INTERNATIONAL JOURNAL OF (© 2005 Institute for Scientific
NUMERICAL ANALYSIS AND MODELING Computing and Information
Volume 3, Number 2, Pages 232254

WAVEFORM RELAXATION METHODS
FOR STOCHASTIC DIFFERENTIAL EQUATIONS

HENRI SCHURZ AND KLAUS R. SCHNEIDER

(Communicated by Edward J. Allen)

Abstract. LP-convergence of waveform relaxation methods (WRMs) for nu-
merical solving of systems of ordinary stochastic differential equations (SDEs)
is studied. For this purpose, we convert the problem to an operator equation
X = T X + G in a Banach space £ of Fi-adapted random elements describing
the initial- or boundary value problem related to SDEs with weakly coupled,
Lipschitz-continuous subsystems. The main convergence result of WRMs for
SDEs depends on the spectral radius of a matrix associated to a decomposition
of T. A generalization to one-sided Lipschitz continuous coefficients and a

discussion on the example of singularly perturbed SDEs complete this paper.
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1. Introduction

The solution of complex and large scale systems plays a crucial role in recent
scientific computations. In particular, large scale stochastic dynamical systems
represent very complex systems incorporating the random appearances of physi-
cal processes in nature. The development of efficient numerical methods to study
such large scale systems, which can be characterized as weakly coupled subsystems
with quite different behavior, is an important challenge. Under some conditions,
block-iterative methods are very efficient. One of these methods to solve large scale
systems is given by the waveform relazation method. This method was first pro-
posed by Lelarasmee, Ruehli and Sangiovanni—Vincentelli [27] for the time-domain
analysis of large scale integrated circuits. For the waveform algorithm concerning
deterministic processes and related aspects, many research papers can be found, e.g.
Bremer and Schneider [4], Bremer [5], Burrage [6], in’t Hout [12], Jackiewicz and
Kwapisz [16], Jansen et al. [17], Jansen and Vandewalle [18], Leimkuhler [25, 26],
Miekkala and Nevanlinna [30], Nevanlinna and Odeh [32], Sand and Burrage [36],
Schneider [37, 38, 39], Ta’asan and Zhang [44], Zennaro [48], Zubik-Koval and
Vandewalle [50], among many others.

In what follows we present a theoretical foundation for the construction and
convergence of waveform iterations applied to systems of ordinary stochastic differ-
ential equations (SDEs) which are decomposable into weakly coupled subsystems.
The attention is restricted to Ito-interpreted SDEs and LP-solutions (i.e. strong
solutions in the Banach space of LP(2, F,IP)-integrable random processes). For
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original works on stochastic integration, see Itd [13, 14, 15]. For basic aspects on
the theory of SDEs in the spirit of It6 [13], see e.g. Arnold [1, 2], Dynkin [8], Gard
[10], Khas’minskij [19], Krylov [22], Mao [28], Protter [34] and Revuz and Yor [35].

We see our main contribution in deriving precise bounds for the Lipschitz-
constants of the related stochastic integral operator and in describing their influence
on the LP-convergence of waveform iteration methods depending on the splitting
into subsystems. However, a qualitative comparison with other numerical tech-
niques for stochastic differential equations (SDEs) is left to the interested reader.

The paper is organized as follows. In Section 2 we describe the key idea of wave-
form relaxation method. Section 3 presents a proof for the existence and uniqueness
of an initial value problem for Ité-type stochastic differential equations (SDEs) using
fixed point techniques on appropriate Banach spaces in order to derive conditions
for the LP-convergence of waveform relaxation methods with p > 2. Section 4
generalizes this idea to the case of one-sided Lipschitz-continuity of the drift part,
restricted to drift coefficients satisfying an angle condition. An illustrative example
is given in Section 5. Section 6 closes this paper with some concluding remarks.

2. The general idea of waveform relaxation methods

At first we convert the initial-value problem problem related to Ité-interpreted
stochastic differential equations into a fixed point problem. Therefore, we can
consider

(1) z =Tz +g

where T maps the function space U into itself, and ¢ € U. There are several
techniques to find appropriate conditions on the operator T guaranteeing a unique
solution x* € U of system (1) and resulting in an efficient algorithm to approximate
x*. In the case that (1) represents a network of weakly connected subsystems with
quite different behavior, i.e. (1) carries the feature of a large scale system, the
waveform relazation method is an efficient approach to approximate x*, formulated
as follows:

(i) Decomposition step: Find a suitable representation of the space U as a
product of subspaces Uy, Us, ...,Uy, i.e.

(2) u = Lll XZ/{QX...Xun,
and a corresponding splitting of T into T4, ... , T, and g into g1, ..., gn
such that the fixed point problem (1) is equivalent to the system
W = MW, . 2™+ g,
@ = Ty, ., 2™) + g,
@3¢ e e
™ = W . 2™) +g,

where (%) g, € U, and T, maps U into the subspace Uy, for k = 1,2, ..., n.
(ii) Solution step: By an appropriate procedure, solve the k-th subsystem

(4) ) = Tk(x(l),...,m(kfl),x(k),x(kﬂ),...,:c(”)) + gk .

Here, ), j = 1,2, ...,n with j # k are the inputs from other subsystems.

(iii) Relazation step: Derive conditions such that the successive solution of sub-
systems (4) leads to the unique solution of the large scale system (of SDEs,
specified later)
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An alternative approach based on monotone iteration techniques is described in
Ladde, Lakshmikantham and Vatsala [23] or Zhao [49]. We follow the fairly gen-
eral idea of waveform iterations as originally suggested by Lelarasmee, Ruehli and
Sangiovanni—Vincentelli [27], summarized by steps (i) - (iii) and specified for sys-
tems of SDEs. As commonly known, the work out of (iii) is strongly connected
with efficient proofs for the existence and uniqueness of solutions of related opera-
tor equations and heavily depends on their specific structure. Moreover, the steps
(ii) and (iii) can be also combined to some “diagonalized” iteration scheme (see
Schneider [39] for details). In the case of the Gauss—Jacobi procedure

r) = T ey e a2 + g1,
r? = T, o a2 2" + g,
(B5) s
mgn) = Ta(z 51)175“52)1’33@17" ’ £n11) xz(n)) + 9n
we get the diagonalized iteration scheme
51) = Tz 1(1)17%('2—)17 e 71"5”—”1) + 91,
v = Tl e a) + e,
6 e e
r = Taea? 2 + g

which represents a block Picard iteration. To prove the convergence of (6) we
assume
(Hy) For k=1, ...,n, Uy, is a complete metric space with norm ||.||x.
(Hy) For k = 1,...,n, Mg : Uy XUy X --- X U, — Uy is a globally Lipschitz
continuous, nonlinear mapping, i.e.
[T, .2 ) = @D, ..., 2],
(7) < Lallz® —2W|| + -+ L ||z — 2],
for all 2,z e uy, ..., 2™ 20 e yY,,.
Let L := (lx;)1<k,j<n, be the matrix of Lipschitz constants lj; of operators TT .

