u0‖3,∞,D),

where

(2.22) ũε
1 = ũ0 + εΠkN j(xn, Y )

∂ũ0

∂xj
.

3. The Superconvergent techniques in multi-scale method

By the standard theory of the finite element method and the Nitsche technique,
the following theorem follows:

Theorem 3.1. Let UH be the numerical solution of problem (2.11), and ũ0 be the
exact solution of the equation (2.14). Then,

(3.1) ‖ũ0 − UH‖1,D ≤ CH‖ũ0‖2,D,

‖ũ0 − UH‖0,D ≤ CH2‖ũ0‖2,D.

In Theorem 3.1, the error estimate between the exact solution of (2.14) and its
numerical approximation has been obtained. In the following, the postprocessing
techniques of [40] and [44] are used to improve the accuracy of the multiscale
method. In this part, for simplicity, we just give the superconvergent error estimate
on a rectangular mesh. In fact, it can be extended successfully to triangular mesh.

Firstly, construct a postprocessing interpolation operator Πm
2H , such that (see

[40], [42], [44]),

1) Combining four neighboring elements into a big element, ẽ =
⋃4

i=1 ei, such that

(3.2) Πm
2Hω ∈ Qm(ẽ), ∀ ω ∈ C(ẽ),

where Qm is bi-Pm polynomial space.
2)

(3.3) ‖Πm
2Hω − ω‖l ≤ CHr+1−l‖ω‖r+1, 0 ≤ r ≤ m, l = 0, 1;

3)

(3.4) ‖Πm
2Hv‖l ≤ C‖v‖l, ∀ v ∈ V H(D), l = 0, 1,

where V H(D) is finite element space.
4)

(3.5) Πm
2HωI = Πm

2Hω,

where ωI ∈ V H is the finite element interpolation of ω.
In the following, the result of the superconvergence in the whole domain is given

based on the theory of high order interpolation operator.
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Theorem 3.2. (See [42]) Let ũ0 be the exact solution of equation (2.14), let UH ,
uI be the finite element solution and finite element interpolation of ũ0, respectively,
and satisfy:

‖UH − uI‖l ≤ CHα+1−l‖ũ0‖m+1, α > p, m ≥ α, l = 0, 1,

where p is the order of the finite element polynomial space. Then,

‖Πm
2HUH − ũ0‖l ≤ CHα+1−l‖ũ0‖m+1,

where Πm
2H satisfies (3.2), (3.3), (3.4) and(3.5).

The conditions assumed in these techniques depend on the regularity of the
partition and the smoothness of the solution. In many practical problems it is
useful and often necessary to give some superconvergent error estimates in a local
domain.

Theorem 3.3. (See [44]) Let ũ0 be the exact solution of the equation (2.14),
let UH

p , uI
p be the finite element solution and finite element interpolation of ũ0,

respectively. Assume that D0 ⊂⊂ D1 ⊂⊂ D. If ũ0 is smooth enough and the mesh
in D1 is almost uniform, then,

‖UH
p − uI

p‖1,D0 ≤ C(Hp+1‖ũ0‖p+2,D1 + ‖ũ0 − UH
p ‖−s,D1);

‖UH
p − uI

p‖1,∞,D0 ≤ C(Hp+1| ln H|λ‖ũ0‖p+2,∞,D1 + ‖ũ0 − UH
p ‖−s,D1),

where p is the order of the finite element polynomial space, s is any non-negative
integer, and

λ =
{

1, if p = 1
0, if p ≥ 2.

By using the postprocessing interpolation operator, we have

Theorem 3.4. (See [44]) Under the condition of Theorem 3.3, then

‖Πp+1
2H UH

p − ũ0‖1,D0 ≤ C(Hp+1‖ũ0‖p+2,D1 + ‖ũ0 − UH
p ‖−s,D1);

‖Πp+1
2H UH

p − ũ0‖1,∞,D0 ≤ C(Hp+1| ln H|λ‖ũ0‖p+2,∞,D1 + ‖ũ0 − UH
p ‖−s,D1).

