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STABILIZATION OF NAVIER-STOKES EQUATIONS BY
BOUNDARY FEEDBACK

S. S. RAVINDRAN

Abstract. In this paper, we consider the stabilization of steady state solutions
to Navier-Stokes equations by boundary feedback control. The feedback control
is determined by solving a linear quadratic regulator problem associated with
the linearized Navier-Stokes equations. The control is effected through suction
and blowing at the boundary. We show that the linear feedback control provides
global exponential stabilization of the steady state solutions to the Navier-
Stokes equations for arbitrary Reynolds number. This feedback is shown to

provide global stability in both L? and H!'-norms.
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1. Introduction

Control of fluid flows for the purpose of achieving some desired objective is crucial
to many technological and scientific applications. The invention fast micro devises
such as MEMS to actually implement these controls has increased the interest in
this area. Control design for fluid dynamical systems is hindered by the intrinsic
difficulties caused by the nonlinearity and infinite dimensionality of the Navier-
Stokes equations that govern fluid flows. In the recent past, great advances have
been made in theoretical and computational analysis of optimal control of fluids,
see for e.g. [7, 21, 8,9, 6, 12, 17, 11, 3, 16].

In this article, we address the stabilization problem for viscous flows modeled by
the Navier-Stokes equations which has applications in turbulence and drag reduc-
tion. It is well-known that the steady state solutions to Navier-Stokes equations
might be unstable for high Reynolds number. Our objective here is to develop a
boundary feedback control to stabilize the steady solutions of Navier-Stokes equa-
tions in bounded domain. The control is effected through suction and blowing on
the boundary and we do not make any distinction in our analysis here as to wall
normal blowing and suction [16, 17] or tangential velocity actuation [18] as we did
in those computational analysis works. We wish to find a boundary control in feed-
back form on a part of the boundary so that the corresponding system with this
control substituted is globally exponentially stable for arbitrary Reynolds number.
Motivated by the Lyapunov stability theory for finite dimensional nonlinear ordi-
nary differential equations, we propose a linear feedback control using the algebraic
Riccati equation associated with an infinite time horizon linear quadratic regulator
(LQR) problem.
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In order to state our problem more precisely, consider the abstract evolution
problem
dy .
o =39, y(0)=yo, (1)
where g¢(t) is the control and F : X x U — V is a nonlinear mapping. The
corresponding steady state problem is

F(y,9)=0. (i1)
Suppose (y,g) € X x U is a given steady state solution of (i¢). The problem of
stabilizing the unsteady solution y of (i) near the steady state solution y with a

prescribed rate o > 0 is to find the control g(¢) such that the solution y(t) of the
unsteady problem with this g(t) satisfies

ly(t) =3l < ce™", te(0,00). (i)

The control g(t) is called feedback if there is an operator K : X — U such that
g(t) = K(y). The feedback stabilization problem that we consider here can be
formulated, for the above abstract evolution equation (i), as follows:

Given a steady-state solution (y,g) of (ii), find an operator K : X — U such that
the solution y(t) of the problem

Y P EW), y0) =0 (iv)
satisfies (iii).

Our objectives are to first derive a feedback control using the theory of optimal
linear quadratic regulator over an infinite time horizon for the linearized Navier-
Stokes equations when the control is on the boundary and to show that the resulting
linear feedback control globally stabilizes the nonlinear closed-loop problem in the
sense stated above for arbitrary Reynolds number. In particular we will derive
stability estimates in both L? and H'-norms.

Other related works that use optimal feedback control theory to flow stabiliza-
tion can be found in [3, 5]. In [3] robust feedback control is used for stabilization of
Navier-Stokes equations by distributed control on the whole domain. In [5], stabi-
lization by boundary control of two dimensional Euler equations for incompressible
flow is considered.

The paper is organized as follows. In the rest of this section, we present the
notations that we will use and the mathematical preliminaries we will need to
present our results in the sequel. In Section 2, we formulate our stabilization
problem. In Section 3, we present the feedback control design and study the stability
of the nonlinear closed-loop system. The stability analysis is carried out with the
help of Lyapunov techniques and Galerkin methods. In Section 4, we conclude the

paper.

