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A POSTERIORI ERROR ANALYSIS FOR FEM OF
THERMISTOR PROBLEMS
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Abstract. In this paper, we present what we believe is the first a posteriori

finite element error analysis for the system of equations that governs microma-

chined microsensors. Our main result is the establishment of an efficient and

reliable a posteriori error estimator Θ.
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1. Introduction

The system of equations that govern thermistor behavior has a long history.
Recently, it has been the subject of intensive investigations, see e.g. [7] for a survey
of the subject. We are interested in this paper in the version of the system that has
been recently proposed as a model for micromachined microsensors, [4], [5], [6], [7].
The equations incorporate terms that account for heat losses to the surrounding
gas and radiation effects. Some of these are expressed as nonlocal terms, and to
avoid physically contradictory effects at high gas pressures, the system of equations
is expressed as an obstacle problem, [3]. In this article, the existence of solutions
and their long time behaviors was considered. The error analysis of numerical
approximations, based on finite volume methods, were considered in [2]. In this
paper, we present what we believe to be the first a posteriori error analysis for the
finite element approximation of the obstacle system introduced in [3]. In particular
we obtain an efficient and reliable a posteriori error estimator Θ. Our analysis
involves, in part, the adaptation of results earlier obtained for elliptic equations.
To the best of our knowledge, these results are new even for the classical thermistor
systems, as described in [7].

2. Finite Element Approximation of Thermistor problems

Let Ω ⊂ R2 be a polygonal domain, J = (0, T ), Jt = (0, t). Let (·, ·) be the
inner product on Ω. In this paper we adopt the standard notation Wm,q(Ω) for
Sobolev spaces on Ω with norm ‖ · ‖m,q,Ω and seminorm | · |m,q,Ω. Denote Wm,2(Ω)
by Hm(Ω) with norm ‖ · ‖m,Ω and seminorm | · |m,Ω. Set

H1
0 (Ω) ≡ {v ∈ H1(Ω) : v|∂Ω = 0}.

We denote by Ls(0, T ; Wm,p(Ω)) the Banach space of all Ls integrable functions
from (0, T ) into Wm,p(Ω) with norm ‖v‖Ls(0,T ;W m,p(Ω)) =
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(
∫ T

0
‖v‖s

W m,p(Ω)dt)
1
s for s ∈ [1,∞) and the standard modification for s = ∞. Simi-

larly, one define the spaces H1(0, T ; Wm,p(Ω)) and Cl(0, T ; Wm,p(Ω)). The details
can be found in [16]. In addition c or C denotes a general positive constant inde-
pendent of h. Let ‖v‖−1,W represent the negative norm of v defined by

‖v‖−1,Ω = sup
w∈H1

0 (Ω),w 6=0

(v, w)
‖w‖1,Ω

,

‖v‖−1,Ω×Jt
= sup

w∈H1(0,t;H1
0 (Ω)),w 6=0

∫ t

0
(v, w)dt

‖w‖1,Ω×Jt

.

Let ∂Ω = ∂ΩD ∪ ∂ΩN , ∂ΩD ∩ ∂ΩN = ∅. Set

H1
D(Ω) ≡ {v ∈ H1(Ω) : v|∂ΩD

= 0}, H1
φ0

(Ω) ≡ {v ∈ H1(Ω) : v|∂ΩD
= φ0}.

Consider the model problem of thermistor problems: find (u, φ) ∈ K×H1
φ0

(Ω) with
ut ∈ H−1(Ω) for each t such that

(ut, u− v) + (k(u)∇u,∇(u− v)) + η(
∫

Ω

G(x, y)u(y)dy, u− v)

(2.1) +α(u4, u− v) ≤ (σ(u)|∇φ|2, u− v) ∀v ∈ K,

(2.2) (σ(u)∇φ,∇w) = 0 ∀w ∈ H1
D(Ω),

(2.3) u(x, 0) = u0(x) ≥ 0,

where (·, ·) denotes the standard L2(Ω) inner product, and

K = {v ∈ H1
0 (Ω) : v ≥ 0}.

Throughout this paper, we assume that u0 ∈ H1
0 (Ω), φ0 ∈ C∞(∂ΩD), η, α are

constants, 0 ≤ G(x, y) < ∞. In the physically significant case, φ0 is piecewise con-
stant function (in space) on the components of ∂ΩD which represent the contacts.
Moreover, it is assumed that 0 < c ≤ σ(s), k(s) ≤ C < ∞, and there exists a
constant C0 > 0 such that

|σ(s)− σ(s′)|+ |k(s)− k(s′)| ≤ C0|s− s′|, s, s′ ∈ R.

Using (2.2) and Green’s formula, (2.1)-(2.3) can be rewritten to be

(ut, u− v) + (k(u)∇u,∇(u− v)) + η(
∫

Ω

G(x, y)u(y)dy, u− v)

(2.4) +α(u4, u− v) ≤ (σ(u)φ∇φ,∇(v − u)) ∀v ∈ K,

(2.5) (σ(u)∇φ,∇w) = 0 ∀w ∈ H1
D(Ω),

(2.6) u(x, 0) = u0(x).

Let us consider the finite element approximation of problem (2.4)-(2.6). Let
Th

u be a regular partition of Ω. Let hτu be the size of the element τu in Th
u ,

h = maxτu∈T h
u
{hτu}. Set the finite element space Sh

u to be the standard conforming
piecewise linear finite element space on Th

u . Let V h
u = Sh

u ∩H1
0 (Ω), Kh = {v ∈ V h

u :
v ≥ 0}. Then, it is easy to see that Kh ⊂ K. Similarly, let Th

φ be another regular
partition of Ω. Let hτφ

be the size of the element τφ in Th
φ . Set the finite element
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space Sh
φ to be the standard conforming piecewise linear finite element space on

Th
φ . Let V h

φ = Sh
φ ∩H1

D(Ω), and

V h
φ0

= {v ∈ Sh
φ : v|∂ΩD

= φI
0},

where φI
0 is the standard Lagrange interpolation of φ0 on the boundary ∂ΩD.

Then the semi-discrete finite element scheme of the problem (2.4)-(2.6) is to look
for (uh, φh) ∈ Kh × V h

φ0
, for any t ∈ J , such that

(uh
t , uh − vh) + (k(uh)∇uh,∇(uh − vh))

+η(
∫

Ω

G(x, y)uh(y)dy, uh − vh) + α((uh)4, uh − vh)(2.7)

≤ (σ(uh)φh∇φh,∇(vh − uh)) ∀vh ∈ Kh,

(2.8) (σ(uh)∇φh,∇wh) = 0 ∀wh ∈ V h
φ ,

uh(x, 0) = uI
0(x),

where uI
0 is a piecewise linear interpolation of u0 on Th

u .
For the finite element space V h

u , introduce a special piecewise linear interpolation
(see [9], for details) as follows:

(2.9) πhv =
∑

z∈Nh

vzϕz,

where Nh is the set of inner nodes, ϕz is the base function on the node z,

(2.10) vz =

∫
ωz

vψz∫
ωz

ψz
,

where ωz is the support of ϕz,

(2.11) ψz =
ϕz∑

z∈Nh
ϕz

.

Then, it is easy to see that

(2.12)
∑

z∈Nh

ψz = 1.