We next retrieve the microscopic information in whole domain from Πm
2HUH and

give the most important results of this section.
Assume that

(3.6) R(v) = v + εΠkN j(xn, Y )
∂v

∂xj
,

Define

(3.7) uε|K = R(Πm
2HUH)|K .

Theorem 3.5. Let uε be the solution of (2.1), uε be given by (3.7). Assume that
all conditions of Theorem 3.1 are valid. Then,

(3.8) ‖uε − uε‖1,D ≤ C(
√

ε‖u0‖3,∞,D + hk‖u0‖1,D + Hm‖ũ0‖m+1,D).

Proof. Note that on each element K,

∂uε

∂xi
=

∂

∂xi
Πm

2HUH + (
∂

∂Yi
+ ε

∂

∂xi
)ΠkN j(xn, Y ) · ∂

∂xj
Πm

2HUH

+εΠkN j(xn, Y ) · ∂2

∂xi∂xj
Πm

2HUH .(3.9)
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Furthermore,

(3.10)
∂ũε

1

∂xi
=

∂ũ0

∂xi
+ (ε

∂

∂xi
+

∂

∂Yi
)ΠkN j(xn, Y )

∂ũ0

∂xj
+ εΠkN j(xn, Y )

∂2ũ0

∂xi∂xj
.

It follows from (3.9) and (3.10) that

∂

∂xi
(uε − ũε

1) =
∂

∂xi
(Πm

2HUH − ũ0) + (
∂

∂Yi
+ ε

∂

∂xi
)ΠkN j(xn, Y ) · ∂

∂xj
(Πm

2HUH − ũ0)

+εΠkN j(xn, Y ) · ∂2

∂xi∂xj
(Πm

2HUH − ũ0).

From Theorem 3.2, we can obtain that

‖∇(uε − ũε
1)‖0,D ≤ C‖∇(Πm

2HUH − ũ0)‖0,D + Cε‖ũ0‖2,D

≤ CHm‖ũ0‖m+1,D + Cε‖ũ0‖2,D.

Moreover,

‖uε − ũε
1‖0,D ≤ C‖Πm

2HUH − ũ0‖0,D + Cε‖ũ0‖1,D

≤ CHm+1‖ũ0‖m+1,D + Cε‖ũ0‖1,D.

From the inequalities above, it follows that

‖uε − ũε
1‖1,D ≤ CHm‖ũ0‖m+1,D + Cε‖ũ0‖2,D.

Combining with (2.21) yields (3.8). This proves Theorem 3.5. ¤

Remark 3.1. Sometimes in applications the superconvergent error estimate in a
local domain is more important. By the same method used in proving Theorem 3.5
and from Theorem 3.4, it follows that

‖uε − uε‖1,D0 ≤ C(
√

ε‖u0‖3,∞,D1 + hk‖u0‖1,D1

+Hp+1‖ũ0‖p+2,D1 + ‖ũ0 − UH
p ‖−s,D1),(3.11)

where, uε = Πp+1
2H UH

p .

4. The Superconvergent technique for HMM

In this section, the superconvergent technique will be successfully applied to the
HMM to reduce its calculation. First, we recall the HMM scheme as follows (see
[30]).

Consider the classical problem

(4.1)
{ −∇ · (aε(x)∇uε(x)) = f(x) in D ⊂ Rd,

uε(x) = 0 on x ∈ ∂D.

In this part, a conventional Pk finite element method on a triangulation TH of
element size H is chosen and we just consider the case d = 2. Let AH be defined as

(4.2) AH(V, V ) =
∑

K∈TH

|K|
∑

xl∈K

ωl(∇V · AH∇V )(xl),

where xl and wl are the quadrature points and weights in K, K ∈ TH . In the
absence of an explicit knowledge of AH(x), let

(4.3) (∇V · AH∇V )(xl) =
1
δd

∫

Iδ(xl)

∇vε
l (x) · aε(x)∇vε

l dx,
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where Iδ(xl) = xl +δI, I = [0, 1]2. Here δ is chosen such that aε restricted to Iδ(xl)
gives an accurate enough representation of the local variations of aε. Let vε

l (x) be
the solution of the problem:

(4.4)
{ −∇ · (aε(x)∇vε

l (x)) = 0 in Iδ(xl),
vε

l (x) = Vl(x) on ∂Iδ(xl),

where Vl is the linear approximation of V at xl.
Then, the HMM solution uH ∈ XH is defined by

(4.5) AH(uH , V ) = (f, V ), ∀ V ∈ XH .