1.1. Notation and Preliminaries. We introduce the following standard nota-
tions over a bounded, connected, open set {2 in R? with boundary I' € C2. Let
n denote the unit normal vector to I'. For p € [1,00), let LP(§2) denote the mea-
surable real-valued functions v on  for which [, [v(x)[Pdx < oc. In addition, let
L>(Q) denote the measurable real-valued functions that are bounded, or at least
essentially bounded. For v € LP(Q), we may define

v, = (/ |v(x)pdx> ’ , forl<p<oo,
Q

[[0]| 0 = esssupxeq|v(x)| -
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For p = 2, L?(Q) is a Hilbert space under the scalar product

(u,v) = / uvdx, u,v € L*()
Q

and the norm |ju|| = /(u, u). Let
ov .
HY Q) = {ve L*(Q) : oz € L*(Q) for i = 1,2},

Hj(Q) ={ve H'(Q) :v|r =0}
and
olely
H™(Q) = L*Q): —ar—ar
- it
Here m > 0 is an integer. For the definition of fractional order Sobolev spaces
H#(Q) (s non-integer), see [1]. Negative ordered Sobolev spaces H*(Q2) (s > 0) are
defined as the dual space, i.e., H*(Q) = {H* (Q)}* Vector-valued counterparts
of these spaces are denoted by bold-face symbols, e.g., H'(Q) = [H*(Q)]¢ where
d = 2. We introduce the solenoidal spaces H(Q2) and V(Q) as
HQ) ={uecl?Q):V-u=0in Q, u'n=0 on I'},
V(Q)={uecH}Q) : V-u=0 in Q}.
For functions that also depend on time, we introduce the space L?(0,T; X) that
consists of square integrable functions from [0,7] into the space X and which is

equipped with the norm
T 1/2
( / ||f||?xdt> .
0

Similarly we introduce the space C(0,T; X) that consists of continuous functions
from [0, 7] into the space X and which is equipped with the norm

€ L*(Q), Va = (a1,a3), o] <m}.

sup || f|[x -
t€[0,T)

We denote by A the Stokes operator, defined as an isomorphism from V onto the
dual V* of V such that, for u € V, Au is defined by

(Au,v) = [ Vu-Vvdx Yu,v eV,
Q

where (-, -) is the duality bracket between V* and V. It can be shown that D(A) =
H2(Q)N'V. The Hodge orthogonal projector of the space L?(Q) onto the divergence
free space H(Q2) is denoted by Pg. The Stokes operator is related to Py by

Au = —Py(Au) Yu € D(A).

Define a continuous trilinear form b(-,-,-) on V by

b(u,v,w) = /Q(u -V)v-wdx.
Then, by integration by parts, the following properties hold true
b(u,v,v) =0 YueV, WvveHQ)
and
b(u,v,w) = —b(u,w, v) YueV, vv,w e Hy(Q).
We also define the bilinear mapping B by
(B(u,v),w) =b(u,v,w).



STABILIZATION OF NAVIER-STOKES EQUATIONS BY BOUNDARY FEEDBACK 611

The operator B is related to Py by
B(u,v) = Pg((u-V)v) Yu,ve V.

It is well known that L2(2) = H@ H' |, where H* denotes the orthogonal comple-
ment of H and characterized by

Ht ={uecl?Q):u=Vp, pc HY(N)}.

1.2. Auxiliary Results. The estimates developed in this work involve several
standard inequalities that we summarize in this section for clarity. The Cauchy-
Schwarz inequality |(u, v)| < |Jul|||v||; Young’s inequality
q
€ P 1 1
b, l1<pg<oo, —+-=1, a,b>0.
p q

Let Q be any arbitrary two dimensional bounded domain with boundary I'. If
u =0 on I', then we have the Poincare inequality
lul <A IVall - Ve HY(9),
where \; is the smallest positive eigenvalue of

Au+Adu=0 in Q, u=0 on I.

ab < SaP +
p

In addition, we will use the following generalized Sobolev’s inequality [19, 15]:
1
w|? < —|wl||[|[Vw], YweV,
[wlli < \/ill Vil
for any arbitrary two dimensional domain €.
We also recall the well known Gronwall’s lemma:

Lemma 1. If, for to <t < t1, ¢(t) > 0 and ¥(t) > 0 are continuous functions
such that the inequality

6(t) < Ly + Lo / " p(s)p(s)ds

holds on tqg <t < ty, with Ly and Lo positive constants, then
$(t) < Lyela i v()ds)

onty <t<t.

