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A POSTERIORI ERROR ANALYSIS FOR FEM OF
THERMISTOR PROBLEMS
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Abstract. In this paper, we present what we believe is the first a posteriori
finite element error analysis for the system of equations that governs microma-
chined microsensors. Our main result is the establishment of an efficient and

reliable a posteriori error estimator ©.
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1. Introduction

The system of equations that govern thermistor behavior has a long history.
Recently, it has been the subject of intensive investigations, see e.g. [7] for a survey
of the subject. We are interested in this paper in the version of the system that has
been recently proposed as a model for micromachined microsensors, [4], [5], [6], [7].
The equations incorporate terms that account for heat losses to the surrounding
gas and radiation effects. Some of these are expressed as nonlocal terms, and to
avoid physically contradictory effects at high gas pressures, the system of equations
is expressed as an obstacle problem, [3]. In this article, the existence of solutions
and their long time behaviors was considered. The error analysis of numerical
approximations, based on finite volume methods, were considered in [2]. In this
paper, we present what we believe to be the first a posteriori error analysis for the
finite element approximation of the obstacle system introduced in [3]. In particular
we obtain an efficient and reliable a posteriori error estimator ©. Our analysis
involves, in part, the adaptation of results earlier obtained for elliptic equations.
To the best of our knowledge, these results are new even for the classical thermistor
systems, as described in [7].

2. Finite Element Approximation of Thermistor problems

Let © C R? be a polygonal domain, J = (0,7), J; = (0,t). Let (-,-) be the
inner product on . In this paper we adopt the standard notation W™2(Q) for
Sobolev spaces on Q with norm || - ||;n. 4. and seminorm | - |, 4. 0. Denote W"2(Q)
by H™ () with norm || - ||;n, and seminorm | - |,, o. Set

H}(Q) ={ve HY(Q) :v|pq = 0}.

We denote by L*(0,T; W™P(2)) the Banach space of all L® integrable functions
from (0,7 into WP (Q) with norm ||v| s (o, 7;wm»0)) =
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(fOT ||v|\§,Vm,p(Q)dt)% for s € [1,00) and the standard modification for s = co. Simi-
larly, one define the spaces H'(0,T; W™P(Q)) and C'(0,T; W™P(Q)). The details
can be found in [16]. In addition ¢ or C' denotes a general positive constant inde-
pendent of h. Let ||v||—1w represent the negative norm of v defined by

llloro=  sup 29
weHL (Q),w#0 w10
t
v, w)dt
”val,Qth = sup fO( ’ )

weEH(0,t;HE (Q)),w#0 H'LU||17Q><,]t .
Let 0Q = 0Qp UOQy, 0Qp NN = 0. Set

HH(Q) = {v e H(Q) : v|aq, = 0}, HéO(Q) ={ve H Q) : v|aa, = do}.

Consider the model problem of thermistor problems: find (u,¢) € K x H (}30 (Q) with
u; € H=1(Q) for each t such that

<mm—vﬂ4ﬂ@vaw—wwwmécuww@m%u—w

(2.1) ta(ut,u —v) < (o(u)|Vo]*,u—v) VveK,
(2.2) (c(u)Ve, Vw) =0  VYw e Hp(Q),
(2.3) u(z,0) = up(x) >0,

where (-,-) denotes the standard L?()) inner product, and
K={ve H;(Q): v>0}.

Throughout this paper, we assume that ug € H}(Q), ¢g € C>®(0Qp), 1, a are
constants, 0 < G(z,y) < oo. In the physically significant case, ¢ is piecewise con-
stant function (in space) on the components of 9Qp which represent the contacts.
Moreover, it is assumed that 0 < ¢ < o(s),k(s) < C < oo, and there exists a
constant Cy > 0 such that

lo(s) — a(s')| + |k(s) — k(s")| < Cols — |, s,8' € R.

Using (2.2) and Green’s formula, (2.1)-(2.3) can be rewritten to be

<mw—vﬂ%ﬂ@vaw—wwwméamym@m%u—w

(2.4) +a(ut,u —v) < (0(u)pVe, V(v —u)) Yo € K,
(2.5) (o(u)Ve, Vw) =0  Yw € Hp(Q),
(2.6) u(z,0) = up(x).

Let us consider the finite element approximation of problem (2.4)-(2.6). Let
Th be a regular partition of Q. Let h, be the size of the element 7, in T,
h = max, cpr{hr,}. Set the finite element space Sh to be the standard conforming
piecewise linear finite element space on T". Let V! = SN HE(Q), KM = {v e VI :
v > 0}. Then, it is easy to see that K" C K. Similarly, let Td’; be another regular
partition of Q. Let h,, be the size of the element 7, in T¢'f. Set the finite element
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space S('; to be the standard conforming piecewise linear finite element space on
h h _ gh 1
Ty. Let Vi = Sy N Hp (), and

Vdﬁ) ={ve Sg s vlaa, = dbl,
where ¢} is the standard Lagrange interpolation of ¢ on the boundary 9Qp.