For problem (4.4), set wε
l (x) = vε

l (x)− Vl(x). Then we have

(4.6)
{ −∇ · (aε(x)∇wε

l (x)) = ∇ · (aε(x)∇Vl(x)) in Iδ(xl),
wε

l (x) = 0 on ∂Iδ(xl),

Since ∇Vl(x) is constant, if N ε
j (x) satisfies:

(4.7)
{ −∇ · (aε(x)∇N ε

j (x)) = ∂
∂xi

(aε
ij)(x), in Iδ(x),

N ε
j (x) = 0 on ∂Iδ(x),

where Iδ(x) = x + δI, then

wε
l (x) = N ε

j (x)
∂Vl(x)
∂xj

.

It follows that

(4.8) vε
l (x) = Vl(x) + N ε

j (x)
∂Vl(x)
∂xj

Let Th, h be as defined in Section 2. Assume that N ε
j (x) ∈ W k+1,∞(D). Then

from Theorem 2.1, we have

(4.9) ‖N ε
j (x)−ΠkN ε

j (x)‖1,∞ ≤ Chk, j = 1, 2, k ≥ 2.

Set

(4.10) ÃH(V, V ) =
∑

K∈TH

|K|
∑

xl∈K

ωl(∇V · ÃH∇V )(xl),

where

(4.11) (∇V · ÃH∇V )(xl) =
1
δd

∫

Iδ(xl)

∇ṽε
l (x) · aε(x)∇ṽε

l (x)dx,

and

(4.12) ṽε
l (x) = Vl(x) + ΠkN ε

j (x)
∂Vl(x)
∂xj

.

Then, the revised HMM solution UH ∈ XH is defined by

(4.13) ÃH(UH , V ) = (f, V ), ∀ V ∈ XH .

Theorem 4.1. Let AH and ÃH are defined as (4.3) and (4.11), respectively.
Then, we have

(4.14) max
xl∈K

‖AH − ÃH‖ ≤ Chk.
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Proof. From inequalities (4.8), (4.9) and (4.12), it follows easily that

‖∇vε
l (x)−∇ṽε

l (x)‖0,Iδ(xl) ≤ Chk‖∇Vl(x)‖0,Iδ(xl).

So, from (4.3) and (4.11), we obtain that

|∇W (xl)(AH − ÃH)∇V (xl)|
= | 1

δd

∫

Iδ(xl)

(
∇wε

l (x) · aε(x)∇vε
l (x)−∇w̃ε

l (x) · aε(x)∇ṽε
l (x)

)
dx|

= | 1
δd

∫

Iδ(xl)

(∇wε
l (x)−∇w̃ε

l (x)) · aε(x)(∇vε
l (x)−∇ṽε

l (x))dx

+
1
δd

∫

Iδ(xl)

(∇wε
l (x)−∇w̃ε

l (x)) · aε(x)∇ṽε
l (x)dx

+
1
δd

∫

Iδ(xl)

∇w̃ε
l (x) · aε(x)(∇vε

l (x)−∇ṽε
l (x))dx|

≤ C

(
h2k‖∇W (xl)‖0,Iδ(xl)‖∇V (xl)‖0,Iδ(xl) + hk‖∇W (xl)‖0,Iδ(xl)‖∇ṽε

l ‖0,Iδ(xl)

+hk‖∇w̃ε
l (xl)‖0,Iδ(xl)‖∇Vl(x)‖0,Iδ(xl)

)

≤ Chk‖∇W (xl)‖0,Iδ(xl)‖∇V (xl)‖0,Iδ(xl).