Lemma 2.1. Let πhv be defined by (2.9). Then, for any v ∈ H1(Ω) and element
τ ,

‖v − πhv‖20,τ + h2
τ |v − πhv|21,τ

≤ Ch2
τ

∑

τ̄∩τ̄ ′ 6=∅
|v|21,τ ′ + Chτ

∑

τ̄∩τ̄ ′ 6=∅
‖v‖20,τ̄ ′∩∂Ω,(2.13)

and for any f ∈ L2(Ω),
∫

Ω

f(v − πhv) ≤ C

( ∑

ω̄z∩∂Ω=∅
h2

z

∫

ωz

(f − f̄z)2 +
∑

ω̄z∩∂Ω6=∅
h2

z

∫

ωz

f2

) 1
2

(2.14) ×
(
|v|21,Ω +

∑

τ̄∩∂Ω 6=∅
h−1

τ ‖v‖20,τ̄∩∂Ω

) 1
2

,

where

f̄z =

∫
ωz

f∫
ωz

1
.
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Moreover, assume that v ∈ H1
0 (Ω). We have

(2.15) ‖v − πhv‖20,τ + h2
τ |v − πhv|21,τ ≤ Ch2

τ

∑

τ̄∩τ̄ ′ 6=∅
|v|21,τ ′ ,

and for any f ∈ L2(Ω),

∫

Ω

f(v − πhv) ≤ C

( ∑

ω̄z∩∂Ω=∅
h2

z

∫

ωz

(f − f̄z)2

+
∑

ω̄z∩∂Ω6=∅
h2

z

∫

ωz

f2

) 1
2

|v|1,Ω.(2.16)

Proof. When no nodes of the element τ are located on the boundary ∂Ω, we have
that πhv = v if v ∈ P0 is a constant on ωτ , where ωτ = {∪τ ′ : τ̄ ∩ τ̄ ′ 6= ∅}. Let τ̂
and ω̂τ be the reference domain with unit sizes mapped from τ and ωτ , respectively.
It follows from the standard theorem of quotient spaces (see, e.g., [11]) that

inf
p∈P0

{‖v + p‖1,ω̂τ } ≤ C|v|1,ω̂τ .

Therefore,

‖v − πhv‖20,τ + h2
τ |v − πhv|21,τ ≤ Ch2

τ (‖v − πhv‖20,τ̂ + |v − πhv|21,τ̂ )

= Ch2
τ‖v − πhv‖21,τ̂ = Ch2

τ inf
p∈P0

{‖(I − πh)(v + p)‖21,τ̂}

≤ Ch2
τ inf

p∈P0
{‖v + p‖21,ω̂τ

} ≤ Ch2
τ |v|21,ω̂τ

≤ Ch2
τ |v|21,ωτ

.

This proves (2.13) for the case where there is not any node of the element τ located
on the boundary ∂Ω.

When there is at least one node of the element τ located on the boundary ∂Ω,
we have that ∂ωτ ∩ ∂Ω 6= ∅. It follows from Poincare’s inequality (see [11], for
example) that

‖v‖21,ω̂τ
≤ C|v|21,ω̂τ

+ C‖v‖20,∂ω̂τ∩∂Ω.

It follows that

‖v − πhv‖20,τ + h2
τ |v − πhv|21,τ

≤ Ch2
τ (‖v − πhv‖20,τ̂ + |v − πhv|21,τ̂ )

≤ Ch2
τ‖v‖21,ω̂τ

≤ Ch2
τ |v|21,ω̂τ

+ Ch2
τ‖v‖20,ω̂τ∩∂Ω

≤ Ch2
τ |v|21,ωτ

+ Chτ‖v‖20,ωτ∩∂Ω.

This proves (2.13) for the case of ω̄τ ∩∂Ω 6= ∅, and hence (2.13) follows for all cases.
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Consider (2.14). Note that
∑

z∈Nh
ψz = 1,

∫
Ω

ψz(v − vz) = 0, and ϕz = ψz if
ω̄z ∩ ∂Ω = ∅. We have that∫

Ω

f(v − πhv) =
∑

z∈Nh

∫

Ω

f(vψz − vzϕz)

=
∑

ω̄z∩∂Ω=∅

∫

Ω

(f − f̄z)ψz(v − vz) +
∑

ω̄z∩∂Ω 6=∅

∫

Ω

f(vψz − vzϕz)

≤ C

( ∑

ω̄z∩∂Ω=∅
h2

z

∫

ωz

(f − f̄z)2 +
∑

ω̄z∩∂Ω6=∅
h2

z

∫

ωz

f2

) 1
2

×
( ∑

ω̄z∩∂Ω=∅
h−2

z

∫

ωz

(v − vz)2 +
∑

ω̄z∩∂Ω 6=∅
h−2

z

∫

ωz

(vψz − vzϕz)2
) 1

2

.

Then (2.14) follows from that
∑

ω̄z∩∂Ω=∅
h−2

z

∫

ωz

(v − vz)2 ≤ C|v|21,Ω,

and ∑

ω̄z∩∂Ω 6=∅
h−2

z

∫

ωz

(v2 + v2
z) ≤ C

(
|v|21,Ω +

∑

τ̄∩∂Ω 6=∅
h−1

τ ‖v‖20,τ̄∩∂Ω

)
,

which can be proved in a similar way to the proof of (2.13).
Note that v|∂Ω = 0 when v ∈ H1

0 (Ω). Then (2.15) and (2.16) follow from (2.13)
and (2.14) directly. ¤

Now, consider the interpolation in V h
φ . Let ND

h be the set of nodes which are
not located on ∂ΩD. Similar as (2.9), define the interpolation

(2.17) π∗hv =
∑

z∈ND
h

v∗zϕz,

where ϕz is the base function on the node z,

(2.18) v∗z =

∫
ωz

vψ∗z∫
ωz

ψ∗z
,

where ωz is the support of ϕz,

(2.19) ψ∗z =
ϕz∑

z∈ND
h

ϕz
.

Then, it is easy to see that

(2.20)
∑

z∈ND
h

ψ∗z = 1.

And the following Lemma can be proved in a similar way to the proof of Lemma
2.1.

Lemma 2.2. Let π∗hv be defined by (2.17). Then, for any v ∈ H1(Ω) and element
τ ,

‖v − π∗hv‖20,τ + h2
τ |v − π∗hv|21,τ

≤ Ch2
τ

∑

τ̄∩τ̄ ′ 6=∅
|v|21,τ ′ + Chτ

∑

τ̄∩τ̄ ′ 6=∅
‖v‖20,τ̄ ′∩∂ΩD

,(2.21)
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and for any f ∈ L2(Ω),

∫

Ω

f(v − π∗hv) ≤ C

( ∑

ω̄z∩∂ΩD=∅
h2

z

∫

ωz

(f − f̄z)2 +
∑

ω̄z∩∂ΩD 6=∅
h2

z

∫

ωz

f2

) 1
2

(2.22) ×
(
|v|21,Ω +

∑

τ̄∩∂ΩD 6=∅
h−1

τ ‖v‖20,τ̄∩∂ΩD

) 1
2

,

where

f̄z =

∫
ωz

f∫
ωz

1
.

Moreover, assume that v ∈ H1
D(Ω). We have

(2.23) ‖v − π∗hv‖20,τ + h2
τ |v − π∗hv|21,τ ≤ Ch2

τ

∑

τ̄∩τ̄ ′ 6=∅
|v|21,τ ′ ,

and for any f ∈ L2(Ω),
∫

Ω

f(v − π∗hv) ≤ C

( ∑

ω̄z∩∂ΩD=∅
h2

z

∫

ωz

(f − f̄z)2

+
∑

ω̄z∩∂ΩD 6=∅
h2

z

∫

ωz

f2

) 1
2

|v|1,Ω.(2.24)

We introduce another well known Lemma (see, e.g., [15]), which will be used in
our proof of a posteriori error estimates.

Lemma 2.3. For all v ∈ W 1,q(τ), 1 ≤ q < ∞,

(2.25) ‖v‖0,q,∂τ ≤ C(h
− 1

q
τ ‖v‖0,q,τ + h

1− 1
q

τ |v|1,q,τ ).

3. A posteriori Error Estimate

In order to obtain a numerical solution of acceptable accuracy for the problem,
the finite element meshes have to be refined according to a mesh refinement scheme.
A widely used approach in engineering is the adaptive finite element approximation.
At the heart of any adaptive finite element method is an a posteriori error indicator.
Adaptive finite element approximation only refines the area where the error indi-
cator is larger so that a higher density of nodes is distributed over the area where
the solution is difficult to approximate. In this section, we provide the a posteriori
error estimate for the thermistor problem and its finite element approximation.

