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Abstract. A symmetric finite volume element scheme on quadrilateral grids
is established for a class of elliptic problems. The asymptotic error expan-
sion of finite volume element approximation is obtained under rectangle grids,
which in turn yields the error estimates and superconvergence of the averaged

derivatives. Numerical examples confirm our theoretical analysis.
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1. Introduction

Finite volume methods are a class of important numerical methods to solve PDEs
(2, 6, 8, 9, 14]), which can be viewed as a bridge between finite element methods and
finite difference methods. Due to being able to preserve some physical conservation
properties locally, such as mass, momentum and energy conservation, finite volume
methods are widely applied in many fields, such as computational fluid dynamics
and computational physics and so on.

The standard finite volume discretizations usually generate a linear systems with
asymmetric matrix for self-adjoint elliptic problems, in many cases, the symmetry is
the fundamental physical principle of reciprocity. This asymmetry leads to the fact
that many efficient iterative methods which are suitable for solving the symmetric
linear systems, such as the conjugate gradient method, can’t be employed. It is
interesting to see if there exist finite volume schemes that are symmetry preserving.
Recently, Aihui Zhou and Xiuling Ma([10, 11, 13]) proposed a class of symmetric
finite volume schemes under the triangular grids for solving the self adjoint elliptic
boundary value problems and parabolic problems, which gave a positive answer for
the triangular grids. However, the answer is still open for the quadrilateral grids so
far. For quadrilateral grids, the non-constant derivatives of finite volume element
makes the analysis more difficult since there is no convenient weak form.

In this paper, by choosing vertex-centered type control volume properly and
using finite volume element methods to discretize the balance equation, a symmet-
rical finite volume scheme on quadrilateral grids is established. Different from the
symmetrical finite volume scheme on the triangular grid, There is no weak form
available, so the convergence analysis is more difficult. Here we give a detailed
analysis for rectangle grids only. The main ingredients are the bound estimate of
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the minimum eigenvalue for the coefficient matrix of our scheme and asymptotic
expansions of the truncation error. The asymptotic error expansion of finite vol-
ume element approximation is obtained under rectangle grids, which in turn yields
the error estimates and superconvergence of the averaged derivatives. Numerical
examples confirm our theoretical analysis and show the efficiency of the method on
general quadrilateral grids.

2. Preliminary

In this paper, we consider the following model problem,

{—V(a(x)Vu) = f, zeqQ,

w(z) = 0, zed, 21)

where Q) € R? is a convex polygonal domain with boundary 99, x = (x1,22),¢1 <
a(z) < ¢y and ¢, o are two positive real numbers.

For simplicity, we introduce the notation <, 2 as same as that in paper ([3])
which means that when we write A < B, A 2 B then there exist two positive

constant ¢ and C such that A < c¢B, A > CB respectively.
Let P11 = {ao + a1&1 + a2és + azé1&2 : a; € R, 1 =0(1)3} be the set of bilinear
polynomial, and W™P () be the Sobolev space with the norms:

1
||va,P = ( Z ||Da’UHLP(Q))p7 1 < p < 00,

la|<m

[0[m,00 = max [DY| Lo (), p = o0,
la]<m

where o = (a1,01,...,ap), |a| = a;, a; >0, 1 <i<n.
1=1
In addition, we assume that Q" = {E;, 1 <1i < M} is any given quadrilateral
grid of  ( shown as Fig. 1(a) and (b)), and X = {X; = (2},2%), 1 <i < N} is
the set of all nodes in 9", where M and N are the total numbers of all partition

elements and nodes respectively.
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FIGURE 1. (a) uniform grids. (b) non-orthogonal grids.

