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Abstract. We propose a mathematical framework to effectively study lattice
materials with periodic and non-periodic structures over entire spaces in one,
two, and three dimensions. The existence and uniqueness of solutions for peri-
odic lattice problems with absolute terms are proved in discrete Sobolev spaces.
By Fourier transform discrete lattice problems are converted to semi-discrete
problems for which similar results are establish in semi-discrete Sobolev spaces.
For lattice problems without absolute terms, additional conditions are imposed
on data for the existence and uniqueness of solutions in discrete energy spaces
in one,two and three dimensions. Two concrete examples are analyzed in the
proposed mathematical framework. The mathematical framework, methodol-
ogy and techniques in this paper can be utilized or generalized to non-periodic

lattices on entire spaces and boundary value problems on lattices.

Key Words. lattice, cell, multi-scale, periodic structures, grids, absolute term,

linear interpolation, Fourier transform.

1. Introduction

Lattice materials are porous materials consisting of periodic cells or non-periodic
cells. The cells are composed of rods, or shells, or solid structures. The size of
cell is usually small with respect to the size of the body filled with the lattice
materials. The lattice materials with simple micro-structures are characterized by
a single length scale, for instance, Lattice Block Materials which are developed by
JAMCORP corporation. The hierarchic lattice materials have hierarchic multi-
scale structures. In either case, we deal with a multi-scale problem. The lattice
materials can offer significantly higher strength-to-weight and stiffness-to-weight
ratio than their base materials. Hence they can be potentially advantageous in
practical engineering applications.

Various micro mechanical models for the lattice materials with periodic and
non-periodic structures have been studied for the analysis of the overall properties,
crack propagation, etc. There are papers addressing these problems, especially
in the mechanics, material science, and physics literatures [8, 12, 17, 19, 21]. For
mathematical theory which is related to the problem of the lattice materials we refer
to the book [5] and her various papers,e.g. [4, 6, 7]. Recently, asymptotic analysis
for periodic lattice problem and multi-scale numerical method based on Fourier
transform and homogenization appeared in [13, 14, 15, 20]. In these papers, the
scale of cells is assumed so small that asymptotic arguments can be utilized and
only problems in presence of absolute term are addressed so that the corresponding
bilinear form satisfies the inf-sup condition on a pair of Sobolev spaces. In practical
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applications, these assumptions may not be valid, a substantial adjustment and
generalization are needed.

In our paper we focus on periodic lattice materials composed of rods and balls
in entire spaces. Such a structure results in a system of difference equations with
infinite number of unknowns. We intend to establish a mathematical framework
for systematical research on such lattice problems in entire spaces of one, two, and
three dimensions. This framework can be used or generalized for lattice materials
with complicated micro-structures such as plates and shells, or three dimensional
solid structures. The analysis and method developed in this paper can be utilized
for boundary value problems on lattices and non-periodic lattice problems, which
will be illustrated in a coming paper [9, 10].

For lattice problems with absolute term, the existence and uniqueness of the
solutions of variational equation and equilibrium equation are proved in these dis-
crete Sobolev spaces over lattices. The Fourier transform is a powerful tool for
studying periodic lattice problems, deriving homogenization results and designing
effective computations. The Fourier transform converts discrete lattice problems
to semi-discrete problems for which the theorem on existence and uniqueness of
solutions is proved in proper semi-discrete Sobolev spaces.

For the lattice problems without absolute terms, we impose additional condition
on the data, and substantially modify the discrete Sobolev spaces for the existence
and uniqueness of solutions. For proving the results in two and three dimensional
lattice problems, we need to utilize the properties of functions in Hl(Rd)7 d=2,3,
which are attached in Appendix. To utilizing these properties we extend a grid
function defined on a lattice to a continuous and piecewise linear function defined
over whole space R%,d = 2,3 based on a proper triangular or tetrahedral partition
of R, and establish the equivalence of discrete Sobolev norms of grid functions and
Sobolev norms of its extension. The techniques of partition and extension can be
generalized to non-periodic lattice problems.

The paper is organized as the follows. In Section 2, we first introduce various
discrete Sobolev and energy spaces, and prove the existence and uniqueness of the
solutions of variational equation for the lattice problems with absolute term. With
help of Fourier transform, we convert a fully discrete problem over lattices to a semi-
discrete problem over a combination of a bounded domain and the micro structure
of the cells. The existence and uniqueness of the solutions for the semi-discrete
problems are proved, which are parallel to those for fully discrete problems. In
Section 3 we address the lattice problems without absolute terms in the energy
spaces for data in the weighted discrete L? spaces, which lead to the existence and
uniqueness of the solutions. We develop a representation formula for the solutions
of the lattice problems in terms of Fourier transform and its inverse in Section
4. We present two examples of lattice problem in the last section, one is a one-
dimensional model, another is two-dimensional model. Some concrete formulas
for these examples will be derived, which are very helpful to understand lattice
problems in general setting. In Appendix, we give some important properties of
functions in H'(R?),d = 2,3, which are essential to analysis of lattice problems
without absolute terms.

2. General Setting in d-dimensions

2.1. Lattice in entire spaces
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Let Q be a master cell in R? with unit size. A typical lattice and its master
cell are shown in Fig. 2.1. We assume that the master cell is a d-dimensional
cube without losing generality because a non-cubic cell can be mapped to cube
by a linear transformation, e.g. as shown in Fig 2.2. The master cell is extended
periodically in entire space by an integer translation:

d
Qm:{yERd|y:x+Zmit(i),xEQ},mEZd. (2.1)

i=1
where Z = {0,+1,+2,...} denotes the set of all integers, and t(® is a unit vector
in the x; axis. There is a set K¢ of nodes {x(®}9_ in the master cell Q, and a

set K, is the integer translation of K¢ by

d
K,, = {a:(m’”) =z 4 Zmit(i), ") ¢ KQ},m e z4, (2.2)

i=1

AV
%% it

a4 44%

777 777
(a) A lattice (b) Master cell Q furnished with springs

Fig. 2.1 A periodic lattice in two dimension

Note that the indices x of nodes in each cell Q,, are the same although the
locations of these points in different cells are different. Hence we denote the set of
indices {1,2,...,q} by K. Without losing generality, we assume that the cells Q,,’s
and sets K,,’s are mutually disjoint, namely,

Qan’m:®7KnﬂKm:®7n7ém,n,m€Zd.

For example, @ = [0, 1)? and nodes within such a cell, shown in Fig. 5.2, will satisfy
the above assumption.

We now further specify the connectivity of lattices. By b("%™A) we denote an
elastic rod connecting the nodes z(™*) and (™) with intersect area A and length
b(m-kmA) We assume that
(C.1) Each node is connected to others by the rods, at least one node and at most
M nodes;

(C.2) Any two nodes (™) and (™A are linked by the shortest chain L, . n A
p(mk) — p(nA) _ p(n2,A2) _ (nssds) Lo 2 (ns,As) = 2(mA) gyuch that z(MeA)
is connected to x(M+1:A+1) 1 <t < s —1, and
|x(mﬁ) _ x(ﬂv\)| < Z |x(nt+1a>‘t+1) _ x(nw\t)| < ,,7|$(m7'€) _ x(na)‘)|7
1<t<s—1
where 7 is independent of m,n, x and A;

(C.3) The length of rods are uniformly bounded, i.e. for any z("*) and z("*
which are connected, there holds

by < bmommd) — () () <y
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To effectively describe the connectivity of the lattice, we introduce B,; and By x
B, = {(n,\) € 2% x K such that 2(®*) and (™" are connected } (2.3a)

and
Byx = {n € Z% such that (n,\) € B,}. (2.3b)

B, and By, based on the connectivity of the nodes x(%%) in the cell Qo, can

be periodically generalized to sets B and B,({nz\) for all m € Z9¢ by the integer
translation. Due to the periodicity , it is easy to verify that

n € B,y if and only if —n € By . (2.4)

For the sake of simplicity, we will omit cell index m whenever m = 0. For
instance, we write z(0%) = z(*) | pOrmA) = p(nA) “ete. By E(5™Y) we denote
the Young’s modules of the elastic rod b(*™*) By (2.4) it holds that

E(K,’IL/\) — E()\:_WGK‘). (2.5)

A lattice is characterize by the local structure IC, the global and periodical trans-
lation on Z¢, and the connectivity B,,. We now denote the lattice with the above
structures by G = G(K, 2%, B,.).

2.2. A truss problem on unscaled lattice

Let w = (Um)meza and Uy, = (umx)wec be a grid functions on G and K, re-
spectively, and each u,, , is a vector (u}n’n,u%%n, e JL;‘);L,{)—r with s-components.
In one dimension, s = d = 1, and u,,,, denotes the displacement for elastic rods
or the temperature of heat problems at the node z(™*). For two and three di-
mensional heat transform problems , w,, , denotes the temperature if s = 1. For
two and three dimensional elastic problem, s > d. If the connections of rods are
non-rigid, then s = d, and u,, , denotes the displacement at the node PACCIDNE 1§
the connection of rods are rigid, then s = d + 3972 for d = 2,3, and u,, . denotes
the displacement and rotation at the node z(™*). We furnish the rods with springs
in the axis directions at each node with Hook’s coefficients denoted by diagonal
matrices C("*) = C) m e 24 k € K. We assume that the ratio of the length
of rods and the intersect area A of rods >> 1. For the convenience to characterize
the nature of our methodology, we will focus on the case that s=d, namely, a trust
problem without bending.