2. Formulation of Flow Stabilization Problem

We consider a viscous incompressible fluid in Q C R?, where ) is a bounded open
domain with boundary I' = T'c UT'p. Let u(x,t) and p(x,t) denote the velocity
and pressure fields, respectively, and ug the given initial velocity field. Moreover,
let b denote a specified boundary velocity. The initial boundary value problem
associated with the Navier-Stokes equations is then given by

g—?—éAu+u~Vu+Vp=0 in © x

V-u=0 in Qx

u = [(t)h(x) on I'c x
u(x,0) =up(x) in Q.

These equations are non-dimensional and the only non-dimensional parameter is
the Reynolds number defined by Re = %, where v, o and Uy are the kinematic
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viscosity, characteristic length and characteristic velocity, respectively. The func-
tion I(¢)h(x) is the control input and the function h(x) is a distribution function
of control input at I'c.

We consider the problem of stabilizing solutions near a given steady state solution
uy by means of feedback control defined on a part I'. of the boundary I'. The control
is effected by suction and blowing as defined in (1).

Suppose we would like to stabilize the steady state solutions (ug, pg) satisfying

RS
Re
(2) V~ud:0 in Q,

Aug+ug-Vug+ Vpg =0 in Q,

u;=>b on I'p,
u =0 on I'c.

The task can be formulated as the following infinite time horizon optimal boundary

control problem. That is to find I(t), or, rather its time derivative g(t) = 4 such

dt
that the cost functional
Flug) = [ [l wal? + 1o dr,
0

is minimized. Here uy is a smooth desired field, v > 0 is some given number and
the second term in the cost functional represents the cost of control forcing. We
will next rewrite this control problem as one that is amenable to LQR designs and
has the control in the right-hand side of the state equation.

We will use the following well-known boundary extension to handle the non-zero
boundary conditions, see for e.g. [14, 22, 20)].

Proposition 1. Let the fluz distribution satisfy h € H3?(Q) and Jp,h-nds=0.
Then Y6 > 0, there exists w; € H?(Q) such that V -w, = 0, w|r, = h and

(3) |b(z,ul,z)| < 5||VZH2 )
for all z € H{(Q) such that V -z = 0.

Let us now write the velocity field u(x,t) in the Navier-Stokes equations (1) as
u(x,t) = ug(x) + [w(x,t) + 1(t)u;(x)]. We will then get the following equations for
w with homogeneous boundary condition

(4)
ow 1
N —EAW—I—W-VW%—(ud-Vw+w~Vud)+l(t)(w~Vul+ul-Vw)

+V(p —pa) = —l(t)(w - Vug + ug - Vuy — 2-Aw;)
—2(t)w; - Vuy + 1, g(t) in 2 x (0,00),

V-w=0 in Qx (0,00),

w=0 on I' x (0,00),

w(x,0) =ug — [(0)u;(x) in Q.

In terms of the new variable w, the cost functional J takes the form

(5) J(w,l,g) = /OOO [lIw(x,t) + 1(E)wx)]* +y]g|?] dt.
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Let us now apply the Hodge orthogonal projection, Py : L%(2) — H(Q) to the
system (4) to get
dw 1

r + EAW + B(w,w) + By(w) + IBy(w)

(6) =fil+6124+f9, te(0,00),

w(0) = wo,

where B; € L(V,H), for i = 1,2, are defined by
(B1(w),v) =b(w,uq,v) +b(ug,w,v) VveHQ),
(Ba(w),v) =b(w,u;,v) +b(u,w,v) VveHQ),
f; € H(Q), for i = 1,2,3, are defined by
1
Re
fo = —Py(w -Vw), f3=Py(u),

fi = —Pp(ug-Vu, — —Auw; +u; - Vuy),

and wo € H(Q) is defined by wo = Py (ug — (0)w;(z)) . Setting y = in (4)

w
l
and (5), we obtain the desired infinite time horizon optimal control problem

) min {7 (v0,9) = [ 1. @y) +5laPldt}
0

subject to the nonlinear equation

@+ Ay + N(y) =Bg(t), te(0,00),

Y(O) =Yo € H7

-l

1 u f:
o= () ==(7):

Note that the weighting function ) can be any positive definite self-adjoint operator.
Suitable working function space for the problem is the Hilbert space H = H(Q2) x R.
The control set G is defined as

G ={g) e R <1}

(A 9) .o (P B0 ) 1)

for some [ > 0.