In order to establish the finite volume scheme, we need to introduce the dual
partition Q" = {bx,, 1 < i < N} of Q" where by, be the dual element(control
volume) of the node X; shown in Fig. 2(a). In this figure, O;,,1 <1 < 4 is the
”center” of the [-th quadrilateral element neighboring to X;, which is mapped from
the center of the reference unit square element F shown as in Fig. 2(b) by the
bilinear isoparametric transformation , and M;,,1 < I < 4 are midpoints of all
edges connected with X;. Additionally, for any quadrilateral element FEj, we call
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the restriction region D; of dual element kal ,1 <1 <4 in E} as the [-th control
sub-volume(shown as Fig. 2 (c) ) of Ej, and denote the area of D; as S;.

For any quadrilateral grids ", we introduce the following bilinear isoparametric
finite element space

V= {v(x) :v(z) = ﬁ:lviNi(&(x),fg(x)), v € By, By € Q" v(z) e C(Q)},

where v; = v(X;) and N;(&1,&2),1 <1 < 4 are shape functions on the reference unit
square element E shown in Fig. 2(b), such that

NZ(&,&) c Pl,l and Nl(gm) = 5lma 1< l,m <4. (22)

Go=10,1) &=(L1) ¥ M x,

0L M4
0s,05)

£=(0,0) &= (1,0 Tk " T
(b (el

FIGURE 2. (a) dual element bx, of the node X;. (b) reference unit
square element E. (c) quadrilateral element E) and its control
sub-volumes.

3. The symmetric finite volume scheme on quadrilateral grids

In this section, we will give a symmetric finite volume scheme under the quadri-
lateral grid Q".

For any X, taking the integration of equation (2.1) on the control volume bx;
and using the Green’s formula, we get the standard finite volume scheme: Find
u € V" such that

h
—/ a(x)au (x)ds :/ fdz, ¥ bx, € Q" (3.1)
abx, bx;

on
where 7 is the unit outer normal vector on by, .

Similarly to the finite element method, we introduce the finite volume element
stiffness matrix A®* = (aﬁ’;‘)4x4 and load vector fF* = (flE’“)4X1 for any quadri-
lateral element Ej shown in Fig.2(c) where k;, 1 <1 < 4 are indices of four nodes
on the element Ej, which express the restriction of equations (3.1) related to nodes
Xkl,1§l§4in Ek.

Noting that for any quadrilateral element Ej, we have:

4
uh(x) = Zulel(gl(x)vf2($))a z € Ey, (32)
=1

where uy, = u(zy,) and Ny, 1 <1 < 4 are defined by (2.2).
Substituting (3.2) into (3.1), we have
ON, ()

alb;:L = _/ =37 a(x)ai_)d& flEk = fd.’E, 1< l7m < 47 (33)
ﬂfLOle,I n Dl

where M;,1 <1 < 4, O are midpoints of corresponding edges and ”center” of Ej
defined in last section respectively, and let Xy, = Xy, , Mo = M.
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Remark 3.1. We usually take the approximation flE’“ = f(Xy,)S, 1 <1 <4
The key problem to establish a symmetric finite volume scheme is how to obtain
the finite volume element stiffness matrix with symmetric property.
In the following, we take approximations on the edge M;OxM;_1,1 <1 < 4 for
the variable coefficient a(z), the gradient of N, and the Jacobi matrix J(x) of the
bilinear isoparametric transformation from F to E} as follows:

a(x) = ay = a(Ok), VNp(x) = N i := VN, (Oy), J(z) = Ji, == J(Ox). (3.4)

Substituting (3.4) into (3.3), and by simple calculation, we get the following
approximation of alb;’i

B _ g, W Am gy, oy 3.5
lm kdet(J)’ ) =~ % ()
wkl—liwkl+1 Ikl—liwkl+1
J— 2 2 1 1
where the vectors q; = ( 5 ,— 5 ), 1<1<4.

From (3.5), we get the symmetric property of element stiffness matrix.
Property 3.1. The finite volume element stiffness matriz AP defined by (3.5) is
a symmetric matrix.