If external forces exert on the rods at the nodes, denoted by f = (f,, m € Z9)

with fr, = (fm1, fm.2: 5 fm.q), We have the equilibrium equation
= > BN (Upx = ) + C Pty e = frn, Ym € 24 V6 € K. (26)
(n,\)€Bx
with
B = gpleny @00 Z ) (@0 2T (2.7a)
0N — g2 g nh) — (]2
and
c® = diag(c\™,c{?,...,c, ¢ >o. (2.7b)

Let H*(G) and L?(G) be the Sobolev spaces over the lattice G with the norms
lulZagy = D D luml (2.8)
meZd ke
and
ullF gy = Ul gy + lullZ2(g) (2.9a)
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where |u|g1(gy is the semi-norm,

|um+n7x\_ s 2
|u|H1(g Z Z Z |z (mtnA) — g(mm)|2” (2.90)

meZd ke (n,\)EB,,

The corresponding variational problem is defined as
B(u,v) = F(v) (2.10)
with the bilinear form on H(G) x H'(G)

=> > { (C U,y V)

meZd RG)C

+ Z (K ) um-i—n,)\ - um,n)a (Um-i-n,)\ - vm,m»}
(n,A\)EB,

(2.11)

and the linear functional on H'(G)

=D D o, (2.12)

meZd keEK
d . . :
where (z,y) = >2i_, z;y; is the inner product of two vectors in R? and |z|? =

(z, ).

The strain energy of the trust is

G(u) = B(u,u) Z Z{ um,{,um@

meZd REK

+ Z E(” "M (Umny — Umn)s (Ui — ”m”‘”"»}'
(n,\)EB,,

(2.13)

The energy space denoted by E(G) is the family of all grid functions v on G with
finite energy G(u), and ||u| ggy= G(u)'/? is referred as the energy norm.

Note that

(B(mn:2) (Umtn A — Umr)  (Umtn — Umok) )
|x(m+n,)\) _ :L.(m,ka)|’ |1.(m+n,)\) _ x(m,n)'

|<‘T(m+n7)\) _ x(m,m)

_ 2
= Tt — A U\~ U,

- |;c(m+n,>\) — ;p(m,n)|2 |um+”7)‘ B um*“|26082¢“’"7>‘

(m+mn,\)

where ¢, . » is the angle between the vectors x — z(m%) and U, ) — U, g -

For s =1, u is scale, cos¢, ,,» = 1. Hence

(1,m,0) (um+n,>\ - um,/{) (uern,)\ - Um,n) o
<E |x(m+n,A) _ x(m,r@)| ’ |x(m+n,)\) _ x(m,n)|> =0 (214)

if and only if wp4n A — Um,x =0 for all m € Ze k€ K, ie. uis a constant function
ongG. For s =d = 2,c08¢,n,x # 1, then (2.15) holds if and only if U415, A —Um,x = 0
Or (Umtn,x — Um,k) L (z(mtmA) — g(ms)) e, U, = D 1<i<o Ci€i + €373, Where
ei,1 < i < 2 is a unit vector in the z;-axis, which denotes the translation, 75 =
(mém’ﬂ),—xgm’ﬁ))—r for all m € Z% k € K,which denotes the rotation. Similarly,
(2.14) holds for s = d = 3 if and only if umm x = Y <;<5Ci€i + Ciy3Tirs where
ei,1 < i < 3is a unit vector in the x;-axis, which denotes the translation, 7, =

(xgm,n) (m K) 0) , (O x(m H) (m,n))‘r (m,k) O (m f@))

,and 75 = (—x5 for

all m € Zd keK Wthh denote the rotations around the axes.

)



312 B. GUO AND I. BABUSKA

Let
P, = P. = all constant functions on G for s = 1,1 <d <3 (2.15a)
and
P, =span{e;;1 <i<d,7q1;,1 <j<dd—1)/2} forl1<s=d<3. (2.15b)

which denotes the rigid body motions for truss problems in two and three dimen-
sions. Then we conclude with the following lemma based the analysis above.

Proposition 2.1 Let P, be the set of grid functions on G as given in (2.15). Then

<E("€m,)\) (um—&-n,/\ - um,m) (um+n,)\ - Um,n) > —0
|$(m+n,)\) _ w('rn,n)| ’ |x('rn+n,)\) _ x(m,fi)| -
if and only if u € P,.

A lattice is called mechanically rigid if the strain energy is zero if and only if the
motion of lattices is rigid body motion. All lattices considered in this paper are
assumed rigid.

Lemma 2.2 The variational form B on H!(G)x H!(G) given in (2.10) is continuous,
and it is coercive if C%) £ 0 for all k € K.

Proof. Note that
(A — (BT ((A) (%))

SO g [ g = (0, costa) (costs, - costa)

where 6 is the angle between the rod b(**) and the x,-axis. We have immediately

|B(u,v)| < Cllullmrg)llvllmg)
with

C=Max{ max EFmA) - max Cén)}.
nEB, . AEK 1<i<d.weK

If C%) > 0 for all kK € K , then
B(u,u) > dy|ulF gy + dallu]72(g)
with

dy = min EW™A) 50 dy = min Cé“) > 0.
nEBy, x,k,AEKX 1<¢<d,keK

Therefore
B(u,u) > dH“H?{l(g)
with d = min{dy, ds}.

If C%) = 0 for some k € K, but there is at least one C*) > 0, e.g. Cé“o) > 0 for
some kg € K and £ =1,2,...,d, and C*) = 0 (null matrix) for all other x € K, we
have
B(u,u) > dﬂu@ll(g) + Z (CE U o Ui g )-
meZd
Note that

||U||i2(g) = Z Z ‘um,n‘Q <2 Z (Z Ui — um,m|2 + ‘um,ﬁo|2)

meZd KkeEK mezd  KREK
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(M%) and g(m-ro) may not be connected, but they are linked by a chain Ly, . m k-
pmr) = g g2 de) oo gp(meds) = g(mako) “and due to the assump-
tions (C.2) and (C.3), there holds

sby < ‘x(m,m) _ z(m’ﬁn)| < Z |x(nt+ly)\t+1) _ x(nt7)\t)|
1<t<s—1
< el — ofm)| < g

where dg is the diameter of the master cell ¢, which implies that the number s of
the nodes on the chain is uniformly bounded,

d
s < 19Q (2.16)
by
Therefore, we have
D D lumn — P SC YD D s — tngmal,
meZd ke meZd keEK (n,\)EB,

This leads directly to

1 K
lulise) < C(lulhig + gg 2 (O™ umno tmna)
meZd
1 1 1
< _ i (%) <
< C(d1 B(u,u) + el Z Z(C ummum’,&) <= B(u,u)
meZd ke 2

with dy = (% + &)L and C° = minlggd{CéKO)} > 0, which implies

dq ds
B(u,u) > 7|U|§11(g) + EHU 2200y = dllullin g

with d = 3 min{dy, do}. O

Theorem 2.3 Suppose that C*) # 0 for all K € K. Then, for any f € (H*(G))™",
the variational equation (2.7) has a unique solution u € H'(G), and

lullzr gy < Cllifll gy -1
In particular, if f € L?(G), there holds

lull gy < CllfllL2(g)- (2.17)

Proof. The theorem follows from the previous lemma and Lax-Milgram Theorem.
O

Remark 2.1 If C’é”) % 0 for all k € K, the energy norm ||’U,HE(g) is equivalent to the
norm ||ul| g1(gy. If Cén) =0, [Jul|g(g) is equivalent to the semi-norm |u|g1(gy. The
bilinear form B and linear functional F' are defined on energy space F(G), which
is no longer a normed space. Therefore Theorem 2.3 can not stand because the
energy space E(G) is not imbeded in L?(G).

In next theorem we deal with the relation between the solution of the equilibrium
equation (2.6) and the solution of the variational equation (2.10).
Theorem 2.4 If u € H(G) is the solution of the variational equation (2.10), then
it satisfies the equilibrium equation (2.6). Vice versa, If u € H'(G) solves the
equilibrium equation (2.6), it satisfies the variational equation (2.10).
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Proof. We first prove that the solution u of the equilibrium equation (2.6) satisfies
the variation equation (2.10). For v € H'(G), multiplying (2.6) with v, and
summarizing with respect to m and x, we have

- Z Z Z <E(K7n7>\) (uern,)\ - Um,n) 7'Um,n>

meZd K, ANEK NEB, A
+ § § um K?Uml{ § E <fm,n7vm,rc>~
meZd kEK meZd KEK
The above sums exist since u,v € H(G). Letting m+n =m’ and n = —n/, we get

Zmezd Z Z (2m. %) um-i"m/\ - um#‘i) 7vm7f€>

K,AEK NEB A
Zm/ezd Z Z E(’% ) (um’,)\ - um’Jrn’,m) uvm’+n’,n>
RAEK —n/E€Bj;
Due to the properties (2.4) and (2.5), there holds

Zm’EZd Z Z <E(K7_n/7/\) (um’)\ - um’Jrn’,n) 7Um’+n’,n>

K,AEK —n'€By; A
Ak
= - Zm’ezd E E <E( ) (Um/—i-n/,rf, - Um’)\) 7'Um’+n’,)<,>
K,AEK n'€By x

Which leads to the (2.10) immediately.