3. Feedback Control and Stability Results

3.1. LQR Feedback Control. The optimal linear quadratic regulator control
problem for the infinite dimensional Navier-Stokes system is to minimize

(9) J(¥0,9)

over all controls g € L?(0,00; G) subject to the linear equation
dy
— 4+ Ay =Bg(t), te (0, ,

(10) o TAY =By(t) (0,00)

y(0) =yo-
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Note that the input operator B € L(G,H) and A : D(A) — H generates an analytic
semi-group on H.

Finite Cost Condition: For every yo € H, there exists g(t) € L?(0, c0; G) such
that the cost function defined in (7) is finite.

Theorem 1. Let A and B be the operators defined above. There exists a self-
adjoint, nonnegative definite operator I € L(H,H) that satisfies the Algebraic
Riccati Equation (ARE)

!

(11) (Ily, Aw) + (Ay, Iw) 5 (B*Ily, B*IIw) + (Qy,w) = 0.

Moreover,
(i) %B*H eL(H,G),
(’”) j(yOagopt) = <H}’0,YO> .
The LQR problem has a solution of the form
1 *
YGopt = _;B Iy opts

where Yopt is the corresponding solution to (9) with g = gopt-

Proof. We observe that since our problem satisfies the assumption (1.5) found on
[13] and the finite cost condition, the results follow from Theorem 2.1 in [13]. O

3.2. Stability Results. By employing the linear feedback control gop: = —%B*Hyopt
in the nonlinear evolution equation (8), we obtain the nonlinear closed-loop system

dy B
(12) — H(A+BK)y + N(y) =0, t € (0,00)

y(o) =Yo,
where K : H — G is a bounded linear operator defined by K = %B*H and BK €
L(H,H).

w

Definition 1. A function 'y = ( !

tion of (12) if

(13) (D6)+ (Ay.6) + (BEy, 8) + (N(y), ) =0

> € L%(0,T;V) x L?(0,T;R) is a weak solu-

is satisfied for all p € V xR and y(0) = yo = ( “;Egg > .

Let us next choose IT = 3(BB*)~!, where 3 € R is a positive constant. It is easy
to check to see that it is a solution to ARE (11) for a suitable weight function Q.
For this choice of II, the feedback control

9= 25 By

can be shown to be exponentially stabilizing. More precisely we will prove the
following regarding the closed-loop system (12).

Theorem 2. The followings results hold true for the closed-loop system (12) with
K =28 (BB*)~".

(i) For arbitrary initial data yo € H X R, there exists a unique weak solution
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y € [L?(0,00; V) N L>(0,00; H)] x L?(0,00;R) that satisfies the following stability
estimate

(14) Iyl < llyolle™".

(i) For arbitrary initial data yo € V X R, there exists a unique weak solution
y € [L2(0,00; H2 N'V) N L%(0,00; V)] x L?(0,00;R) that satisfies the following
stability estimate

(15) IVyll < Mo, Re, [lyol, I Vyol)e™",

where o > 0.
The solutions in parts (i)-(ii) depend continuously on the initial data in the L? —
norm.

Proof. Let us begin with the proof of the stability estimates followed by the exis-
tence and uniqueness results.

Proof of estimate (14):

The weak form equations (13) for y, taking as the test function ¢ = y, have the
form

dy
There are several alternative forms for the time derivative term,
dy _1d 2 d

(Y y) = 5 Syl = Iyl vl

So by the definition of the operators A and A, we obtain
1d 1 I}

1 ——|lylI? + = 24P+ ylP=-(NV :
(7) 5 I¥IE + g 19w+ 224 Dy = (¥ ).y)

Using the definition of the nonlinear mapping N(y), it holds that

(Ny,y) = (B(w,w),w) + (Bi(w), W) + [(Ba(w), w) — I(f1, w) — I*(f2, w) — 17
Due to the properties of the trilinear form b(-, -, -), we obtain
(18) (N(y).y) = Ib(w, w, w) — I(f1, w) = I*(f2, W) — I* + b(w, uq, W),

since b(w, w,w) = b(ug, w,w) = b(u;,w,w) = 0. Let us next estimate the terms
n (18). Using the inequality (3), we obtain

1
< —
~ 4Re

Now using the well-known generalized Sobolev’s inequality,

|b(w,u;, w) ||VW||2.