Assembling all element stiffness matrices A%+, 1 < k < M and load vectors fF*
and dealing with the Dirichlet boundary condition, we get the linear system of finite
volume scheme of problem (2.1) on quadrilateral grids Q" as follows

AU = f, (3.6)

where the global finite volume stiffness matrix A and load vector f are defined by
M M

A=Y AR f =) I (3.7)
k=1 k=1

and I, : RY — R* is the nature inclusion related to the quadrilateral element Ej,
(see Fig.2(c)) such that for any v = (v, v2, -+ ,vy) € RN, v = (vk,, Uky, Vkss Vky ) T s
and I;l; is the adjoint of I;; with respect to the inner product (-,-).

By (3.7), it is obvious that the total stiffness matrix A is symmetric, so our finite
volume scheme (3.6) of problem (2.1) is symmetric.

4. Error analysis on uniform rectangle grids

Different from the symmetric finite volume scheme on the triangulation([10, 11,
13]), the finite volume scheme on quadrilateral grids proposed here does not fall
into some convenient weak form. We need to develop some new techniques for the
error analysis.

For simplicity, we only consider the following model problem

{ —Au=f, 2€Q=10,1] x [0,1],

4.1
u|aQ =0. ( )

Let Q" = {E;;, 1 <i <mny, 1 <j < ny} be uniform rectangular grids with
step sizes h; = n% where h = max{hy, ha}, n;,l = 1,2 are partition numbers in the
direction of z; respectively. We denote that X = {X;,; = (xﬁj,x;j)}gf;gfﬂ is
the set of all nodes where x’lj = (i — 1)hq, x;J = (j — 1)ha, and supp ¢;; is the
compact support set of the canonical base function of X; ;.

By (3.5), for rectangular grids, we can write the corresponding element stiffness
matrices and load vectors according to the following cases.
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Hi-1,j+1 i,dH Xit1541

i, i+ Hivl,j+1
E P
'] Tit, i i, j R j
LW Hip j
Ki-1,i-1 i, -1 Ri+l,j-1
[a) (k]

FIGURE 3. (a) a rectangular element E; ;. (b) all nodes on the
close set of supp ¢

Case 1. For any given "inner” rectangle element F; ;, 2 <i<n; —1, 2<j <
no — 1,

p 6 —p =6 sfhi
1 5 p =8 —p i sfithd
AP — § — s ) 5 , fE o= SfiJrl,jJrl , (42)
5 —p & p sfidtl
where
1 hi ho 1 hi  ho hihs i j
= —— _ = —(— — — = L) — X 2 ).
p 2 h2 h1 ) 2 h2 hl) , S 4 ) f f( 1,])

Case 2. For any given rectangle element along the boundary, say Fj; (corner
element, with three nodes on the boundary) or E4 2(edge element, with two nodes
on the boundary) for examples. Dealing with the corresponding Dirichlet boundary
condition, we have

10 0 0 0
00 0 1 0
1.0 0 O 0
B 8 (1) lop 105 B Sfi“’j“ : (4.4)
00 L5 I sfrtt

A direct calculation yields the following lemma.
Lemma 4.1 AP 2 <i<ny, 2<j<ny are semi-positive definite, and its four

eigenvalues are

hi ha
M=X=0X =—\y=—.
1 2 A3 = M

By (3.6) and (3.7), we write the linear system of finite volume scheme of problem
(4.1) on the rectangle grids Q" as follows

AU = P (4.5)

where
ny n2 ny n2

AP =3O IEAP L, P =y N I R (4.6)

i=1 j=1 i=1 j=1

and I;; : RN — R* is the nature inclusion related to the rectangle element E; ;.
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Now we are going to the lower bound estimate of Apin(A"). For this purpose,
we introduce the following auxiliary matrix

ni n2

Ah =30 S ITAPS T (4.7)

i=1j=1
where

B [ 0, when (AFii),, =& or §/2,
(A i = { (AF3 )1, othe)rwise, lsim=4. (4.8)
Definition 4.1.([12]) For any two matrices A := (ai;), B = (b;;) € R"*"™ and
vectors x := (x1, ,x0)T, y:= (y1,- - ,yn)?T € R", the tensor production matriz
C:=A®B e R ™ and tensor production vector z :=x Q y € R™ is defined as
C = (a;jB) and z = (19T, -+ ,z,yT) respectively.