We now show that the variational solution u € H*(G) solves the equilibrium
equation (2.10). Let v € H'(G) be such that vy, , = 0 for all kK € K except £ = 1.
Then the variational equation leads to

Z Z Z E(n " 1) Um+n,1 - Um,ﬁ,) 7Um+n,1> + Z <C(K)um,17 ) vm,1>

meZd KEK NEBy,1 meZd
1,n,1
- § E E ( ) Uern,)\ - umq,l) 7vm,1> = § <fm,17 'Um,1>~
meZINEX nEB meZd

Selecting v,,,1 such that v, ;1 = 0 for all m € Z except v; 1, we obtain
- Z Z <E(H’n’)\) (Wignx —w1,1),01.1) + <C(1)U1,1,U1.1> = (fi1,v1.1)
AEB, nEB
which implies
= > > BN (ungnp — ) + CWuy = fig
AEB, nEB A
Similarly, there holds for any m € Z¢
- Z Z E(NJL,)\) (um+n,)\ - um,l) + C(l)um,l = fm,lv
AEB, n€B x
Actually, the above argument can be carried for any x € K. Thus, we have the
equation (2.6). O
2.3 Fourier transform for lattice problems
For grid functions u on the lattice G we introduce the Fourier transform

u) = Z U™ = 4(t) (2.18a)

meZd



FRAMEWORK FOR LATTICE PROBLEMS 315

which is a linear functional over the space Cpo,.(I1) = {a € C>(I?)|a(t) is a 27-

periodic function } with I? = (-7, 7). 4(t) is a complex-valued vector function

(1 (t), 11 (t), - ,14(t)), and each 4, (t) has s components @5 (t),1 < £ < s, and
(t) = Y e~ Ve EK. (2.18b)
meZd

The inverse Fourier transform is defined as
'7:_1(&) = (um)mGZd (2.19@)
for any a(t) € C2,(I%), and

per
Uy = (27) 72 / a(t)e” <> dt (2.19b)
Id

For lattice problems we are interested in some of specific spaces over G, e.g.
L?(G), then F(u) € L?(I%), which has a stronger topology than the linear functional
on the space Cpg,. (1 4). In particular, we are interested in the Fourier transform on

the spaces L2(G),v > 0 with the norm

llfag = D D@ +1ml) fumasl®

meZd keEK

Lemma 2.5 The Fourier transform realizes isomorphism: L?(G) « L2(I%) and
L2(G) « HY, (I%), where HY, (I?) is the subspace of 27~ periodic functions in

per per

HY(I%), and
||uH2L?(g) = (27T)7d||ﬁ”%2(14)a (2.20a)
lullZz gy = l1al3 (ay- (2.200)

Hereafter 722" means equivalent with constants independent of major subjects, e.g.
the functions u and 4.

Proof It is easy to verify that

fillsey = [ 30 S 3 lakPar= [ 30 Y ful e

meZd kEK 0<l<s meZd REK 0<U<s
V4
=@M Y Y Y b P = ) Junl? = @m)ulliz g
meZd KEK 0<L<s meZd

which implies an isomorphism : L?(G) < L*(I%) and (2.20a). For a(t) € Hy,,(I%)
with integer v > 0, there holds

d
Du(t) = [ [ (ime)*a(t)
=1
for any v = (a1, a2, ..., ag) With |af = 37, ;4 a; < v, which leads to

||aquv(,d) = Z (L4 |m|*)" Jum|* = ||U||%5(g)~
meZd

For non-integer v > 0, HY, (I?) is defined as an interpolation space, and (2.19b)

per
stands for non-integer v as well. |
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We now apply Fourier transform to the variational problem (2.10). We introduce
a bilinear form B and a linear functional F', namely,

3 (1, D 1 K,n A= .
B (,) :/ Z{ Z §<E( ) (e~ <t ),
1 nek “(n)eB. (2.21a)
(Bae™ ™ = 5)NC Wiy, b,) e
and

=y ) (f,0.)d (2.21b)

wek /1

Lemma 2.6 Let u,v € H'(G) and f € L2(G), and let 4,0, f be their Fourier
transforms, respectively. Then there hold

B(u,v) = (2r)"4B(u, ) (2.22)

and
F(v) = (2n) "9 (d). (2.23)

Proof. For o =3 4 vpe’~"" and f= > meza fme <™ there holds

F(@) = Z/ fmvﬁ Vdt = Z/ Z fnm€1<nt> Z Um,gel<mt>>dt

KEK KEK nezd meZd
= E / E fn nvvmm 1<(n ™) t>dt
rEK n,mezZa
= (277) E § < fnis Vmw >
KEK mezd

This leads to (2.23). Similarly we have

Z/ C(“)u,ﬂ,vH dt = (2m) Z Z )t s Umie) - (2.24)
Id,

KEK KEK meZd
It is easy to see that

/ Z Z B (0,07 —0,) | (ye” <M — 4,)Vdt

KEK (n,\)EB,
_ / § § E(n n,\) § : U )\61<(m n),t> § ’um,,.;,61<m"t>),
KEK (n,\)EB, meZd mezZd
- /
§ : ,Um,,)\e—z<m —n,t> _ § Um/ﬁez<m ’t>)>dt
m/eZd m/eZd

/ Z Z Z (rm A) 'U'm-i-n,)\ - Um,n) ) ('Um+n,>\ - Um,’g)>dt

KEK (n,\)EB, mEZd
Z Z Z §<E(K’n7k) (um+n,/\ - um,n) ) (”m+n’>\ - vmﬁ)>~
meZd keK (n,\)EB,,
which together with (2.24) yields (2.22). O

In order to properly define a variational problem over I¢ x Kq,we need to intro-
duce new function spaces. Let L?(Kg) and H'(Kg) be the spaces of grid functions
on Kqg with the following norms

lolfeg) = D wsl? =7 > |wif?

KEK REK 1<l<s
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and )
2 - |wn,/\ — Wy 2
lwllF (ko) = Z Z [N — 22 + wilz2(ky)-
KEK (n,A\)EB,
L? (14, H'(Kg)) and L? (I¢,L?(Kq)) are spaces furnished with the norms :

110 = | 1906 gy
and

1202000 = [, 10O Eacrct

Lemma 2.7 If f € H'(G), then f(t) € L? (I, H(Kq)) ,¢ = 0,1, and

1 F @) 2 ra,me )y = 2m) 1 Fll22e(9)
Proof. The assertion follows easily from the definition of the spaces. ([

Remark 2.2 The functions @ = 4(t) in the space H'(I%),1 = 0,1 are vector functions
with sq components, and the functions @ = a(t, 2(*)) in L? (Id, L? (KQ)) are those
defined on a semi-discrete domain I% x Kg with s components,. Obviously, the
space L? (I?) coincides with the space L? (1%, L*(K()), and

1N b2 ra 22y = IF 112 (ray-

But the space H'(I?) is totally different from the space L? (I¢,H'(Kq)). The
latter is related to the connectivity B,, and the former is not. Furthermore, the
space H'(I%) is an isomorphism of the space L#(G) according to Lemma 2.5, and the
space L2 (Id, Hl(KQ)) is an isomorphism of the space H'(G) according to Lemma
2.6.

The bilinear form B in (2.20) and linear functional F' in (2.21) are defined on
L? (I, HY(Kq)) x L* (I, H (Kq)) and L? (I4, H*(Kg)), respectively. The energy
space B = E (I x Kq) is defined as one equivalent to L? (I¢, H'(Kg)) if Cv) £,
with an energy norm

~ 112 o
||w||E(IdXKQ) -

We are now able to precisely address the variational problem over the domain
Id X KQ.
Theorem 2.8 Let B be the bilinear form on L2 (I1, H'(Kq)) x L* (I, H (Kq))
and F' be linear functional on L? (I, H'(Kg)) as given in (2.20) and (2.21), re-
spectively. If f € L2 (I*,L*(Kq)) and C(%) £ 0,VYk € K, then the problem:

B (a,0) = F(v), Vo € L* (I, H' (Kq)) (2.25)
has a unique solution @ € L? (I¢, H'(Kg)), and
il 2 r, e (reoy) < ClF 2 e, 22 (500)))- (2.26)

Remark 2.3 Combining Theorem 2.7 with Theorem 2.2 and Lemma 2.5, we have the
equivalence between the problem (2.10) and the problem (2.27), i.e. the equation
(2.25) has a unique solution @ € L* (I¢, H*(K)) and the estimate (2.26) holds for

fe (I?,L*(Kg)) if and only if the problem (2.10) has a unique solution u € H*(G)
and the estimate (2.17) holds for f = F~1(f) € L*(G), and u = F~1(a).
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Applying the Fourier transform to the variational equation (2.10) yields the vari-
ational equation (2.25). Applying Fourier transform to the equilibrium Equations
(2.6) leads to a equilibrium Equations over I? x K¢

- Y ECEY (e = —q,) + CWa, = f, Vi € K. (2.27)
(n,A)€Bx

Then we have a theorem indicating the relation between the solution of (2.25) and
the solution of (2.27).
Theorem 2.9 If 4 € L? (Id, HI(KQ)) is the solution of the variational equation
(2.25) with f € L? (I?, L(Kg)), then it satisfies the equilibrium equation (2.27).
Vice versa, if 4 € L? (1%, H*(Kg)) solves the equilibrium equation (2.27) with
felL? (I?,L*(Kg)), then it satisfies the variational equation (2.25).
Proof. The proof is analogous to that for Theorem 2.3. O

3. Lattice Problems Without Absolute Terms

In practical applications, many lattice problems are associated with no absolute
terms, i.e. C(*) =0 for all kK € K. We seek u € E(G) such that

B(u,v) = F(v), Yv € E(G) (3.1)
with
1
B(”v ’l)) = Z Z §<E(Hﬁn7)\) (um+n7)\a _umﬁ) ) (Um-i-n,)\ - 'Um,n)> (32@)
meZd keEK (n,\)EB,
and

F(v) = (f,v)g = Z Z<fm,mvm,n>~ (3.20)
meZd ke
It is extremely important for us to address properly these problems. Without
the absolute term the energy space E(G) is not equivalent to the space H(G), and
E(G) is not embedded in L*(G). Actually, the “energy norm” ||ul|g(g) is equivalent
to the semi-norm |u|z1(gy. Consequently, the solution of the lattice problem is not
unique in E(G) and may not exist in H*(G). Hence we have to modify the space
H'(G), such that the solution exists uniquely in modified space H'(G) with the
norm equivalent to semi-norm of H'(G).
The modification of the spaces in one, two and three dimensions are quite dif-
ferent. We shall address them differently in this section. We need to introduce a
weighted space L2 ,(G) for all dimensions with the norm

v o 2
lullzz @)= D > (L+1ml*) 1og (1 + [m]) |t (3.3)
meZd keERX

where v and o are real numbers. We shall write L§ o(G) = L*(G), L? (G) = L2(G).
Obviously, L2 ,(G) 2 L*(G) if v,0 <0, and L2 ,(G) C L*(G) if v,0 > 0.