3.1. Upper bound. Firstly, let us consider the a posteriori upper bound for the
error of φ.

Lemma 3.1. Let φ and φh be the solutions of the problem (2.5) and (2.8), re-
spectively. Assume that φ ∈ W 1,p(Ω), 3 < p < 4, for any t ∈ J . Then, for any
t ∈ J ,

(3.1) |φ− φh|21,Ω ≤ C(η2
1 + η2

2 + η2
3) + C‖u− uh‖21,Ω,
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where

η2
1 =

∑

z∈ND
h

h2
z

∫

ωz

(∇ · (σ(uh)∇φh)− (∇ · (σ(uh)∇φh))z)2

+
∑

ω̄z∩∂ΩD 6=∅
h2

z

∫

ωz

(∇ · (σ(uh)∇φh))2,

η2
2 =

∑

l∩∂ΩD=∅
hl

∫

l

[σ(uh)
∂φh

∂n
]2,

η2
3 =

∑

τ̄φ∩∂ΩD 6=∅
h−1

τφ
‖φ0 − φI

0‖20,τ̄φ∩∂ΩD
+

∑

τ̄φ∩∂ΩD 6=∅
hτφ

|φ0 − φI
0|21,τ̄φ∩∂ΩD

,

where l is the edge of the element, hl is the length of l, [v]l is the jump of v on
the edge l, [σ(uh)∂φh

∂n ]l = 0 if l ⊂ ∂ΩN , v̄z is the integral average of v defined in
Lemma 2.1.

Proof. Let Φ = φ − φh, let ΦI = π∗hΦ be defined by (2.17). Note that Φ|∂Ω =
(φ0 − φI

0)|∂ΩD
6= 0, and thus Φ∈̄H1

D(Ω), but ΦI |∂ΩD
= 0, and hence ΦI ∈ H1

D(Ω).
Let ρ ∈ H1(Ω) such that the trace of ρ on ∂Ω:

γ0ρ =
{

Φ− ΦI on ∂ΩD

0 on ∂ΩN
,

and

‖ρ‖1,Ω ≤ C‖γ0ρ‖ 1
2 ,∂Ω ≤ C‖Φ− ΦI‖ 1

2 ,∂ΩD
= C‖φ0 − φI

0‖ 1
2 ,∂ΩD

.

Then Φ− ΦI − ρ ∈ H1
D. It follows from (2.5), (2.8) that

c|Φ|21,Ω ≤ (σ(uh)∇(φ− φh),∇Φ)

= (σ(u)∇φ,∇(Φ− ΦI))− (σ(uh)∇φh,∇(Φ− ΦI))

+((σ(uh)− σ(u))∇φ,∇Φ)
= (σ(u)∇φ,∇ρ) + (σ(u)∇φ,∇(Φ− ΦI − ρ))

+
∑

τφ∈T h
φ

∫

τφ

∇ · (σ(uh)∇φh)(Φ− ΦI)

−
∑

l∩∂ΩD=∅

∫

l

[σ(uh)
∂φh

∂n
](Φ− ΦI)(3.2)

−
∫

∂ΩD

σ(uh)
∂φh

∂n
(Φ− ΦI) + ((σ(uh)− σ(u))∇φ,∇Φ)

=
∑

τφ∈T h
φ

∫

τφ

∇ · (σ(uh)∇φh)(Φ− ΦI)

−
∑

l∩∂ΩD=∅

∫

l

[σ(uh)
∂φh

∂n
](Φ− ΦI) + (σ(u)∇φ,∇ρ)

−
∫

∂ΩD

σ(uh)
∂φh

∂n
(Φ− ΦI) + ((σ(uh)− σ(u))∇φ,∇Φ).
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It follows from (2.22) that

∑

τφ∈T h
φ

∫

τφ

∇ · (σ(uh)∇φh)(Φ− ΦI)

≤ C

( ∑

ω̄z∩∂ΩD=∅
h2

z

∫

ωz

(∇ · (σ(uh)∇φh)− (∇ · (σ(uh)∇φh))z)2

+
∑

ω̄z∩∂ΩD 6=∅
h2

z

∫

ωz

(∇ · (σ(uh)∇φh))2
)

(3.3)

+Cδ

(
|Φ|21,Ω +

∑

τ̄φ∩∂ΩD 6=∅
h−1

τφ
‖Φ‖20,τ̄φ∩∂ΩD

)

≤ Cη2
1 + Cδ|Φ|21,Ω + C

∑

τ̄φ∩∂ΩD 6=∅
h−1

τφ
‖φ0 − φI

0‖20,τ̄φ∩∂ΩD

≤ Cη2
1 + Cη2

3 + Cδ|Φ|21,Ω,

where and later δ presents a small positive constant. Similarly, it follows from
(2.21) and Lemma 2.3 that

∑

l∩∂ΩD=∅

∫

l

[σ(uh)
∂φh

∂n
](Φ− ΦI)

≤ C
∑

l∩∂ΩD=∅
hl

∫

l

[σ(uh)
∂φh

∂n
]2 + Cδ

∑

l∩∂ΩD=∅
h−1

l

∫

l

(Φ− ΦI)2

≤ Cη2
2 + Cδ

∑

l∩∂ΩD=∅

(
h−2

l ‖Φ− ΦI‖20,τ1
l ∪τ2

l
+ |Φ− ΦI |21,τ1

l ∪τ2
l

)
(3.4)

≤ Cη2
2 + Cδ

( ∑
τφ

|Φ|21,τφ
+ C

∑

τ̄φ∩∂ΩD 6=∅
h−1

τφ
‖Φ‖20,τ̄φ∩∂ΩD

)

≤ Cη2
2 + C

∑

τ̄φ∩∂ΩD 6=∅
h−1

τφ
‖φ0 − φI

0‖20,τ̄φ∩∂ΩD
+ Cδ|Φ|21,Ω

≤ Cη2
2 + Cη2

3 + Cδ|Φ|21,Ω.

Since ρI |∂Ω = 0 and ρI ∈ V h
φ ⊂ H1

D, equation (2.8) implies

−
∑

τφ∈T h
φ

∫

τφ

∇ · (σ(uh)∇φh)ρI +
∑

l∩∂ΩD=∅

∫

l

[σ(uh)
∂φh

∂n
]ρI

= (σ(uh)∇φh,∇ρI) = 0.
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Therefore,

(σ(u)∇φ,∇ρ)−
∫

∂ΩD

σ(uh)
∂φh

∂n
(Φ− ΦI)

= (σ(u)∇φ,∇ρ)−
∫

∂ΩD

σ(uh)
∂φh

∂n
ρ−

∑

l∩∂ΩD=∅

∫

l

[σ(uh)
∂φh

∂n
]ρ

+
∑

l∩∂ΩD=∅

∫

l

[σ(uh)
∂φh

∂n
]ρ

= (σ(u)∇φ− σ(uh)∇φh,∇ρ)−
∑

τφ∈T h
φ

∫

τφ

∇ · (σ(uh)∇φh)ρ

+
∑

l∩∂ΩD=∅

∫

l

[σ(uh)
∂φh

∂n
]ρ

= (σ(u)∇φ− σ(uh)∇φh,∇ρ)−
∑

τφ∈T h
φ

∫

τφ

∇ · (σ(uh)∇φh)(ρ− ρI)

+
∑

l∩∂ΩD=∅

∫

l

[σ(uh)
∂φh

∂n
](ρ− ρI)(3.5)

≤ Cδ‖σ(u)∇φ− σ(uh)∇φh‖20,Ω + C‖ρ‖21,Ω + C(η2
1 + η2

2 + η2
3)

+C
∑

τ̄φ∩∂ΩD 6=∅
h−1

τφ
‖ρ‖20,τ̄φ∩∂ΩD

+ Cδ|ρ|21,Ω

≤ Cδ‖σ(u)∇φ− σ(uh)∇φh‖20,Ω + C‖φ0 − φI
0‖21

2 ,∂ΩD

+C(η2
1 + η2

2 + η2
3) + C

∑

τ̄φ∩∂ΩD 6=∅
h−1

τφ
‖φ0 − φI

0‖20,τ̄φ∩∂ΩD

≤ C(δ|φ− φh|21,Ω + |φ|21,p,Ω‖u− uh‖2
0, 2p

p−2 ,Ω
) + C(η2

1 + η2
2 + η2

3)

+C

( ∑

τ̄φ∩∂ΩD 6=∅
h−1

τφ
‖φ0 − φI

0‖20,τ̄φ∩∂ΩD

+
∑

τ̄φ∩∂ΩD 6=∅
hτφ

|φ0 − φI
0|21,τ̄φ∩∂ΩD

)

≤ Cδ|Φ|21,Ω + C‖u− uh‖21,Ω + C(η2
1 + η2

2 + η2
3),

where we used the assumption φ ∈ W 1,p(Ω), 3 < p < 4, the embed theorem:
‖v‖0,q,Ω ≤ C‖v‖1,Ω for 1 ≤ q < ∞, and the interpolation theorem:

‖v‖21
2 ,γ ≤ C‖v‖0,γ‖v‖1,γ ≤ C

2
(h−1‖v‖20,γ + h‖v‖21,γ).