Lemma 4.2 (see [12]) For any two matrices A, B € R"*™ let A\(A) and \(B) be
eigenvalues of A and B, x4 and xpg be eigenvectors corresponding to A\(A) and A\(B)
respectively, then A(A)A(B) and x¢ = xa®xp is the eigenvalue and corresponding
eigenvector of the tensor product matriz C := A® B. N

Using Lemma 4.2, we can transfer the estimate of Apin(A”) to that of A, (A").
In the following, we always assume that Q" is quasi-uniform, that is, hy = O(hs).
Lemma 4.3. There holds

Amin(A") Z Amin(A").
Proof. 1t is easy to see that the conclusion of this lemma holds if and only if

Amin(AZ05) > A (AF3), 2<i<ng —1,2<j <ny— 1. (4.9)

Since APui and AP are positive definite for any "boundary” element I; ;, in order
to prove (4.9), we only need to prove that there exists a positive constant ¢, such

that for "inner” element E; ;,

APus — AP > 0,

where matrix A > 0 means that A is semi-positive definite.
In fact
(L=c)p 5 —(1—o)p =
) (I1-c¢)p =6 —(1=¢)p
—(1=c)p =0 (I—=c)p 5
-4 —(1—=¢)p o (I-0)p

LS CH

where 2 x 2 matrices

s (0 o) w0,

By simple calculation, we get A;(Be) = 0, A2(B.) = 2, and
1,h1  he 1,hi  he
e ]
2 hg hl 2 h2 hl

The assumption h; = O(hs) leads to that there exist positive constants Cy, Ca,
such that C; < Z—z < (Cj, so it is easy to see that

M2(Ae) = %(1 —c)ptd=(1-¢)

ct G
A2(A.) >0, if 0 < 2min{ ——, .
1,2(4¢) >0, 1 c< mln{1+012 1+022}

According to the fact above, we know that there exists the positive constant ¢
such that all eigenvalues \;(Be)A\x(Ae),1 < k,1 < 2 of the matrix A —cAFii are
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nonnegative, i.e., APui — cAPFii is semi-positive definite, this completes the proof
of the lemma. O

The formula (4.7) can be equivalently written as follows
ni na

A =N Ay, A= ILAP L
i=1 j=1

By (4.8), (4.2), (4.3), (4.4) and noting p = O(1), we can get the following
conclusion. B
Conclusion 4.1. All matrices APri 1 < j < ng,k = 1,01 are positive definite
and \pin (AFPR3) > 1.

In the following, we want to re-organize Ah 2 <i<n;—1 as follows
~ "2
A=) IEARGL; 2 <i<ng — 1, (4.10)
=1
where all AFi.s ,1 < j < ngy are positive definite.

For simplicity, we only give the collocating process for the case of i = 2. By
direct verifying, we have

n2
Ay =) ISAP I,
j=1
where
10 0 0 p— 50,2 0 00
AE2,0 _ 01 0 0 AB2 ny _ 0 p— %Oérqu 0 0
A=10 0 p-lp 0 , AT = 0 0 1 0
0 0 0 p— %00 0 0 0 1
(4.11)
ﬂjfl 0 —p 0
~ 1 . _
AP =5 _Op P O?j Jol2<isne -, (4.12)
0 —p 0 o
and ) .
J . .
Qj = ﬁp+2(J+2)h2a Bi=p+ mp—Q(j +2)h2. (4.13)

Conclusion 4.2. All matrices A>3 defined by (4.11) and (4.12) are positive
definite and \pin (AF23) > h? |1 < j < ns.