3.1 Lattice problems with C(*) = 0 in one dimension
Lemma 3.1 If v € E(G), and vy 1 = 0, then

[0z (g) < Clolar(g)- (3-4)
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Proof. First, suppose that (™% and z("™1) are always connected for any x € K
with k # 1. Then

[0,
ZZ]_U_|_m2 < C(Z Z(U’m,&_vml 1+m2)

meZ KeEK meZ ke 9 meZ (35)
2 [Um 1]
< (ol + 2 1 s)-
mez

If there are some x € K such that (™" and (™) are not connected, there al-
ways exists by (C.3) a chain Ly, 1 . : 2™ = z(mtA) s gn2de) ooy p(neds) =
x(m*) and due to (2.15)

S lomuw —vmaP<C DN > Jatm ) — g2 < Ol ). (3.6)

mezZ meZ ke (n,\)EBx

Hence, (3.5) holds for the cases that 2(™*) and (™' are connected or not con-
nected.
Let wy, = vy,,1. It is sufficient to show that
oo

Z 1+m2 < Z [ = Wi (3.7)

m=1

Since wo = 0 and wy, = 377", (wj — wj—1), we have with ¢ > 0 by Cauchy inequal-
ity

o |wm‘ o) 1 m ) m .
D S T | 2o et | D
m=1 m=1 j=1 j=1
o0 ml_E m 5 oo o0 m_E
€ €
< CZ T m2 (wj —wj—1)"j SCZ(WJ wj—1)" Z 1+ m2
m=1 j=1 j=1 m=j
Note that
3 m e S mie < C/OO ¢1cde < 0 F
1+m2 ~ . f
m=j m=j
which leads to (3.7). Therefore
Z ol cz|vm1 vl (3.80)
1+m? ~

Similarly, it can be prove that
0

> Hmz_CZ\vml—van. (3.8b)

m=—0o0

Combining (3.8a) and (3.8b), we have

|”m1|
Zl+m2_02|vm1 Um— 11| (39)

mezZ meZ

Although v, ; and v,,—1,1 may be connected or not connected, we have due to

(C.3)

Z |Um,1 - Um—1,1|2 <C Z Z Z |vm+n,)\ - Um,ﬁ|2 <C |U|§{1(g) ,

mez meZ keEK (n,\)EB,
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which together with (3.5) and (3.9) leads to (3.4). O
Theorem 3.2 If f € L3(G) and Y, .2 > cx fm,x = 0, then for any v € E(G) it

holds that
Z Z fm,nvm,/{

meZ KEK

[(f,v)gl = < Clfllizzgylvlm (g (3.10)

Proof. Note that by Schwarz inequality

(x me,n|> S Y 140 Y Y L <l

meEZ KEK meZ KEK meZ KeEK

Hence, f € L*(G). Because >, = >, cxc fm.x = 0, we have by Lemma 3.1

‘<f,”U>g = Z ZfM,HUm,H = Z me,ﬁ (vm,n 71}0,1)
meZ ke meZ nek
1/2 - o
< (Z Z(1+m2) |fm,/{|2> (Z Z Umn ’U(2)1 )
meZ ke Ropzy Sopzr? 14+m
<

Cllfllzz ) lvlm (g

We introduce the space H'(G) with the norm

1/2
Il o) = {Iul3z ) + lulEneg) } -
and a quotient space
HY(G) = H'Y(9)/Po
with norm
lull () = Jnf Nl = allm g

where Py is a subspace of H L(G), containing all constant grid functions on G. Due
to Lemma 3.1 it is easy to show that

o~

[ull g1.g) = |ulm(g)-

In the framework of the space H'(G) and H'(G) we are addressing the existence
and uniqueness of the solution of the variational problem (3.1) with d = 1.

Theorem 3.3 If f € L3(G) and Y., .= >, cx fmx = 0, then the problem (3.1)
with d = 1 has a solution u € E(G), and

lulmgy < Cllfllzg)- (3.11)
The solution is unique up to a constant.

Proof. Due to the equivalence between [u[y1(g) and [Jul| g1 g
|B(u,v)| < Clulmg)lvlmig) < Cllullgigllvllaeg)

and
|B(u, u)| = D|U|%11(g) 2 D”“”Hl(g)
By Theorem 3.2, it holds that

[F()] < Cllfllzz) vl g gy-
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By Lax-Milgram Theorem, the variational problem has a unique solution u €
HY(G), and

||u||ﬁ11(g) < OHf”Lf(Q);
which implies (3.11) and the uniqueness of the solution in E(G) up to a constant.

3.2 Lattice problems with C*) =0 in two dimensions

As in one dimensional L?(G) and H'(G) are not suitable spaces for the right hand
side f of the equation (3.1) and the solution of the lattice problem, respectively.
In the framework of L2 ,(G) and H'(G) we are able to establish the existence and
uniqueness of the solution for Lattice problems.

Theorem 3.4 If f € L} 1(G), and Y 22 >, cxc fm.x = 0, then for any v € E(G),

Z Z fm,nvm,n

meZ2 ke

[(fiv)gl =

< C||f\|L§,1(g)|U|H1(g) (3.12)

with constant C independent of f and v.

The theorem is parallel to Theorem 3.2 for one dimension, but the proof for
two dimensions needs properties of functions in H'(R?), which is contained in
the appendix. In order to apply these properties, we have to extend by linear
interpolation grid functions on G to whole space R2.

Let K,, be a set of nodes which are located in Q,, where Q,, is the closure
of the cell Q,,. Obviously, z("™*) e K,, for all k € K, and some nodes :U(”_’“)
in neighboring cells are included as well. Let K" K! and KE be subsets of K,,
for nodes at vertices, on edges (not including vertices) and in the interior of @,
respectively. Then K, = KX UK UK].

By 7,, = {t;;i = 1,2,..., T}, we denote a triangular partition of Q,, satisfying
the following conditions:

(T.1) V = K,,, where Vr denote a set of all vertices of the partition 7,,;

(T.2) The partition is regular, i.e. t; Nt; for ¢ # j is a vertex, or a whole edge, or
empty.

® °
. | !
° ° A
(a) Initial Partition T (b) Partition T * (0) Partition T 2 =T,

Fig. 3.1 Triangular partition of cell Q,,

The construction of such a partition can be started with an initial partition 7,2

of Qm, for which (T.2) holds and V7o = K, as shown in Fig. 3.1(a). If a node

xR KL isin the interior of a triangle t;, we divide ¢; into three smaller triangles
by connecting z("*) to three vertices of t;, as shown in Fig. 3.1(b). Repeating the
process for each node in the interiors of all simplices, we have a partition 7,} of
Q. for which (T.2) holds and no node 2(™*) € K,, is located in the interiors of
all triangles. If there are [ nodes are on an (open)edge of a triangle ¢; and [ < 1,
we divide the triangle ¢; into [ 4+ 1 smaller triangles by connecting these [ nodes
and the vertex opposite to the edge,as shown in Fig. 3.1(c). If this edge is shared
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by a pair of triangles ¢; and ¢;, we divide each of these two triangles into [ 4 1
smaller triangles. Applying this process to each edge of the triangles will results in
a triangular partition 7, satisfying (T.1) and (T.2).

For a periodic lattice G, the triangular partition 7,, of the cell Q,, can be peri-
odically carried out, a combination of the triangular partitions 7,, for all m € Z?2
forms a partition 7 of R? for which (T.2) holds and Vr = U,,ez2 K.

Based on such a partition 7, we can extend a grid function v on G to a function
@(z) for x € R? by a linear interpolation. Let ¢;(x) be a linear function in t;
such that ¢;(z("%)) = Un,, at all vertices of t;, and let ¥, () be a piecewise linear

function in @Q,, such that ¥, (z) = ¢;(z) in t;,1 < i < T. Then, there holds
Wm(x)ﬁp@m) = Z Wz’(x)‘%[l(ti)

2

lun,ﬁ — U
<C Z Z |p(nm) — (A2 (3.13)

t;CQm z(mm) z(L N et

S C ZZ Z |un,/<c - ul,)\|2'

£ CQ (1) (LN ety

Let @(x) = ¥, () in Q,, for all m € Z2. Then, i(z) is continuous and piecewise
linear function in R?, and

|ﬂ|%{1(R2) <C Z Z Z |Un,n - ul,)\|2~ (3.14)

mez? tngnL w<n'ﬂ)7w(l’/\)eti

Note that if the vertices z("*) and z(*) of ¢; in Q,, are not connected, (C.2)
and (2.15) indicate that they are linked by the shortest chain Ly, . : x(MA) =
() — g(n2.22) oo gp(nsAs) — 2(bA) with s uniformly bounded, where the node
2(m3:23) is connected to the node z(%i+1:2+1 for 1 < j < s—1. Hence, there holds

|Un,n - ul,)\| <C Z |unj,/\j - uvnj+1,)\j+1|
1<j<s—1
which with (3.14) implies that

|’a‘%{1(R2) <C Z Z Z |Um,n — Un4-m,\

meZ2 keK (n,\)EB,

2, (3.15)

Theorem 3.5 Let u be a grid function on the lattice G, and let @ be the extension
of u by a linear interpolation, described as above. Then |u|g1(gy = |@|g1(g2), and
lulrz (g) = ||z (r2), i.e. there are two positive constants C; and Cy independent
of u and @ such that

Cilulr(gy < lalm(r2) < Calulmi(g) (3.16)
and
Cilulrz  (g) < lulrz  (r2) < Calulrz (g (3.17)
Proof. Since u(x) is a piecewise linear function interpolating the grid function u
at each node z(™") and for z € Q,,,
(1+2%)"10g (1 + |z[) = (1 + [m|*)" log®* (1 + |m),
it holds that

[G@2s o= S (L m) log (1 -+ mDlun|?
z(mm)eK,,
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which implies (3.17).
The second inequality of (3.16) follows from (3.15). It suffices to show the first

inequality of (3.16). Suppose that (%) and (A are connected. If 2(™%) and
("tmA) are in the cell Q,,, it is easy to see that

|Um,n - un+m,)\| < C|'¢}m|H1(Qm)~ (318)