1
[wll3 < EHWIIIIVWH , Ywev,

for any arbitrary two dimensional domain €2, we obtain
[b(w, ug, w)| < V3|lwlF]|Vua|l < /372wl VWl Vual| .
By Cauchy-Schwarz inequality, we obtain
(£, w) + (2, w)| < [ l[wl + 2l ]]wl]-
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Using all these estimates in (18), it holds that
(N, ¥ < V3720 Vuall[IwllI VW] + gz VWl + (2] £l wl]

2|2 [[w| + 22

< 3Re||Vua|?[w|® + 7 [Vw]* +

TRe V7wl + LI [ [[w ]

1

4Re
o l[lw| + 12

Using this in (17), it holds that

3a Y1+ sh VWl + 2 + Zlly (> < 3Re||Vual*llw® + [2[I£: ][]

|l wl| + 22
(19)
< 3Re|[Vug?[ly[* + I [ [y ]I

H|IE[ly]* + 2.

That is
1d
2dt

1 Ié) -
Iy l? + o3 VWl + o (3Rel|Vual* + Ifal + L[1£])) | llyI* < 0.

Let us choose 3 large enough and define a constant o = [% — (3Re||Vug|* + ||f1]| +
I||f2]])] > 0. For this o, we have
(20) saly P + sk VWl +ollyl* < o.

Dropping 2+26||VWH2 from the left-side of inequality (20) and integrating it from 0
to t yields

t
Iyl < llyol fo/o lyllds

Finally by Gronwall’s lemma, we obtain the desired stability estimate (14) in L2-

norm:
ot

Iyl < llyolle™

Proof of estimate (15):

We begin with the derivation of some auxiliary estimates which we will need in
the sequel. Dropping o||y||? from the left-side of equation (20), we obtain the
differential inequality

(21) sallyll® + g VW] <o0.
Integrating this from 0 to t, we obtain
t
I¥1? + 72 Jo IVwlPds < [lyoll*
Because of this inequality, it holds that

t
(22) / IVwl2ds < Rellyol®.
0

Multiplying (21) by et and using the stability estimate (14), we obtain

(e IYI?) + gee IVwl? - < oe”ly? < oe=|lyoll*
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Integrating this inequality from 0 to ¢, it holds that

I —y
I+ g [ e IVwlPds < @2 e lyol.
e Jo

Therefore we get the a priori estimate

t
(23) e vwpds < Relsol .
0

Inner-product between (12) and (Aw, 0)7 yields

(G A%) AWl + Cow, Aw) + (N ), (4w,0)7) = 0.
It follows from the identity
(B Aw) = 5w, Aw) = L 8 vw?
that
) s Lvw 4 L aw)? + 2 vw)? = —(V(y), (Aw,0)7).
2dt Re 0% ’ ’

Using the definition of the nonlinear map N(-), we can write the right-hand side as

(N(y), (Aw,0)T) = b(w,w, Aw) + b(w,ug, AW) + b(ug, w, Aw)
(25) +H[b(w,u;, Aw) + b(u;, w, Aw)] — [(f1, Aw)

—lz(fg, AW) .

Let us estimate the terms in the right-hand side of equation (25). Using Cauchy-
Schwarz and Young’s inequalities, we obtain

(£, Aw) + 12 (£, Aw)| - < [[fa[[|T][| Aw]] + 2] |£2]]]| Aw]]

< Co(Re)(JU* + [I1*) + g | AW|1>.
For the other terms, we have the following estimates. First we estimate the term
b(w, w, Aw)| < [|wl|4[|Vwl|4[|Aw].
We have the following estimate, see [14]:
IVwll < Cliwl* {[Vv] + ID*wll}2 . Vw € H*(©).
Therefore, by the properties of the Stokes operator, we obtain
IVwll < ClIVwl|* {|Vw] + [ Aw[}?, vw e HY(@)NV.
We thus obtain
1 3 1 3
lb(w, w, Aw)| < C||w| 2 [|[Vwl> [Aw|| + Clw]|> [[Vw] | Av]]> .
Now, using Young’s inequality, we obtain
1

jb(w, w, Aw)| < Cu(Re) [wil[[Vw|[* + Co(Re) Wl [Tw]l* + =

| Awlf*.