In fact,
(i) When j=1, by (4.13), we have
10 0 0 10 0 0
qBea | 01 0 0 o1 0 0
00 p=35 0 “1 o 0 2n2 o0 ’
0 0 0 p— 3050 00 0 2n?

it obvious that AP21 is positive definite and A (AZ21) > h2.
(ii) When j = ny , we have

p— 5Qn,—2 0 00 w 0 0 0

AB2my — 0 p— 3Qn,—2 0 0 _ | 0 w 00
0 0 10 00 10|

0 0 0 1 0 0 0 1
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where w = $(p — ey — 2nyh?).

Noting that p = O(1), 25 = O(h), ngh? = O(h), so AP2n2 is positive definite

and A (AP2m2) > B2,
(iii) When 2 < j < ng — 1, we have

Bi-1 0 —p O
AEz,j — % 0 ﬁj—l 0 —p =G ® D,

VvhereG:§<ﬁj;)1 ;p>,D:((1) (1))
- J

By computing, we have

2
Me2(D) =1, A\ 2(G) = oiBi-1=p _
S 4 (2 (ST y2)
Noting that
35 + 2

. . i+ D5
0361 = p* = S (4 1) + 2 = O(re), B Pima

= 1
=L~ o),
thus

A12(G) = b2

which together with Lemma 4.2 implies that A2 is positive definite and Ay (AF29) >
h2. So the conclusion 4.2 holds.
__ Same results can be obtained by taking similar collocating processes for matrices
A;,3<i<mn;—1. Hence Eogether with the conclusion 4.1, we get
Lemma 4.4. The matriz A" can be decomposed into

- ny no

AM =3 N IEAPS I,

i=1 j=1
where AE%J', 1<i<mny,1< 7 < ng are positive definite, and )\mm(/lEiJ) > h2.
The following lemma can be directly derived from Lemma 4.4.
Lemmad4.5. There exists
Amin(A") 2 B2,

Combining Lemma 4.3 and Lemma 4.5, we can obtain the estimate of )\min(Ah).
Lemma 4.6. There exists

Amin (A") > B2,

In the following, we give the convergence analysis for the finite volume solution
U" of equation (4.5).

Let U" = (ulll,h T auzl-&-l,l? e aulll,n2+17 e 7u21+1,n2+1)T7 by (42) and (46)’
for any node X, ;,2 <i <ni,2 < j < ng, the equation (4.5) can be rewritten by

LZ(U’I) = _g(‘m?,j"‘ § u?+l,j+m)+5(_uzh,jfl_quJrl—"_u?ij—’_uZLl,j) = fi,jhiha,
l,m==+1
(4.14)

where f59 = f(X;;), p= %(% + %) and § = J(11 — B2,
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Lemma 4.7. If the exact solution of the problem (4.1) u € C*(Q),k = 3,4 , then
for any node X; j,2 <1 <nq,2 <5< ng,

LU = U) = O(h*)||ull 00
where the solution vector U = (U1, s Uny41,15" Ul ngt+1s° " ,unl+17n2+1)T
and 'Ll,iyj = ’LL(Xl’J)
Proof. By the definition (4.14) of the discretization operator ij and taking the
Taylor expansion, we have
L?j(U) = —hiha(Uz 2y + Uaya, ) (Xi ) + O(hk)”UHk,oo, k=34 (4.15)
Using (4.14), (4.15) and noting that f% = —hyho(Uz 2, + Uzpas)(Xi ), We can

derive

LU = U) = O(h*) [ullc0,
i.e., Lemma 4.7 holds. O
Theorem 4.1. Let u € C*(Q),k = 3,4, then

IU" = Ul = O(h*=) ull. oo,

where || - || is the average norm defined by
| X
Wl = (5 2_wi)*.¥ W e RN, (4.16)
i=1

Proof. Using Lemma 4.6 and Lemma 4.7, we have

Ut — U =||(A") " ARt~ U)|| < k2 AR U - 0))|
ni+1 na+1 i
Sh2(y X X ILEU = U)P)z SO |ullk o
i=1  j=1
So, the proof of Theorem 4.1. is completed. (I

So far, we have obtained the optimal estimate O(h?) of the finite volume ap-
proximation solution of equation (4.5) on rectangular grids in the average norm.
Remark 5.1. Although our analysis only applied for uniform grids but the optimal
convergence rate can be observed for more general grids. See numerical ezample in
section 6(Table 2).