We next consider two connected nodes z(™#) and z("*+™*) which are located

in different cells Q,, and Q,. Let Qn;,1 < j < J be a sequence of cells with
Qn, = Qn and @, = Q, such that @, is neighboring to @, ,. Due to the
assumption (C.3), J is uniformly bounded. Select a common vertex (%) of the
cell Qn]. and Qnﬁl,l < j < J — 1. Therefore, we have

‘um,m - un+m,k| < |um,n - un1,>\1| + lum-i-n,)\ - unJ«\JI
(3.19)
T2 1< [tn; ;= tng a4

Since x("*i) and z(Mi+1:%+1) are in the same cell Qn,..» we have for 1 < j < J—2

[Un; 2 = Uy apa | < O|?/’nj+1|H1(an+1), (3.20a)
Similarly, there hold
[t — Uny 2| < Clmlm1(Q)s (3.200)
and
[Umgnx = Un,_ a1 | < Cln|ar(g,)- (3.20¢)
A combination of (3.19) and (3.20) leads to
[Um, i — Untma| < C Z |%on; 111 (@) (3.21)
1<5<J
The first inequality of (3.16) follows easily from (3.18) and (3.21). O

Lemma 3.6 For u € H'(G) there exists a constant « such that

lu—allr2, (g < Clulmg) (3.22)

Proof. Let @(x) be the extension described above and o = [ %(x)dz where I’ =
{z € R? | |z| = 2}. By Theorem A.1 there holds

- 2
- 2 i —af ~12
u— | dx +/ ————dx < Clu
Jlamelt s || gt < lonce

where S = {z € R? | |z| < 2},S8° = R?\S. This estimation and Theorem 3.5 leads
(3.22). O
We are now able to prove Theorem 3.4.

Proof of Theorem 3.4 Let ¢(x) be the extension of v, and o = [. 9(x)dx. Suppose
that circle centered at the origin with radius 2 is contained in a rectangle D =
{x € R? | |x;| < byi= 1,2}, then

a:/rf)(x)dx: Z Zﬂn,nvn,n

nez2 KEK
[ <b
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with the coefficients 3, . Since » 22>, cx fmx = 0, we have by Lemma 3.5
and Lemma 3.6

[(f;v)gl

[(frv—a)g|l <Clfllez gllv—allz, ()
Cliflirz, o —allrz, g2y < ClIfllLz ()0lm1(r2)

—1,-1

IN

IN

Clifllez ,lvlag)-
We now define H'(G) with the norm

Il = {Iul2, o)+ ufhig) )
and define a quotient space H*(G) by
HY(G) = H'(9)/Po
with Py denotingAa set of constant grid functions on G. Obviously, Py C H L(g),
and for any u € H(G).
Cillull g gy < lulmrgy < Callull (g

with C7 and C5 independent of wu. O
We are able to address the existence and uniqueness of the solution of the problem
(3.1) with d = 2 in the framework of the space H'(G).

Theorem 3.7 If f € L7 () and Y, .22 >, cxc fmx = 0, then the problem (3.1)
with d = 2 has a solution u € E(G), and the

lulzr gy < Cllifllzz ) (3.23)
The solution is unique in E(G) up to a constant.

Proof By the property of the bilinear form
1B(u,v)| < Clulms gy lvlim @) < Cllull g0l a1 o)
and
B(u,u) > Dlult gy > Dlull3 -
Due to Theorem 3.4

F(v) =[(f,v)g| < C||f||L’il’71(g)||U||H1(g).

By Lax-Milgram Theorem, there exists a unique solution u € H'(G) such that

||U||ﬁ1(g) < C”fHL?_ly_l(g)
which leads to the assertion of the theorem. d
Since L2(G) C L3 1(G) for v > 1, we have immediately the following corollary.

Corollary 3.8 If f € L2(G) with v > 1 and Y, 22 > cxc fmx = 0, the result of
Theorem 3.7 holds.

3.3 Lattice problems with C(*) =0 in three dimensions

Since constant grid functions on G in three dimensions do not belong to the spaces
L?,(G) and L? | _(G), we will not address lattice problems without absolute terms
by introducing the quotient spaces, which are successfully used for problems in
one and two dimensions. Instead, we shall develop a different approach for three-
dimensional lattice problems. For the approach in three dimensions we shall utilize
some properties of functions H'(R?). To this end we have to establish the extension
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of grid functions on three dimensional lattice G to whole space R® by a linear
interpolation.

Let @Q,, be the closure of @,,, and let K,, be a set of all nodes in Qm. By
KY KE KE and KL, we denote the subsets of K, for nodes at vertices, on the
edges (not including the vertices), on faces (not including nodes on the edges and

at vertices), and in the interior of @,,, respectively.

By 7 = {t;;1 <1i < T} we denote a tetrahedral partition of Q,, satisfying the
conditions :

(T.3) V7 = K,,,, where Vi denotes a set of all vertices of the partition 7

(T.4) for i # j,t; Nt; is a vertex, or an edge of t;, or a face of ¢;, or empty.

F

ij
(@) Initial Partition T(; of cell Qm (b) Partition of asimplex  (c) Partition of simplex

with 6 simplices t, withanodein theinterior t, with nodeson afa(:e|:ij

Fig. 3.2 Tetrahedral partition 7;, of cell Q,,

Each t; is a simplex with faces Fj;,1 < j < 4. The construction of such a
partition can be started with an initial partition 7,2 of Q,, such that (T.4) hold
and V7o = KY . shown in Fig. 3.2(a). For the partition 7, there may be some
nodes in the interior of simplices ¢;s. If a node (™) e K] isin the interior of ¢;, we
divide ¢; into four smaller simplices by connecting z(™*) to four vertices of ¢;, shown
in Fig. 3.2(b). Repeating the process for each node in the interiors of all simplices,
we have a partition 7.} of Q,, for which (T.4) holds and no node z(™* € K, is
located in the interiors of all simplices. Note that nodes 2(™*) € K! UKEF U KE
may be located on the closure of faces of ¢;s in the partition 7,}. Suppose there are
several nodes are on F’ij which is the closure of Fj;. According to the triangular
partition of a cell in two dimensions, described in previous subsection, there is a
triangular partition 75, = {7n,1 <1 < L} of F;; such that (T.1) and (T.2) are
satisfied. Connecting the vertices of the partition 7; i and the vertex opposite to
the face Fj;, we divide this simplex ¢; into several smaller simplices. If F;; is shared
by a pair of simplices, the division can be done in each of them. Carrying this
division on each face of simplices ¢; and each simplex in the partition 7,}, we will
obtain a desired partition 7, satisfying (T.3) and (T.4). A combination of the
partitions 7,, for all m € Z3 form a tetrahedral partition 7 of R3 for which (T.4)
holds and Vi = U cz3 Ky,

As in two dimension, based on such a tetrahedral partition 7 of R®, we can
extend a grid function u defined on three dimensional lattice G to a function @(zx)
for x € R3 by a linear interpolation. Let ¢;(x) be a linear function in ¢; which
interpolates u at the vertices of ¢;, and let ¢, (z) = ¢;(x) for € t;,1 < i < T,
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which is a piecewise linear and continuous function in @,,, and

2
2 ‘unﬁ )
[YmliQ,y < C Z Z () — N2

tiCQm z(mm) 2N et;

C Z Z Iun,n -

t;CQm x(mm) z(L N et

IA

Let @(z) = () for © € Qp,m € Z3. Then, @(z) is a continuous and piecewise
linear function in R3, and

|’l]|§{1(33) S C Z Z Z |'U/n,/s — Ul))\|2.

meZ3,CQ,y, x(nr) xX) et

Note that vertices of a simplex ¢; may not be connected. Arguing as in two
dimensions for (3.15), we have

|a‘%11(R3) <C Z Z Z |Um,n - Uern,)\‘g < C|U|§{1(g)
meZ3 KEK (n,\)EB,

The arguments for the equivalence between norms of u and its extension u(x)
in two dimensions can be carried out in the three dimensions. Hence we have the
following theorem which is parallel to Theorem 3.5.

Theorem 3.9 Let u be a grid function on a lattice G, and let o be the extension
of u by a linear interpolation, described as above. Then, |u|g1(g) = |i|g1(rs) and
lulz2 (g) = |@|p2 _(Rs), i-e. there are two positive constants independent of u and
@ such that ’

Cl‘u|H1(g) < |ﬂ|H1(R3) < CQ|U‘H1(Q) (324)
and
Cilulrz (g) < lulrz , (r3) < Calulrz (g)- (3.25)

Lemma 3.10 For v € E(G) there exists a constant « such that

lv—allr2 gy < Clvlai(g) (3.26)
Proof. Let ¢ be the extension of v described above, and let

a= lim ﬁ/ r,0,¢)d

where S is the unit sphere centered at the origin. By Lemma A.8 the above limit
exists. Due to Theorem 3.9 and Lemma A.9, we have

lo—allzz @ < c/ [o—af, - c/ Vl2de < Clolne

(]
Theorem 3.11 If f € L}(G), and > .25 > .cxc fmx = 0, then for any v € E(G),

Z menvnn

meZ3 ke

[(f,v)gl < Clfllzzg)lvlm ) (3.27)

Proof. Let ¥ be the extension of v, and let

1
a= lim —/ﬂ(r,ﬂ,d))ds



FRAMEWORK FOR LATTICE PROBLEMS 327

as in previous lemma. Then by Cauchy inequality and Lemma 3.5 and Lemma 3.9

[(fsv)gl = [fiv—a)g| < CllfllLzgllv—allzz ()
CllfllLz)llo — ellzz (rsy < CllflL2(6)|0]m (r2)

IN A

Cllfllzz g lvlm (g)-

g
Theorem 3.12 If f € L}(G) and >, .23 > ,.cx fm,x = 0, then the problem (3.1)
with d = 3 has a solution u € E(G), and the

[ulmigy < Cllfllzg)- (3.28)
The solution is unique in E(G) up to a rigid body motion.
Proof. It is shown that
|B(u,v)| < Clulmig)lvlmg)
and
B(u,u) > d1|u|§11(g).
By Theorem 3.11, F(v) defines a linear functional over F(G), and

[E)] = [(f;v)g| < ClfllL2g)lv]a(g)-

If functions with zero energy are regarded as a ”zero” element in the space F(G)
, then E(G) is a Hilbert space with the energy norm which is equivalent to the
semi-norm of H'(G). By Lax-Milgram Theorem, there exists a solution u € E(G)
such that

lulrg) = llulleg) < ClIfllez )

The solution is unique up to a grid function of rigid body motion on G. O

If > czs 2 pex fmn = A exists but A # 0, we need to construct a special
solution for the lattice problem (3.1) with f having a compact support. Let f° €
L?(G) such that f)), . =1forme Z} ={ne 2%||n;| <L,1 <i<3}and f, ., =0
for m ¢ Z3. Consider the problem

- Z ECN (U — Umi) + C Py = fg%mm €2} kek. (3.29)

(n,\)€B.