Theorem 2.1. We assume the hypotheses (Hy) and (Hs) to be satisfied. Under
the additional assumption that the spectral radius o(L) of matriz L is lesser than
one, the iteration scheme (6) converges in U with respect to an appropriate norm
-ll| (for its definition, see (9) in the proof below).

Proof. Without loss of generality we may assume that all entries of L are strictly
positive. Then, by a theorem of Perron (see [9]), the fact o(L) < 1 implies that o(L)
is an eigenvalue of L to which an eigenfunction e with strictly positive components
€1, ..,e, exists. From (6) and (7), for k =1,...,n, we get to
k _ n _

" = 2Pl < Bl = 251+ eallaf™y = 27 ]
Hence, we have

erllaf) = oDyl 4 Feallel™ — 2"l
< (ethi +ealor+---+en n1)||$1 1—961 2H1+

+(elln1 +€2Zn2+"'+en nn)”ml 1_37' ||n

1
o(L) (ex]|zt?) — Dyl + -+ enllel™y — 2 |1n) -

—~
09]

~—
I
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Now we introduce a norm |||.||]| on U :=U x --- X Uy, by
(9) lell] = exllz®]1 + - + enllz™ |-

Using this norm we obtain from (8) that |||z; —x;—1]|| < o(L) |||zi—1 —xi—2]||- Thus,
the iteration scheme (6) is convergent in U with respect to the norm (9), provided
that o(L) < 1. © O

Similar convergence results can be derived for modified schemes. The iterative
methods to solve the subsystems can be applied in form of Gauss—Jacobi, Gauss—
Seidel, successive overrelaxation (SOR) or Picard iterations in general, where the
related spectral radii control the convergence of these algorithms in appropriate
Banach spaces. For example, if we replace the Gauss—Jacobi procedure (6) by the
Gauss—Seidel iteration

1 1 2 3 n—1 n
xi - Tl(xz(—)lvxg—)l’xz('—)lv ~~~7$§_1 )axz('—)l) + g1,
2P = M, 22 e 2 + g,
(10) e e
:El(-") = "ITn(:BZ(-l),xl(-Q),xl(-g), ...7:105”71),961(-71)1) + Gn,

then the corresponding matrix L = (l~k]) of Lipschitz-constants can be determined
from the estimates

sz(-l) < 111AJ:§1,)1 + 112A$§3)1 +ot llnAxEﬁ)u

(11) Aﬂ?,@) < 521111A$Z(-1) + (la1l2 + l22)A$Z(E)1 + oo+ (laalin + l2n)A$§ﬁ)17

where sz(.k) = ||x§k) - xEk)lHk. For example, for the Gauss—Seidel iteration
zgl) Wl(xgi)l, %(';)17 x?l) + g1,

(12) 555 = —|T2(33£ )’ajgf)lﬂrz('f)l) + 92,
RO AT Oy

in the case n = 3, we obtain that the matrix L is equal to

l11 l12 l13
la1liy larlia + 122 lorliz + a3
Isilin + Izalorlin Isilie + ls2(loilio + l22)  lsilis + 33 + I32(l21l13 + l2g)

Thus, o(L) < 1 implies the convergence of the iteration scheme (12). Consequently,
Theorem 2.1 can be modified for this iteration scheme as well. General convergence
theorems for iteration methods are also found in standard references, e.g. Zeidler
[47].

Remark 2.1. Theorem 2.1 is applicable to operators describing deterministic as
well as stochastic processes. The main problem to be tackled in applying the wave-
form relaxation method to stochastic systems consists of estimating the influence
of stochastic terms on the Lipschitz-constants. A first approach is presented in the
next section.

Remark 2.2. It is worth noting that system (5) permits the application of mul-
ti-processor computers (parallel computing) — a fact which renders the waveform
algorithm to be very attractive for numerical solving of large scale systems.
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3. Waveform relaxation methods for SDEs

3.1. Notation and main assumptions. Let < .,. >; denote the Euclidean
scalar product defined by < z,y >4= 25:1 x;y; for vectors z,y in R, d > 1
the current dimension, and ||.|s the Euclidean vector norm in IR¢. Throughout
this paper B¢ represents the set of all Borel-measurable sets of IRY. Let (£, F,IP)
be a given complete probability space, and 7 = [0,7] a fixed finite time interval.
Suppose that (Fi)ier performs a filtration such that (2, F, Fier,IP) presents a
complete stochastic basis. In the following we consider only F;-adapted stochastic
processes (X)ier defined on (Q, F, Fier,IP), with finite p-th absolute moments
for all times t € 7, where p > 1. Recall that a stochastic process is called “cadlag
(a.s.)” if and only if all trajectories are continuous from the right side, and left
hand limits exist almost surely (almost surely with respect to probability measure
P).
Definition 3.1. The space £y 4 is defined to be
(13)

X; = X(w) is a cadlag (a.s.) stochastic process,

Epd = (Xp)o<e<r : Xi(w) [0, T] x (Q, F, (Fi)o<i<r, P) — (R4, BY),
X; is Fy—adapted, IE supg<, <7 || X¢][f < +o0

and the space &)
(14)
X; = X¢(w) is a continuous (a.s.) stochastic process,
Epa = Xedo<ser : Xo(w) [0, T] X (Q, F, (Fy)o<s<r, P) — (R, BY),
X is Fy—adapted, IE maxo<;<r || X¢][f; < +00

Proposition 3.1. The spaces &y 4, 519,d are Banach spaces with respect to the norm

1/p
(15) IXle,. = (B s 1x15)
0<t<T
for X €& qor X € Sg,d, respectively.