Similarly, we obtain the estimates

1
< 24— 2,
|b(w,ug, Aw)| < C3(Re)|w|” + 12R6HAWH
1
lb(w,u;, Aw)| < Cy(Re)|w|* + === [ Aw|?,

12Re
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R

< 2
b(us, w, Aw)| < Cs(Re) [VwP +

1AWl

and
1

< 2
|b(ug, w, Aw)| < Cs(Re)||Vw|* + 2Re

[Aw|*.
Using all these estimates in (25) yields
[(N(y), (Aw,0)")| < Ci(Re)||w]||VW[]* + Co(Re)||wl*|[Vwl*
+C3(Re)|[wl|? + Cy(Re)||w]

+(Cs5(Re) + Co(Re)) [ Vw]?

+Co(Re){ 11 + |11*} + oz [ Awl]? .
With the help of this estimate, it follows from (24) that
5arll VW i AW + [5 = (C5(Re) + Co(Re))][Vw ]
<A{C1(Re)|[Wl|Vw| + Ca(Re) w2 VW] }|Vw]?
+(Cs(Re) + Ca(Re))[[w|* + Co(Re){[1]* + [1|*}.
Let us choose § such that (g — (C5(Re) 4+ Cs(Re)) > 0. Then, we obtain

3o VWP < A{C1(Re)|wl|[Vw| + Co(Re)|[w?|[Vwl|*}]|Vw]?

+(Cs(Re) + Ca(Re))[w||* + Co(Re){[1[* + [1]*}.

Multiplying this by e® and integrating from 0 to t yields

t os t os
Jo e 5 IVw(Pds < [y e |Vw[*{Ci(Re)|wll|[Vw]|

+Cs(Re)||w?[Vw|?}ds

(26)
+ [1 €75(C3(Re) + Ca(Re))||w|?
+e75Co(Re){|1|? + |I[*}ds .

We now estimate the last two terms in the right-hand side of inequality (26). Be-
cause of the stability estimate (14), it holds that

Jo €*(Cs(Re) + Cu(Re))|lwlds <[5 e=7*(Cs(Re) + Ca(Re))lyol|*ds

‘ 2

= (C3(Re) 4+ Cy(Re)) 122l

o

(1—e7

2

< (C3(Re) + Cy(Re)) 2ol

[oa
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Similarly the right-most term in inequality (26) can be estimated as

Jy e Co(Re){|I)> + [I|'}ds < [ e7*Co(Re){|ly|* + |lyl|*}ds
< Co(Re) [y{llyollPe* + [lyol[*e~37*}ds
< L 1vo|2(1 — e77%) + Llyol|*(1 — e3)]

Co(R
< Qo) flyo |2 + Llyol*} -

Using these two estimates in (26), we obtain

(27)

Jy e 3L VwlPds < [ e[| Vw][{Cy(Re)|wll|Vw]
+Co(Re)|[w 2|V wl|2}ds + (C3(Re) + Cy(Re)) 22l
+ELE) Liyol|2 + Llyoll*} -

Denoting
h(s) = 2(C1(Re) [w|[|Vw] + C2(Re)|[w]?|Vw|?)
and
2
y Co(Re 1
o(o: Be,Iyllo) = 2((Co(Re) + Ca (e X0 4 COD o oy,
we can rewrite equation (27) as
(28) [T e7s L\ Vw|2ds < ho+ [y 7| Vw|2h(s)ds.

Integrating the identity

=4

= ([ VW]?) — o[ Vwf*.

d
ot
e dt”w

from 0 to t yields
t

t
d
(29) / s L 1Tw|2ds = et [ Vw2 — [|Vwol 2 —0/ 7| Vw|[2ds .
0 ds 0
Combining equations (28) and (29), we get
t t
(30)  e7|Vw? < ho + HvWO||2+a/ e”SHVw||2ds+/ 7 | Vw|[2h(s)ds .
0 0
Using the estimate (23) in the last estimate, it holds that
t
(31) et Vwl? < [ho + [|[Vwo |2 +0Re||yo||2] +/ e || Vw||*h(s)ds .
0

