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GLOBAL SUPERCONVERGENCE FOR OPTIMAL CONTROL
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Abstract. In this paper, the global superconvergence analysis for the finite
element approximation of the distributed optimal control governed by Stokes
equations is discussed. For the control, a global superconvergence result is de-
rived by applying patch recovery technique. For the state and the co-state,
the global superconvergence results are derived by applying some postprocess-
ing techniques for the bilinear-constant scheme over the uniform rectangular
meshes. Based on the global superconvergence analysis, recovery type a poste-
riori error estimates are derived. It is shown that the recovery type a posteriori
error estimators provided in this paper are asymptotically exact if the condi-

tions for the superconvergence are satisfied.
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1. Introduction

Flow control problems are crucial to many engineering applications. Extensive
research has been carried out on various theoretical aspects of flow control problems,
see, for example, [1], [6], [8], [10], [21], [22], [27], [30]. It is obvious that efficient
numerical methods are essential to successful applications of flow control. It is
well known that the finite element method is undoubtedly the most widely used
numerical method in computing optimal control problems, including flow control
problems. Systematic introductions to the finite element method for PDEs and
optimal control problems can be found in, for example, [3], [11], [28], and [30].
There have been extensive theoretical studies of finite element approximation for
various optimal control problems. For instance, a priori error estimates of finite
element approximation were established long ago for the optimal control problems
governed by linear elliptic and parabolic state equations; see, for example, [5], [13],
and [26]. Furthermore, finite element approximation of some flow control has been
studied, and a priori error estimates have been established; see [8], [9], [10], and [12].
A posteriori error estimates of finite element approximation were derived for the
optimal control problems governed by Stokes equations and for convex boundary
control problems, see, i.e., [2], [23], [24], [25].

In recent years, superconvergence for finite element solutions has been an active
research area in numerical analysis. The main objective for superconvergence is
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to improve the existing approximation accuracy by applying certain postprocess-
ing techniques which are easy to implement. For the stationary Stokes problem,
many finite element schemes which satisfy the Babuska-Brezzi condition have been
introduced in [7]. It has been found that there exits a potential for high accuracy
or superconvergence for several finite element schemes when the exact solution is
smooth enough and the mesh is sufficiently regular; see, for example, [16], [17],
[18], [29]. A principle technique for the proof of the global technique is the integral
identity technique which has proven to be an efficient tool for the superconvergence
analysis of rectangular finite elements (cf. [15]). For the distributed convex opti-
mal control problems governed by elliptic equations, some superconvergence results
have been established by applying recovery operators (see, i.e., in [4], [14]).

In this paper, by means of the techniques used in [14] and [29], the global super-
convergence for the control problems governed by Stokes equations is discussed. It
is shown that if the solution is smooth enough, the mesh for the state and the co-
state is the uniform rectangular mesh and the bilinear-constant scheme is adopted
for the state and co-state equations, the global superconvergence for the control,
state and co-state can be proved. Based on the supercovergence analysis, recovery
type a posteriori error estimators are provided.

The outline of this paper is as follows: In Section 2, we provide a weak form for
the distributed control problem governed by Stokes equation and its finite element
approximation scheme. In Section 3, a global superconvergence result for the con-
trol u is derived by applying recovery operator and the supercovergence analysis
technique. Moreover, the global superconvergence results for the state y and the
co-state p (also r and s) are derived by applying the integral identity technique in
Section 4. In the Section 5, based on the global superconvergence analysis provided
in Sections 3 and 4, the recovery type a posteriori error estimate is discussed. In
the last section, we discuss briefly some possible future work.

Let Q and Qy be two bounded open sets in R? with Lipschitz boundaries 99
and 0y, respectively. In this paper, we adopt the standard notation W™4(Q) for
Sobolev spaces on Q with norm ||.||;m,q,0 and seminorm |.|,, 0. We shall extend
these (semi) norms to vector functions whose components belong to W™4(Q)). We
set WJMU(Q) = {w € W™Q) : w|osg = 0}. We denote W™2(Q)(W,"*(Q)) by
H™(Q)(HF(Q)) with the norm |||/, and the seminorm |.|,,.o. In addition, ¢ or
C denotes a general positive constant independent of h.

2. Finite element approximation of optimal control problems

In this section, we discuss the finite element approximation of distributed convex
optimal control problems governed by the Stokes equations. Let Y = (H}(Q))?,U =
(L*(Qu))%, H = (L*(Q))?, and Q = L§(Q) = {¢ € L*(Q), [, ¢ = 0}. The state
space and the control space will be Y x @ and U, respectively. Let B be a linear
continuous operator from U to H, let g be a strictly convex functional which is
continuously differentiable on H, and let K be a closed convex set in the control
space U such that

K={veU:v >0}

We further assume that the functional g(-) is bounded below.
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We are interested in the following optimal control problem: find (y,r,u) €
Y x @ x U such that

. «
min {g(y) + 5l o, )

ueKCU
(2.1) —Ay+Vr=f+Bu in ,
divy =0 in Q,
y=0 on 09,

where f € L = (L?(Q2))?, a is a positive constant. To consider the finite element
approximation of the above optimal control problem, we have to give a weak for-
mulation for the state equations. Let

a(y,w):/QVy-Vw Vy,weY,

b(v,r) = / rdivy  V(v,r) €Y xQ,
Q

(f + Bu,w) :/(f+Bu)~W VEuuweLxUxY.
Q
Then the standard weak formulation for the state equations reads as follows: Given

f €L, find (y(u),r(u)) € Y x @Q such that
(2.2) a(y(u),w) — b(w,r(u)) = (f + Bu,w) YweyY,

b(y(u),¢) =0 Vo € Q.
For the above problem, it is well known that the following Babuska-Brezzi condition
holds (see [7], for example).
Lemma 2.1 Let 8 = (H}(Q))? x L3(2), and define a bilinear form L on 8 x 8 by
L([u,pl; [v,q]) = a(u,v) — b(v,p) + b(u, q); then

(2.3) sup LBV S o) v €8,

©0.0#£v.pes VI +lalo —
where C' is a constant independent of u,v,p and q.