Proof. The proofs of this assertion for &, 4 and Sgd are similar, hence we restrict
ourselves to the case of Eg’ 4- The fact that SS’ 4 is a normed linear space follows from
the linearity of IE-operation and properties of vector norm ||.||4 in IR?. It remains to
show the completeness of £ ;. Let (X)), be a Cauchy sequence in £ ;. That
is that, we know that Ve > 0 Ing(e) € IN Vn,m > ng(e) = [|[X™ —X(m)||ggd < e

Let X (™ converge to X. Then, for all n,m > ng(e), it follows that
IX - xm)e, = nammHX;_Xﬁﬂﬁgsm)OﬁymXﬁtnﬁmng
pod 0<t<T n>m \  0<t<T
< ek,

Hence, by the Lemma of Fatou (see Bauer [5], p. 92), we get X — X (™) ¢ & 4 for
all m > ng(e). Therefore, the proof is completed by

X=X-xm4xmeeg o
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Remark 3.1. Forp = 2, the function spaces &y 4, 5S,d form Hilbert spaces endowed
with the naturally induced scalar product. For fized parameters p,d, one finds the
natural inclusion Eg,d C&pa-

Our goal is to study the class of Ité-interpreted stochastic differential equations
(SDEs) in conjunction with convergence of waveform relaxation methods. Let W,
W2, ..., W™ be m given independent, one-dimensional Wiener processes adapted
to the filtration F;. Define W =t for all ¢ € [0,7]. Consider the initial value
problem

(16) dX, = > fi(t, X;)dWy}
j=0
Xo = zo(w) fixed and Fop—measurable, 0 <t < T,

driven by the Wiener process W, = (W}, W2, ..., W/™). We need to derive condi-
tions on the functions f; in order to guarantee the convergence of approximations
based on waveform relaxation methods to the unique solution of (16) within the
space Eg,d. For this purpose, we take into account the following splitting of the
d-dimensional system (16) into n interacting subsystems of dimension dj,

XO = 3 a6 XD, X2, X .
j=0

X = S A3
j=0

(17) e ] .........................................

dXt(n) — ifn7](t7X£1)’Xt(2)7 7Xt(n)) thJ,

§=0
(X, x50 X6 = (2 @) @),z (@), 0SS T,

where fj = (fljvaj,'“afnj)ij = O,l,...,m, with fkj : [O,T] X IRd — ]:de,
d=3%7_,dk, k=1,2,...,n. Concerning the functions f; we assume that
(Ao) fj,7=0,1,...,m are Lebesgue-measurable.
(A1) frj(t,z),7=0,1,...,m;k =1,2,...,n are globally Lipschitz continuous in z,
uniformly with respect to time ¢ € [0, 7], i.e. there are constants ng)j € R!
(i=1,2,...,n) such that

vee [0,7] YW, .., z™), (M, . y™) e RH x .. x R

”fk"j(tvx(l)ﬂ "‘7x(n)) - fk?,j(tay(l)u ""y(n))Hdk < ZLE?H'T(” - y(i)
i=1

(Az) For k=1,2,..,n,and j =0,1,...,m we have

d;-

sup inf || fr;(t,y)|| < Kp < 400.
0<t<T yeR4

3.2. On existence and uniqueness of the solution of (16) using contractive
operators. In this subsection we present a constructive proof for the existence
and uniqueness of the solution of the Cauchy problem (16) taking into account the
splitting (17). The goal of this procedure is to extract conditions for the convergence
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of waveform relaxation methods applied to SDEs. For this purpose, we make use
of the representation of the Banach space ES’ 4 as the product space

0 _ o0 0 0
gp,d - 5p7d1 X gp,dz X X 5p7dn

with d = Y",_, dy. The spaces 5;9,dk are equipped with the norm ||||52 . » hence
they are Banach spaces according to the Proposition 3.1. Later we shall Yirlitroduce
an appropriate norm in 51?7 4 Which renders ng 4 to be a Banach space (This new
norm is equivalent to the norm given by (15)). Now, define the random operators
'y by

(18)

mo ot
T (X0, X, XYl = X343 [ o X0, X2, ()
§j=0

for all X*) ¢ &) 4,» mapping £ ; into £) ; (k=1,2,...,n). Then a solution of the
initial value problem (17) is understood as a solution of the integral equations

(19) [Tx (X(l),X(Q),...,X(”))]t = x® k=12 ...n

Introducing the operator T = (TT4,..., T4, ), a solution of (19) corresponds to a
fixed point of the operator TT. The proof of the following theorem relies on the
contractivity of operator TT in the product Banach space 519, d-

Theorem 3.1. Let p > 1. Assume that the given functions fy ; satisfy the condi-
tions (Ag) - (As), and that TE ||Xék)||§k < 400 forallk=1,2,...n;5=0,1,....m.
Then the initial value problem (17) has an unique, Fi-adapted and continuous (a.s.)
solution in the space 5;?7(1-

Proof. The proof is carried out in two main steps. First, we shall show that the
decomposed operator T is a mapping from the Banach space 51?7 4 into itself. Sec-
ond, the operator T forms a contraction in 5197(1 with respect to appropriately
constructed norm. Then Banach’s fixed point theorem provides the conclusion of
Theorem 3.1.

Step 1: We prove that H—ITk(X)”E;’d < +oo for X € 53@ whenever the functions

k
fr,;(t, z) fulfill assumptions (Ao) - (Az). It is well-known that the linear-polynomial
boundedness of Lipschitz-continuous functions fx; can be verified under (Ay) - (A2),
i.e. there exist corresponding constants co(fx;) and c1(fx;) such that

vt e [0,T) Ve € R : ||[f(t,2)|la < colf) +ci(f)]z]la-
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Using the latter fact, the norm of images of operators T is estimated by

t m t ) p
NNl < (1X67 a1 / fk,o<s7Xs>ds||dk+Z || / Jei (s, X)W la, )

< m+ 2 (XS, 1 [ el Xl +Z|| [ st xgamiy,)
< (mr 2 (1 et el X ds+Z|| / fri (s, X)awd |5, )
< (m+2p 7 (IXEVNE, + 277 (@ (o) + 7 S (fio) / X [15ds) )
0
1 - ‘ j
wm+ 2 (S0 [ st Xaw21, )
j=1
— k —
< (m+2 (IxPE, +20 1tp<c3<fk,o>+cf;<fk,o>ogl3§t||xu||s>)
+(m +2)P~! s X )dw!
(m +2) (320;1‘;” (s X)W, )
_ k) _
< m+2 (XM, + 20 1T”<c€<fk,o>+c€<fk,o>0gta§xT||XtHz>
+(m +2)P~! su s, X )dW?
m 27 (3 s I | ot I5.)

with appropriate constants co(fr0) and ¢i(fx0) as mentioned above (Remember
also X; = (Xt(l)7 ey Xt(k), ceey Xt("))). Using the Burkholder-Davis—Gundy inequality
and basic properties of quadratic variation of It6 integrals with respect to Brownian
motions W7 (see Revuz and Yor [35]), there are constants ¢, ; such that