This is an integral inequality, so that by Gronwall’s lemma, it holds that
(32) e |[Vw|? < [ho + [Vwol|? + o Rellyo|?] efo (=)

Let us next estimate fot h(s)ds. By the definition of h(s), we obtain with the help
Poincare inequality that

t t
/ h(s)ds:Q/ (CL(Re)ATY? + Co(Re)|[wl|?) | Vw2 ds
0 0
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Using the estimate (14), we obtain

Jun(s)ds <2 [(CL(Re)A]* + Ca(Re)|yol?) | Vw|>ds

(33)
= 2(C1(Re)A, * + Ca(Re)|lyoll?) [ [V w]>ds.

Now applying the estimate (22), in the last equality we obtain

t
(34) | he)ds < v, el
0
where
hi(As, Re,[[yol)) = 2Re(Ca(Re)AT ' + Ca(Re)llyo ) llyo*
Employing the estimate (34) in (32), we obtain
at||vw||2 [ho(a Re, ||yOH) + ||VW0H2+U'R€||YOH ] h1(/\1,Re,H)'0H).

Therefore we obtain the desired estimate (15)

IVw(|* < e [ho(a, Re, [|yol) + [V Wol|* + o Rellyo||*] e P-Relvell.
or by setting

M(o, A1, Re, [lyoll, [IVyoll) = [ho(o, Re, [lyoll) + [[Vwol/?

+0Rel[yol[2]eh (A1-Bellyol)

that

IVw[* < M(o, A1, Re, |lyoll, [ Vyol)e ™"
Existence: We prove the existence of a weak solution by invoking the method of
Galerkin to approximate (13) by a finite dimensional problem. Let {1,}52, be a
complete orthonormal set of eigenfunctions of A, i.e., the set {¢,}2, forms a Riesz
basis in D(A). Let Y! denote the finite dimensional space spanned by {1, }._,. We
now seek an approximate solution of (13) in the form

l
vy => dt)y,
j=1

We require y' to satisfy (13) restricted to Y, i.e

(47, 6) + (Ay', ¢) + (BKY', ¢) + (N(y),8) =0, V$eY!
(35)

y'(0) =5,
where yl denotes the projection of yo on Y!, ie., yb = 22:1 Yoj¥; for yo =
> =1 Yo% Taking k <1 and ¢ = 9, in (35), we obtain

d
ak JrZak, )+ ozk Z ak,ma t) 0, k=1,...,1,

1,j=1

@ (0) = yor. -
This is a nonlinear system of ordinary differential equations for the functions
{al(t)}._, and by the standard existence theory, there exists a unique solution
that exists on some time interval [0,7}). In order to show that we can take T' =T,
and that we can let [ — oo, we need to show the boundedness of ot (). Replacing
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¢ by y' in (35) and arguing as we did for the derivation of the a priori estimates
(14)-(15), we obtain

Iy' @)1 < llyblle=" < llyolle=",
(36) and

T oS8
Jo e IVy'(s)|Pds < Mlyfl < Mllyoll

for t € [0,7]. The next step in showing the existence is to show that a subse-
quence of approximating solutions {y'}?°, converges to y as I — oo. As a con-
sequence of the a priori estimates (36), {y'}22, is bounded in L%(0,7;V) and
L>=(0,T;H). Therefore there exists a subsequence {y'}°, such that y' con-
verges to y € L2(0,7; V)N L>(0,T; H), albeit weakly in L?(0,T;V) and weak* in
L>(0,7;H). But by compactness [14], we can obtain a subsequence that converges
to y strongly in L?(0,7; H). We can use these convergence properties to prove that
the limiting function y is indeed a weak solution of (12). In fact we can show using
the standard arguments in the theory of Navier-Stokes equations that each term of
equation

(37) (%7, ¢) + (Ay', @) + (BKY', ¢) + (N(y'), ¢) = 0,
converges to the corresponding term of equation
(38) (& 9) + (Ay, ¢) + (BKy, §) + (N(v). ¢) = 0,

as | — oo, except for the term £ (y ¢). But by convergence of y' to y in L2(0, T; H)

we have that
/6/ y¢dtﬂf/ y, ¢

as | — oo. This proves the existence of a weak solution to (12).