Using the weak formulation, our control problem can be restated as the following
(SCP):
min_ {g(y) + 5 [ullf o, }
ueKCU 2 0.8 J>
(2.4) a(y(u),w) — b(w,r(u)) = (f + Bu,w) Ywey,
b(y(u),¢) =0 Vo € Q.
It is well known (see, e.g., [21]) that the control problem (SCP) has a unique solution
(y,r,u) and that (y,r,u) is the solution of (SCP) if and only if there is a co-state

(p,s) € Y x @ such that (y,r, p, s, u) satisfies the following optimality conditions
(SCP-OPT):

aly,w) —b(w,r) = (f + Bu,w) YweY,
b(y,¢) =0 Vo €Q,
(2.5) a(a,p) +b(a,s) = (¢'(y),q) Vqey,
b(p,¥) =0 Vi € Q,
(au+ B*p,v—u)y >0 vveK CU,

where B* is the adjoint operator of B, and (-,-)u is the inner product of U.
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We note that for any y € Y, ¢'(y) is in H=H' = (L*(Q))2. Therefore, it can
be viewed as a function in (L?(£2))? by the well-known representation theorem in
a Hilbert space.

Let us consider the finite element approximation of the control problem (SCP).
Here we consider only the bilinear-constant scheme of finite elements which are
conforming elements for the state and the co-state equations.

Assume that Q is a polygon with boundaries parallel to the axes and let 7" = {e}
be a uniform rectangular mesh for Q with mesh size h. Then, associated with T" is
a finite dimensional subspace Y" x Q" of (HZ(9))? x LZ(2). Here, we choose Y"
as the general conforming bilinear finite element space. For Q", we assume that the
subdivision 7" has been obtained from 72" = {7} by dividing each element of T*"
into four small congruent rectangles. Let Qh consist of piecewise constant function
with respect to 7" and the local basis functions for Q" on a 2 x 2-patch of 7 shown
in F1G.1. The finite element space Q" is defined by Q" N LZ(Q), and thus Y" and
Q" for the bilinear-constant scheme of Stokes equations are described by (see, [7])

(2.6) Y'={y e (CQ)?: yl € (Qi(e)?, ylon =0, e € T"},
) QM =1qe L) : ql- =35 N[ T, dorer,, M =0, TE T2h}7

where Q1 (e) = {y Dy = ZLo,j:o aijxﬁmg, (x1,22) € e}.

o1 ©5 i ©3
FiG. 1. Local basis functions of Q"
Then the discrete week form of the state equations reads as

(2.7) a(yn, wp) — b(wp, ) = (f + Bup, wp,) vw, e Y C Y,

b(yn:¢n) =0 Vo € Q" C Q.
It can be seen from [7] that for the bilinear-constant mixed finite element space,
the Babuska-Brezzi condition follows. That is,
(28) sup (vya VW) — (Tﬂ leW) + (d)v ley)

> c(llylls + lI7llo)
(w,$)EXFxQh Wil + llollo

Y(y,r) € Y" x Q"

Furthermore, for the bilinear-constant scheme, the following a priori error esti-
mate is well known (see [7]).
Lemma 2.2 Assume that Q) is convez, let (¥, p) be the solution of the following
equations:

o(®,w) £ b(w,p) = (B, w)  Vw e (HL(Q)),
b(¥,q)=0 Vg € L3(9).
Let ¥ € (H2(Q) N HL(Q))2, pe HY(Q) N LE(Q). Then,
1€~ ®pllo,0 < CH*{|®lz,0 + |p

1,9}7
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where W, is the mixed finite element approximation of ¥ by the bilinear-constant
scheme.

Let Q% be a polygonal approximation to Qy with a boundary (‘)Q%. For sim-
plicity, we assume that Qf; = Qy in the paper. Let T{ be a partitioning of %} into
disjoint regular triangular 7y, so that ﬁ’{; = UryerpTu- Tu and 7y have either
only one common vertex or a whole face or are disjoint if 7y and 7{; € T{}.

Associated with T{ is another finite dimensional subspace W of L?(Q%), such
that x|, are polynomials of order m (m > 0) Vx € W and 7y € T¥. Here there is
no requirement for the continuity. Let U* = (W{})Q, it is easy to see that U" c U.

In this paper, we will only consider the simplest finite element spaces, i.e., m=0
for U". Let h,, denote the maximum diameter of the element Ty in TI’}, Let
hU = maXTeTS{hm}.

Then a possible finite element approximation of (SCP) is the control problem
(SCP)":

. o 2
it 99+ Gl )
(2.9)  alyn, wn) —b(wn,rs) = (f + Bup, wp) vwh Y'Y,
b(yn, én) =0 Vo, € Q" C Q,

where K" is a closed convex set in U", an approximation of K. In this paper, let
K" =U"nK.