5. Asymptotic error expansion and superconvergence result

In this section, we discuss superconvergence property of the finite volume ap-
proximation solution vector U" of equation (4.5).
Lemma 5.1. Under the assumption of Theorem 4.1, we have

U™ S I,
where F — (fl,l’ . 7fn1+1,1,, . ’fl,’ﬂ2+1,, . ’fn1+1,n2+1)T and fi,j = f(Xi,j);
UM is the finite volume solution vector defined in the last section and ||.|| is the

average norm.
Proof. By (4.5), Lemma 4.6 and the Cauchy inequality, we have
R (UMTUR S (UMTAMTR S B2 (UM (UM) (FTF)?,

i.e.,

(UMT(Uh)?: S (FTF)3,
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which leads to
U™ S IFI-

Thus, we complete the proof of Lemma 5.1. O

Using the similar process of Lemma 4.7, we can get the following Lemma:
Lemma 5.2. Let the exact solution of the problem (4.1) u € C*(Q),k = 5,6, then
for any node X; ;,2 <i <ny,2 <j < ng, we have

Ly (U" = U) = hih3g(Xi ;) + O(h*)||u

k,005
where . . .
-2 4 0" u 4 0" u 2,2 o*u
= ——+—(h] = +ho — hih
9= qapg M a1t 1 T G e)
—2 4 2,2 o'u 4 2,2 o'u 2,2
= m((’h - 3h1h2)67341; + (hy — 3h1h2)87:‘2* — 3hihAf). (5.0)

In the following, we first give the error asymptotic expansion of the finite volume
solution U" in the average norm. For this purpose, we introduce the following
auxiliary problem

—Aw =g, x:= (x1,22) € Q,
{ w =0, ¢ € . (5.1)

One assumption is as follows
(A0) f € C?*(Q) and Af equals to zero at all corners of €.

The assumption (A0) together with the Dirichlet boundary condition u|sq = 0
implies that the function g also equals to zero at all corners of €, so by the regularity
theory of the elliptic PDE, we know that if g € C?~%(2), then

w € C*¢(Q) and lwllaze 00 < [Igll2—¢,00, V& > 0.

In particular, we have

w € C*(Q) and [Jwlls,00 < [lgll1,c0- (5:2)
Similar to (4.5), the finite volume solution vector W of problem (5.1) satisfies
AWt = hihoG, (5.3)

where G = (g"', -+, gmHhl .. ghnatl o gmtlnet T and ghd = g(X; ;).

By Theorem 4.1, (5.0) and (5.2), we have
W = W"| = O0M)||wlis,cc = OR)llglls,o0

= O(h)(Ilulls,c0 + l[Afl1,00)- (5.4)
Combining Lemma 5.2 with (5.3), when u € C°(Q), we have:
AU = UM — hihoaWh) = O(h%)||ul|5,00, (5.5)

where ¥ = (1,...,1)7.
Lemma 4.6 together with (5.5) implies that

IU = U" = hihaW" || = O(h?)||ull5,00- (5.6)

Applying (5.4) and (5.6), we can get the following asymptotic error expansion.
Theorem 5.1. Under the assumption (A0), let u € C°(Q) and f € C3(Q), then
we have

|U = U" = hihaW | = O(R®)(||ulls,00 + [ Af]1,00)-

Furthermore, using this asymptotic error expansion, we will give superconver-
gence results of the averaged derivatives by proper combinations of the finite volume
solution U™,
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For this purpose, we introduce the center difference operators d;,] = 1,2 along
directions of x; respectively,