Moreover, it is easy to see that

((σ(uh)− σ(u))∇φ,∇Φ) ≤ C‖u− uh‖0, 2p
p−2 ,Ω|φ|1,p,Ω|Φ|1,Ω

≤ C‖u− uh‖21,Ω + Cδ|Φ|21,Ω.(3.6)

Summing up, (3.1) follows from (3.2)-(3.6). ¤

In order to discuss the a posteriori error estimate, we first introduce some def-
initions and notations. The principal idea is an adaptation of that employed for
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elliptic obstacle problems, e.g., [13], [19], [20]. Note that we to deal with the time
dependent problem. The following functional or functions are all dependent on the
time t, and thus are different from the ones introduced in [13], [19], [20]. However,
for notational simplicity, we suppress reference to t when it is not relevant to the
argument in question.

Introduce a functional β such that for all t ∈ J ,

< β,ψ > = −(σ(u)φ∇φ,∇ψ)− (ut, ψ)− (k(u)∇u,∇ψ)

−η(
∫

Ω

G(x, y)u(y)dy, ψ)− α(u4, ψ), ∀ψ ∈ H1
0 (Ω).(3.7)

Then β = 0 when u > 0. Introduce an approximation to β as follows:

(3.8) βh =
∑

z∈Nh

βhzψz,

where ψz is defined by (2.11),

(3.9) βhz(x, t) :=
{

Pz(x, t) z ∈ Ch

Qz(t) z ∈ Nh \ Ch
,

(3.10) Pz(x, t) = ∇ · (σ(uh)φh∇φh)− η

∫

Ω

G(x, y)uh(y)dy − uh
t ,

Qz(t) =
1∫

ωz
ψz

(
− (σ(uh)φh∇φh,∇ϕz)− (uh

t , ϕz)− (k(uh)∇uh,∇ϕz)

−η(
∫

Ω

G(x, y)uh(y)dy, ϕz)− α((uh)4, ϕz)
)

,(3.11)

where

(3.12) Ch := {z ∈ Nh : uh = 0 and Pz ≤ 0 on ωz},
ϕz is the base function on the node z, ωz is the support of ϕz. Introduce a residual
Gh by

< Gh, ρ > = (uh
t , ψ) + (k(uh)∇uh,∇ρ) + η(

∫

Ω

G(x, y)uh(y)dy, ρ)

+α((uh)4, ρ) + (σ(uh)φh∇φh,∇ρ) + (βh, ρ) ∀ρ ∈ H1
0 (Ω).(3.13)

Let e = uh − u. Equations (3.7) and (3.13) imply that ∀ρ ∈ H1
0 (Ω),

< Gh, ρ > = (et, ρ) + (k(uh)∇uh − k(u)∇u,∇ρ)

+η(
∫

Ω

G(x, y)e(y)dy, ρ) + α((uh)4 − u4, ρ)(3.14)

+(σ(uh)φh∇φh − σ(u)φ∇φ,∇ρ)+ < βh − β, ρ >,

where
< βh, ρ >:= (βh, ρ).

Lemma 3.2. Let Gh be defined by (3.13). Then,

(3.15) ‖Gh‖2−1,Ω ≤ C(η2
2 + η2

4 + η2
5),

where η2 is defined in Lemma 3.1,

η2
4 =

∑

z∈Nh\Ch

∫

ωz

h2
z(F − F̄z)2 +

∑

z∈Nh\Ch,ω̄z∩∂Ω6=∅
h2

z

∫

ωz

F 2,
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η2
5 =

∑

l∩∂Ω=∅
hl

∫

l

[k(uh)
∂uh

∂n
]2,

where

F = uh
t −∇ · (k(uh)∇uh) + η

∫

Ω

G(x, y)uh(y)dy

+α(uh)4 −∇ · (σ(uh)φh∇φh),

l, hl, [v]l and v̄z are defined in Lemma 3.1.

Proof. From (2.12), (3.8) and (3.13) we obtain that for any function ρ ∈ H1
0 (Ω)

and t ∈ J ,

< Gh, ρ > = (uh
t , ρ) + (k(uh)∇uh,∇ρ) + η(

∫

Ω

G(x, y)uh(y)dy, ρ)

+α((uh)4, ρ) + (σ(uh)φh∇φh,∇ρ) + (βh, ρ)

=
∑

z∈Ch

(
(uh

t , ρψz) + (k(uh)∇uh,∇(ρψz))

+η(
∫

Ω

G(x, y)uh(y)dy, ρψz) + α((uh)4, ρψz)(3.16)

+(σ(uh)φh∇φh,∇(ρψz)) + (βhzψz, ρ)
)

+
∑

z∈Nh\Ch

(
(uh

t , ρψz) + (k(uh)∇uh,∇(ρψz))

+η(
∫

Ω

G(x, y)uh(y)dy, ρψz) + α((uh)4, ρψz)

+(σ(uh)φh∇φh,∇(ρψz)) + (βhzψz, ρ)
)

= A1 + A2.

Note that uh = 0 on ωz if z ∈ Ch. Then it follows from (3.9) and (3.10) that

A1 =
∑

z∈Ch

(
(uh

t , ρψz) + (k(uh)∇uh,∇(ρψz))

+η(
∫

Ω

G(x, y)uh(y)dy, ρψz) + α((uh)4, ρψz)

+(σ(uh)φh∇φh,∇(ρψz)) + (βhzψz, ρ)
)

(3.17)

=
∑

z∈Ch

(
− (Pz, ρψz) + (Pzψz, ρ)

)
= 0.

Let

(3.18) ρ̂z =

∫
ωz

ρψz∫
ωz

ψz
.
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Note that ψz = ϕz if ω̄z ∩ ∂Ω = ∅. Then, it follows from (3.9) and (3.11) that

A2 =
∑

z∈Nh\Ch

(
(uh

t , ρψz) + (k(uh)∇uh,∇(ρψz))

+η(
∫

Ω

G(x, y)uh(y)dy, ρψz) + α((uh)4, ρψz)

+(σ(uh)φh∇φh,∇(ρψz)) + (βhzψz, ρ)
)

=
∑

z∈Nh\Ch,ω̄z∩∂Ω=∅

(
(uh

t , (ρ− ρ̂z)ψz) + (k(uh)∇uh,∇((ρ− ρ̂z)ψz))

+η(
∫

Ω

G(x, y)uh(y)dy, (ρ− ρ̂z)ψz) + α((uh)4, (ρ− ρ̂z)ψz)

+(σ(uh)φh∇φh,∇((ρ− ρ̂z)ψz))
)

(3.19)

+
∑

z∈Nh\Ch,ω̄z∩∂Ω6=∅

(
(uh

t , ρψz − ρ̂zϕz) + (k(uh)∇uh,∇(ρψz − ρ̂zϕz))

+η(
∫

Ω

G(x, y)uh(y)dy, ρψz − ρ̂zϕz) + α((uh)4, ρψz − ρ̂zϕz)

+(σ(uh)φh∇φh,∇(ρψz − ρ̂zϕz))
)

=
∑

z∈Nh\Ch,ω̄z∩∂Ω=∅
(F, (ρ− ρ̂z)ψz)

+
∑

z∈Nh\Ch,ω̄z∩∂Ω=∅,l⊂ωz

∫

l

[k(uh)
∂uh

∂n
](ρ− ρ̂z)ψz

+
∑

z∈Nh\Ch,ω̄z∩∂Ω6=∅
(F, ρψz − ρ̂zϕz)

+
∑

z∈Nh\Ch,ω̄z∩∂Ω6=∅,l⊂ωz,l∩∂Ω=∅

∫

l

[k(uh)
∂uh

∂n
](ρψz − ρ̂zϕz)

+
∑

z∈Nh\Ch,ω̄z∩∂Ω=∅,l⊂ωz

∫

l

[σ(uh)φh ∂φh

∂n
](ρ− ρ̂z)ψz

+
∑

z∈Nh\Ch,ω̄z∩∂Ω6=∅,l⊂ωz,l∩∂Ω=∅

∫

l

[σ(uh)φh ∂φh

∂n
](ρψz − ρ̂zϕz),

where

F = uh
t −∇ · (k(uh)∇uh) + η

∫

Ω

G(x, y)uh(y)dy + α(uh)4

−∇ · (σ(uh)φh∇φh).(3.20)

Note that (the proof is similar to Lemma 2.1)
∫

ωz

ψz(ρ− ρ̂z) = 0,

‖ρ− ρ̂z‖0,ωz ≤ Chz|ρ|1,ωz , |ρ− ρ̂z|1,ωz ≤ C|ρ|1,ωz ,
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and for ρ ∈ H1
0 (Ω), ω̄z ∩ ∂Ω 6= ∅,

‖ρ‖0,ωz
≤ Chz|ρ|1,ωz

, ‖ρ̂z‖0,ωz
≤ Chz|ρ|1,ωz

, |ρ̂z|1,ωz
= 0.