It follows that the control problem (SCP)" has a unique solution (yy, rp,,u;) and
that (yn,7n,un) € Y x Q" x U is the solution of (SCP)" if and only if there is a
co-state (pn,sn) € Y?x Q" such that (yn, 7h, Ph, 5n, un) € YPx QM x Y x QM x UM
satisfies the following optimality conditions (SCP-OPT)":

alyn, wp) — b(wp,r,) = (f + Buy, wy,) vw, €Y' CY,
b(yn, ¢n) =0 Vor € Q" C Q,
(2.10) a(qn, Pr) + b(an, sn) = (¢'(yn), an) Ya, € Y" C Y,
b(pn,¥n) =0 Vi € Q" C Q,
(aup, + B*pp, vy —up)u >0 Vv, e K' c UM c UL

It is well known that for the problem (2.5) and its finite element approximation
(2.10), the following error estimate holds:

0.0v + Iy = ¥rllie + P —Prlliae < C(h + hu),

if y,p € (H*(Q))?, u € (H'(Qu))?, where (y,p,u) and (yn, pr,us) are the solu-
tions of (2.5) and (2.10), respectively.

To derive a superconvergence result, we need some stable interpolators from Y
to Y", and from @ to Q", respectively. They are given in the following lemmas,
which are important in deriving superconvergence results. The following lemmas
are well known, and their proofs can be found in [3] and [7].

Lemma 2.3 Let 7, be such that

Tnplr = / p/lr| Vpe L¥(r),r e T,

|lu—uy

where |7 is the measure of 7. Then for 1 < q < oo and p € Whi(7),

lp = 7npllog,r < Chrlplig,r
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Lemma 2.4 Let ip, be the standard piecewise linear Lagrange interpolation operator.
Then for 1 < q < oo and v € W24(7),

|v - ihv|m,q,7’ < Chz_m‘vllqﬂ" m =0,1.

3. Superconvergence analysis and recovery for the control u

In this section, we shall establish the superconvergence result for the control u.
Let

Q}S ={Ur, : 7u C Qu, u|, > 0},
Q% ={U.; : Tu C Qu, u|, = 0},

QY = Qu\ (2 UQY).

We will assume that u and T{% are regular such that meas(Q¥) < Chy.

Lemma 3.1 Let u and uy, be the solutions of (2.5) and (2.10), respectively. Let
ur = 7pu € K" be the L2-projection of u. Assume that u € (WH°(Qu))?, p €
(WLo°(Q))?%, and ¢’ is Lipschitz continuous. Then,

(3.1) |up —urllo.ay < C(hG° + h?).

Proof. Noting that u,,ur € K" C K, it follows from (2.5) and(2.10) that
(cu+ B*p,u—uy) <0,
and
(aup, + B*pp,up —uy) <0.

Hence,

allu, — u1||%79U =a(up, —us,u, —uy)u
< —(B*pn,up —up)u — (our,up, —us)u
(B*p,u—up)u + (B*p,u; —u)uy + (cur,ur — up)y
+(B*(p — Py), un —us)u
—a(u,u—w,)u + (B*p,u; —u)y + a(ur,u; — uy)u
(3.2) +(B*(P — Pr),ur —ur)u
= a(ur —uw,u; —uy)u + (eu+ B*p,u; —u)y
+(B*(p —p(us)),u—up)u + (B*(p — p(un)), up — u)uy
+(B*(p(un) — pr),un — us)u,

IA

where p(u,,) is the solution of the auxiliary equation:

a(y(uy,),w) — b(w,r(up)) = (f + Bup, w) Vwey,
b(y(uy),¢) =0 Vo € Q,
(3:3) a(q, p(u,)) + b(a, s(un)) = (9'(y(w,)), a) Vqey,

b(p(uy),¢) =0 Y € Q.
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It follows from the definition of u; that

(uI—u,uI—uh)U:Z(ul—uh)/ (Tphu —u)

(34) = Tz<u1—uh)/m<ﬁj—u>=TZ<uI—uh></m {;;T—/Tuu)
- Z(uf—uw(/mu— [w=0

Lemma 2.3 implies that

(B*(p —p(uy,)),u—ur)u
- (B*<p ~p(w,) — F(B*(p p<uh>>>) (u — Tpu)

< D IIB (P —p(wy)) — T(B* (P — p(wy)) |2 (0) 0 = Frull 2 ()
TU
(35) < CY 3, IB (P —p(w,))|imulim
TU
< Chglp - p(uy)llelull -

It follows from (2.5), (3.3) and B-B condition (2.3) that
[p—p(u)lie < Cly—y(u,)loae < Cllu—uiloay
(3.6) < Cllu—usllo,ou + Cllur — upllooy
< Chululi,oy + Cllur — upllo,0u,
and
(B*(p—p(u,)),un —u)u = (p—p(u,),B(u,—u))
(3.7) (6'(y) =9 (y(u,)),y(u,) —y) <0.

The Schwarz inequality then yields

(B*(p(u),) = Pn);un —ur)u ClIB*(p(w,) = pnr)llo.cullun —uz
(3-8) Clip(uy,) = prlld o + Collun — urllf oy
where 0 is an arbitrary small positive constant. Then, by (3.2)-(3.8),

< 0,Qu
<

A

allup —usllf o, < (ou+ B*p,u; —u)y + Chillulio (hullullie,
+ur —upllo.ou) + Cllp(w,) — palld g + Collun — url§ o
(au+ B*p,u; —u)u + Chisllullf o, + Cllp(u,) — pulso

+C8ap — us|3 oy -

IN

Hence,
(3.9)  [lun —urlf o, < Clau+ B'p,u; —u)y + Chis + Cllp(w;,) — prlf o-
Let p(y,,) € (Hg(€Q))? be the solution of the equation:

a(a, p(y;,)) +0(a,s(yn) = (¢'(yn), @) Vaey,
b(p(y,),¥) =0 Yy eqQ.
Then,

(3.10)  [p(y,) — P(wy)llog < Cllg'(yn) — ¢'(y(w,))llo.0 < Cliyn — y(uw,)lo.0-
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Note that y; and pj are the standard finite element approximations of y(u,) and
p(y,), respectively. Using Lemma 2.2, we obtain