Then the semi-discrete finite element scheme of the problem (2.4)-(2.6) is to look
for (uh, ") € K" x qug, for any ¢ € J, such that

(uf', u” vh)+(( "Vut, V(u" — o)

(2.7) n / Gla,y)u (y)dy, u — o) + a((uh)h uh — o*)
< (o(u )cf»hwh, (" —u")) ot e K",
(2.8) (c(u")Ve", V") =0 vu" eV},
u(x,0) = ug(x),

where u} is a piecewise linear interpolation of ug on TP

For the finite element space V;*, introduce a special piecewise linear interpolation
(see [9], for details) as follows:

(2.9) THY = Z V202,

ZGNh
where NV}, is the set of inner nodes, @, is the base function on the node z,
J,. v
2.10 v, = S2E )
( ) z fwz '(/JZ
where w, is the support of ¢,,
Pz
(2.11) ), = "o
ZzeNh Pz

Then, it is easy to see that

(2.12) > =1

ZENh

Lemma 2.1. Let m,v be defined by (2.9). Then, for any v € HY(Q) and element

T,

o = o3+ B2l = mof?,
(2.13) < Ohi Z |U|%,T’ + Ch; Z ||UH(2),7"’OBQ7
O A0 FOF£D
and for any f € L*(),

/Qf(v—mv)SO< S oh /w(f pre >owf f2>

©.NoN=0 ©.NONAD Wz

SIS

(2.14) x(|v%,g+ 3 h;1|v||3,mag) ,

FNONAD

where

c b
fz: fwzl-
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Moreover, assume that v € H}(Q). We have

(2.15) lo — mnoll3 - + 2o — mof2 . < CH2 N ol i,
TOT'#D

and for any f € L?(),

| 1w-mo < o(z hﬁ/wZ(f—fz)Z

0,NoN=0
1
2
f2> o

(2.16) + > K /
©.NOQFD “

Proof. When no nodes of the element 7 are located on the boundary 052, we have

that v = v if v € Py is a constant on w,, where w, = {Ur": 7N 7 # 0}. Let 7

and @, be the reference domain with unit sizes mapped from 7 and w., respectively.

It follows from the standard theorem of quotient spaces (see, e.g., [11]) that

1,0

. R < ~
nf {Jlo+ple,} < Clols,

Therefore,

lv = mnoll§ - + hZlv = mnolf - < CRZ(lo — mpoll§ 2 + v — molf £)
Ch2||lv — myplff » = Ch? Jnf ([T —mn)(v +o)li 2}

IA

Ch? Jnf {]lv +plie, } < ChIl s < CRZI,, .

This proves (2.13) for the case where there is not any node of the element 7 located
on the boundary 0f).

When there is at least one node of the element 7 located on the boundary 02,
we have that dw, N ON # O. It follows from Poincare’s inequality (see [11], for
example) that

[v]l3 o, < Clol} s, +Cllv

2
0,06, MO

It follows that

||’U - 71—h/UH(%,'r + h'?"v - ﬂ—hvﬁ,r

< CRZ(|lv — maollg 5 + v — mholT 5)
< Chllolis, < Chzlolia, + Ozl 6. o0
< CRZli .. + Chelloll§ o noq-

This proves (2.13) for the case of @, NIN # 0, and hence (2.13) follows for all cases.
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Consider (2.14). Note that Y\ ¢. = 1, [o¢.(v —v.) = 0, and @, = ¢, if
@, NN = 0. We have that

/fv—whv Z/flﬂl)z V:62)

zEAﬁ
= f fz 1/)z - f Uq/}z 'UzSDz)
@, 2%% @j/ @y 2%%#@"/
< w2 [ (- 2 )
<w 2%@ 0 /C W, 2%5#@ jﬁ
h, (v—v,)%+ h;? (vp, — vz<pz)2> 5.
( zr%s:) 0 / wzr%;z;éw ‘/“’Z

Then (2.14) follows from that

S h / (v—0.)% < Clofg,

@,NON=0

> ot

@.NONAD Wz

and

4 <c(bla+ ¥ i )
TNONAD
which can be proved in a similar way to the proof of (2.13).
Note that v|gg = 0 when v € H(2). Then (2.15) and (2.16) follow from (2.13)
and (2.14) directly. O

Now, consider the interpolation in qu. Let WV, éj be the set of nodes which are
not located on 9Qp. Similar as (2.9), define the interpolation

(2.17) TV = Z VI,
zeNP

where ¢, is the base function on the node z,

v
(2.18) r = a0
L.z
where w, is the support of ¢,
* Pz
(2.19) YV, = =—"—"—.
ZZE./\/hD Pz
Then, it is easy to see that
(2.20) > =1
zeNP

And the following Lemma can be proved in a similar way to the proof of Lemma
2.1.

Lemma 2.2. Let v be defined by (2.17). Then, for any v € H*(Q) and element

T,
lv = moll§ - + A2 v — mholi

(2.21) < Ch} Z |U|%,r’+0h7 Z HU”g,‘F’ﬂaQD>
FOT' A FOT/ )
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and for any f € L?(),

/Qf(vﬂiiv)§0< ) hi[dz(ffz)2+ 5 hi/wzfz)é

@0,NONp=0 ©0,NONp#D

N

e Y h;1|v||3ma%),

FNOQp#£D

(2.22) X (v

where
Lt
LT

Moreover, assume that v € HL (). We have

i

(2.23) lo = mioll3 ., + B2lo — mpof?, < Ch2 Y o2,
TOT'#D

and for any f € L*(),

| o=miv) < c( 3 hiL(f—fz)Z

©0.NONp=0

(2.24) + Y hﬁ/wz f2> v

©.NONp#£D

N|=

1,Q-

)

We introduce another well known Lemma (see, e.g., [15]), which will be used in
our proof of a posteriori error estimates.