Then it follows that

A2 ≤ C

( ∑

z∈Nh\Ch,ω̄z∩∂Ω=∅

∫

ωz

h2
z(F − F̄z)2 +

∑

z∈Nh\Ch,ω̄z∩∂Ω 6=∅
h2

z

∫

ωz

F 2

+
∑

l∩∂Ω=∅
hl

∫

l

[k(uh)
∂uh

∂n
]2 +

∑

l∩∂Ω=∅
hl

∫

l

[σ(uh)φh ∂φh

∂n
]2

) 1
2

×
( ∑

z∈Nh\Ch,ω̄z∩∂Ω=∅
(h−2

z ‖ρ− ρ̂z‖20,ωz
+ |ρ− ρ̂z|21,ωz

)(3.21)

+
∑

z∈Nh\Ch,ω̄z∩∂Ω6=∅
(h−2

z ‖ρ‖20,ωz
+ h−2

z ‖ρ̂z‖20,ωz
+ |ρ|21,ωz

+ |ρ̂z|21,ωz
)
) 1

2

≤ C(η2
2 + η2

4 + η2
5)

1
2 |ρ|1,Ω.

Therefore, it follows from (3.16), (3.17) and (3.21) that

(3.22) < Gh, ρ > ≤ C(η2
2 + η2

4 + η2
5)

1
2 ‖ρ‖1,Ω ∀ρ ∈ H1

0 (Ω).

This proves (3.15). ¤

Lemma 3.3. Let u and uh be the solutions of the problem (2.1) and (2.7), respec-
tively. Assume that u ∈ W 1,∞(Ω), φ ∈ W 1,p(Ω), 3 < p < 4, and φ∇φ ∈ (L∞(Ω))2.
Then for any t ∈ (0, T ),

(3.23) ‖(u− uh)(t)‖20,Ω +
∫ t

0

‖u− uh‖21,Ω ≤ CΘ2,

where

Θ2 = η2
0 +

∫ t

0

(η2
1 + η2

2 + η2
3 + η2

4 + η2
5 + η2

6)dt,

η2
0 = ‖(u− uh)(0)‖20,Ω,

ηi, i = 1, 2, 3, are defined in Lemma 3.1, ηi, i = 4, 5, are defined in Lemma 3.2,

η2
6 =

∑

z∈Nh\Ch

(−Qz)
∫

ωz

uhψz,

where Qz and ψz are defined by (3.11) and (2.11), respectively.

Proof. Let e = uh − u. It follows from (3.14), Poincare’s inequality and the as-
sumptions on k(·) that

1
2

d

dt
‖e‖20,Ω + c‖e‖21,Ω ≤ (et, e) + (k(uh)∇uh − k(uh)∇u,∇e)

= < Gh, e > +((k(u)− k(uh))∇u,∇e)

−η

∫

Ω

∫

Ω

G(x, y)e(x)e(y)dxdy + α(u4 − (uh)4, e)(3.24)

+(σ(u)φ∇φ− σ(uh)φh∇φh,∇e)+ < β − βh, e >

= A1 + A2 + A3 + A4 + A5 + A6.
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It follows from Lemma 3.2 that

A1 = < Gh, e > ≤ C‖Gh‖2−1,Ω + Cδ‖e‖21,Ω

≤ C(η2
2 + η2

4 + η2
5) + Cδ‖e‖21,Ω.(3.25)

It is easy to see that

A2 = ((k(u)− k(uh))∇u,∇e) ≤ C‖u− uh‖0,Ω|u|1,∞,Ω|e|1,Ω

≤ C‖e‖20,Ω + Cδ‖e‖21,Ω,(3.26)

(3.27) A3 = −η

∫

Ω

∫

Ω

G(x, y)e(x)e(y)dxdy ≤ C‖e‖20,Ω,

and

A4 = α(u4 − (uh)4, e) = α((uh − u)((uh)3 + (uh)2u + uhu2 + u3), e)

≤ C‖e‖20,Ω‖(uh)3 + (uh)2u + uhu2 + u3‖0,∞,Ω ≤ C‖e‖20,Ω.(3.28)

It follows from Lemma 3.1 and Poincare’ inequality that

A5 = (σ(u)φ∇φ− σ(uh)φh∇φh,∇e)

≤ ‖σ(u)φ∇φ− σ(uh)φh∇φh‖0,Ω|e|1,Ω

≤ C‖u− uh‖0,Ω|e|1,Ω‖φ∇φ‖20,∞,Ω

+C|φh|0,∞,Ω|φ− φh|1,Ω|e|1,Ω(3.29)

+C|φ|1,p,Ω‖φ− φh‖0, 2p
p−2 ,Ω|e|1,Ω

≤ C‖e‖20,Ω + C‖φ− φh‖21,Ω + Cδ|e|21,Ω

≤ C‖e‖20,Ω + C|φ− φh|21,Ω + ‖φ− φh‖20,∂ΩD
+ Cδ|e|21,Ω

≤ C‖e‖20,Ω + C(η2
1 + η2

2 + η2
3) + Cδ|e|21,Ω.

Next, we have:

A6 = < β − βh, e >=< β, uh − u > + < βh, u− uh >

= < β, uh − u > +
∑

z∈Ch

(βhzψz, u− uh)(3.30)

+
∑

z∈Nh\Ch

(βhzψz, u)−
∑

z∈Nh\Ch

(βhzψz, u
h).

Note that uh ∈ K. It follows from (2.1) and (3.7) that

(3.31) < β, uh − u > ≤ 0.

Observe that βhz ≤ 0, ψz ≥ 0, u ≥ 0, and uh = 0 in ωz if z ∈ Ch. Hence,

(3.32)
∑

z∈Ch

(βhzψz, u− uh) ≤ 0.

Similarly,

(3.33)
∑

z∈Nh\Ch

(βhzψz, u) ≤ 0.
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Then, equations (3.30)-(3.33) yield

A6 ≤ −
∑

z∈Nh\Ch

(βhzψz, u
h)

=
∑

z∈Nh\Ch

(−Qz)
∫

ωz

uhψz = η2
6 .(3.34)

Summing up, we obtain from equations (3.24)-(3.29) and (3.34) that

d

dt
‖e‖20,Ω + ‖e‖21,Ω ≤ C(η2

1 + η2
2 + η2

3 + η2
4 + η2

5 + η2
6)

+C‖e‖20,Ω + Cδ‖e‖21,Ω.

That is

‖e(t)‖20,Ω +
∫ t

0

‖e‖21,Ωdt

≤ ‖e(0)‖20,Ω + C

∫ t

0

(η2
1 + η2

2 + η2
3 + η2

4 + η2
5 + η2

6)dt

+C

∫ t

0

‖e‖20,Ωdt + Cδ

∫ t

0

‖e‖21,Ωdt

≤ CΘ2 + C

∫ t

0

‖e‖20,Ωdt + Cδ

∫ t

0

‖e‖21,Ωdt,

and therefore,

(3.35) ‖e(t)‖20,Ω +
∫ t

0

‖e‖21,Ωdt ≤ CΘ2 + C

∫ t

0

‖e‖20,Ωdt.