(3.11) lyn = y(u,)llo.e < Ch*{ly(w,)lz.0 + |r(un)l1o} < Ch?
and
(3.12) Ipr = p(y))llo.e < CR*{Ip(y;) |20 + [s(ya)l1a} < CR%
Therefore, it follows from (3.10)-(3.12) that
(313)  [p(w,) = pallog < lp(w,) = p(yy)lloe + [P(y,) = Prlloe < CH2.
Note that
@ut Bpoy—wo = [ (aut Bl -w)+ [ (out Bp)ur - w)
Q5 Y
+/ (ou+ B*p)(ur — u),
Qy
and
Then,
(out Bpou—wu — [ (aut Bp)(ur )
ot
= Z / (au+B*p—7rh(au+B*p)>(7rhu—u)
TUcQIbJ U
< C Z h?rU|au + B*p|1,TU|u|1,TU

TUcQZ{J
(3.14) < Ch([ulll .0y + IPIF wo.0)meas(Qy) < Ohi.
Therefore, (3.1) follows from (3.9), (3.13) and (3.14). O

Lemma 3.1 shows that the error order of ||uy —uy||o,qy is a half order higher than
the optimal error order for the piecewise constant finite element space. This prop-
erty is called superclose (see [32]). In order to provide the global superconvergence
for the control u, we construct the recovery operator R;, on triangular meshes. Let
Rpv be a continuous piecewise linear function. The values of Rpv on the nodes are
defined by least-squares argument on an element patches surrounding the nodes,
similar as ZZ patch recovery (see, e.g., [36], [37]), as follows. Let z be a node,
w: = Uryerh 2em, Tu, Vz be the linear function space on w.. Set Rpv(z) = 02(2)
where

E(0.) = min E
(02) Tain (w),

o 5 v [

TUu Cwz

and

When 2z € 09, we should add a few extra neighboring elements to w, such that
w, contains more than three elements. For the regular mesh and suitable choice of
w., we can conclude that for any v € L?(€2), Rjv exists. Moreover, for any domain
D e Q, Ryv=von D ifvis a linear function on ﬁ, where D = {Ury : TuND # 0}
Remark 3.1 For a triangular partition, Rpv(z), z = (x0,y0), can be calculated
as follows. Let w, = Y.I" | Ti;, the three nodes of Ti; are (xo,yo), (zi,y;) and
(Tix1,Yit1), © = 1,2,--- ;m — 1, the three nodes of T} are (xo,Y0), (Tm,Ym) and
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(z1,11). Then, Rpv(z) = a+bxo+dyo, where (a,b, d) is the solution of the following
linear system:

r m 1 m 1 m e
Ikea|? =) lki)? =) kil [ ' )
2 P> 2 Sk [ o
-1 Ty
X(xo+xi +xir1)  X(Yo + i + Yit1)

,_.
3

©

=1 i=1 ;
2o+ i + wir1) X(zo+xi +xi11)?  X(wo + T + Tig1) b= )
><(:‘/0 + yi +yz+1)

m m 1 & '
5 2l 5 Il g kil S0
h X
X

1 m
TS, 1T 1N 7Z\ki|/v
§Z|ki\ §§\kz| §Z|k\ 3= 3
=1 = =1 x (Yo + yi
X(yo +yi +yi+1) X(xo+xi +xit1)  X(Yo + ¥i + yit1)? gt
L X(yO +yi + yz+1) i - o -

where |k;| is the area of the element Ty, and (Tmi1,Ym+1) = (T1,y1).
Lemma 3.2 Assume that u € (W>®(Qu))? and u;|o, € H*(SY;), where u; is the
component of u, Qy = UJQJ, and Q NQy, j # k, is the free boundary of u;. Then,

(3.15) |Rhu — ulfo.0, < Chy,

where Ry, is the recovery operator defined above.

Proof. Note that u € (Wh*°(Qy))2, and u € (H?(QF UQY))2. Let
Qﬁ+ ={Ury 1w, C Q{]Nz €Tut,

QY = {Uyy s w, C O, V2 € 7ol

and

0 = Qu \ (95T UAY)
Then,
(3.16) Rpu(z) =u(z) =0 Vre QY.

Note that u € (H2(Q;))2. It can be proved by the standard technique (see, e.g.,
[3]) that

(3.17) [Rru —ul|o it S Chi ullall,, of-
It follows from u € (W1°°(Qy))? that
1Rha = ullf gr < Chgl[ullf g < Ch|lullf o o, meas(Q),

Note that meas(€2%;) = O(hy) and hence meas(Q%) = O(hy). We have that
(3.18) [Rpu —ullg qn < Chy.
Therefore, it follows from(3.16)-(3.18) that

1R —ull5o, = 1B —ullf gr + [ Bau = u§ oo + [ Rau = g g
< Chyy+ 0+ Chiy < Chy.

This proves (3.15). d
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Remark 3.2 The assumption of Lemma 3.2 is reasonable. We can’t assume that
u € (H*(Qu))? on the whole domain, because the derivative of u is discontinuous
over the free boundary. Hence, we only can assume that u € (WH>(Qu))? on the
whole domain, and u;|o, € H*(Q;) on piecewise subdomains.

Theorem 3.1 Suppose all conditions of Lemma 3.1 and 3.2 are valid. Then,

(3.19) |Rpup — uljo.ay < C(hy° + ).