Using the arguments based on Fourier transform, e.g. see Theorem 2.15 of [13], it
can be proved that the problem (3.29) has a unique solution «° in F(G), and

1w’y < Cl i) < ClP Lz

2mezs 2unek fmn

2imezs 2anek fmon

- Z ESN (w403 — W) + CPwpy o = (f = cof)m,m € 23,1 € K.
(n,\)EB,;

Since Y, cz3 >operc(f — fO)mx = 0, by Theorem 3.12, the problem (3.30) has

unique solution w € F(G), and

lwli(g) < CIf = FOllrzg)

Let w = u — cou® with ¢g = . Then w satisfies the equation

which implies that
lulr1g) < C(fllzz (o) + 1AD-
Therefore, we have a theorem dealing with the case > 23>, cxc fmx 7 0.
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Theorem 3.13 If f € L}(G) and Y, o235 > ,.cxc fm,x = A exists, then the problem
(3.1) with d = 3 has a solution u € E(G), and the

[uling) < CUIf ez o) + JAD. (3.30)
The solution is unique in F(G) up to a rigid body motion.
4. Solutions of lattice problems

In this section we shall derive a solution formula for lattice problems on a un-

scaled lattice G.
4.1 Properties of Matrix o

The equation (2.23) gives us a system of linear equations
o (t)ilt) = f(t) (4.1)

. A T . . .
where 4 = (ulT,"uQTuT) , and U, = (u%,...us

p K)T,Ii € K. 4 and f are vectors
with sq components, and o is a matrix called the symbol with entries denoted by
Om,n- We can also write o as a block matrix

0 = (Tx\)1<nrzq

each of block o, is a s X s matrix:

((UK’)\)K’t)lgé,tgs )

then
(O.K,,)\)e7t = Om,n
with m = (k —1)g+ ¢ and n = (A — 1)g + t. It follows from (2.23) that

own= Y (1—e=m>)EHm 4 CH), (4.2a)
NnEB
Tor = — Z e—i<n7t>E(n,n,)\). (42b)
neBx

Lemma 4.1 o is a Hermitian matrix and Hermitian block matrix.
Proof. It follows from (4.2) and (2.4)- (2.5) that

Oxr = — E e~ i< t>R(RnA) — § : e i< t> R (k)
n€EB; A neEBy x
= — E ei<m,t>E(N,—m,/\) — _ E ei<m,t>E(A,m,m) = Tan-
"LEBA,N meEDBX x

For k = A, we shall write
Bux =B, UB!,
where
Bl ={n=(ni,n2...nq) € Bex | n¢ > 0,1 <1< d}
B, ={n=(ni,n2...nq) € By | ne < 0,1 << d}.
Due to the definition (2.3) of Bx 2,0 ¢ By ., which implies R}, N R_, =0. By
the property (2.4), n € B _ if and only if —n € B, .- Therefore

K,K

¢
Trw=CW 44 3 sin? %E(“’"’“) (4.3)

nEB;ﬁN
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0, is a real matrix. Thus we have shown that o is Hermitian block matrix. Note
that C**) and E(*™*) are symmetric matrices, which implies the o is a Hermitian
matrix as well.

Lemma 2.2 o, (—t) = 0, .(t)T for \,k € K, and o(—t) = o(t)".
Proof. For X # &, by the properties (2.4) and

0'57,\(—t) - _ Z e—i<n,—t>E(/{,n,)\) — Z e—i<—n,t>E(H,n,)\)
nEB A —n€Bx «
- Z e—i<m,t>E(m,—m,k) _ Z e—i<m,t>E()\,m,n)
meDBy x meDB
= GA’H(t).
It is trivial that o «(t) = o4 «(—t), VK € K. Since each block oy (t) is symmetric,
we have o(—t) = o(t)T. O

Corollary 4.3 071 (—t) = (a'*l(t))T

of o(t) are even functions in .

Lemma 4.4 Let b(t) = (I;H(t)) . € L2 (I¢,H (Kq)). It C® #£ 0 for k € K,
KE

= o~ ' (t), and det(o(t)) and the eigenvalues

there exist constants dy and dy independent of ¢ and b(t) such that
/Id<a(t)6(t),l3(t)>dt > d; /Id |B(t)\§,1(KQ)dt +do /Id HB(t)Hiz(KQ)dt (4.4)

Proof. Let be F~! (E(t)) Then, by Lemma 2.7, b € H'(G), and

/1 (@ #b(0), bt))dt = B(b, )
= Z Z Z <E(K7n7)\) (um—i-n,)\ - um,fi) 5 (um-l—n,/\ - um,m»

meZd kEKQ (n,\)EB,

+ Y AC™ e, ) > da [l gy + dal|BlI72(g)
rREK
where dy and dy are given in (2.14). Note that

¥l = [, 1O
and

#120) = [ IO acq
(4.4) follows immediately.

Lemma 4.5 If C¥) # 0 for x € K, then o(t) is a positive definite matrix for all
ter

Proof. For any b(t) € L? (I4, H'(Kg)), there holds by Lemma 4.4

/Id<a(t)6(t),z§(t)>dt > dy /I 1D() 311 (s At + o /I 1) 172 eyt
Which implies that for almost every t € I¢
(o(®)b(8), (1)) = dilb(t)]Fr (o) + dallbOF2(rg) = dallbO) 2oy (45)

with dy > 0. Note that o (¢) is a Hermitian matrix and analytic in ¢. Hence o (¢) is
positive definite for all t € I%. O
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4.2 Solution Representation Theorem
Theorem 4.6 If C®) 0 for k € K and f € L? (Id), then

w=F"! (a’(t)_l f(t)) (4.6a)
is a solution of the equation (2.7) in H'(G), with
U = (27) ¢ / o f(t)e < dt (4.6b)
and :
177 (o) F®) m @) < Cll ey (4.7)

where o (t) is the matrix defined in (4.2).
Proof. Since o (t) is positive definite for all t € I if C(*) # 0, by Theorem 2.4 the
solution of the equation (4.1)

i=o"'(t)f()

solves the variational equation (2.22), and

il 2 re i (o)) < ClF L2 r2(k0))-
Let v = F~!(a(t)). Due to Corollary 2.6 u € H'(G) and solves the variational
equation (2.8), and
177 (e ®) lmn@ = @) < Cllalzaem o))
< Clifllzeae,Loxo))-

According to Remark 2.2, L? (I¢, L*(Kq)) = L?(I?), and the theorem is proved.
(|

AN

If C(%) = 0 for all k € K, there holds
(a(Ob(t), b(t)) > di[b(t) 21 e,y > 0.

Therefore, o(t) is semi-positive definite for all ¢ € I%. It was shown in [20] that
det(o(t)) = 0 if and only if ¢ = 0, which implies that o (¢) is positive definite if
t # 0. o~ 1(t) has a pole at the origin, and @(t) is singular at t = 0 if f(t) € L(I%).
Hence, the integral (4.6b) may diverge due to the singularity at the origin.

On other hand, it was proved in previous section that lattice problems without
absolute term have uniqueness solutions if > -4 >, cxc fux = 0 and f € H(G)
with v > 1. This implies that the representation formula (4.6) can be valid for
Lattice problems with C*) = 0 for f belonging to some spaces stronger than
L2(1).

Theorem 4.7 If f € Hp,, (I) with v > 1 for d = 2 and v = 1 for d = 1,3 and
vanishes at ¢ = 0, then the representation formula (4.6) for the lattice problems
with C(*) = 0 holds, which realizes a mapping : HY (Id) — E(G), and

pes

177 (a7 F®) lm @) < Cll iy, oy 48

per

Proof. Let f = F~! (f) Then

Z an,r-i:f(o)zov

meZd ke
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and f € L2(G) by Lemma 3.5. By Theorem 3.3, Corollary 3.8 and Theorem 3.12,
there exists a solution u € F(G) of the lattice problem (3.1) with C*) = 0,Vx € K.

Therefore a(t) = F(u) € L? (Id, mt (KQ)) and

2 ~ g2
/Id (@)1 (1) At = [ulir gy = Clifllzz o)

which implies that the integral converges and that the representation formula (4.6)
holds and realizes a mapping : HY (Id) — E(G), and

per

177 (o72) o) < Cllfllay,, oy

per

5. Two Lattice Problems

We will analyze two lattice problems. One is one-dimensional, and another is
two-dimensional. Although the structures of these two problems are simple, the
analysis we carry out here can be generalized to other lattice problems.