Then (3.23) follows from (3.35) and Gronwall’s inequality. ¤

Lemma 3.4. Let β and βh be defined by (3.7) and (3.8), respectively. Assume
that u ∈ W 1,∞(Ω), φ ∈ W 1,p(Ω), 3 < p < 4, and φ∇φ ∈ (L∞(Ω))2. Then, for all
t ≥ t0 > 0,

(3.36) ‖β − βh‖−1,Ω×Jt ≤ C(
1 + t

t
)

1
2 Θ,

where Jt = (0, t) ⊂ (0, T ) = J , and Θ is defined in Lemma 3.3.

Proof. For any ρ ∈ H1(0, t; H1
0 (Ω)), it follows from (3.14) and Lemma 3.1-3.3 that

∫ t

0

< βh − β, ρ > dt

=
∫ t

0

(
< Gh, ρ > −(et, ρ)− (k(uh)∇uh − k(u)∇u,∇ρ)

−η(
∫

Ω

G(x, y)e(y)dy, ρ)− α((uh)4 − u4, ρ)(3.37)

−(σ(uh)φh∇φh − σ(u)φ∇φ,∇ρ)
)

dt
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=
∫ t

0

(
< Gh, ρ > +(e, ρt)− (k(uh)∇uh − k(u)∇u,∇ρ)

−η(
∫

Ω

G(x, y)e(y)dy, ρ)− α((uh)4 − u4, ρ)

−(σ(uh)φh∇φh − σ(u)φ∇φ,∇ρ)
)

dt + (e, ρ)(0)− (e, ρ)(t)(3.38)

≤ C

( ∫ t

0

(‖Gh‖2−1,Ω + ‖e‖21,Ω + ‖φ− φh‖21,Ωdt

+C(‖e(t)‖20,Ω + ‖e(0)‖20,Ω)
) 1

2

×
( ∫ t

0

(‖ρ‖21,Ω + ‖ρt‖20,Ω)dt + ‖ρ(t)‖20,Ω + ‖ρ(0)‖20,Ω

) 1
2

≤ C(
1 + t

t
)

1
2

( ∫ t

0

(η2
1 + η2

2 + η2
3 + η2

4 + η2
5 + η2

6)dt

+‖e(0)‖20,Ω

) 1
2

‖ρ‖1,Ω×Jt

≤ C(
1 + t

t
)

1
2 Θ‖ρ‖1,Ω×Jt ,

where we used the trace theorem: for all t ≥ t0 > 0,

‖ρ(t)‖20,Ω ≤ C(
1 + t

t
)‖ρ‖21,Ω×Jt

, ‖ρ(0)‖20,Ω ≤ C(
1 + t

t
)‖ρ‖21,Ω×Jt

.

Thus, (3.36) follows from the definition of the negative norm and (3.38). ¤

Using Lemma 3.1-3.4, we can state the following a posteriori upper bound for
the error.

Theorem 3.1. Let (u, φ) and (uh, φh) be the solutions of (2.1)-(2.2) and (2.7)-
(2.8), and β, βh be defined by (3.7) and (3.8). Let

E2 = ‖(u− uh)(0)‖20,Ω + ‖(u− uh)(t)‖20,Ω +
∫ t

0

(‖u− uh‖21,Ω + ‖φ− φh‖21,Ω)dt.

Assume that u ∈ W 1,∞(Ω), φ ∈ W 1,p(Ω), 3 < p < 4, and φ∇φ ∈ (L∞(Ω))2. Then,
for all t ≥ t0 > 0,

(3.39) E2 +
t

1 + t
‖β − βh‖2−1,Ω×Jt

≤ CΘ2,

where Θ is defined in Lemma 3.3.

Proof. It follows from Lemma 3.1, 3.3 and Poincare’s inequality that
∫ t

0

‖φ− φh‖21,Ωdt ≤ C

∫ t

0

|φ− φh|21,Ωdt + C

∫ t

0

‖φ− φh‖20,∂ΩD
dt

≤ C

∫ t

0

(η2
1 + η2

2 + η2
3)dt + C

∫ t

0

‖u− uh‖21,Ωdt ≤ CΘ2.(3.40)

Then, (3.39) follows from Lemma 3.3, Lemma 3.4 and (3.40). ¤
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3.2. Lower bound. Let us consider the a posteriori lower bound of the error
concerning the efficiency of the a posteriori error estimator.

Theorem 3.2. Let E, Θ, β, βh be as defined in Theorem 3.1. Assume that
u ∈ W 1,∞(Ω), φ ∈ W 1,p(Ω), 3 < p < 4. Then,

(3.41) Θ2 ≤ CE2 + C

∫ t

0

‖β − βh‖2−1,Ω + Cε2,

where

ε2 =
∫ t

0

(η2
1 + η2

3 + η2
4)dt + h2

∫ t

0

‖ut − uh
t ‖20,Ωdt.

Proof. We only need to consider
∫ t

0
η2

i dt, i = 2, 5, 6.
Firstly, we introduce some notations (the idea is same as in [13]). Let element

τ = 4z1
τz2

τz3
τ , edge l = τ̄1

l ∩ τ̄2
l = z1

l z2
l . Set γτ = ϕz1

τ
ϕz2

τ
ϕz3

τ
, γl = ϕz1

l
ϕz2

l
, where

ϕz is the base function on the node z. For the element τ j
l , j = 1, 2, choose ατj

l ,zi

τ
j
l

,

i = 1, 2, 3, such that

(3.42)
3∑

i=1

ατj
l ,zi

τ
j
l

∫

τj
l

γτj
l
ϕzi

τ
j
l

ψzk

τ
j
l

=
∫

τj
l

γlψzk

τ
j
l

k = 1, 2, 3,

where ψz is defined by (2.11), and set ψzk

τ
j
l

= 0, αzk

τ
j
l

= 0 if zk
τj

l

∩ ∂Ω 6= ∅. Set

wl = J̄h|l(γl −
2∑

j=1

3∑

i=1

ατj
l ,zi

τ
j
l

γτj
l
ϕzi

τ
j
l

),

where

J̄h|l =

∫
l
Jh∫
l
1

, Jh = [σ(uh)
∂φh

∂n
].

Then, it is easy to see that supp{wl} = τ1
l ∪ τ2

l , because supp{γl} = τ1
l ∪ τ2

l and
supp{γτj

l
} = τ j

l , j = 1, 2. The definition of ατj
l ,zi

τ
j
l

with equation (3.42) implies

that ∫

τ1
l ∪τ2

l

wlψy = 0 ∀y ∈ Nh.

Moreover, considering that σ(s) ≥ c > 0, and |σ(s) − σ(s′) ≤ C|s − s′|, we have
that if h is small enough,

‖Jh‖20,l ≤ C‖J̄h‖20,l ≤ C
∑

y∈Nh∩l

∫

l

J̄hwlψy ≤ C
∑

y∈Nh∩l

∫

l

Jhwlψy.

It is easy to check that

‖wl‖20,τ1
l ∪τ2

l
≤ Chl‖Jh‖20,l, |wl|21,τ1

l ∪τ2
l
≤ Ch−1

l ‖Jh‖20,l.
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Then using the technique in, say, [9], [13], [21], it follows from (2.2) that

hl‖Jh‖20,l

≤ Chl

∑

y∈Nh∩l

∫

l

Jhwlψy = Chl

∑

y∈Nh∩l

∫

l

[σ(uh)
∂φh

∂n
− σ(u)

∂φ

∂n
]wlψy

= Chl

∑

y∈Nh∩l

∫

τ1
l ∪τ2

l

(σ(uh)∇φh − σ(u)∇φ)∇(wlψy)

+Chl

∑

y∈Nh∩l

∫

τ1
l ∪τ2

l

∇ · (σ(uh)∇φh)wlψy

= Chl

∑

y∈Nh∩l

∫

τ1
l ∪τ2

l

(σ(uh)∇φh − σ(u)∇φ)∇(wlψy)

+Chl

∑

y∈Nh∩l

∫

τ1
l ∪τ2

l

(
∇ · (σ(uh)∇φh)− (∇ · (σ(uh)∇φh))y

)
wlψy

≤ C‖σ(uh)∇φh − σ(u)∇φ‖20,τ1
l ∪τ2

l
+ Cδ(h2

l |wl|21,τ1
l ∪τ2

l
+ ‖wl‖20,τ1

l ∪τ2
l
)

+Ch2
l

∑

y∈Nh∩l

∫

τ1
l ∪τ2

l

(
∇ · (σ(uh)∇φh)− (∇ · (σ(uh)∇φh))y

)2

≤ C(‖u− uh‖21,τ1
l ∪τ2

l
+ |φ− φh|21,τ1

l ∪τ2
l
) + Cδhl‖Jh‖20,l

+Ch2
l

∑

y∈Nh∩l

∫

τ1
l ∪τ2

l

(
∇ · (σ(uh)∇φh)− (∇ · (σ(uh)∇φh))y

)2

.