Proof. Let uy = wpu, which is defined in Lemma 2.3. Then,
(3.20) [Brun —ullooy < [lu—Rpullo,ou + [[Rru — Rruglloou
+||Rpur — Rpuplloag-

It follows from Lemma 3.2 that

(3.21) [u— Rpullo.0p < Chys®.

Noting the definition of R;, we have that

(3.22) Rpu = Rpuy,

and

(3.23) |IRrur — Rpupllo.ou < Cllur —uplloou-

It has been proved in Lemma 3.1 that

(3.24) luy = wnlloqy < C(hd + h?).

Therefore, (3.19) follows from (3.20)-(3.24). O

Corollary 3.1 Let u and up, be the solutions of (2.5) and (2.10), respectively.

Suppose all conditions of Lemma 3.1 and 3.2 are valid. Then,
3
(3.25) [u—unll-1,00 < C(hE + h?).

Proof. For any function ® € (H'(Qu))?, let ®; = 7,® € U” be the L2-projection
of ®, such that

) ®
il =Tl
Then,
(3.26) (u—up, ®)u=(u—up®— /)y +(u—u, ®r)u.
Note that
(u—up, ® - ®/)u < [u—uplooul|® — Prllo0u
(3.27) < C(hu + h)hul|®]100 < C(* + 1) @]1.00,

and it follows from Lemma 3.1 that
(u—up, ®r)u = (ur —up, )y
3
(3.28) < lur — wpllo.ou 1@llo.0s < Clhg + 1)||®|

Therefore, (3.26)-(3.28) imply

1,Qu-

u—u,, e 3
- wplorg = sup B UmPU g3 e
scui(oy) Pl

This proves (3.25). O

1,Qu
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4. Superconvergence analysis for the state y and the co-state p

In this section, we shall consider the superconvergence analysis for the state y and
the co-state p. In the following discussion we always assume that 7 = U}_,e; € Top,
with e; € Tp(1 < i < 4) (see F1G.2), and e € T),.

(%0, y2)

(21,92) (w2,y2)
€1 €9
(z1,%0) (72, y0)
(wo}yo)
€4 €3
(z1,91) (z2,91)
(w0,y1)

F1G. 2. recovery of node z

Let i, ((C(Q))? — Y") be the standard Lagrange interpolation operator for the
state y and the co-state p. For r and s, we use the local L?-projection 7, defined
by Lemma 2.3, such that

1
TT]e = H/r Ve € Tp,

and then define the interpolation operator 7, on 7 by

_{ ahr — tar i=1,4,
e; —

(4.1) T Thr + 10 1= 2,3,

where a; = r] — v} —r] +r], and r] = 71|, (i = 1,2,3,4). A direct calculation

shows that

4
1
marle = 3| (3077 )t + 07 =18 15 =D + 0 415 = = r|
i=1

which implies that m,r € Q" for r € L3(Q).

Using the integral identity technique, we introduce the following lemmas, which
are important in deriving superconvergence results. These lemmas can be found in
[29].

Lemma 4.1 Lety € (H3(Q))2. Then

aly —iny, w) = (V(y = iny), Vw) < CR?|y[s0llwlio  YweY"

Lemma 4.2 Let y € (H3(2))2. Then

b(y —iny, d) = (¢, divly — iny)) < CR?|lylls.alldlloe Vo € Q"

Lemma 4.3 Let r € H?(2), Then
b(w,r —mpr) = (r — mpr, divw) < C’h2||r||2’g||w||1’g vw e Y.

Then, we shall consider the superconvergence for the state 'y and the co-state p.
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Lemma 4.4 Suppose that T" is a uniform rectangular partitioning. Let (y,r, p,s,)
be the solution of the equations (2.5) with y,p € (H3*(Q))? and r,s € H*(Q), and
(YhsThy Phs Sh) be the solution of the equations (2.10). Assume that the conditions
in Lemma 3.1, and Lemma 4.1-4.3 are valid. Then

(4.2) lyn — inylle + llrn = marlloe < C(hg® + B?),

(4.3) IPn — inpllio + [Ish — mhsllo.q < C(hgs® + h?).

Proof. 1t follows from replacing y by y, — iny and r by r, — w7 in (2.8) that we
have the following result:

lyrn —inyllio + lIrn — 7nrllo0
S C sup a‘(yh - ihyv W) B b(wv Th — Whr) + b(yh - ihyv ¢) )
(w,$)EY " x Q" [wll1,0 + |#llo.

Then, there exists (w,¢) € Y" x Q" such that

c(lyn — inyllio + [Irn — 7arlloQ) (IWlli,e + I¢llo.x)
(44) é a(yh - ihya W) - b(W, Th — Whr) + b(yh - ihya ¢)

Using Lemma 4.1, Lemma 4.2 and Lemma 4.3, we obtain

a(yn — iny,w) — b(w,r, — 1) + b(yn — iny, ¢)
= alyn—y+y—iny,w) = b(w,rp —r + 71— msT)
+b(yn —y +y —iny, o)
(4.5) = aly —iny,w) = b(w,r — ) + b(y — iny, ¢)
+a(yn —y,w) = b(w,rn —71) +b(yn -y, 9)
CR?||y|s,ellwlli,a + CR*||r||l2,0lwll o
+CR?|lylls,elldlloe + (Blu, — u), w).
It follows from Corollary 3.1 that

IA

(Bup, —u),w)| = [(up —u, B*w)y| < Cllup — |1 00| B*Wll104
(4.6) < CO(hg’ + W) wlio < C(hg” + h?)||wl
and (4.5) and (4.6) imply

