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ACCELERATING CONVERGENCE OF A NATURAL
CONVECTION SOLVER BY CONTINUOUS DATA
ASSIMILATION

ELIZABETH HAWKINS

Abstract. The Picard iteration for the Boussinesq model of natural convection can be an at-
tractive solver because it stably decouples the fluid equations from the temperature equation (for
contrast, the Newton iteration does not stably decouple). However, the convergence of Picard for
this system is at best linear, but slows as the Rayleigh number increases, eventually failing for
even moderately sized Rayleigh numbers. We consider this solver in the setting where sparse so-
lution data is available, e.g. from data measurements or solution observables, and enhance Picard
by incorporating the partial solution data into the iteration using a continuous data assimilation
(CDA) approach. We prove that our approach scales the linear convergence rate by H %, with
nudging velocity (or both velocity and temperature) producing the best results. This implies that
when Picard is converging, CDA will accelerate convergence, and when Picard is not converging,
CDA (with enough partial solution data) will enable convergence. In the case of noisy partial so-
lution data, we prove that the linear convergence rate of the nonlinear residual is similarly scaled

by H 3 but the accuracy is limited by the accuracy of the partial solution data. This is overcome
by using CDA-Picard to achieve a specific tolerance for the residual and then switching the solver
to Newton. Several numerical tests illustrate the effectiveness of the proposed methods. These
tests show that CDA style nudging adapted to an iteration (instead of a time stepping scheme)
enables convergence at much higher Rayleigh number.

Key words. Acceleration, Picard iteration, natural convection, continuous data assimilation.

1. Introduction

Fluid flows with varying temperature (or density) can be modeled by the Boussi-
nesq system for non-isothermal flow/natural convection. This multiphysics model
can be observed in nature in atmospheric models and katabatic winds, in ventila-
tion design, dense gas dispersion, insulation with double pane window, and solar
collectors [12], to just name a few examples. We consider the Boussinesq system
on a finite, connected domain Q2 C R? (d = 2,3) with boundary I'; UT2. We de-
note u to be the fluid velocity, p is the pressure, T is the temperature (or density),
v > 0 is the kinematic viscosity of the fluid, k > 0 the thermal diffusivity, f the
external forcing term, and Ri > 0 the Richardson number which accounts for the
gravitational force and thermal expansion of the fluid. This system is given by

u-Vu+Vp—vAu = f+ RiT ég, in Q,
(1) V-u =01n Q,
u- VT — kAT =g in Q,

where e4 is a unit vector in R? where the last element is one. with no-slip boundary
conditions for velocity and mixed homogenous Dirichlet and homogenous Neumann
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for temperature (the latter of which corresponds to perfect insulation):

U =0 on 09,
(2) T =0 on dl'y,
VT -n =0ondls.

The physical constants that the model relies on are expressed as the Reynolds
number Re, the Prandtl number Pr, and the Rayleigh number Ra, which are given
by

v

Re=v"', Pr==, Ra= Ri Re? Pr.
K

For any set of problem data (v, Ri, k, f, g), the system (1)-(2) is known to admit
weak solutions [5]. Under a smallness condition on this problem data, the system
is known to be well-posed; for sufficiently high Ra, this system may lose uniqueness
[5]. (see Section 2)

The Picard iteration is a common method for solving the system (1)-(2), and is
given by

ub - Vuktt £ Vpkt —pAuRt = f+ Ri T ég4,,
(3) V -yt =0,
uf - VTHFH — gATHH =g,

together with (2) for u**1 and T#*!. Note that the system equations (3) decouple
because the velocity term in the heat transport equation is known. This makes
each iteration of Picard efficient since one can first solve for T7%*1 and then solve an
Oseen Problem for v**! and p**!. Picard admits stable solutions for any problem
data and produces unique solutions provided the problem data satisfies a smallness
condition on the problem data (see Section 2). However, this iteration converges
linearly for sufficiently small problem data (see Section 2) but the linear convergence
rate decreases as Ra increases and fails for even moderate Ra [27, 37].

The purpose of this paper is to improve Picard for the Boussinesq equations
in the setting of where partial solution data is available, by incorporating contin-
uous data assimilation (CDA) style nudging into the Picard iteration (a method
we will call CDA-Picard). Partial solution data may be available from physical
experiments, measurements of physical phenomena, or even from a high resolution
simulation where passing all solution data is too expensive. Note that the collected
partial solution data could include noise, such as that which occurs from physical
measurements.

We have recently shown that CDA ideas help in solving steady Navier-Stokes
equations (NSE) using Picard [35, 23], which is perhaps surprising since CDA is
designed for continuous in time assimilation. We consider herein a natural extension
of this idea to multiphysics problems. Analysis of this type of CDA applied to
Boussinesq poses significant extra difficulties and considerations compared to NSE,
and it turns out to give some unexpected results. This is because the Boussinesq
equations are given by NSE coupled to a heat transport equation, which includes
extra nonlinear terms. Furthermore, unlike NSE, Boussinesq has the unknown
variable T" as well as u thus CDA nudging is applicable to multiple variables. Hence,
there are extra cases to consider for CDA applied to the Boussinesq equations:
nudging both u and T, nudging just u, and nudging just 7.