Therefore,

∫ t

0

η2
2dt =

∫ t

0

∑

l∩∂Ω=∅
hl‖Jh‖20,ldt

≤ C

∫ t

0

(‖u− uh‖21,Ω + |φ− φh|21,Ω)dt(3.43)

+C
∑

z∈Nh

h2
z

∫

ωz

(
∇ · (σ(uh)∇φh)− (∇ · (σ(uh)∇φh))z

)2

≤ CE2 + C

∫ t

0

η2
1dt ≤ CE2 + Cε2.

Note that [k(uh)∂uh

∂n ]l = 0 if l ⊂ ωz, z ∈ Ch, because of uh|ωz = 0. Otherwise,
let Jh = [k(uh)∂uh

∂n ], and set wl as above. Moreover, note that
∫

τ1
l ∪τ2

l
wlψy = 0,

∀y ∈ Nh ∩ l. We have that
∫

ωy
wlψy = 0, and hence (ŵl)y = 0, for all y ∈ Nh ∩ l,

where (ŵl)y is defined by (3.18). Furthermore, wlψz = 0 if z ∩ l̄ = ∅, because that
supp{wl} = τ1

l ∪ τ2
l . Therefore, (ŵl)z = 0 for all z ∈ Nh, and (3.16), (3.17) and
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(3.19) imply that

< Gh, wl >

=
∑

z∈Nh\Ch,ω̄z∩∂Ω=∅
(F, (wl − (ŵl)z)ψz)

+
∑

z∈Nh\Ch,ω̄z∩∂Ω=∅,l⊂ωz

∫

l

[k(uh)
∂uh

∂n
](wl − (ŵl)z)ψz

+
∑

z∈Nh\Ch,ω̄z∩∂Ω 6=∅
(F, wlψz − (ŵl)zϕz)

+
∑

z∈Nh\Ch,ω̄z∩∂Ω 6=∅,l⊂ωz

∫

l

[k(uh)
∂uh

∂n
](wlψz − (ŵl)zϕz)

=
∑

z∈Nh\Ch

(F,wlψz) +
∑

z∈Nh\Ch

∫

l

[k(uh)
∂uh

∂n
]wlψz

=
∑

y∈(Nh\Ch)∩l

((F − F̄y), wlψy) +
∑

y∈Nh∩l

∫

l

[k(uh)
∂uh

∂n
]wlψy.

Then, it follows from (3.14) that

hl

∫

l

[k(uh)
∂uh

∂n
]2 ≤ Chl

∑

y∈Nh∩l

∫

l

[k(uh)
∂uh

∂n
]wlψy

= Chl < Gh, wl > −Chl

∑

y∈(Nh\Ch)∩l

∫

ωy

(F − F̄y)wlψy

= Chl

(
(et, wl) + (k(uh)∇uh − k(u)∇u,∇wl)

+η(
∫

Ω

G(x, y)e(y)dy, wl) + α((uh)4 − u4, wl)

+(σ(uh)φh∇φh − σ(u)φ∇φ,∇wl)+ < βh − β,wl >

)

−Chl

∑

y∈(Nh\Ch)∩l

∫

ωy

(F − F̄y)wlψy

≤ C

(
h2

l ‖et‖20,τ1
l ∪τ2

l
+ ‖k(uh)∇uh − k(u)∇u‖20,τ1

l ∪τ2
l

+h2
l ‖

∫

Ω

G(x, y)e(y)dy‖20,τ1
l ∪τ2

l
+ h2

l ‖(uh)4 − u4‖20,τ1
l ∪τ2

l

+‖σ(uh)φh∇φh − σ(u)φ∇φ‖20,τ1
l ∪τ2

l
+ ‖βh − β‖2−1,τ1

l ∪τ2
l
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+h2
l

∑

y∈(Nh\Ch)∩l

∫

ωy

(F − F̄y)2
)

+ Cδ(‖wl‖20,τ1
l ∪τ2

l
+ h2

l |wl|21,τ1
l ∪τ2

l
)

≤ C

(
h2

l ‖et‖20,τ1
l ∪τ2

l
+ ‖e‖21,τ1

l ∪τ2
l

+ h2
l ‖

∫

Ω

G(x, y)e(y)dy‖20,τ1
l ∪τ2

l

+‖φ− φh‖21,τ1
l ∪τ2

l
+ ‖βh − β‖2−1,τ1

l ∪τ2
l

+h2
l

∑

y∈(Nh\Ch)∩l

∫

ωy

(F − F̄y)2
)

+ Cδhl

∫

l

[k(uh)
∂uh

∂n
]2,

where F is defined by (3.20). Therefore,
∫ t

0

η2
5dt =

∫ t

0

∑

l∩∂Ω=∅
hl

∫

l

[k(uh)
∂uh

∂n
]2dt

≤ C

∫ t

0

(
h2‖ut − uh

t ‖20,Ω + ‖u− uh‖21,Ω + ‖φ− φh‖21,Ω

+‖βh − β‖2−1,Ω +
∑

z∈Nh\Ch

h2
z

∫

ωz

(F − F̄z)2
)

dt(3.44)

≤ CE2 + Ch2

∫ t

0

‖ut − uh
t ‖20,Ωdt

+C

∫ t

0

‖βh − β‖2−1,Ωdt +
∫ t

0

η2
4dt

≤ CE2 + Cε2 + C

∫ t

0

‖βh − β‖2−1,Ωdt.

Last, let us consider
∫ t

0
η6dt. Note that

∫ t

0

η2
6 =

∫ t

0

∑

z∈Nh\Ch

(−Qz)
∫

ωz

ψzuh

=
∫ t

0

∑

z∈Nh\Ch,uh(z)>0

(−Qz)
∫

ωz

ψzuh

+
∫ t

0

∑

z∈Nh\Ch,uh|ωz≡0

(−Qz)
∫

ωz

ψzuh(3.45)

+
∫ t

0

∑

z∈Nh\Ch,uh(z)=0,∃x∈ωz,uh(x)>0

(−Qz)
∫

ωz

ψzuh.

Since Qz = 0 if uh(z) > 0, we have

(3.46)
∫ t

0

∑

z∈Nh\Ch,uh(z)>0

(−Qz)
∫

ωz

ψzuh = 0,

and, clearly,

(3.47)
∫ t

0

∑

z∈Nh\Ch,uh|ωz≡0

(−Qz)
∫

ωz

ψzuh = 0.

When z ∈ Nh \ Ch, uh(z) = 0 and there exists a point x ∈ ωz such that uh(x) > 0,
there exists an element τz ⊂ ωz such that y, z ∈ Nh ∩ τ̄z, uh(y) > 0 and hence
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Qy = 0. It follows that

−Qz = |Qz| = |Qz −Qy| = |βh(z)− βh(y)| = |(y − z) · (∇βh)τz
|

≤ Chz|βh|1,∞,τz = Chz|βh + F̄z|1,∞,τz ≤ Ch−1
z ‖βh + F̄z‖0,τz ,(3.48)

where F̄z is the average of F on ωz, and F is defined by (3.20). Let wτ ∈ H1
0 (τz)

be a polynomial, such that

(3.49) ‖βh + F̄z‖20,τz
≤ C

∫

τz

(βh + F̄z)wτ ,

and

(3.50) ‖wτ‖20,τz
≤ C‖βh + F̄z‖20,τz

, |wτ |21,τz
≤ Ch−2

z ‖βh + F̄z‖20,τz
.