1,9,

a(yn —iny, W) = b(w,r, — mp7) + b(yn — iny, ¢)
< CPylsellwllie + CP?|rl2olwll.e
(4.7) +CR?|lylls2ll¢llo. + C(hg” + h?)[[wll0
< O’ +0)([wlhe + lI¢llog)-
Therefore, (4.2) follows from (4.4) and (4.7), and we find
(4.8) Iyn = inylhe < Chg® + h?).
Similarly, the B-B condition (2.8) leads to

wl

lpr — inpllia + |Sh — Trsllo.0

< C sup a(pn —inp, W) + b(W, s, — m,5) — b(Pr — inDP, ¢)_

(w,$)EY R xQh [wll1,0 + |#llo.0
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Then, there exists (w, ¢) € Y" x Q" such that
c(llpr —inpllie + lIsn — masllo)([Wllie + [[llo.0)
(4.9) < a(pn —inP, W) +b(W, s — m48) — b(Pr — inP; @)
Using Lemma 4.1, Lemma 4.2 and Lemma 4.3, we obtain
a(pn — inP, W) + b(W, s — m48) — b(Ph — inP, @)
= a(p—inp, W) +b(w,s — ms) — b(p — inp, ¢)
(4.10) +a(pr — p,w) + b(w,s, —s) — b(pr — P, @)
< CR?|Ipllsalwlia + Ch|Is|l2,allwl.q
+CR2|Iplsalléllo.q + (9'(yn) — ' (¥), w).
It follows from (4.8), the Poincare inequality and Lemma 2.4 that
(' (yn) = 9'(¥), W)l < Cllyn = ¥lloelwllo.e
Clllyn = inylle + lliny — yllo.o)[wli,e
C(hg® + 1 + 12[yls,0) Wl < C(hg” + h?)||wl|1,0.
Hence, by (4.10) and (4.11),

(4.11) <
<

a(pn — inp, W) + b(W, s, — m8) — b(pn — inP, @)
< CR|plsalwlie + Ch?(|sllz.allwlio

(4.12) +Ch?|pls.ellgllo.e + C(hy” + h?)[lw1,0
< O’ + 0wl + lI¢llog)-
Therefore, (4.3) follows from (4.9) and (4.12) . O

Again, Lemma 4.4 shows the superclose property for the state y and co-state p.
In order to get the global superconvergence result for the state y and p, we need to
define two postprocessing operators. A similar idea has been used in, e.g., [15], [19],
[20] and [29]. Let I, be the postprocessing interpolation operator for the state y
and the co-state p associated with 72" such that

{ Lyy € (Qa(7))?
Lpy(zi) =y(z), i=1,2,---,9,

where ()2 is the space of the biquadratic functions, z;, ¢ = 1,2,---,9, are nodes
of T" on the large element 7, and 7 € T?" consists of the four small element e;,
i=1,2,3,4,in T" (see Fig 2). For r and s, we define Iy, as

o7 € Q1(7)
S, Mopr —7) =0, i=1,2,3,4,

where ()7 is the space of the bilinear functions, 7 and e;, i = 1,2, 3,4, are small
elements defined as above. Then, the following properties can be checked:

Iopin = Iap, opmh = oy,
(4.13) [ L2n V1 < Cllv]l1, Vv € Y, [Mangllo < Cligllo, Vg € Q",
[ L2ny — ylli < Ch?|ly|ls, [Manr —rllo < CA?|r|2.

For the postprocessing interpolation Ils; and the interpolation 7y, defined by (4.1),
there is an important property as follows. The proof can be found in [29].

Lemma 4.5 Let r € H?(Q2). then

[Manmhr — rlloo < CR*|Ir|l2,0.
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Now, we are going to prove the global superconvergence for the state y and the
co-state p (also r and s). Based on uniform rectangular meshes, we have the fol-
lowing theorem.

Theorem 4.1 Suppose all conditions of Lemma 4.4 are valid. Then

(4.14) 1 Lrys — ylie + [Manr — rlloq < C(hg” + h?),

(4.15) [ L2nPh — P10 + [[Hans — sllo.o < C(hG® + h?).

Proof. We only need to prove (4.14). It follows from the property (4.13) and Lemma
4.4, 4.5 that

I 2nyn — ¥, + [ Hanr — 7)o

< HMen(yn = iny) e + L2ny — yllie + [Hon(ra = mnr)llo,e + [Menmnr — rllo,o
< Cllyn —inyllia + CR?|lylls.o + Cllrn — marllo.q + Ch?|Ir|l2.0
< C(h” + 1) + CR|lyls0 + CR? |7 |20
< C(hy® + h?).
Then, (4.14) is proved. (4.15) can be verified similarly. O

Remark 4.1 For arbitrary quadrilateral meshes, the bilinear-constant element does
not satisfy the Babuska-Brezzi condition (see [31]). Only on the almost uniform
rectangular mesh, it can be proved that the bilinear-constant element satisfies the
Babuska-Brezzi condition and is superconvergent. Unfortunately, the uniform rect-
angular mesh can not be adapted to a general domain. In the following, we will
extend our superconvergence estimates to the general bounded convex domains. For
an arbitrary bounded convexr domain, we first make a rectangle D D Q. Then use
an uniform rectangular partitioning T" covering D and make some modification
near the boundary of 2, so that the boundary of Q can be approzimated by the edges
of the elements (see Fig. 3). The partitioning T" of Q) is composed of two parts: i)
e1 €T, and e; C Q. Let Q1 = Uey. i) eo € T", and e3 N O # 0. Let Qy = Ues.
From the above definition, it is easy to see that the partitioning of 1 is uniform
rectangular partitioning and the partitioning of Qs is irrectangular partitioning (see,
F1c.3). It is well known that for the general domain Q, meas(22) = O(h), i.e.,
the area of the irrectangular partitioning domain Qo is very small. Thus we get
the mostly uniform rectangular meshes with a boundary layer of irrectangular ele-
ments. We use the bilinear-constant element introduced in Section 2 on the domain
Q1, and use the mini element on Q. It is easy to see that the above finite element
space is conforming on the inner boundary O, NQy. Based on above mostly uniform
rectangular mesh and finite element space, it follows from Lemma 4.1 that

ao(y —iny,w) = aq,(y —iny, W)+ aq,(y —iny,w)