Continuous Dependence and Uniqueness: Let y; and ys be two solutions of
(13) corresponding to initial conditions y{ and y9, respectively. Let y = y; — yo
then y satisfies

(D, 0) + (AY, d) + (BKY, $) + (N(y1) — N(y2),¢) =0, Yo € VxR,

y(0)=y°.

Setting ¢ = § in (39) and proceeding as before, we obtain

(40) |~H2+*||VW||2+12 H?II2 =—(N(y1) = N(y2),5) -

2 dt
By the definition of the nonlinear map N (+), we have

(N(y1) = N(y2),¥) = b(w1, w1, W) = b(wa, W2, W) + b(W1, ug, W)
+b(ug, wi, W) — b(wa, ug, W) — b(ug, wa, W)
(41) Fhlb(wi, w, W) + b(u, wi, W)
—la[b(wa, w, W) + b(u, wa, W)

—I(f1, W) — B3(f, W) + (2, W)I3 + 2.
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Because of the properties of the trilinear form b(-,,-), it follows that

(N(y1) = N(y2),y) = b(w, w2, W)+ b(W,ug, W)

+Ib(W, g, W) — [(f1, W) — 2(f, W) + (£, W)I2 + 2.
The right-hand side of this equality can be mojorized as follows
(N(y1) = N(y2),3)| < [b(W, Wa, W)| + [b(W, ug, W)| + 1|b(W, w;, W))|
(42)
NI+ (€I (1 + 1712
Let us next estimate the terms in the right-hand side of this inequality. Because of

the generalized Sobolev’s inequality and the Young’s inequality the first term can
be majorized as

IN

V32wV ws[[[Vw]]

TRel[W| | Vwall* + 57 VW

|b(VT/',W2,VTI)|

A

Similarly, we obtain the estimates

bW, ug, W) < /3/2][ Wl VW[ Vull

< JRe|W |2 Vual® + g5 [IVW]12,

and

~ 1

11b(w, w;, W)| < — || VW|?.

(0, w1, )| < || V]
Using these estimates in (42) we obtain

(N(y1) = N(y2),¥)| < JRe[W|?[[Vw2? + § Rel| Vual*[|W]] + | £]][|7]]?

HIE T + P + g VW]
Employing this in the right-hand side of the identity (40), we obtain
LTI+ S VW2 + 2+ 29[ < §Re||w|?Vw2]?

(43) + 1 Rel | Vual*[[W ]| + [ ]][17]]?

1)) + 22

It follows from this inequality that
(44)

LAIFI? 4 [2 — GReIVual? + 18] + 1810|1512 < §RelTwal 717
Now choosing 3 such that [% — (JRe||Vug||? + ||f1]| + || £2[|)] > 0, we arrive at the
inequality

@317 < §Rel|Vwo 7]
Integrating this from 0 to t we get

_ _ 9 t _
1717 < [Iyoll* + 5Re/0 IVwa 2]y |ds .

Finally applying the Gronwall’s lemma and estimate (22), we obtain the desired
continuous dependence inequality

(45) IF1I2 < [IFol|2e2 Re fo IVwalPds < |15 263 REIVID)
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This proves the continuous dependence of solutions on the initial data in L?-norm.

Remark 1. It is possible to show thaty — 0 ast — oo by taking the parameter (3
large enough that

3 9 A 9
57 JRelVual® + Il + 1if]| + 5 Re M(o, Re, [[yoll, [Vyol)
In fact because of the estimate (15), the inequality (44) becomes
d - i~
(46) ZI7I* + 25031* <0,

where

~ 9 ~ 9
5= 2 (JRAIV? + Il + i1l + e b(o. Be, Iyo. [ Vol ) > 0.
Therefore by Gronwall’s lemma applied to (46), we obtain

¥l < Iy (0)[le=".

4. Concluding Remarks

In this paper, we considered the problem of stabilizing the steady states of
Navier-Stokes equations in bounded domains using boundary feedback control. In-
spired by the Lyapunov stability theory for finite dimensional nonlinear systems, we
proposed a linear feedback control using the algebraic Riccati equation associated
with an infinite time horizon linear quadratic regulator problem. The resulting feed-
back control was proven to be globally exponentially stabilizing the steady states of
the Navier-Stokes equations for arbitrary Reynolds number. This feedback control
was shown to guarantee global stability in both L? and H' -norms.
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