This inequality gives the desired result (4.14). ¤

Set the homogenized equation of (4.1) to be as follows (see [30]).

(4.15)
{ −∇ · (A(x)∇U(x)) = f(x) in D ⊂ Rd,

U(x) = 0 on x ∈ ∂D.

where A(x) is the homogenized coefficient.

Lemma 4.1. Let

e(HMM) = max
xl∈K

‖A(xl)−AH(xl)‖,

then for the periodic homogenization problems (see [30]),

(4.16) e(HMM) ≤
{

Cδ, if δ is an interger multiple of ε,
C(ε/δ + δ), if δ is not an interger multiple of ε.

Theorem 4.2. Assume that uε is the exact solution of the problem (4.1), that U0

is the exact solution of equation (4.15), while Ũ0 is the exact solution of (4.13) with
the space XH replaced by H1

0 . Moreover, set aε(x) = a(x, x/ε). Then we have

(4.17) ‖uε − Ũ0‖0,D ≤ C(
√

ε + hk + e(HMM)),

(4.18) ‖uε − ũε
1‖1,D ≤ C(

√
ε + hk + e(HMM)),

where ũε
1 = Ũ0 + ΠkN ε

j
∂Ũ0
∂xj

.

Proof. From (4.14) and (4.16), it follows that

(4.19) max
xl∈K

‖A(xl)− ÃH(xl)‖ ≤ C(hk + e(HMM)).
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In view of (4.11), (4.15) and (4.19), we have

c‖U0 − Ũ0‖1,D‖W‖1,D ≤ |A(U0 − Ũ0,W )|
= |A(U0,W )−A(Ũ0,W )|
= |A(U0,W )− (A− ÃH)(Ũ0,W )− ÃH(Ũ0,W )|
= |(f,W )− (A− ÃH)(Ũ0,W )− (f,W )|
= |(A− ÃH)(Ũ0, W )|
≤ C(hk + e(HMM))‖Ũ0‖1,D‖W‖1,D.

So,
‖U0 − Ũ0‖1,D ≤ C(hk + e(HMM))‖Ũ0‖1,D

Hence,

‖uε − Ũ0‖0,D ≤ ‖uε − U0‖0,D + ‖U0 − Ũ0‖0,D ≤ C(
√

ε + hk + e(HMM)).

In addition, if aε(x) = a(x, x/ε), then we have N ε
j (x) = εN j(x).

So, we can obtain,

‖uε
1 − ũε

1‖1,D ≤ ‖U0 − Ũ0‖1,D + ‖N ε
j

∂U0

∂xj
−ΠkN ε

j

∂Ũ0

∂xj
‖1,D

≤ ‖U0 − Ũ0‖1,D + ‖(N ε
j −ΠkN ε

j )
∂U0

∂xj
‖1,D + ‖ΠkN ε

j ·
∂

∂xj
(U0 − Ũ0)‖1,D

≤ C(
√

ε + hk + e(HMM)).

Then this theorem is proved. ¤

As theorem 3.1, we can obtain

Theorem 4.3. Let UH be the numerical solution of problem (4.13), and ũ0 be the
exact solution of equation (4.13) with XH replaced by H1

0 (D). Then (see [20]),

(4.20) ‖ũ0 − UH‖1,D ≤ CH‖ũ0‖2,D,

‖ũ0 − UH‖0,D ≤ CH2‖ũ0‖2,D.

Next, superconvergent techniques are applied to HMM to improve its accuracy.
First, assume that a postprocessing interpolation operator Πm

2H satisfies all of
the conditions (3.2), (3.3), (3.4) and (3.5). Then it follows from the result of
superconvergence in the whole domain that

Theorem 4.4. (see [42]) Let ũ0 be the exact solution of equation (4.13) with XH

replaced by H1
0 (D), let UH , uI be the finite element solution and finite element

interpolation of ũ0, respectively, and satisfy:

‖UH − uI‖l ≤ CHα+1−l‖ũ0‖m+1, α > p, m ≥ α, l = 0, 1,

where p is the order of the finite element polynomial space. Then,

‖Πm
2HUH − ũ0‖l ≤ CHα+1−l‖ũ0‖m+1.