IE sup
0<t<T

IA

T p/2
Cp ki IE < ; i (s, X )7, d < W7, W7 >s>

T p/2
= cp,k,j]E</0 ||fk,j(8»Xs)||?zkd8>

where < M, M >, denotes the total quadratic variation of inscribed martingale M

n [0,s]. In fact, applying the Burkholder inequality as stated in Protter [34, p.
174-175] to continuous time, local martingales (here represented by stochastic 1t6
integrals) and the constants ¢, ; can be chosen universally, e.g.

s < (G2 (P250)

for p > 2, see also Krylov [22, p. 160-163] for an alternative estimate with p €
(0, +00). Note that a deterministic T naturally is a F;-stopping time and that here
fr,j(s,Xs) are bounded in the sense of norm ||.|l¢, , . thus one has the right to
apply the Burkholder-Davis-Gundy inequality. Using this fact, returning to the
estimation of [|[T1,(X)]¢[[}, , taking supremum and expectation IE, one arrives at

t ] p
/ Fuos (5, X )dW?
0

dg.
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IMe(X)le,,, = B sup [[TR(X)]G,
' 0<t<T

< (m+ 2 (BIXPIE, + 27T (o) + Fr0)IXIE, )

m T p/2
+<m+2>p—12p/2‘1(2cp,k,jm( / <c8<fk,j>+c%<fk,j>||xs||§>ds> )

j=1

(m+ 27 (BIXE75, +2 TP (e (fro) + & (Feo)1 X2 )

IN

Hm 2222 (3 g () + U)X ) < +oc,

j=1

with appropriate constants co(fx,;) and c1(fx,;) (see above), since X € &) ;. That
is, the images of operators T ) cannot blow up (a.s.) at finite times ¢t € [0,T].
Therefore, and thanks to integral construction of operators Tk, the non-blowing
up (a.s.) images of operators T are continuous (a.s.) and Fi-adapted stochastic
processes T (X) € 80 4, Whenever the domain element X to which the operator
Ty is applied lies in the space Sp 4» and the functions fy ; are globally Lipschitz
continuous (A;). As a consequence, the decomposed operator T = (T 1,..., T )
represents a mapping from the closed space 5 4 into itself.

Step 2: It remains to show the property of Contract1v1ty of the operator T with
respect to an appropriate norm of the product space Sg, 4- Assume that Xék) = Yo(k)
(a.s.), k=1,2,...,n. Set AT () = [Mp(XD, ., X)) — T (YD, . Y )](t)
for all t € [0,T7], and Afy ;(s) = fkyj(s,Xs(l)w.wX‘g")) — fk,j(s,Y's(l), ...,YS(")) for
all s € [0,T]. For any fixed (XM, ..., X)) (YD) [y ¢ &y 4 one has

t m t
AT (@), < Afpo(s)ds| +3 / Afyi(s)dW?
0 4 =1 1Yo i
t ) P
< (mt1y H / Afiols +Z / Afyj(s)dW?
— 1lJo di
< (m4+1)Pt | e 1/ 1A fr0(s)II7, dWJ

using the triangle inequality and using the Holder inequality several times. We may
estimate [|Afy ;(s)|[, < nP~' 300 (L (k)) HXy) *YS(Z)HZi under global Lipschitz-
continuity of fi ; for p > 1. Therefore it follows that

_ — k ) %
AT, < (ne+ 1P ar=he Y L) max X - YOG,

i=1

m t
)Y / N
= o



WAVEFORM RELAXATION METHODS FOR SDES 241

hence

AT, < (m+ 1Pt Y (L) max |1X =¥

0<t<T di
i=1
+(m o+ )P 12 sup | Afkj( $)AWIg, -
1O<t<T

Now, by taking the operation of expectation IE on both sides, this implies

AT, = B sup_ AT ()5,
’ 0<t<
< p—1,p—17pp (@) _ y (@) p
< (m+1)PtprmiT Z} PIX Y Hggdi
+(m +1)P~ IZIE sup || Afm( s)dWJ|l; .
j=1 0<t<T

The herein occurring terms fot Afy.j(s)dW? form continuous and Fi-adapted mar-
tingales started at initial value 0 under the global Lipschitz-continuity (A;) of
functions fy, ; and for X*) € & ap» Where k =1,2,...,n;5 = 1,2,...,m. This can be
shown in the same way as in step 1. Using the Burkholder—Davis—Gundy inequality
and basic properties of quadratic variation of It6 integrals with respect to Brownian
motions W7 (see Revuz and Yor [35, p. 153]), there are constants C, . ; such that

IN

sup
0<t<T

/ Afyj(s dWJ

d

T p/2
CpiiIE </ 1A frj(9)7,d < W/, W7 >s>
0

T P/2
- OIE< / Afk,j(s)likds>

where < M, M > denotes the total quadratic variation of inscribed martingale M
on [0, s]. As already stated, we can find an universal estimate of C,, ;. ; arising from
the Burkholder inequality (see Protter [34, p. 174-175], as before), e.g. with

s < (1) (P252))

for p > 2, which still depends on p. Note that a deterministic T naturally is a
Fi-stopping time, and Afy ;(s) are bounded in the sense of norm ||.|¢, , , thus
one has the right to apply the Burkholder—Davis—Gundy inequality. Using the last
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observations and returning to the estimation of ||A—|TkHZgjp ,.» we have
v

IAT k]I, .,
n

< (m+ )P Y (LY IX O - YL,

i=1
m T p/2
+(m + l)p_lzc kg IE (/ ||Afk’j(s)||?lkd8>
i=1 0
< (m+1)PInPT 1TPZ:L PIx® - Y(i)Hggd
i=1 o
m n T P/2
+Hm 4 )P Y Gy B (Z(LE{}’)Q / %8 — Y;”nids>
j=1 i=1
—1, p—1 S (k) y ()P
< (m+1)P"nP Tp;( 0)? HX Hf;’d
m n . p/2
+m 4+ 1P TP Y e B DO (L) sup X7 =¥,
j—l =1 0<e<T '
< (m+1)PtnP 1TPZ PIX@ — Y(i)H’ng_
=1 o
1 1 2 7
+(m 4 1)P~pp=iTr/ ZC,JZ PIX@ — Y()H?S,di