Lemma 2.3. For allve Wli(r), 1 < ¢ < oo,

1
q

1—1
(2.25) [vll0,g.0r < C(hr " [[0ll0,q,7 + b7 *[0]1,4,7)-

3. A posteriori Error Estimate

In order to obtain a numerical solution of acceptable accuracy for the problem,
the finite element meshes have to be refined according to a mesh refinement scheme.
A widely used approach in engineering is the adaptive finite element approximation.
At the heart of any adaptive finite element method is an a posteriori error indicator.
Adaptive finite element approximation only refines the area where the error indi-
cator is larger so that a higher density of nodes is distributed over the area where
the solution is difficult to approximate. In this section, we provide the a posteriori
error estimate for the thermistor problem and its finite element approximation.

3.1. Upper bound. Firstly, let us consider the a posteriori upper bound for the
error of ¢.

Lemma 3.1. Let ¢ and ¢" be the solutions of the problem (2.5) and (2.8), re-
spectively. Assume that ¢ € WHP(Q), 3 < p < 4, for any t € J. Then, for any
tedJ,

(3.1) lo— ¢"[F.0 < C +m3 +n3) + Cllu—u"|[] g,
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where

#o= Y[ (Ve — (T WV

zeNP w=

+Y i [ (Ve

©.NOQp#D Wz

= 2 e,

2 =
INOQp=0
2 —1 12 12
n = Z T¢ [P0 — ¢o||0,f¢maszp + Z hT¢|¢0 N ¢0|1f¢ﬂ39£>’
7‘¢ﬂ89[}#@ i}ﬂ@@[y#@

where 1 is the edge of the element, h; is the length of 1, [v]; is the jump of v on
the edge [, [U(Uh)%h =0 ifl C 00N, v, is the integral average of v defined in
Lemma 2.1.

Proof. Let ® = ¢ — ¢", let ®; = 7;® be defined by (2.17). Note that ®|sq =
(o — db)|oa, # 0, and thus PEHL (), but ®7|sn, = 0, and hence ®; € HL ().
Let p € H*(Q) such that the trace of p on 9

_ (I)—(p] OH@QD
TP =9 0 on 00y

and
ol < Cllhvoplls 00 < Cl® = @rll1 o0, = Cllgo — ¢é||%,aQD~

Then ® — ®; — p € H},. It follows from (2.5), (2.8) that

@[} o < (c(u")V(p— "), VO)

= (0(u)Ve,V(® —))) — (c(u")Ve", V(P — @)))
+((o(u") = o(u)) Ve, V)

= (o(u)Ve,Vp) + (c(u)Ve, V(® — 1 — p))

+ 2 ")V )(@ - ;)
T¢€Th 7o
(3:2) -y ‘W J(®— @)
N p=0
h
[ ot >%ﬂ (® — ) + (o) — 0(u)) V6, V)
= Y [ Voethve@-a)
T¢€T£ 7o
h
- Y [leth i@ - o)+ T 5)
INOQp=0

[ ot M9 (@ — @1) + (o(u) - o(u)) V6, VD)
o0 on I ) .
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It follows from (2.22) that

V- (o(u")Ve")(@ - @)

T¢ET£ Té
= C( S [ (Ve - (T V).
©,NI0p=0 Wz
(3.3) Loy <v‘<a<uh>v¢h>>2)
@, NON P A Wz
+05<|<1>|%,Q+ 3 m;vpn%,mmml,)
ToNON D #D
< Cni+Col@ff g+ C Z hr_¢1|\¢0—¢6||3,f¢maﬂp
i,,ﬂﬁQp;ﬁ@

< Oni+Cnj + Co|f3 g,

where and later ¢ presents a small positive constant. Similarly, it follows from
(2.21) and Lemma 2.3 that

Z / 6¢h (@ — @)

1N p=0
8¢
< C Z hy 2406 Z <1> $;)?
N p=0 1N p=0

(34) < opg+cs Y (hﬂn@ S8 TP <I>I|%,T;Uﬁz)
lﬂaQD=®
< o +06(Z ., +C Y jl@H%,mmmD)
TNOQUp#D
< Oz +C Z hrtlldo = 81187000, + COl®[ o
%¢08§2D7&V)
< COnj +Cn3 4+ C8|193 .