Concurrently, we have some superconvergent error estimates in a local domain.

Theorem 4.5. (See [44]) Let ũ0 be the exact solution of equation (4.13) with XH

replaced by H1
0 (D), let UH

p , uI
p be the finite element solution and finite element

interpolation of ũ0, respectively. Assume that D0 ⊂⊂ D1 ⊂⊂ D. If ũ0 is smooth
enough and the mesh in D1 is almost uniform, then,

‖UH
p − uI

p‖1,D0 ≤ C(Hp+1‖ũ0‖p+2,D1 + ‖ũ0 − UH
p ‖−s,D1);
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‖UH
p − uI

p‖1,∞,D0 ≤ C(Hp+1| ln H|λ‖ũ0‖p+2,∞,D1 + ‖ũ0 − UH
p ‖−s,D1),

where p is the order of the finite element polynomial space, s is any non-negtive
integer, and

λ =
{

1, if p = 1
0, if p ≥ 2.

By using the postprocessing interpolation operator, we have

Theorem 4.6. (See [44]) Under the condition of Theorem 4.5, then

‖Πp+1
2H UH

p − ũ0‖1,D0 ≤ C(Hp+1‖ũ0‖p+2,D1 + ‖ũ0 − UH
p ‖−s,D1);

‖Πp+1
2H UH

p − ũ0‖1,∞,D0 ≤ C(Hp+1| ln H|λ‖ũ0‖p+2,∞,D1 + ‖ũ0 − UH
p ‖−s,D1).

We next retrieve the microscopic information in whole domain from Πm
2HUH and

give the most important results of this section.
Assume that

(4.21) R(v) = v + ΠkN ε
j (x)

∂v

∂xj
,

Define

(4.22) uε|K = R(Πm
2HUH)|K .

Theorem 4.7. Let uε be the solution of (4.1), uε be given by (4.22). Assume that
all conditions of Theorem 4.3 are valid. Then,

(4.23) ‖uε − uε‖1,D ≤ C(
√

ε‖u0‖3,∞,D + hk‖u0‖1,D + Hm‖ũ0‖m+1,D).

Proof. Note that on each element K,
∂uε

∂xi
=

∂

∂xi
Πm

2HUH +
∂

∂xi
ΠkN ε

j (x) · ∂

∂xj
Πm

2HUH

+ΠkN ε
j (x) · ∂2

∂xi∂xj
Πm

2HUH .(4.24)

Furthermore,

(4.25)
∂ũε

1

∂xi
=

∂ũ0

∂xi
+

∂

∂xi
ΠkN ε

j (x)
∂ũ0

∂xj
+ ΠkN ε

j (x)
∂2ũ0

∂xi∂xj
.

It follows from (4.24) and (4.25) that
∂

∂xi
(uε − ũε

1) =
∂

∂xi
(Πm

2HUH − ũ0) +
∂

∂xi
ΠkN ε

j (x) · ∂

∂xj
(Πm

2HUH − ũ0)

+ΠkN ε
j (x) · ∂2

∂xi∂xj
(Πm

2HUH − ũ0).

From Theorem 4.4 and N ε
lj(x) = O(ε), it follows that

‖∇(uε − ũε
1)‖0,D ≤ C‖∇(Πm

2HUH − ũ0)‖0,D + Cε‖ũ0‖2,D

≤ CHm‖ũ0‖m+1,D + Cε‖ũ0‖2,D.

Moreover,

‖uε − ũε
1‖0,D ≤ C‖Πm

2HUH − ũ0‖0,D + Cε‖ũ0‖1,D

≤ CHm+1‖ũ0‖m+1,D + Cε‖ũ0‖1,D.

From the inequalities above, it follows that

‖uε − ũε
1‖1,D ≤ CHm‖ũ0‖m+1,D + Cε‖ũ0‖2,D.