under Lipschitz-continuity of fi ;. Hence, by taking the p-th root, we have

ATkl < (m+ DO DPnE VTS ey | XD~ YO

p,dy, —

i=1
where the coefficients k; j are given by k; ;, = \/>L + 2001 (k. g) 1r J).
Summarizing, we have the relation
ISP XD — YO g
2 20 .
||A—|T2HSO < (m+ 1)(p—1)/pn(p—1)/pﬁK ||X( ) — Y( )|‘83,d2 ,
[AT, || o ||X(n) - Y(n)”SO
for any X)) y®*) ¢ 50 4, With X( Y(k) (a.s.), where the inequality sign <

is understood componentw1se and Where K is the n x n-matrix defined by K =
(ki1)1<ii<n- Under the assumption that T is sufficiently small we can conclude that
the spectral radius o(L) of the matrix L := (m + 1)®P~D/Pp(=D/P\/TK is lesser
than one. Thus, (L) is an eigenvalue of L to which an eigenvector (e, ..., e,) with
strictly positive components e; corresponds. Now we introduce the norm

n 1/p
(20) 1XMleo, == (Z ek||X<’€>||§p,dk>
k=1
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in the Banach space Sgyd. Then the vector-valued operator T mapping the closed
set £V into itself is strictly contractive with the contraction constant o(L). Conse-
quently, the sequence generated by iterative application of operator T converges
with respect to norm |[|.[|[go of 52 4 to an unique element of Sg 4 Which is a solution
D, ’ ’
of original system (17). Since the norm [[|.[|[g0 = of Sgd is equivalent to the norm
P :
[[-[leo  of &) 4» we know that the solution of system (17) also lies in the original
b .

Banach space &) ;.

We have seen that TT is contractive in 5]9, g4 for sufficiently small T'. To get the

result for any T we divide [0, 7] in a finite number of sufficiently small subintervals
and repeat the prior proof-steps successively. This completes the proof. ¢ [l

Remark 3.2. For p = 2, thanks to Doob’s mazimum inequality (see Revuz and
Yor [35]), we can choose ca i ; = Cak; = 4 in the estimation above. Following
Protter [34, p. 174-175] we may apply the Burkholder inequality to continuous time,
local martingales (here represented by stochastic Ito integrals), and the universal
estimation

(21) max(cp i, Cpj) < <<pf 1)p (p(pQ— 1)))3

is established for p > 2. Krylov [22] and Mao [28] have also proved some estimates
for p € (0,+00).

Remark 3.3. To get rid of dividing the interval [0,T] in sufficiently small subin-
tervals one may take weighted random norms on Banach spaces. One easily verifies
that the appropriately weighted random norms are equivalent to the original norm
(note that we make use of deterministic weights!).

Remark 3.4. In the case m = 0 (i.e. no stochastic terms) withp = 1, Theorem 3.1
yields a convergence criterion for the case of ordinary differential equations (here
there is no dependence on the splitting parameter n).

3.3. Convergence of waveform relaxation methods. The proof of Theorem
3.1 is based on general contraction principles and can be used to derive a sufficient
condition for the convergence of the waveform relaxation method. If we consider
the block Picard iteration as a special waveform relaxation technique for the fixed
point problem (18), then we get the following sufficient condition for its convergence
from the proof of Theorem 3.1.

Theorem 3.2. Assume the hypotheses of Theorem 3.1 hold. Define L = (l;1) by
m
Liw := (m + 1)(p71)/pn(p71)/p\/f(ﬁlll("ko) + Z(Cp)l/p[’g,kj))
j=1

with corresponding universal constants C, occurring at the right hand side of the
Burkholder—Davis—Gundy inequality (or substituted by estimates as in (21)).

Then o(L) < 0 implies the convergence of the waveform relaxation algorithm based
on the block Picard iterations (6) for the initial value problem (16) in the Banach
space U = Uy X Ua X - -+ X Uy, with norm ||| - ||| defined by (20), where Uy, = E) ;.
If we modify this algorithm with Gauss—Seidel iterations (10) applied to the initial

value problem (16), then the condition o(L) < 0 implies its convergence with respect
to corresponding norm ||| - .
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Proof. For the completion of the proof, it only remains to determine the matrix
of Lipschitz-constants L. These constants can be extracted from the last steps of
the proof of previous Theorem 3.1 directly. Finally, one applies Theorem 2.1 to
establish the claimed convergence with respect to the specifically constructed norm
of . ¢ O

4. The case of one-sided Lipschitz continuous and anticoercive drift

The conditions for convergence of waveform relaxation methods can be relaxed
as follows. The global Lipschitz-continuity of drift coefficients of SDEs is replaced
by local one, but, additionally, the one-sided Lipschitz-continuity and anticoercivity
(latter also originally called geometric or angle condition) of the drift is required.
We shall combine the idea of monotonicity of coefficients of SDEs, as indicated
by Krylov [21, 22] for the analytical solution, and as used by Bremer [5] for the
convergence of waveform relaxation methods for ODEs.

Definition 4.1. A function fy: [0,T] x R? — IR? is said to be (uniformly) one-
sided Lipschitz continuous if for the splitting fo = (f1.0y - fk,05--» fn0)? there are
constants I:EkO) € R'(i,k =1,2,...,n) such that
(A3) Ve = (W, ., 2M) gy = (W, ..., y™) e RM x ... x R
< fk,(](ta $(1)7 sy x(n)) - fk,()(tv y(1)7 seey y(n))7 x(k) - y(k) >dk§ Z -Z/;k()) ||x(l) - y(l)
i=1

forallt € [0,T]. A function f : [0,T] xIR* — TR? is called (uniformly) anticoercive
(or to satisfy the autonomous angle condition) if

(A))  Jea €R'VEE[0,T] V2 € RY : < f(t,2),2 >q < ca(l + ||x||3) .

2
d;

4.1. On existence and uniqueness of the solution of (16). One encounters
the following result. Assume measurebility (Ag) of all coefficients f;.

Theorem 4.1. Fiz an exponent p > 2. Let the drift function fo = fo(t,x) be local
and uniformly one-sided Lipschitz continuous (i.e. (As) holds), and the diffusion
functions fi; = fr;(t,x),5 =1,2,....,m;k = 1,2,...,n satisfy the conditions (Ay)
of global Lipschitz-continuity and boundedness (Ag). Additionally, assume that fy
possesses the property (As) of uniform anticoercivity, and IE ||Xék)||§k < o0,k =
1,2,...,n.

Then the initial value problem (16) has an unique, Fi-adapted and continuous (a.s.)
solution in the space 5[?7(1.