Since prloa = 0 and p; € V¢h C H}, equation (2.8) implies

- Ve (oWVeMpr+ > /auhad)h

o €T Te 1NN p=0

= (o(u")V¢", V1) =
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Therefore,
hy 00"
(0@v0.p) - [ ot Tr@ e
8¢h 6¢>h
= (o(u)Ve,Vp) - o(u)=—p -
/‘99D 8n ma;—w/
W Oh
+ [o(u")——1p
lnaﬂZD—(B/I on
= (0(W)Vé—oW")Vé", Vp)— > u")Veg")p
T¢€Th Te
L 0"
+ lo(u")5—]p
lm@%;@/l on
= (o(u)Vé—o(u")Ve", Vp)— > u")Ve")(p — pr)
T¢€Th 7o
s OB
(3.5) + o (u")=—](p — p1)
maQZDO)/l on
< Cllo(w)Ve—o(u") V" 5o+ CllplT o+ Clri +n5 +n3)
+C Z h:d, ||p||(2),‘l_'¢ﬂ§QD + Cé‘pﬁ,()
TNOQ D #0
< COllo(u)Vo — o) V" |5 o + Clliéo — dl13 o0,

+Cmi+m+m)+C D htldo — $l5 5, n00.
7‘¢HHQD#@

< O

Ta+ |¢|§,p,ﬂ”u - Uh||g7%,g) +Cmi +m3 +n3)

+C( Z h;¢1H¢0 _¢é||%,f¢ﬂagp
TNOQp#D

+ Z T¢|¢O 0
F6NOQp #£D
< OOl@f o+ Cllu—u"|F o + Clrt +n3 +n3),
where we used the assumption ¢ € WHP(Q), 3 < p < 4, the embed theorem:
||v l1.o for 1 < ¢ < oo, and the interpolation theorem:

c, _
oI}, < Clivllos vy < 5 (B 0l5,, + AVl ).

Moreover, it is easy to see that

(o(u") = o)V, Ve) < Cllu—u"lly 2 olél1p.0l®e
(3.6) < Cllu—u"|i o+ Col@l o
Summing up, (3.1) follows from (3.2)-(3.6). O

In order to discuss the a posteriori error estimate, we first introduce some def-
initions and notations. The principal idea is an adaptation of that employed for
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elliptic obstacle problems, e.g., [13], [19], [20]. Note that we to deal with the time
dependent problem. The following functional or functions are all dependent on the
time ¢, and thus are different from the ones introduced in [13], [19], [20]. However,
for notational simplicity, we suppress reference to ¢ when it is not relevant to the
argument in question.

Introduce a functional 3 such that for all t € J,

<P > = —(0(u)pVe, V) — (ug, ¥) — (k(u)Vu, Vi)
(37) (| Glap)ut)dn. ) - alu v), Vi € H(E).
Then # = 0 when v > 0. Introduce an approximation to § as follows:
(3.8) Br=_ Buts,
2ENH

where v, is defined by (2.11),

[ Pat) zec
(3'9) /th(zvt) = { Qz(t) = j\7’h \Ch )

(3.10) Po(n.t) = V- (0(uh)p"Voh) — / Gl y)u

Q. = flw ( (o) Vs) — (ul02) — (k") Vi, Vi)
— z,y)u” L) —a((uM?, 0.) ),
(3.11) o [ Gl ) oe) — alla) o >)
where
(3.12) Ch:={2€N,: u"=0and P, <0onw.},

. is the base function on the node z, w, is the support of ¢.. Introduce a residual
Gn by

SGup> = (ul0) + (K V) 5 ol | Glaay ()dyp)
(3.13) +a((uh)*, p) + (o(u")g" V", Vo) + (Br,p)  Vp € Hi (D).
Let e = u” — u. Equations (3.7) and (3.13) imply that Vp € H(Q),
<Gnp> = (enp)+ (kWVul — k(u)Vu, Vp)
(3.14) / Gz, y)e(y)dy, p) + a((u") — u*, p)

+(o( )¢hV¢ o(u)oVe,Vp)+ < Bn — B,p >,
where
< ﬁh7p >i= (Bh7p)

Lemma 3.2. Let G, be defined by (3.13). Then,
(3.15) IGR1I21.0 < C(n3 + 03 +13),
where 19 is defined in Lemma 3.1,

= Y [mE-rpe Y ow[ e

Z2ENR\Cy, ¥ @2 2ENR\Ch,@-NONFAD
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auh
— h
1 = Z hy /l[k(u )%]27

1NoN=0

where
Fo= =V V) [ Gl )y
+a@")t = V- (o(u")¢" V"),

I, hy, [v]; and T, are defined in Lemma 5.1.

423

Proof. From (2.12), (3.8) and (3.13) we obtain that for any function p € HE(Q)

and t € J,
<Gup> = (ulp)+ ()Y, Vo) + [ G, y)u (y)dy, p)
+a((um)?, p) + (o(u")¢"V ", Vp) + (B, p)
= 3 (k) + (T (o)
z€Cp,
(3.16) +( / G,y (y)dy, pi.) + o (u")*, )

o (") V" T (00)) + (Bt p>)

3 (b + I T

ZENh\Ch

T / G,y (y)dy, pi.) + o (u")*, )

(o), V(1)) + (Bt p))
= A+ As.