Combining with (4.18), it is easy to obtain (4.23). This proves Theorem 4.7. ¤
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Remark 4.1. In some cases, the superconvergent error estimate in a local domain
is more important. By the same method used in showing Theorem 4.7 and from
Theorem 4.6, it follows that

‖uε − uε‖1,D0 ≤ C(
√

ε‖u0‖3,∞,D1 + hk‖u0‖1,D1

+Hp+1‖ũ0‖p+2,D1 + ‖ũ0 − UH
p ‖−s,D1),(4.26)

where, uε = Πp+1
2H UH

p .

5. Discussion

In this paper, we discussed superconvergent techniques in multi-scale methods,
especially in HMM. For simplicity, in order to derive error estimates we assumed
that the conditions in the model problems were such that the solutions were smooth
enough. In many problems, such conditions may not be satisfied. We can still
possibly use this method by retrieving techniques, such as error expansion and
defect correction. In future work, we plan pursue research based on the ideas
presented here on relevant problems in engineering.
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[47] N. Neuss, W. Jäger and G. Wittum, Homoginization and multigrid, Computing., 66, (2001)

1-26.
[48] J. T. Oden and K. S. Vemaganti, Estimation of local modeling error and global-oriented

adaptive modeling of heterogeneous materials. I: Error estimates and adaptive algorithms, J.
Comput. Phys., 164, (2000) 22-47.

[49] O. A. Oleinik, A. S. Shamaev and G. A. Yosifian, Mathematical Problems in Elasticity and
Homogenization, North-Holland, Amsterdam, 1992.

[50] W. Ren and W. E, Heterogeneous multiscale method for the modeling of complex fluids and
micro-fluidics, J. Comput. Phys., in press.

[51] G. Sangalli, Capturing small scales in elliptic problems using a Residual-Free Bubbles finite
element methods, Multiscale Model. Simul., 1, (2003) 485-503.

[52] A. H. Schatz and L. B. Wahlbin, Superconvergence in finite element methods and meshes
which are locally symmetric with respect to a point, SIAM J. on Numer. Anal, 33, (1996)
505-521.

[53] A. H. Schatz, Pointwise error estimates and asymptotic expansion error inequalities for the
finite element mehtod on irregualr grids, Part I: global estimates, Math of Compt, 67, (1998)
877-899.

[54] Z. Zhang, Ultraconvergence of patch recovery technique, Math of Compt, 65, (1996) 1431-
1437.

[55] Z. Zhang, Ultraconvergence of patch recovery technique II., Math of Compt, 69, (2000) 141-
168.

[56] V. V. Zhikov, S. M. Kozlov and O. A. Oleinik, Homogenization of Differential Operators and
Integral Functions, Springer-verlag Berlin Heidelberg, 1994.

[57] Qiding Zhu, Superconvergence analysis of cubic triangular elements in the finite element
method, J. of Comput Math, 18, (2000) 545-550.

[58] O. C. Zienkiewicz and J. Z. Zhu, The superconvergent patch recovery and a posteriori error
estimates. Part 1: The recovery technique, Internation J. of Numer. Methods in Engineering,
33, (1992) 1331-1364.

[59] O. C. Zienkiewicz and J. Z. Zhu, The superconvergent patch recovery and a posteriori error
estimates. Part 2: Error estimates and adaptivity, Internation J. of Numer. Methods in
Engineering, 33, (1992) 1365-1382.

[60] O. C. Zienkiewicz and J. Z. Zhu, The superconvergent patch recovery(SPR) and adaptive
finite element refinement, Computer Methods in Applied Methanics and Engineering, 101,
(1992) 207-224.

Mathematics Department, 202 Mathematical Sciences Bldg, University of Missouri Columbia,
MO 65211 USA

E-mail : peimin@math.missouri.edu

632CAB, Mathematics Department, University of Alberta, Edmonton, AB, T6G 2G1, Canada
E-mail : wallegre@math.ualberta.ca and y.lin@ualberta.ca

URL: http://www.math.ualberta.ca/∼wallegre/ and http://www.math.ualberta.ca/∼ylin/