Vit1,j — Vi-1,j Vij+1 = Vij—1

01v; 5 = s dov;,5 = ’
1Y4,5 2h1 2U4,5 2h2
where vy, = v(X) ;).
Let (w;5)q = g—;hzxi)j, and
U-l'l = ((u272)$17 ) (unl,Q)CClv ) (u27"2)mz L) (u"hnz)wz)Tv
U = (iuz,2, -+, 01tny 2,y 0U2mgy > OlUngng) -
It is obvious that
[Uz) = 81U || = O(h*)||ull,00, W] = [[w]]1,00- (5.7)
where the average norm ||| is different from the average norm defined by (4.16),
which satisfies that for any W = (wa2,** , W2y, * s Wny 2, *  Wnyony)l € RN,
I & ;
2 4
Wl = (= w; ;)?,
N
i=2 j=2

where N = (n; — 1)(n2 — 1) is the total number of all inner nodes.

Using Theorem 5.1, we draw the conclusion on superconvergence. B
Theorem 5.2. Under the assumption (AO), let u € C5(Q) and f € C3(), then
we have

1Uz, = 6U" [ = O(h*)([[ulls.00 + [|Afll1,00), 1=1,2.

Proof. Using Theorem 5.1 and (5.7), we have
Uz, — 6U + 86U — UM < |Us, — &U|| + |6,U — §UR|
SPEW [+ OB ([ullsec + AS]
S P2 (llulls,co + 1A F1,00)-

l,oo)

6. Numerical experiments

In this section, we give some numerical experiments for the convergence and
superconvergence rate in the average norm.

Firstly, we take Q = [0,1] x [0, 1] and quadrilateral grids which are shown in Fig.
1(a)(uniform grids ) and (b)(nonorthogonal grids). Let a(z1,22) = 1+ 22+ 1 and
u(xy,x2) = sin(mzy) sin(rzs) + 2 be the exact solution of problem(2.1).

Now we present some numerical results of convergence order in Table 1 and

Table 2 where v = lu—u?| and PCG methods are used to solve the corresponding

T Jlu—ul
discrete system, which can improve the efficiency.

n1 X n2 | |Ju— u"|[(uniform grid) | ~
8 x 16 2.117925e-2

16 x 32 5.451602e-3 3.9
32 x 64 1.389064e-3 3.9

64 x 128 3.509974e-4 4.0

Table 1
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n1 X ng | ||u — u"|[(nonorthogonal grids) | ~
8 x 16 3.130141e-2
16 x 32 7.820736e-3 4.0
32 x 64 1.976474e-3 3.9
64 x 128 4.983725e-4 4.0
Table 2

Next for problem (4.1), we consider rectangle grids shown in Fig. 1(a), in table

3, we present numerical results about one order forward difference approximation
h

hoo_ WUl
i, hz :
In Table 4, we use the superconvergence formula 5lu§f j (one order center difference
approximation) to approximate ug, (X; ;).

"]

h h
. u.. =W
Aluﬁj to approximate ug, (X; ;) where Alu?’j = %1” and Aqu

n Xy | Jue, — Au"|[ [y | fJuey — Aou”|
8 x 16 3.473220e-1 1.803291e-1

16 x 32 1.626199e-1 2.1 8.214462e-1 2.2
32 x 64 7.905709e-2 | 2.0 | 3.963300e-2 2.0

64 x 128 | 3.902271e-2 | 2.0 | 1.952444e-2 | 2.0

Y1

Table 3
ni X ny | [Jue, — 61w | F1 [ flue, — 62u™| [ A1
8 x 16 9.622503e-3 4.238013e-2

16 x 32 | 2.475406e-3 | 4.0 | 1.029606e-2 | 4.0
32 x 64 | 6.252850e-4 | 4.0 | 2.546117e-3 | 4.0
64 x 128 | 1.570580e-4 | 4.0 | 6.334658e-4 | 4.0

Table 4

Table 1 and Table 2 show the second order convergence for the finite volume
approximate solution and Table 3 and Table 4 show the first order convergence of
the derivatives and second order convergence of averaged derivatives respectively,
which confirms our theoretical analysis.
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