Note that u" = 0 on w, if z € C;. Then it follows from (3.9) and (3.10) that

A= 8 (o) + ()T T 0)

2€Cp,

T /Q G, y)u (y)dy, ) + o), pio)

(3.17) oW " Veh ¥ (pw.)) + (5hzwz,p)>
- Z (_(Pz,p'l/)z)—i_(Pz'l/)zap)) =0.
2€Cy
Let
(3.18) 5 — L. p-

Jo ¥=
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Note that ¥, = ¢, if @, NN = (. Then, it follows from (3.9) and (3.11) that

te = 5 (o) + (T T 0)
2€NR\Ch

T /Q G, ) (y)dy, ) + a((u"), pi)

()", V(p1.)) + (Buts p>)

- 3 (<u2, (0 — po)) + (kMY Tu V((p — p2)05))

2ENR\Ch,@-NON=0
+77(/Q G<x7 y)uh(y)dy, (p - ﬁz)wz) + a((uh)47 (p - ﬁZ)z/JZ)
(3.19) +<a<uh>¢hv¢h,v<<p—ﬁzwz)))
Y (<u£z pe — paips) + (KM V(s — o))
2ENR\Ch,@-NONAD

T / G,y () dy, o — posp) + (W), oo, — prgs)
o)V, V(s — m)))
= Z (Fv (P—ﬁz)%)

2€NR\Ch,@.NON=0

D D o S T

2€NR\Ch,@.NON=0,ICw,

+ Z (F, Pz — ﬁZSDZ)

2ENR\Ch,&.NONFD

h auh ~
+ > k(") 5 N0 = pog2)
2ENW\Ch,@2NOQAD, I Cw. INOQ=0 |
hy o 00" .
+ Z [o(u")e W](P—Pz)wz
2ENK\Ch,@.NON=0,lCw. !
Ol .
. > [l 5100 = ),
2ENW\Ch @2 NINAD, I Cw, 1Na=0 ¢
where
F o= u = V- (k@")Vu")+n | Gla,y)u"(y)dy + a(u")*
Q
(3.20) —V - (o(u™)p"veh).

Note that (the proof is similar to Lemma 2.1)
/ V2(p— pz) =0,

||p - ﬁzHO,wz S Chz|p|1,wz7 |P - ﬁz‘l,wz S C|p|1,wzy
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and for p € H} (), @, N 9Q # 0,

lpllow. < Chalpliw., lpzllow. < Chalpliw., [pzl1,w. =0.
Then it follows that

Ay <

/hi(F—Fz>2+ > owfF

C(
2ENK\Ch,@,NON=0 2E€NR\Ch ,@,NONAD

DRy (CUSE Sy (s ‘3;;1)

noq=p 7! 1NQ=0

(3.21) x ( > (h221lp — p:Il3

2ENR\Ch,@.NON=0
o2
ZG/\/’h\Ch,,G)Zf‘IaQ?f@
1
< O+ +13)
Therefore, it follows from (3.16), (3.17) and (3.21) that

+ |p - [)Zﬁ,wz)

1
2

+h21p-115

ol + mzﬁ,wz))

1,9

(3.22) <Gnp>< COE+m+nd)i|pllia Vo HIQ).
This proves (3.15). O

Lemma 3.3. Let u and u be the solutions of the problem (2.1) and (2.7), respec-
tively. Assume that u € WH>(Q), ¢ € WHP(Q), 3 < p < 4, and V¢ € (L*>°(Q))>.
Then for any t € (0,T),

t
(3.23) = ) (0)]Z.0 + / lu— w2, < CO?,
where

t
@2=773+/ (1} +m3 +n3 + 03 + 02 +ng)dt,
0

o = ||(u = u")(0)[3 0,
1, 1 =1,2,3, are defined in Lemma 3.1, n;, i = 4,5, are defined in Lemma 3.2,
ng = Z (_QZ)/ thzw
2€N\Ch w=

where Q, and v, are defined by (3.11) and (2.11), respectively.

Proof. Let e = u" — u. It follows from (3.14), Poincare’s inequality and the as-
sumptions on k(-) that

5%”8”379 +ellelli o < (er,€) + (K(u") V" — k(u")Vu, Ve)
= < Gne>+((k(u) — k(u"))Vu, Ve)
(3.24) -7 /Q QG z,y)e(x)e(y)drdy + a(u® — (u")?,e)

(u)pVe — o(u")" V", Ve)+ < B — Bp,e >
= A1+A2+A3+A4+A5+A6.
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It follows from Lemma 3.2 that

A = <Gne><ClGul*1.0+ Collell} o
(3.25) < O3 +ni+n2) + Cllel] o

It is easy to see that

Ay = ((k(u)— k:(uh))Vu, Ve) < C|lu— Uh”O’Q ul1,00,0/€]1,0
(3.26) < Clell§a+ Collell} q
(3.27) A==y | [ Glame@emddy < Clelf o
and
A = aful = (MY e) = a((uh — w)((@) + () u+ uh? + ), )

(328) < Clelfal@)® + (u")?u +u"u? + u?|o,000 < Cllellf -

It follows from Lemma 3.1 and Poincare’ inequality that

As = (o(u)¢Ve — a(uh)p"Veh, Ve)
< o(w)eVe — a(u)¢"Ve" |o.alel o
< Cllu—u"oqlelLaldVElR .0

(3.29) +C6"0,00,21¢ — ¢"[1,0lel1.0
£Clhpalld — "l 22 qle
Cllelga+Cll¢ — ¢"[17 o+ Cdleli

Cllellg.q + Clo — ¢>h|§,sz + ¢ — ¢h||(2),BQD + Chlel}
Cllelld.o + Cri +u3 +13) + Colefi o

1,0

ININ A

Next, we have:

Ag = <B—fpe>=<pu"—u>+<fhu—u">
(3.30) = <ﬂ,uh—u>+2(ﬂhz¢z,u7uh)

z€Ch

+ Z (ﬁhz,(/)?:)u) - Z (ﬁhzwzauh)-

ZGNh,\Ch ZGNh\Ch,
Note that u" € K. It follows from (2.1) and (3.7) that
(3.31) < Bu —u><o.