Proof. Again, the proof is carried out in two main steps. First, we shall show that
the decomposed operator T is a mapping from the Banach space 53’ 4 into itself.
Second, T forms a contraction in &, ¢4 with respect to an appropriately constructed
norm. Then standard fixed point principles provide the conclusion of Theorem 4.1.
Step 1: Obviously, the existence of the unique solution of system (17) in any ball of
IR? with finite radius » > 0 follows from the proof of Theorem 3.1 while assuming
local Lipschitz-continuity of the components of fy. That is that we can justify the
unique solvability of the stopped system

m

(22) dXtr = X{Supogsgt IX7lla<r} (t) Z fj (t7 XtT) thj
§=0

in the space Sgﬁd, where ¢ (t) represents the characteristic function of the sub-
scribed set {.} evaluated at time ¢. Here X; denotes the solution of the system
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(22) truncating the system (16) such that the solutions X7 of (22) and X, of (16)
coincide up to the first exit time from the ball of radius r. It remains to show an
aposterori estimate of the sequence (X"),~¢ of local and continuous (a.s.) solu-
tions X" of truncated system (22) such that its uniform limit uniquely exists in
53’ 4 as the radius r tends to infinity. Using the well-known It6 formula, the local
Lipschitz-continuity and anticoercivity (A4) of drift coefficient fy and the Lipschitz-
continuity (A;) of diffusion coefficients fy ; of the considered system of SDEs (17),
one recognizes that the stopped solution processes X| must satisfy

mooa
X0 = 1+ > [ (1) aw?
7=0

with the operators £’ originating from the It6 formula. Thus, we have

(lall) = po@)lal,
1 p—2x~ < fit,z),x >3
9@) = <folta)w >at+s D Ifta)lE+E5= > SRt
P 2 el
< < folty2),e >0 223 i (1) 2
= ) ) ) - VASE] d»
]:
c(l2lh) = p< filta)e>aleli < plfito) )

where 2 € R? and j = 1,2,...,m. For technical reasons, at first assume that we
have IE HXZ)”H?: , < too. Taking the supremum, taking into account the uniform
anticoercivity (A4) of drift fp and the linear-polynomial boundedness of globally
Lipschitz continuous diffusion functions f;(j = 1,2,...,m) under condition (As),
and using the elementary inequality

(co + callzl®)llz]P~2 < co + (co + ex)|||P

(a slightly more efficient estimate by application of the Holder inequality would also
be applicable here with (co+cy||z|?)||z|[P~2 < Co% + (COPTTQ +c1)]|z||?) implies that

t
IX|2 < EIXI5+pE sup / (calfo)+1XTI3) +
0<t<T Jo

P S o) + er () IXTa)?) X s

j=1

m t
+3"® sup [ LI(IXI5)awd
j=1 0=t=TJo
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and hence
IXTI2,, < EIXGG+pT (calfo) + (0= 1) Y B(5))
j=1
sp(ealfo) + - DY@ + ) / BB X7 |
=1
m TJ 1/2
p2V2 Y (E / (c3<fj>+c%<fj>|X:|3>|X:|2P—2dt>
j=1
< BIXGI 0T (calfo) + 0 - 1) Y A
j=1
p(ealfo) + 0= DY) + ) / BB 7 |
Jj=1

m T 1/2
+p2¢§z(ﬁcom—)+<co<fj>+c1<fj>>( / | X7 2t )

for all radii » > 0, where we have applied Doob’s maximum inequality to the
occurring integrals (as in proof above). Note that ¢, (fo) represents the constant of
anticoercivity (A4) of drift fy and co(f;), c1(f;) the constants of linear-polynomial
growth of globally Lipschitz continuous diffusion functions f;, respectively. Now,
one can show that

T
/ E|X/||Pdt < Tsup sup E|X/|? < +oco and
0 >0 0<t<T
T
/ IE||X7||??dt < Tsup sup IE|X]|*? < 4o
0 >0 0<t<T

by applying Dynkin’s formula (see Dynkin [9] or Khas’minskij [15]) to the function-
als E||X7|% and E|X] |3, respectively, while sup,., E|X5[|? < +oo. After
that step and using Gronwall-Bellman inequality, one finds that

im X e,

pod  —

< sup | X le,, < +oo.
r>0

Now, by use of standard localization procedures, one may relax the assumption
E||X7||* < 400 to the weaker requirement IE||X}||P < +oo.

Thus, from uniform anticoercivity (A4) of functions f; and IE|Xj|4 < +oo,
we know that the uniform limit of continuous (a.s.) stochastic processes X" as
the radius 7 tends to +o0o must exist with finite norm ||.|[¢, ,. Therefore, by the
completeness of space ES,d, the limit process lim,_, ., X" which also solves the
original system (16) must exist, be continuous (a.s.), be Fi-adapted and have a
finite norm ||.||g, ,. Consequently, the decomposed operator T is a mapping from
537(1 into itself.

Step 2: Contractivity of operator T on the space 52,(1- Assume that Xék) = Yo(k)

(a.s.). Take AX™ = X —v® for k =1,2,....n, and AX, = X, — Y. Set
AT(t) = [Te(X®, ., X)) =T (YD, Y ™))(1)

for all t € [0,T7], and

Afk,](s) : fk,j(sanl)v 7X£n)) - fk,j(57}/;(l)a ey }/s(n))
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for all s € [0,T]. Fix any (X, ..., X)) (Y® [ y™) e &l where X £ y*)
(a.s.). Define

1 m
ge(,y) =<[rolt,z) - fk,O(t7y)ax(k)_y(k) > dy +§Z 1 fe(t @) — fk,j(uy)llik

p—2 i < frjt @) = frgty), a® —y® 2

+
2 I = ylI3,

j=1

and estimate gx = gr(z,y) by
Pl
gk < < fro(t, ) = fro(t,y),z® —y®) >4 +TZ 1 fri () = fi i (6013,
=1

where z = (2, ...,2®) 20T y = (O, y®) 4T ¢ RE In the fol-
lowing let [.]+ denote the nonnegative part of the inscribed expression. Then one
has

t m t
AT LI, = / Lo axX B, Yds+> / o (Jax O )aw]
j=1
t
= [ alxV)IAX® s

3 [ < A6, AXE s |AXO 520w

n

t
p [ (S EIAXOIE, + 2SS L IAXO1?) AX Ol s
i=1 j=1 1=1
+p2| [ < A0 8X0 >, Jax 2w

t n
= (k) k ) -
(23)< p / (S +n 2 LD IAXO 3 ) IIAX B |5 2ds

=1 7j=1

IN

t
0
t n m n
5 (k p—1 k i
p [ (DI +nl g SR S IAX(
=1 j=1 i=1

01 [ < AR AXE > AXP 52w
j=1

3 / < Afiy (), AXE >4 [AXE 22w
j=1

IA

t
0
m n

n
> (k p—1 k i
P (DI + P SO ) 2 s AXO,

=1 j=1 i=1 =53

+p2|/ < Afij(s), AXP > g [AXD |G 2dWY].
Jj=1

IN

t
0
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Therefore

AT, < PTG +nf 5= S ) 3 s 1AX01;