Then, it follows from (3.13), (3.14) and (3.49), (3.50) that

‖βh + F̄z‖20,τz

≤ C

∫

τz

(βh + F̄z)wτ = C

∫

τz

(βh + Fz)wτ + C

∫

τz

(F̄z − Fz)wτ

= C < Gh, wτ > +C

∫

τz

(F̄z − Fz)wτ

= C

(
(et, wτ ) + (k(uh)∇uh − k(u)∇u,∇wτ ) + η(

∫

Ω

G(x, y)e(y)dy, wτ )

+α((uh)4 − u4, wτ ) + (σ(uh)φh∇φh − σ(u)φ∇φ,∇wτ )

+ < βh − β,wτ >

)
+ C

∫

τz

(F̄z − Fz)wτ

≤ C

(
‖et‖20,τz

+ h−2
z ‖k(uh)∇uh − k(u)∇u‖20,τz

+ ‖
∫

Ω

G(x, y)e(y)dy‖20,τz

+‖(uh)4 − u4‖20,τz
+ h−2

z ‖σ(uh)φh∇φh − σ(u)φ∇φ‖20,τz

+h−2
z ‖βh − β‖2−1,τz

+
∫

τz

(F̄z − Fz)2
)

+ Cδ(‖wτ‖20,τz
+ h2

z|wτ |21,τz
)

≤ C

(
‖et‖20,τz

+ h−2
z ‖u− uh‖21,τz

+ ‖
∫

Ω

G(x, y)e(y)dy‖20,τz

+h−2
z ‖φ− φh‖21,τz

+ h−2
z ‖βh − β‖2−1,τz

+
∫

τz

(F̄z − Fz)2
)

+Cδ‖βh + F̄z‖20,τz
.

Therefore,

‖βh + F̄z‖20,τz
≤ C

(
‖et‖20,τz

+ h−2
z ‖u− uh‖21,τz

+ ‖
∫

Ω

G(x, y)e(y)dy‖20,τz

+h−2
z ‖φ− φh‖21,τz

+ h−2
z ‖βh − β‖2−1,τz

+
∫

τz

(F̄z − Fz)2
)

.(3.51)

Note that uh ≥ 0, 0 ≤ ψz ≤ 1 and uh(z) = 0. Let B be the biggest ball with center
z and radius r, B ⊂ ωz. Then

(3.52)
∫

ωz

ψzu
h ≤

∫

ωz

uh ≤ C

∫

B

uh = C

∫

B

(uh(y)− uh(z))dy.
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Note that

∫

B

(uh(y)− uh(z))dy =
∫

B

(y − z)∇uhdy =
1
2

∫

B

∇(|y − z|2)∇uhdy

≤ C

∫

B

∇(|y − z|2)k∗(uh)∇uhdy,(3.53)

where k∗(uh) = minx∈B{k(uh)}. Note that k∗(uh) is a constant on B, and uh is
piecewise constant. We have that ∇·(k∗(uh)∇uh) = 0 on every element. Therefore,

∫

B

∇(|y − z|2)k∗(uh)∇uhdy

=
∑

l∩B 6=∅

∫

l∩B

[k∗(uh)
∂uh

∂n
]|y − z|2 +

∫

∂B

k∗(uh)
∂uh

∂n
|y − z|2

=
∑

l∩B 6=∅

∫

l∩B

[k∗(uh)
∂uh

∂n
]|y − z|2 + r2

∫

∂B

k∗(uh)
∂uh

∂n

=
∑

l∩B 6=∅

∫

l∩B

[k∗(uh)
∂uh

∂n
]|y − z|2 − r2

∑

l∩B 6=∅

∫

l∩B

[k∗(uh)
∂uh

∂n
](3.54)

=
∑

l∩B 6=∅

∫

l∩B

[k∗(uh)
∂uh

∂n
](|y − z|2 − r2)

≤ Ch2
z

∑

l∩B 6=∅

∫

l∩B

|[k(uh)
∂uh

∂n
]|

≤ Ch2
z

∑

l⊂ωz

∫

l

|[k(uh)
∂uh

∂n
]| ≤ Ch

5
2
z (

∑

l⊂ωz

∫

l

[k(uh)
∂uh

∂n
]2)

1
2 .

It follows from (3.52)-(3.54) that

(3.55)
∫

ωz

ψzu
h ≤ Ch

5
2
z (

∑

l⊂ωz

∫

l

[k(uh)
∂uh

∂n
]2)

1
2 .
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Summing up, equations (3.44)-(3.48), (3.51) and (3.55) yield
∫ t

0

η2
6 =

∫ t

0

∑

z∈Nh\Ch,uh(z)=0,∃x∈ωz,uh(x)>0

(−Qz)
∫

ωz

ψzuh

≤ C

∫ t

0

∑

z∈Nh\Ch,uh(z)=0,∃x∈ωz,uh(x)>0

(
h−1

z ‖βh + F̄z‖0,τz
h

5
2
z

×(
∑

l⊂ωz

∫

l

[k(uh)
∂uh

∂n
]2)

1
2

)
(3.56)

≤ C

∫ t

0

∑

z∈Nh\Chuh(z)=0,∃x∈ωz,uh(x)>0

(
h2

z‖βh + F̄z‖20,τz

)

+C

∫ t

0

∑

l∩∂Ω=∅

(
hl

∫

l

[k(uh)
∂uh

∂n
]2

)

≤ C

∫ t

0

(
h2‖ut − uh

t ‖20,Ω + ‖u− uh‖21,Ω + ‖φ− φh‖21,Ω

+‖βh − β‖2−1,Ω +
∑

z∈Nh\Ch

h2
z

∫

ωz

(F̄z − Fz)2
)

dt + C

∫ t

0

η2
5

≤ CE2 + Cε2 + C

∫ t

0

‖βh − β‖2−1,Ωdt.

Therefore, (3.41) follows from (3.43), (3.44) and (3.56). ¤

Remark 3.1. Note that

t

1 + t
‖β − βh‖2−1,Ω×Jt

≥ Ct ‖β − βh‖2−1,Ω×Jt
= C

∫ t

0

‖β − βh‖2−1,Ω×Jt
dθ.

It follows from theorems 3.1 and 3.2 that for all t ≥ t0 > 0,

E2 +
∫ t

0

‖β − βh‖2−1,Ω×Jt
dθ ≤ CΘ2,

and

Θ2 ≤ CE2 + C

∫ t

0

‖(β − βh)(θ)‖2−1,Ωdθ + Cε2.

Note that E describes the error between the exact solution of the problem and its
finite element approximation, and β−βh describes the approximation of the contact
set. Generally, ε2 = o(h2) is a higher order term. Therefore, it can be concluded
that Θ is an efficient and reliable a posteriori estimator.

4. Discussion

We have established the existence of the a posteriori error estimator Θ. Future
work involves numerical experiments validating the use of Θ, and the establishment
of similar results for more general systems and/or boundary conditions.

Acknowledgment Dr. N. Yan gratefully acknowledges the department of mathe-

matical and statistics science, University of Alberta in Canada where part of this joint

work was carried out.



436 W. ALLEGRETTO AND N. YAN

References

[1] M. Ainsworth and J.T. Oden, A Posteriori Error Estimation in Finite Element Analysis,
Wiley Interscience, New York, 2000.

[2] W. Allegretto, Y. Lin and S. Ma, On the box method for a non-local parabolic variational
inequality, Discrete and Continuous Dynamical Systems-Series B, Vol. 1, No. 1(2001), 71-88.

[3] W. Allegretto, Y. Lin and S. Ma, Existence and long time behaviour of solutions to obstacle
themistor equations, Discrete and Continuous Dynamical Systems, 8(2002), 757-780.

[4] W. Allegretto, B. Sheng, P. Haswell, Z. Lai and A.M. Robinson, Numerical modelling and
optimization of micromachined thermal conductivity pressure sensor, IEEE Transaction on
Computer Aided Design, 13(1994), 1247-1256.

[5] W. Allegretto, B. Sheng, T. Kleckner and A.M. Robinson, Micromachined polysilicon power
dissipation: simulation and experiment, IEEE Transaction on Computer Aided Design,
16(1997), 627-637.

[6] W. Allegretto, B. Sheng, Z. Lai and A.M. Robinson, Numerical modeling of the time response
of CMOS micromachined thermistor sensors, Sensors and Material, 6(1994), 71-83.

[7] A. Anile, W. Allegretto and C. Ringhofer, Mathematical Problems in Semiconductor Physics,
Lecture Notes in Mathematics, Vol. 1823, Springer 2003.
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