CR|yllz.0,wWl1.0, + Clly —inyll1.a.lw
Ch2|lyls.0 [Wll.r + ChIY 200 Wl1,
Ch2|lyl|s., [|Wll1.00 + Ch(meas(Q2)) ||y
Ch|ly]

In above estimate, aq(w,v) = fQ VwVv. For simplicity, we omit the effect of
curved boundary, and assume that Q = Q1 U Qs.  Similarly, we can prove the

|1,Qz

IAIA

|2,00,0 [[W]l1,0,

IN N

2.000llWll1,0, YWE Y".
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following results:

b(y —iny, ¢) = ChY?|lyl2.cc0lldlloe Vo € Q"

For subdomain Q1, no zero boundary condition imposed on the interior boundary.
So the error of Lemma 4.3 loses a half order. Therefore, we have that

b(w,r —mpr) < ChYS(|Irllzg + [rllooo)Wlie YW e Y™,

T QQ —

Q,

\h_QJ-/

FiG. 8. the partitioning of €2

Remark 4.2 For arbitrary quadrilateral of T", the higher order element Q; —
P,_1 schemes (I > 2) satisfy the Babuska-Brezzi condition. In order to get the
superconvergence, y € (H'*2(Q))? is required for the Q; — P,_; finite elements. But
we only can assume that u € H'(Qu) andy € H3(Q) for the control problem (2.1),
because the derivative of u should be jumping over the free boundary. So we did not
discuss the high order element in this paper, even though it can be used on polygon
directly.

Similar to the proof of Lemma 4.4, we can prove the following lemma on the
mostly uniform rectangular meshes.
Lemma 4.6 Suppose that T" is mostly uniform rectangular meshes with a boundary
layer of irrectangular elements. Let (y,r,p, s, ) be the solution of the equations (2.5)
with y,p € (HS(Q))z N (W2’OO(Q))27 r,sE Hz(Q) N WLOO(Q)f and (yharhapha Sh)
be the solution of the equations (2.10). Assume that the conditions in Lemma 3.1
and Remark 4.1 are valid. Then

(4.16) lyn — inylle + llrn = marlloe < C(hg® + AMP),

(4.17) Ipn = inpllie + lIsn = mrslloq < C(hy® + A1)

Similar to the proof of Theorem 4.1, using the mostly uniform rectangular meshes
with a boundary layer of irrectangular elements, we have the following theorem.
Theorem 4.2 Suppose all conditions of Lemma 4.6 are valid. Then

(4.18) | Lonyn — ¥l0 + |Tonr — llo.a < C(hy® + BP),

(4.19) [ Lnpn — Pllng + [Mons — sllo.e < C(hg® + 1),

where I, Il are defined before Lemma 4.5 on 1, and defined to be identity
operators on the domain .
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5. Recovery type a posteriori error estimate

Based on the results of the global superconvergence presented in Sections 3 and
4, we will discuss the recovery type a posteriori error estimates for the control
problems discussed in this paper.
Theorem 5.1 Assume that all the conditions in Theorems 3.1 , 4.1 and 4.2 are
valid. Then,

(5.1) [u—unllo.0u = [|Rhun — unllo,ou + €1,
(5.2) ly = yullie = [[2nyn — yallio + €2,
(5.3) [P —Prll1.o = [[12nPh — Prll1,0 + €2,
(5.4) I = rallo.e = [[Manrn — rallog + €2,
(5.5) lIs = snllo.o = M2nsn — sullo.q + €2,

where
3
e1 = O(hg + h?).

o — O(h¥® + h%) T" be uniform rectangular meshes,
2T O(hi® + h*®) T" be mostly uniform rectangular meshes.

Proof. Note that
(5.6) | lu—upllo0y = [Rrus — wrlloop | < [[u— Ryuplo.oy-

It has been proved in Theorem 3.1 that

(5.7) lu — Rpupllo.ay < €.
Then (5.1) follows from (5.6) and (5.7). (5.2)-(5.5) can be proved similarly from
Theorem 4.1 and Theorem 4.2. O

Theorem 5.1 provides a recovery type a posteriori estimator:

My = |Rewn — w3 oy + 1121y = yallf o + 120 — Palli o
+ Mo — rall o + [Mansh — sall q
which is a good approximation of the exact error:
2 2 2 2 2 2

e =lu—wlga, + Iy —yullia+ P —pullia+IIr —7rulloq + s — sullo-
Note that
oy
hhu—0 € ’
because ¢; is a higher order term. Then, the recovery type a posteriori estimator
14 defined above is asymptotically exact if the conditions for the superconvergence
are valid.