=1 j=1 i=1">

t
+pz sup | [ < Afiy(s). AXD >q [AXD|-2awi|
10<2£<T 0

using the It6 lemma applied to ||A X, ||§k, triangle inequality, the Holder inequality,
and the Lipschitz conditions (A;) and (Ajs), respectively. Note that the operators
L% and £7 are those operators arising at the application of Ité formula. Now, by
taking the operation of expectation IE on both sides, this implies

p — p
IATTLE, ,, = B max [AT(O5,

n

< pr(SILY +n? glz L) )ZHAX e,

=1 =

(k) p—2 j
| IEOmta<xT| / < Afiy(s), AXP) >4 [AXB|E2awy|

The occurring terms fot < Afkyj(s),AXs(k) >, ||AXS(k)H§;2de form continu-
ous and Fi-adapted martingales started at initial value 0 under the global Lip-
schitz-continuity (A;) of diffusion functions fy ; and for X*) € &, 4., where k =
1,2,...,n;7 =1,2,...,m. As in proof of Theorem 3.1, using the Burkholder-Davis—
Gundy inequality and basic properties of quadratic variation of It6 integrals with
respect to Brownian motions W7, there are constants C,, 1 ; such that

k k 2
I o | / < Afioy(s), AXH) > [AXB|E2aW])

1/2
< pkj ( | < Afii(s),A AX®) >, PAX* ||2(p Vi< Wi Wi > )
1/2
= Coi ( \<Afka(),AX§k) >a, |2|Axék>||§§p2>ds>
1/2
< Gy ( 1A £ ()P AX P~ 2ds>
1/2
< Gy ( L““ 1AXD]|q,)? |Axs<’f>||§f;-2ds>
1/2
(24) VA (/ Z ®2|AX D3 | AX P2 )
1/2
< G, L(k (/ ZHAX(Z ||Zpds> .
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Hence

t
. k B) (1P—2 117
E o?%%'% < Afri(s), AXF) >4 |AXS )sz AW |

A

R n 1/2
A k
S nT(Z(LEJf)E( o2 18X )
=1

=1

IN

- ()2 N i)
Cpok.j nT(Zl(Li,j )?) Zl E Orgta<XT ||AX Hp

n n
~ k i
= Cpgy| nTO_(LE))2) Z”AX()H%,%-
=1 =1

Using the last estimate and returning to the estimation of ||AT|'k||§‘ a0 Ve have

SN p—1 k i
|z, < oT (IR +nl = Sy )Z||Ax< Iz,

=1 j=1

+p iém nTZL(k) ZHAXUHP
j=1 i=1

under one-sided Lipschitz-continuity (As) of fi 0. Hence, one finds

AT kg, < BT S kinlAX O, ,,

p,dy, —
=1

by taking the p-th root, where the coefficients lElk are given by
m

n m
Loz rky P11 <k> 1Py
kik = \FT;[LLO +n— ;1 (L +> (¢

Jj=1

Summarizing the main result, we have shown the relation

AT le, ., X =y W
1A Tolle,n, | < 2T R IX® —v®,,
AT s le, 4, X =y ™, ,,

for all X)) y®) ¢ Ep.a, With X(()k) = Yo(k) (a.s.), where the inequality sign <
is understood componentwise, and where the n x n-matrix K is given by K =
(kZ 1)1<i, I<n: For sufficiently small 7', we can conclude that the spectral radius

o(L) of L := /P ¥/TK is less than one. Thus, o(L) is an eigenvalue of L to which
an eigenvector with strictly positive components (eq, ..., €,) corresponds. Now, we
introduce the norm

n 1/]7
(25) 1XMleo, == (Z ekllX““)H?p,dk)
k=1

in the Banach space SO - Then the vector-valued operator T mapping the closed

set EO 4 Into itself is strlctly contractive with the contraction constant o(L ) Con-
bequently, the sequence generated by iterative application of operator T converges
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with respect to norm \|||||5Sd of 5£7d to an unique element of gz?,d which is a so-
lution of the original system (17). Since the norm ||||||53d of Sg’d is equivalent to
the norm ||||52d of Eg’d, we know that the solution of system (17) also lies in the
original Banach space &)

We have seen that TF is contractive in 50 for sufficiently small T'. To get the

result for any T we divide [0,77] in a finite number of sufficiently small subintervals
and repeat the prior proof-steps successively. This completes the proof. ¢ [l

4.2. Convergence of waveform relaxation methods. The contractivity of op-
erator 1T can be used to establish a theorem on the convergence of waveform re-
laxation methods. Analogous to Theorem 3.2 we have

Theorem 4.2. Assume the hypotheses of Theorem 4.1 are valid. Define L = (ZAZ;@)
by
1/p

. B
I = | pVT |VT ZL(k) 2 S

j=1

with corresponding universal constants C, occurring at the right hand side of the
Burkholder—Davis—-Gundy inequality (or substituted by estimates as in (21)).

Then Q(E) < 0 implies the convergence of the waveform relaxation algorithm based
on the block Picard iterations (6) for the initial value problem (16) in the Banach
space U = Uy X Ua X -+ X Uy, with norm ||| - ||| defined by (25), where Uy = EJ . .
If we modify this algorithm with Gauss—Seidel iterations (10) applied to the initial
value problem (16), then the condition g(!i) < 0 tmplies its convergence with respect
to corresponding norm ||| - |||.

The proof of Theorem 4.2 is omitted as an immediate conclusion of Theorem 4.1.