Observe that B, <0, ¢, >0, u >0, and u" = 0 in w, if z € C;. Hence,

(3.32) Z (Bhzhzyu — uh) <0.
z€Cp,

Similarly,

(3.33) > (Brathzu) <0.

z€NR\Ch,
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Then, equations (3.30)-(3.33) yield

A < = Y (Bethsul)

zENR\Ch
(3.34) = Y (—Qz)/ uMp, = 3.
zENR\Ch W=

Summing up, we obtain from equations (3.24)-(3.29) and (3.34) that

d
el +lellta < COR+n3+ui +ni +n3 +18)
+Cllellg 0 + Collellf o-

That is

t
le(®)]2.0 + / lel2 ot

IN

t
le(0)[2.0 + C / (2 412+ 4 dt
0

t t
+C [ Nell e + €6 [ el
0 0

t t
< 0%+ C/ ||e||(2)79dt + C5/ ||e||ith,
0 0
and therefore,
t t
(3.3)) eI+ [ el ad < CO*+C [ el qar
Then (3.23) follows from (3.35) and Gronwall’s inequality. O

Lemma 3.4. Let § and By be defined by (3.7) and (3.8), respectively. Assume
that w € WH2(Q), ¢ € WLP(Q), 3 < p < 4, and V¢ € (L>(Q))%. Then, for all
t>t9 >0,

1+t
t

where J; = (0,t) C (0,T) = J, and O is defined in Lemma 3.3.

(3.36) 18 = Brll-1.0xs, < C(——)20,

Proof. For any p € H'(0,t; H}(Q)), it follows from (3.14) and Lemma 3.1-3.3 that
t
/ < Bu—Bop > dt
0
t
_ / ( <Ghop > —(ernp) — (H(u")Vu" — k(u)Vu, V)
0
(3.37) - /Q Gz, y)e(y)dy. p) — a((u")* — u*, p)

(o ()" V" — o (w)$V e, Vp))dt
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/0 < < Gnyp > +(e, pi) — (E(u")Vul — k(u)Vu, Vp)

—n( /Q Gz, y)e(y)dy, p) — a((uh)* — u*, p)

(3.38) (o(u")§" V" — ()Y, vm)dt (e p)(0) — (e p)()
t
< 0( UG+ ell -+ 16 = 61
LO(le(®)Z 0 + |e<o>||3,g>)
t g
x ( [ ol + o)+ o0l 0 + ||p<o>||%,g)
T+t K 2 2 2 2 2 2
< O r )2 /0(771+772+773+774+775+776)dt
+||e<o>||ag) ol
1+¢t.1
< C( " )20|pl1,0x7,

where we used the trace theorem: for all t > tg > 0,

14+t

14¢
le®550 < C(—eliaxs:  pO)a < C(—=)loliax:

Thus, (3.36) follows from the definition of the negative norm and (3.38). O

Using Lemma 3.1-3.4, we can state the following a posteriori upper bound for
the error.

Theorem 3.1. Let (u,¢) and (u,¢") be the solutions of (2.1)-(2.2) and (2.7)-
(2.8), and (3, By be defined by (3.7) and (3.8). Let

t

E? = [[(u—u")O)F o + I(u—u")O)F o+ /0 (llu = u"[fF o + ¢ — ¢"[IF o)dt.
Assume that u € WH>°(Q), ¢ € WHP(Q), 3 < p < 4, and V¢ € (L=(Q))2. Then,
for allt >ty >0,
_t
14+t
where © is defined in Lemma 3.3.

(3.39) E? + 18— ﬁh”Q—LQth <Ce?,

Proof. Tt follows from Lemma 3.1, 3.3 and Poincare’s inequality that

N

t t t
[lo=otBadt < € [ Jo—o"RadirC [ 16— 6"1R onar
0 0 0
t t
(3.40) < c/ (nf+n§+n§)dt+c/ [u — ||} dt < CO>.
0 0

Then, (3.39) follows from Lemma 3.3, Lemma 3.4 and (3.40). O
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3.2. Lower bound. Let us consider the a posteriori lower bound of the error
concerning the efficiency of the a posteriori error estimator.

Theorem 3.2. Let E, ©, (3, B be as defined in Theorem 3.1. Assume that
ueWhe(Q), € WHP(Q), 3 < p < 4. Then,

t
(3.41) ©* < CE*+ C/ 18 = Bull?1.0+ Ce,
0
where
t t
e - / (7 + 12 + n2)dt + 2 / e — 2 .

Proof. We only need to consider fot nidt, i =2,5,6.
Firstly, we introduce some notations (the idea is same as in [13]). Let element

T=Az212223 edge l = TN = =zl 2}, Set v, = Pa1P22P23, M= P21 P22, where

T T T7
. is the base function on the node z. For the element 77, j = 1,2, choose Qriis
E
i

i =1,2,3, such that
3
(342) Z O[le,zij /J_ ’lej @zilj wz’:lj = /j ’Vlwz’:lj k=1,2,3,
i=1 YT Ti

where v, is defined by (2.11), and set 1/) ko= =0, a, ko= =0if Z S NI £ (. Set

l

2 3
= Tnlin =D i v ),
R

j=11:=1

where
aqSh

Jin L
on

it

Then, it is easy to see that supp{w;} = 7! U7, because supp{y,} = 7} U7 and

supp{~,;} = 7/, j = 1,2. The definition of o ; ; with equation (3.42) implies
l 1% §

Il = Jp = [o(u")Z—

i

that

/ wﬂ/)y:() Vyej\/h.