5.1. A lattice problem in one dimension

Suppose elastic rode of two different materials with half-unit length and intersection
area A are connected by hinges at nodes, see Fig. 5.1. The master cell Q = [0, 1),
containing two nodes ), k € K = {1,2}. The nodes in cells Q,, for m € Z are
denoted by z(™*) x =1,2. Let M = {z(™") m € Z, k = 1,2} denote the global
mesh containing all nodes. Suppose that the rods are furnished with springs at
each node. By E; and Fy we denote the Young’s modulus of the rode, and by 4C}
and 4C5, the Hook’s constant of the springs, respectively. A lattice G denotes such
a structure, connectivity and periodic translation.

E; E» E1 E> E, E,

(@ A lattice

(b) Master cell Q furnished with springs

Fig. 5.1 Elastic rods of two materials in one dimension

Equilibrium Equation

Let u; and f; denotes the displacement of the rods and external force at the nodes
x;, we have the following equilibrium equations

—A{E1(um2 — Um,1) + Ea(tm1 — Um—1,2)} + Citm1 = fm1

5.1
—A{E2(um+11 — umz2) + B1(tma — um1)} + Cotma = fm.2 (5-1)

Variational Equation

The corresponding variational equation

B(u,v) = F(v).
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where u,v and f are functions defined on G, with the bilinear form

B(u,v) = Z (Um,2 — Um 1) AEL (Vm,2 — Um,1) + Crtm,1Vm 1

mez (5.2a)
+ Z (Um+1,1 — Um,2)AE2(Vmt11 — Vm.2) + Colim 20m 2
mez

and the linear functional
F)= Y Y fnjom, (5.20)
meZzZ j=1,2
The energy space E(G) contains functions on G with finite energy E(u),
E(u) = $B(u,u) = 1 Z AE) (U — Um)® + C1u3n71
mez

+ 3> AB(umir1 — tm2)® + Couly 5.
mez

The spaces H*(G) and L?(G) are furnished with the norms
||U||§{1(g) = \Uﬁil(g) + ||U||%2(g) = Z (tm,2 = tm,1)* + (U 1,1 — U 2)* + ||U||%2(g)
mez

and

[l F2g) = Z [t 1 [ 4 [t 2|
mezZ

Hence, the energy norm ||ul|gg) = E(u)'/? is equivalent to the norm of the space

HY(G) if C1 + Oy # 0, and equivalent to the semi-norm of the space H'(G) if
Ci+Cy=0.
Fourier transform

For f = f(m),m € Z, we introduce the Fourier transform
F(f)=Fft) =) fm)e™ tel=(-mm)

which realizes an isomorphism between L?(G) and L?(I), and between L2(G) and
H{T), where the space L2(G) is defined as a weighted space with a weighted L?-
norm

[ullFzg) = D (1 +m*)" (luma]* + [um,a]?).
meZ

The inverse Fourier transform gives f = F~1( f) with

1 . ,
= — t)e ™t
fm) = 5= [ Ftge
Applying the Fourier transform to the equations (5.1), we obtain

A(Ey + Ey)ty — A(Ey + Eset)ag + Criy, = fjl
—A(Ey + Eye™ )iy 4+ A(Ey + Ey)ip + Cotis = f

The corresponding matrix
Ey —En
t) =
o(t) ( —FE2  Ea )
with Eyy = A(Ey + Es) + C1, Esg = A(Ey + Es) + Ca, E15 = A(Ey + Eqe') and

Ey = A(E; + Eze™ ). o(t) is a Hermit matrix, and
det(a) = 4A*E Bysint/2 + A(Cy + Co) (B + Ey) + C1Cs.
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Obviously, if C; + Cy > 0, o(t) is positive definite for t € I, o~ 1(t) exists,

iy L Eo2  Exn
o ()= det(o) < Ei2 En ) (5.4)

which leads to the solution of equation (5.3)

()0 (})

Therefore, the solution of the problem (5.1) can be represented as

o= F (i LY et felt), £ =1,2 (5.6a)

1<e<2

with 1
$1,1(2) :_det(a(t))EOQ’ P2,2(t) = det(a(t))E01’

5.6b
d12(t) = det(clr(t) Eo, ¢2,(t) = det(zlr(t)) %)

If C; = Cy =0,0(t) is positive definite for ¢ € I and ¢ # 0, and (5.4)-(5.6) hold.
According to Theorem 4.6, if f € H'(I) and f(0) = 0, then @ € L*(I, H'(Kg))
and u € E(G).

5.2 A lattice problem in two dimensions

Suppose elastic rods with intersection area A and unit length are connected by
hinges at nodes z ; = (k,j) € Z2 periodically, as shown Fig. 2.1. The master cell
Q = [0,1)2, in which there is only one node z(!), and the index set X = {1}. The
mash M = Um:(k,j)ezox(m’l) = Uwk,j)ez2Tk,j = U, jyez2(k,j). We will use zy;
to denote the nodes in stead of (™). Suppose that the rods are furnished with
springs at each node. By F and C = diag(C, C), we denote the Young’s modulus
of the rods, and the Hook’s constant of the springs, respectively. A lattice G in two
dimensions denotes such a structure, connectivity and periodicity.

Equilibrium Equation
Let ug,; = (u,(:;,ukj) and fi; = (fk,j,f,f)) be the displacement vector and
external force vector at the node 5 ; = (k,j). We have the following equilibrium

equation

AE ( A uk; +A1uk 1]) +%AE Z Auu +A12ul(¢£)1j 1)
=12
(1) _ ()
, , +Cuk7j—fk7j, .
AB(—Aoud) + Mgu?)_ ) +3AE Y (—Anuf) + Apul | )
0=1,2
2 2
+Cu) = f{)

(5.7)

where

) ) ) ) ¢ ¢ )
Alul(c; ul(c-s)-l g “1(6 KL AZU’I@; = ul(c §+1 “1(627 A 2“1&2 = (“124)-1 FES ul(c 3)/\/5

Variational Equation

The corresponding variational equation is
B(u,v) = F(v) (5.8)

where the linear functional F' and the bilinear form B are defined as

T
Z Tk jVk.j

(k,j)eZ?
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and
B(u,v) = Z (Aluk’j)TEAl’Uk’j—l—(Aguk,j)TEAg’Uk’j
(k,j)ez?

1 T T
+35(A12uk,;)" E* Arguy j + Cuy vk 5

where E = AET and E* = AEbb”, T is an identity 2 x 2 matrix, and b is a vector
= (cos%,sin%)T.

Fourier Transform
We introduce the Fourier transform for functions f = {fy ;, (k,j) € 2%}

( _ f' Z f z(kt1+]t2) ,t= (tl,tg) ( 7T,7T)2
(k,j)ez2

which leads to an equation in matrix form

a(t)a(t) = f(1) (5.9)

O’(t) _ 011 012
021 022
o11 :AE(4$m2t1 + V/2sin? (“;tz)) C

012 = 0921 = —\/_AES'LTLQ (tlgtz)
o2 = AB(4sin®% + V2sin? 132y 4 ¢

where

with

o(t) is a real and symmetric matrix, and

det(o) = A?E*(16sin®Lsin®2 + 4v/2sin? (t1+t2)(sm2 4 + sin?12))

+2AEC(2sin? t21 + 282'712%2 + 2sin2 tittz) (t1+t2 )+ C2.
If C > 0, the matrix o~1(2) is analytic in a strip X5 = {z : [Imz| < §} with
§ > 0, and o (t) is positive definite for t € (-, 7)?, and

o (t) = — (”22 021). (5.10)

det(o) \ —012  on

Representation Formula
If C' > 0, then o(t) is positive definite, then we a solution of the equation (5.9)

@D (1), 4™ ()T = o () (F 1), FO (1)) (5.11)

Then solution of the equation (5.7) can be represented as
@D, u®)T = F Lo (t)(fD @), D))
. R T
=F (Y 6 O®), 3 e fOm) . (120

1<£<2 1<0<2
with
O11(t) = Zoy (AE(48m2 g 2sin? ity 4 0y,
P12(t) = 2, 1(t) = det \/—AEszn2 (tl"‘tz) (5.12b)
622(8) = Zoigey (AE(48m2 Y+ /2sin? (tH’tz)) L 0).

If C = 0,0(t) is positive definite for t € I and t # 0, and (5.10)-(5.12) hold.
o(t)~! has a pole of order of 2 at t = 0. If f(t) has a zero of order 1 at t = 0,



FRAMEWORK FOR LATTICE PROBLEMS 335

the solution presented in (5.12) is valid, which confirms Theorem 4.7, i.e. @ €
L3(I,H (Kg)) and u € E(G) if f € HY(I?) with v > 1 and f(0) =0

Appendix

In this appendix we investigate the properties of functions with finite semi-norm
of HY(R%),d = 2,3, which are essential to prove the existence and uniqueness of
solutions for lattice problems without absolute terms. Let

H(Rd) = {'LL ‘ u e Hllocal(Rd)a |U‘|H1(Rd) < OO}

Hy(RY) = {uEHRd |/uds—0}

where I' = {z € R? | |z| = 2} is the surface of the ball S = {z € R? | |z| < 2}.

and let

A.1 Two dimensional case

Let H! (RQ) be a closure of C*° functions with the norm

2 | |2 / 2
d —d Vul“d A2
Hu||H1(R2 / [l x+/sc Zlog?r + R2\ ul“dx (A.2)

where (r,0) are the polar coordinates, the disc S = {x € R?|r = |z| < 2} and
S¢=R?\'S. By L2, (R?) we denote a weighted space with the norm

HUHQLE,U(RQ) = /S|u|2dx —&—/S' [ul?r? log?® rdz. (A.3)

Then we have
||u||2H1(R2) = Hu||2L2_11_1(R2) + |u|%II(Rd)'

We introduce the spaces

Hp(5°) = {u | |Vul*de < a,u |p= O}
Sc

with I' = 95, and we define a quotient space

HY(R?*) = H*(R?)/P, (A.4a)
with the norm
el s ey = Jof llu = alla a2 (A.4b)

where Py is the set of all real numbers. Since Py ¢ H L(R?), the quotient space is
well defined.