4.3. Further remarks. One could think of slight improvements in the estimation
of the coefficients I%ik from the proof of Theorem 4.1 and fik from the Theorem 4.2.
For this purpose one returns to inequalities (23) and (24), respectively. Now, make
use of the inequalities

i=1 i=1u#k i=1:1#k
n n
2 p—2 D
Zcikxi af™? < Z cira + | —— Z Cik + Crk | Ty P 2 2,
i=1 i=lik P

where ¢;, x;, T), are nonnegative numbers. In passing note that these inequalities
are obtained by the application of well-known Young’s inequality. Let [.]; denote
the nonnegative part of the inscribed expression. So one would arrive at coefficients

(ko = VT [(2) 7 08+l Z(LE?>21++
j:

p—2 i (k) 1 }
+0; E Ly +n
Oisk 2 [ 2
=111k

1_ z,c\/>ZCHJL +MZC,J \/72”: (k)‘)}
=1:1
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occurring at [[ATkle, ., < (pVT)VP S ki HAX(")ngydi, where §; 5, repre-
sents the Kronecker symbol. However, the evaluation of this result leads to more
complex expressions for the spectral radius of the matrix L = (l;k) with Zik =
(pVT)H/? lA<i7k controlling the convergence of the waveform iterations for SDEs with
one-sided Lipschitz continuous drift part. This is the reason why we preferred to
use the more elementary estimates Y ., ¢, 27 xzﬁ < Sl >k @ with
p > 2 after the inequality (23), and Y., | cir 2 :vﬁ*l < Slgak - Yo xf with
p > 1 after the inequality (24), where ¢, z;, T > 0.

The assertions of Theorems 4.1, 4.2 remain valid in case 1 < p < 2. In that case
one needs slight modifications in some estimations of corresponding proof-steps.

The crucial point in all generalizations with locally Lipschitz continuous coeffi-
cients is to find an appropriate aposteriori estimation such that the limit process
lim, 400 X", where X" = (XT’(l), ...,X“(”))T represents the solution of the cor-
responding truncated system (22), cannot blow up (a.s) at finite times. However,
generically, the solutions do not lie in the original Banach space £, 4 anymore.

As a by-product, we have shown that solutions of (16) posess finite moments

SUPg<i<r IE|| X;||2’ <400 under assumptions of Theorem 4.1 and IE || Xo||?P<+o0.
5. An illustrative example with different time scales

There are a lot of real-life processes containing several time scales. For example, a
rich class is given by biochemical processes. The presence of fast and slow variables
can be expressed by singularly perturbed differential equations of the type

d d
(26) = = flays)e o= g@ys).
By introducing the fast time ¢t = s/e we get the system

dx dy
2 _ = — = .
(27) pr ef(z,y.et), - = glx,y,et)

Now, suppose that system (27) is randomly perturbed in its z-component by a
stochastic term \/eh(x,y,et)dW; where W = (W;)icjo,1/<) is a standard Brownian
motion. The system we obtain, which is to be understood in integral sense, is

dXt Ef(Xt7 Y;, Et) dt + \/gh(Xt, th, Et) th7
Yy = g(X, Y, et)dt.

Stochastic singularly perturbed systems have been considered by many authors.
For example, a qualitative theory is found by [29] and a block diagonalization pro-
cedure is exploited in [24]. In contrast to analytical techniques, it is much lesser
known on their numerical approximations. Golec and Ladde [11] have studied
Euler-type approximations in the mean square sense. It is worth stressing that sin-
gularly perturbed differential equations (28) with their naturally inherited splitting
into slowly and fastly varying components form a suitable class for an application
of waveform iteration techniques as a further numerical method. The waveform
iteration technique can be applied to approximate the solution of the initial value

(28)

problem to (28) as follows. First, fix some initial guess Xt(o) for Xy, e.g. Xt(o) = Xo.
Second, compute an approximation for Y = (Y})¢cjo,1/¢ satisfying the initial value
problem for

d)/t(k) = g(Xt(k_l)’ }/t(k)v €t) dt
while freezing the first component, for example, pathwise by deterministic numerical
methods. Afterwards, by plugging Yt(k) into the first equation one solves the system

dx(® = cf(xM. v etydt + Ven(x® v ety aw,
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by stochastic-numerical methods. This procedure will be repeated iteratively until
a required accuracy has been reached.

To guarantee the convergence of the waveform algorithm applied to systems (28)
one has to check the spectral radius criterion of corresponding matrix of Lipschitz-
coefficients. Concerning the functions f, g, h, we assume that they are continuous
and globally Lipschitz continuous in x and y uniformly with respect to t, i.e.

If(z.y.t) = f@ a0l < Liolle =l + Laolly — glle,
(29) lg(a,y,t) = 9(@,g,t)ll2 < Liglle =zl + L3 olly — 2,
Ih(z,y,t) = h(z, g, t)h < Liglle =2l + Laally — 3l
for all z,z € R%,y,y € R% ¢ € [0,T], where |.||; represents the Euclidean norm

in IR%. Taking into account L ; = L3 ; =0 we arrive at 2 x 2 matrix L = (I; ) with
(30)

1 1
L = 4@=0/p /T (eVTLi,+ \ﬁcp/pL:lm) (eVTLyo+ \ﬁcp/pLéJ)
VTL3 VTL3

as found at the end of the proof of Theorem 3.1. Recall that the constant C),
arises as the constant on the right side of the well-known Burkholder-Davis—Gundy
inequality and can be replaced by any of their majorants, e.g.

e <G5 (225

where p > 1. Finally, the condition (L) < 1 on the spectral radius o(L) controls
the convergence of corresponding Picard iterations. Correspondingly, the condition
o(L) <1 (L belonging to (12)) on the spectral radius o(L) of matrix

i - 11 l12
lorlin larlio + 122

guarantees the convergence of waveform methods based on Gauss—Seidel iteration.

6. Conclusions, summary and remarks

This paper is an continuation of [37] - [43] concerning the approximation of
the solution of initial value problems for systems of explicit stochastic differential
equations. Here, we extended the standard idea of waveform iteration method
to nonlinear ordinary stochastic differential equations (SDEs) driven by Wiener
processes. It turns out that the Lipschitz-continuity of the coefficients of SDEs and
the form of its splitting into subsystems are crucial to establish the convergence
of waveform relaxation methods. In particular, the Lipschitz-coefficients determine
the length of integration intervals to which the waveform iterations are applied
(windowing techniques). We have shown its convergence with respect to the metric
on the Banach space of LP(f), F,IP)-integrable, adapted, cadlag processes (p > 2).

Waveform iteration methods provide an alternative approach to approximating
the solution of a system of stochastic differential equations. Compared with the
traditional time-incremental methods as described in [20], [31] or [45], the waveform
relaxation technique forms a global iteration scheme on a given time interval. Its
efficiency depends on an appropriate decomposition of the large original system into
weakly interacting subsystems. These methods are particularly designed to treat
very large scale systems by parallel computations.

It is worth emphasizing that there are other attempts to treat stochastic large-
scale systems in the literature. However, a systematic comparison study of the
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performance of waveform iteration techniques compared to those attempts exceeds
the intention and length of this paper. Therefore this is omitted here.
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