1.2
L YT

Moreover, considering that o(s) > ¢ > 0, and |o(s) — o(s') < C|s — §|, we have
that if A is small enough,

10 < ClE <0 3 [hww,<c 3 [,

yeENRNL yeENLNL

It is easy to check that

lewtll3 rime < Clall Tl hwnl? e < Ch 1
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Then using the technique in, say, [9], [13], [21], it follows from (2.2) that

IN

IN

IN

Therefore,

AFS
5¢>h ol
Juauyy = Ch 0" 2%~ o) 2y
ye%ﬁl/ P lye%m/l on on' LY
Y [ Ve - o)V V)
YENLNLY Ti uT;

+Chy Yy / "V Jwidy

yENLNI T UT}

Y [ @)V — o)V V)

yeNRNI

som 3 [ (o) - (T V), Ju,

ye/\fh,ﬁl
h h
Cllo@") V6" — o) VOIR 1 + COOZ0AE oz + 0tl3 102)

ot 3 [ (
yeNn ALY TTUTE
Ollu = u"lI? pup + 6 — 6"} Tlluflz) + Colull I3,

+ChE Y /

yENLNI T UT? <

- 2
YW — (¥ <o<uh>V¢h>>y)

- 2
W) — (¥ (o(uh>V¢h>>y)-

t
/ Bdt = / AR
0

0 1no0=0

(3.43) < 0 [u-ulia+1o- 0" ot
2
v 32 [ (V- oty - (T eV,
zeNh Wz
t
< CE*+ c/ nidt < CE? + Cé.
0
Note that [k(uh)%ih] = 0if | C w,, z € Cp, because of u"|,,. = 0. Otherwise,

let Jp, = [k:(uh)%], and set w; as above. Moreover, note that | 152 withy = 0,
Vy € NiyNl. We have that [ wﬂ/)y = 0, and hence (w;), = 0, for all y e N, NI,

where (w;), is deﬁned by (3. 18) Furthermore, w;, = 0 if z N1 = (), because that
supp{w;} = 7} Utf. Therefore, (i), = 0 for all z € N}, and (3.16), (3.17) and
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(3.19) imply that

< Qh,wl >

2ENR\Ch,@.NON=0

- > /[k/’(“h)afn](wl — (1))
2ENR\Ch,@.NON=0,lCw. !

+ Z (F> wlwz - (wl)z()oz)

2ENR\Ch,@.NONAD

+ Z /[k:(u )au ](wlwz - (wl)z(pz>

ZGNh\Ch wzﬁaQ;é@ ICw,

= > Fuwy)+ > / wlwz

ZGNh\Ch ZGNh\Ch
oul
= Y (F-Ruww)+ Y /{kwh)a—]wlwy-
YEWR\CrNL yeNu L7 "

Then, it follows from (3.14) that

i [l S < om 3 i) G,

yeNLNI

= Ch < Gp,w >—Ch / F F wﬂ/}y
(Nh\ch)ﬁl Yy

= Ch ((et,wl) + (k(u")Vul — k(u)Vu, Vuy)
/ G(z,y)e(y)dy, w;) + a((u h)4 — u4,wl)
Ho(u)o" Yo"~ 0(oV6 Vi)t < b~ B > )

—Chy / F F wl ¢y
ye(Nh\Ch “y

c(h%etn%,TW R VP — k() Va2 e

IA

2] [ Gl peanl o + B =y

+lo(u )¢hv¢h —o(u )¢V¢||0’711U"'12 +18n — BHQ*LTEUTE
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n2 (F - F>)+c&mwmu#+hwm7w>
yG(Nh \Ch ﬁl Wy

IN

(R s + 1€lR s + 121 | Glometsda

Hl = ™17 r1ire + 180 = BIZ 1 1o

e / (- £?) + com [k G

yG(Nh\Ch

where F' is defined by (3.20). Therefore,

¢ ¢ ouM
2 h 2
nedt = / h /k u")——|“dt
‘/0 5 0 l l[ ( ) an]

t
c[ (h?ﬂut—utnoﬁ||u—uh||m+||¢ Sl

(3.44) HiBh =Bl 0+ D hz/ >dt

1NoN=0

IN

2ENR\Ch

< CE2+Ch2/ llue — u |13 odt

t
+C IIﬂhfﬂllil,ndH/ ndt
0 0

t

< CE’+CE4cC / 18 — BI2 L ot
0

Last, let us consider fot nedt. Note that

/(]tﬁg = / Z 1/)zuh

2€NR\Ch
= / Z <_Qz) wzuh
0 2€NR\Ch,ul (2)>0 Wz
(3'45) / Z (*Qz) Youp
0 Z2ENK\Ch,ul e, = W=

+/0 > (_QZ)/wz Y up.