Note that V(Iaopyn), V(I2npr) and oy 7y, oy sy, are not continuous on the edges
of the large element 7. We are going to introduce some new recovery postprocessing
operators, which are continuous on the whole domain, and can easily be extended
to the more complicated meshes . ~

For a uniform rectangular partition, we construct the recovery operator Ry sim-
ilar to the recovery operator Rj defined in Section 3. Let w, = Zle e; which
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is shown in F1G.2. Then, Ryv(z), 2 = (20,40), can be calculated as follows:
Rpv(z) = a+bxo+ dyo, where (a, b, d) is the solution of the following linear system:
S -
[ 4 xo + 21 Yo + 1 1 —Z/v
“+x0 + T2 +yo + Y2 ‘k‘ i=1"%
1
1 1 a Tk' (xo +:1}1)/ v
xo + T1 5[(1‘0 +:L‘1)2 Z(on-i—xl + x2) ) e1Uey
+axo+ a2 +(zo +22)% X(2yo + 31 + y2) | *lzo+a2) /ezu83 v ’
d
1 1 : {(y +y )/ v
o 0 2
Yo + Y1 1(2960 +x1 + 22) 5[(yo+y1)2 2/k| e1Uey
L +yo+y2  x(2yo +vy1+y2) +(wo +y2)?] J +(yo +v1) v
L JegzgUey

where |k| is the common area of the element e;.
For the gradient of y and p, we construct the gradient recovery operator Gy,
such that

Gpv = (Rpvy, Ryvy),

where R;, is defined as above, v, = g—;’ and v, = g—‘;. It should be noted that G,

is similar to the Z-Z gradient recovery (see e.g., [36], [37]) in the piecewise bilinear
case. And there are more other kinds of recovery operators (see, e.g., [34]). For r
and s, we use the recovery operator Ry,. Again, Ry, is defined as above, but it
is applied on the mesh T?" instead of T". For the recovery operator G, and Rap,
defined above, the following global superconvergence property still follows.
Lemma 5.1 Let y, p, r, s be the solutions of the equations (2.5), and yn, P, Th,
s, be the solutions of the equations (2.10). Assume that the conditions in Lemma
4.4 and 4.5 are valid. Then

(5.8) 1Gryn = Vyloo+Gupr — VP

where €9 is defined as Theorem 5.1.

0.0+ | Ronrn — 7o+ || Ronsh — sllo.a < €2,

Proof. Note that

(5.9) IGryn — Vyllo.o < |Gryn — Gryillo.o + 1Gryr — Vyllo.a,

where y; = ipy. Note also that for any uniform mesh, G} is a bounded linear
operator with an upper bound independent of h. Then, it follows from Lemma 4.4
and 4.5 that

(5.10) 1Gryn = Gryilloo <Gl [[Vyn = Vyiloa < €.

It has been proved in [35] that Gpvr = Vv on e if v is a quadratic function on the
neighborhood of e (Uznzxg{€’}). Then, it follows from the standard interpolation
error estimate technique (see, [3]) that

(5.11) 1Gryr = Vylloe < CR?|yls.0.
Therefore, (5.9)-(5.11) imply that

(5.12) lGryr — V¥llo,o < €.
Similarly, it can be proved that

(5.13) lGrpr — VPllo,0 < €.
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Moreover, note that fT (v — mpv) = 0, and hence Ropv = Ropmpv. We then obtain
|Ronrh —rlloe < ||Ranrn — Ronmar o + | Ranmnr — 7llo.0
| Ran(rr, — 7)o + || Renr — 7llo.0
Clirn = mnrllon + Ch?|r[2,0 < e

(5.14)

IN

Similarly, it can be proved that

(5.15) | Ransn — sllo.o < €.

Therefore, (5.8) follows from (5.12)-(5.15). O
Based on the superconvergence analysis presented by Lemma 5.1, we have the

following results for the recovery type a posteriori error estimate.
Theorem 5.2 Suppose that all conditions of Theorem 3.1 and 4.1 are valid. Then,

(5.16) [u—unllo.0u = [|Rnun — unllo.ay + €1,
(5.17) ly —¥uli,0 = [IGryn — Vynllo.o + €2,
(5.18) [P — Prlio = [Ghpr — VPallo.o + €2,
(5.19) I = 7allo0 = | Ronrn — rrllo,.0 + €2,
(5.20) ls = snlloe = HRQhSh — snllo.o + €2,

where €1 and € are defined as Theorem 5.1.

Proof. (5.16)-(5.20) are direct consequences of Lemma 5.1. The proof is similar to
the one for Theorem 5.1. g

Let
e = |Rhun —upll§ oy + 1Grys — Vyulg.o + 1Gapr — Vit g
+[[Ranrn — 7nllg 0 + 1 R2nsn — sl q
and again let

2 2 2 2 2 2

e =u—wlga, +1y = yulia+ P —pulia+Ir—7allse + s = sulloe-
It follows from Theorem 5.2 that a recovery type a posteriori estimator 7, is still
a good approximation of the exact error e, and is asymptotically exact if the con-
ditions for the superconvergence are valid. Moreover, Ryup, Gpyn, GnpPn, Ranrh
and Rapsy, are all continuous on whole domain. It is predictable that this recovery

type a posteriori error estimator may be applied on the more complicated meshes
(see, e.g., [14], [33]).

6. Discussions

In this paper, we discussed the global superconvergence for the control problems
governed by the Stokes equations. It is shown that if the solution is smooth enough,
the mesh for the state and the co-state is the uniform rectangular mesh and the
bilinear-constant scheme is adopted for the state and co-state equations, the global
superconvergence for the control, the state and the co-state can be proved. Based
on the supercovergence analysis, the recovery type a posteriori error estimators are
provided.

There are many important issues still to be addressed in this area, for example,
deriving the global superconvergence analysis and a recovery type a posteriori error
estimate for more complicated control problems and finite element schemes. It is
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also interesting and very important to investigate the more complicated constrained
optimal control problems and more general finite element meshes, i.e., the closed
convex set K is more complicated or the meshes are general regular meshes instead
of the rectangular meshes. Finally, many computational issues have to be studied,
and we will give numerical examples in the coming paper.
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