Theorem A.1 If u € Hy (R2), then

2
/\u|2dx+/ 2|1 Y dz <C’/ |Vu|*dx (A.5)
se r2log? r R2

with constant C' independent of w.
To prove this theorem we need several lemmas.

Lemma A.2 Let u(t) be a function on (0, 00) satisfying u(2) = 0 and
= | du |?
J

tdt .
i < 0
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Then )
o0 2 [e’e) d
/ |“|2 dt < C’/ e (A.6)
2 thg t 2 dt
Proof. Due to Theorem 1.14 of [18]
RS | du|?
lu|“wdt < Cp, —| odt
1
where w = ———,v =1t and C = supy<;<, Fr(t), with
tlog>t sts
0o % t %
Fr(t) = (/ wdt) (/ U_ldt)
t 2
= MSlforQﬁtﬁoo.
logt
Then (A.6) follows immediately. d
Lemma A.3 If u € Hr (5°), then
Jul? 2
s—dr < C [ |Vu|“dx (A7)
se 2log”r se

Proof. Note that u(r,0) |,—2= 0, which implies by Lemma A.2 that

oo 1 oo 2
/ |u|? 5—dr < C’/
2 rlog”r 2

rdr
with constant C' independent of §. Integrating with respect to 6 from 0 to 2w we
have (A.6). O

Lemma A.4 Let u € H'(S). Then the following norm

ulllgesy = 9 Jul? —|—/ud52 : A8
lulllrs s = {lulfpngs) +1 | wdsl’} (43)

is equivalent to the norm, ||ul|g1(g)-
Proof. Obviously |||u]|[#1(s) is a norm to H'(S). Note that

2
| [uas| < [ luPas < luly < Clullnes
r r

Ju
or

which implies
ulllz(s) < Chllullais)-
We need to show that
ullz(s) < Colllulllm(s)-
If it is false, there exists a sequence u; € H*(S),j =1,2,... such that llujll sy =
1, and

2
s ) = s +| [ s =0 as 5 = o0

Since H'(S) cC L*(S), there exists a subsequence denoted by u; again, which is
a Cauchy sequence in L?(S). Since |uj|H2(S) — 0 as j — oo, {uj};il is a Cauchy
sequence in H'(S) as well. Hence lim;_ o, u; = uo in H'(S). This implies that
D%up =lim;_.oc D*u; = 0 for |a| = 1. Therefore ug is a constant in S. Note that

2
‘/(Uj—UO)dS‘ SC/(“j—U0)2dSSC\|W—u0||?{1(5) — 0 as j — oo,
r T
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which leads to
/ ugds = lim [ ujds = 0.
r

Jj—oo
Hence up = 0 in S. It contradicts the fact that [Juol| g1 () = limj oo [Ju)|| a1 (s) =
1. Thus the lemma is proved. O

Lemma A.5 If u € Hy (R?),u has the Fourier series on I':

0) = g ay, cos kO + by, sin k0
k=1
and

> (ak +b3) k < Clulip sy < Clultn ey
k=1

Proof. Since [ uds =0, u(2,0) has the Fourier expansion
u(2,0) = Z (ay cos k6 + by, sin k0) .
k=1
Then by the trace theorem and by Lemma A.4 we have

(ai + bi) k< C||U||§11/2(r) < CH“”%LP(S) < CHWH@N(S) = C|U|%11(S)
k=1
O
We are now able to prove Theorem A.1.
Proof of Theorem A.1. For u € Hy (RQ) we can find a harmonic function

uy such that (u—wu;)|p = 0 and [, |Vup|*dz < co. Let uy = u — uy. Then
ug € Hp (S°), and by Lemma A.3

1
|usa|? s—dr < C \Vus|? da (A.9)
ge r2log”r ge

Since u1(2,0) = u(2,6),u; has a Fourier series on T’

ui(2,6) = Z (ay cos kO + by sin k6)
k=1
with ag = 0. Because u; is harmonic in S€,

0o k
2
uy(r,0) = (ay, cos kO + by, sin k) (—)
k=1 "
and by Lemma A.5
1 e d
/ |us [? 21727’6”619 < O (af +87) 4k/ %
c r2log” r 9 T og“r (A.10)
< O (af +03) k < Cluffn g

Note that us |[r= 0 and Auy = 0 in S°, which implies that

0
Vu1Vugdx = /ugﬂds —/ us Auidx = 0.
Se 871 c
Hence

ulF1 50y = lul3n sey + w2l F 5oy



338 B. GUO AND I. BABUSKA

which together with (A.9)-(A.10) leads to

Iz, sy < O (Nalle, oo+ lualiz, on)
2
< C(‘Zl'%{l(s) +|U2|H1(Sc)) (All)
< C|u|H1(R2)'
‘We next shall show that
lull2(s) < Clulm(s) (A.12)

Let v; be harmonic in S and v1|r = u|r, and let vo = v — vy. Since va|r = 0, by
Lemma A.4

[v2llL2(s) < llv2llmi(s) < C'lvalgs) - (A.13)

Since vy is harmonic and [, vids = [ uds =0

- k
vi(r,0) = (ak cos k6 + by sin ko) <g)
k=1

where Y17, aj, cos kO+by, sin k6 is the Fourier series of vy (2,6) = u(2,6). By Lemma
A5
[v1ll7205) < C Y (af +b7) k < ClulFag)- (A.14)
k=1

Since v; is harmonic and vo vanishes on I', we have, by the argument above for u
and ug, that

|U|§-11(S) = |U1|§11(3) + |U2|%11(S)

which together with (A.13)-(A.14) leads to (A.12) immediately. A combination of
(A.11) and (A.12) yields (A.5). O
Corollary A.6 The norm [[ul| g ey is equivalent to |u|p1(r2), and the spaces
H'(R?) and H(R?) are equivalent.

Remark A.1. The weight function w(z) = 1 in S, and w(z) = r~2log” 27 in
S¢. §¢ excludes the origin and unit circle. We may select others weight, e.g.,

w(z) = (1+ 7'2)71 log~?(247) for all z € R?. Tt is essential for the selection of the
weight that

lw| = O (|z[?log™? |z|) for large |z|.

Also S can be selected to any bounded domain with Lipschitz boundary, and it is
not necessary to be the disk centered at the origin and with radius 2.

A.2 Three dimensional case

We introduce

1 1 27 s
a(r) = / u(r,0,¢)dS = —/ / u(r, 0, ¢)sind do d¢ (A.15)
15| Js 11 Jo Jo
where S denotes the unit sphere, and (r, 6, ¢) are the spherical coordinates.
Lemma A.7 If u € H(R3), then lim @(r) = A exists.
Proof. For r > 1,

[ ut,0,90) .
i(r) = \Slfsfl LD dhas + (1)
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Let rj,5 = 1,2,... be an arbitrary sequence with hm r; = oo. For r; > r; we have
o0

- . i 9 t@
ey~ = g7 [ / il ¢’dtds

v 12, 1/2
< (// a“te(b tdtdS) </ t—2dt>

1
< C <; - f) |u 1 (R3)

? T_]

This implies that {a(r;)}32; is a Cauchy sequence and that (r;) converges to the

same limit A for all sequence {r;}32; with lim r; = co. Therefore, lim 4(r) exists,
j—oo r—00

and lim a(r) = A. O

Lemma A.8 Let @(r) be given in (A.17) and A = lim @(r). Then

T—00

/ lu(r) — A2dr < C/ @ (r)|*r?dr < Clu| g (gs). (A.16)
0

Proof Let w(r) = a(r) — A. Then lim w(r) =0. By Hardy inequality 330 [11],

T—00

/ m@ngc/ ! () [2r2dr
0 0

which is the first inequality of (A.18). The second one follows from
/\mmeg/‘/@ﬁﬂ@Www
0 0o Js or

Theorem A.9 If |u|z1(ps) < oo, then there exist a constant o such that

2
/ Mdm < C/ |Vu|*dz.
R3 T R3

Proof. Let « = A = lim a(r). Then

T—00

2 ~ 2 - 2
/ [u=af dxg(;(/ Mld:w/ Mmz) (A17)
R3 r R3 r R3 r

For the first term on the right hand side of (A.17), we have by Lemma A.11

N2 00
/ de < / / |i(r) — al*drdS < C|U\?11(R3)- (4.18)
R3 r S JOo

For the second term we write

u(r,0,¢) — a(r |S| / u(r,0,¢) —u(r,0',¢")) sind’ do’ d¢’

we have

and

U(T‘, 0; ¢) - U(T, 0/7 ¢/) = U(T, 07 ¢) - U(Ta 0/7 (b) + u(rﬂ 0/3 ¢) - U(T, 0/7 ¢/)
Note that

0 du(r, 0
u(r,8,¢) —u(r,¢'.¢)* = |/, Wd |2<0/ |M| do
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which implies

_ / 2 du(r,0, ) o
[ tutr0.0) = utr0.0)fas < [ 2L pas

and o o )
/ [u(r,6, ) *2“(’” A g < c/ Vul|2dz. (A.19)
R3 T R3
Similarly, it can be shown that
/ _ oy |2
/ |U(T79 7¢) 2’(1,(7“,9 a¢ )l dx § C/ \Vu|2dx (A22)
R3 T R3
A combination of (A.17)-(A.20) leads to (A.16). O

Theorem A.10 If f € L{(R?), and [, fdx = limp_.o fDR fdx = 0, then for any
ve HR?Y),

[ #udz) < Cl Lz ol (a21)
Hereafter Dy denote a ball centered at the origin with radius R, and
1122 rey = | L+ da.
1(R%) R
Proof. Since [, fdz =0, we have

fodx = flo—A)dzx
R3

R3

with A = lim, o — r,0,¢)dS. By Lemma A.8,

|S| fS

‘ R3 fvda:‘ = {/ |fP(1+r?)d }1/2{/1%3 #dw}l/z

Cllfllz(rsy [v]m1 (R2).-

IN
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