2€NR\Ch,ul (2)=0,3z€w, ,ul(2)>0
Since Q, = 0 if u"(z) > 0, we have
(3.46) [ X e[ ww=o
0 2ENR\Ch,u(2)>0 W=
and, clearly,
(3.47) / > (-Q.) / boup, =
0 2€NR\Ch,ul|,, =0 Wz

When z € NV, \ C, u"(2) = 0 and there exists a point = € w, such that u”(z) > 0,
there exists an element 7, C w, such that y,2 € N}, N 7, uh(y) > 0 and hence
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Qy = 0. It follows that

—Q: = 1Q:|=1Q: — Qy| = Bn(z) — L) = I(y — 2) - (VBh)s.|
(348) < Chz|ﬁh|1,oo,7'z = Chzlﬁh + Fz|l7oo77'2 < Chz_ 3

where F, is the average of F on w,, and F is defined by (3.20). Let w, € H}(7.)
be a polynomial, such that

(3.49) 16w + Eul2,. < C / (Bn + Foyuwr,
and
(3.50) lwl3. < ClB+ Foll3r.  |wrl2r. < Ch2(By + Ful...

Then, it follows from (3.13), (3.14) and (3.49), (3.50) that
180 + F2 |15 -

¢ [ G+ Fyu, —c/TszFz)wTw/ (F. — F.)w,

Tz Tz

IN

= C<gh,w7>+0/ (F, — F.)w-

= C(<et,w7) + (k(u")Vu" = k(u)Vu, V) + n( /Q G(z,y)e(y)dy, w-)
+a((u")* —ut,w,) + (0(u")¢"Vo" — o (u)pVe, V)
+ < 0By — Bywy > >+C/F - F.)

IN

C(%ll%,fz +h?[k(u") V" — k(u) Vulff .+ | /Q G(x,y)e(y)dylls .
HI") =G .. + b2 o (u")¢" V" — o (u)oVo7 ..

28— 812+ [ (B FZV) T O8(wr 2, + 22 )

IN

C(etllﬁ,@ +h2u—ui .+ /Q G(x,y)e(y)dylls .

BB 1P+ [ (P Fz>2)
+C8) By + Fo|2.,..
Therefore,

+hZ

7 - h
18n + E2ll5 ., < C<|6t||§,fz +h 2w =+ /Q G(z,y)e(y)dylls ..

(3.51) +h: %6 — ¢"

%,Tz+h;2||ﬂh—ﬂ\\%1,Tz+/ (FZ—FZ)2>,

z

Note that u® > 0,0 <, <1 and u"(2) = 0. Let B be the biggest ball with center
z and radius r, B C w,. Then

(3.52) / Sl < / <O /B uh=C /B (u" (y) — u" (2))dy.

z
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Note that

Uh —uhz = —Z Uh = —Z uh
/B< () — u(2))dy /( |Vuldy = /wy ) Vuldy

(3.53) C/ V(y — z*)k* (u")Vuldy,

IN

where k*(u”) = mingep{k(u")}. Note that k*(uy) is a constant on B, and u” is
piecewise constant. We have that V- (k*(u")Vu") = 0 on every element. Therefore,

[ Vi~ PRy
B

- Y [ w2 |y—z|2 /k —|y—z|2

INB#£0 InB

ou ouh
= E*(uh)— —22—1—7“2/ E*(uh)——
> [ G-kt [ kT

INB#(
oul . ou
sy = Y [ WGP S [ S
InB=p 7 0B InB#0 Y 1NB
i 00
S N I UL (PR
INB#£0 InB
oul
< oz Y [
inB#p 7 NB on
h
< oy [ 2% < on (¥ [ W 22p2)3,
ICw, ICw,

It follows from (3.52)-(3.54) that

N

(3.55) / boul < ChE Z/ )2,

ICw,
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Summing up, equations (3.44)-(3.48), (3.51) and (3.55) yield

/nﬁ—/ 3 i (Qz>/wzwzuh

2ENR\Ch,u"(2)=0,3z€w, ,ul(z)>

¢ > (hzlllﬂh X

0 2ENR\Ch,uh (2)=0,Fz€w, ,ul(2)>0

(3.56) Z/ hau é)

le

IN

< ¢ 5 (2160 + 2215,
0 2ENR\Cru(2)=0,3z€w, ,ul(x)>0
8 h
o 5 (v fr
0 1noQ=0 ! n
<cf (W21 = b+ =+ o~ R
t
- Bla+ X 02 [ (EmR )i [
2ENR\Ch Wz 0
t
< CE*+Cé+ C/ 18n — BI% 1 qdt.
0
Therefore, (3.41) follows from (3.43), (3.44) and (3.56). O

Remark 3.1. Note that

8= Bhl s 2 I8 = B0l = [ 19— Bl .

It follows from theorems 3.1 and 3.2 that for allt >ty > 0,

t
E? +/ 16— Bul 1., d6 < CO?,
0
and
t
02 < CE?+ C’/ (B — ﬁh)(9)||2,1’gd9 + Ce.
0

Note that E describes the error between the exact solution of the problem and its
finite element approximation, and 8 — By, describes the approximation of the contact
set. Generally, €2 = o(h?) is a higher order term. Therefore, it can be concluded
that © is an efficient and reliable a posteriori estimator.

4. Discussion

We have established the existence of the a posteriori error estimator ©. Future
work involves numerical experiments validating the use of ©, and the establishment
of similar results for more general systems and/or boundary conditions.
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