CDA is performed using an interpolant Iy where H is representative of the
spacing of collected partial solution data and Iy (u) and Iy (T') are interpolants of
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the partial solution data projected in the solution space. Thus, CDA-Picard for the
Boussinesq equations takes the form (together with (2))

uf - Vuktt 4+ Vpktl — v AR 4 g Ty (ubtt —u) = f+ Ri TF gy,
@ v o
uk - VTFY — gRATF 4 o I (THFH - T)) =g,

where pp > 0 and ps > 0 are user chosen nudging constants. For simplicity we
restrict (4) to the case where Iy(u) and Iy (T) are data collected at the same
locations. Because Iy (u) and Iy (T) may come from collected data it is a natural
assumption that the partial solution data includes noise (inaccuracies). This will
inevitably affect the convergence and accuracy of CDA-Picard and therefore we
investigate this case as well.

CDA was first proposed by Azouani, Olson, and Titi in 2014 [2] for time de-
pendent systems and has since been applied to a wide variety of time dependent
problems including NSE and turbulence [2, 32, 21, 7], the Cahn-Hilliard equation
[14], planetary geostrophic modeling [20], Benard convection [17], and many others.
Interest in CDA has increased in the last decade leading to many improvements
to the algorithm and uses for it, such as for sensitivity analyses [15], parameter
recovery [8, 9], numerical methods and analyses [28, 30, 34, 14, 24, 29]. Of recent
interest is modification to the algorithm such as adaptive nudging [11] and direct
enforcement [13]. There have also been several works investigating the use of the
algorithm with restrictions on the observational data, including measurement error
[4, 10, 22] and partial observations of the problem variables [17, 19, 18, 20].

We prove herein that in the absence of noise in the partial solution data, CDA-
Picard has a convergence rate that is improved by a factor of H 3 compared to
Picard, when nudging both v and 7. We also prove that when nudging just u there
is a similar improvement, but not when nudging just T" where there is a partial
scaling of the convergence rate. This is surprising, since in the time dependent
case, it is sufficient to nudge just T to achieve long time accuracy [19]. Note that
a partial scaling of the convergence rate is still an improvement (under certain
conditions) but just not as much of an improvement as expected. We also prove
that CDA-Picard using noisy partial solution data similarly scales the convergence
rate of the residual by H 2 and concurrently the limit solution accuracy is bounded
by the accuracy of the partial solution data. We find the limit solution of CDA-
Picard with noisy partial solution data is typically within the convergence basin
of Newton, meaning that a modified method incorporating Newton can overcome
the accuracy limitations caused by the noisy partial solution data and provide an
effective nonlinear solver.

We remark that while CDA is a tool to utilize available data to gain improved
convergence (under certain conditions), it can also be used alongside other nonlinear
acceleration techniques without issue such as Anderson acceleration in [35, 33] or
preconditioned Newton [25] by using CDA-Picard as the preconditioner in place
of Picard. Hence, CDA should not be considered a direct competitor for other
nonlinear acceleration techniques but instead should be considered as defining a
data-informed variation of the desired method that can converge faster than the
original method.

This paper is arranged as follows. First we present notation, and then stability
and convergence results for Picard in Section 2. These Picard results are known, and
will be important for comparison in the analysis that follows. Then we give analysis
in Section 4 for CDA-Picard when nudging both u and T, just u, and just T'. Section
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5 considers these same questions as Section 4 but with noisy partial solution data.
In Section 6 we apply the proposed methods to 2D and 3D benchmark problem
both with and without noise, and propose a modification of CDA-Picard with noisy
partial solution data to incorporate Newton.

2. Preliminaries

Let Q € R? (d = 2 or 3) be a connected domain with boundary 9Q = I'; U T,
satisfying meas(I'y NT2) = 0. Let (+,-) and || - || denote the L?(Q) inner product
and L?(£) norm, respectively. We define the pressure, temperature, velocity and
divergence free velocity solution spaces as

e LZQ: dQ:O}v
Q {qe ()/Qq
D={SeH"(Q): S|, =0},

X ={veH" :v|pq =0},
V={veX:(V-v,q) =0V eQ}.

Let X*, V* and D* represent the dual spaces of X, V', and D, respectively. We
use (-, -) to also denote the dual pairings of these spaces. For z € X, V| or D, it is
known that the Poincaré inequality holds:

12l < Cpll V=],

where C}, > 0 is a constant depending only on €.

Leth: X x X x X - Rand b: X x D x D — R denote the trilinear functionals
given by:
1
b(u,v,w) := (u- Vv, w) + 5((V Su)v,w),

1
b(u,v,w) ;= (u-Vs,t) + 5((V -u)s, t).
These trilinear functionals defined above are skew-symmetric,
b(u,v,v) = 0 and b(u, s,t) = 0.

We will bound b and b herein using the well known bounds [31]: Vu,v,w € X,
s,t € D, 3Cs > 0 depending only on || such that

() [b(u, v, w)| < Cs| Vall| Vol [[w] /2] V| /2,
(6) 1b(u, 5,6)] < Col[Vull[IVs1¢]* 2192,
and

(7) [b(u, v,w)| < Cp2C|[ V][ Vol V],
(8) [b(u, s, 8)| < CY2C|[Vul|[| Vs V]

2.1. Boussinesq preliminaries. The system (1)-(2) is known to admit stable so-
lutions for any Ra > 0 [5], which can be proven similarly to the analogous result for
the steady NSE by using the Leray-Schauder theorem. However, uniqueness for (9)
requires a smallness condition on the problem data. These results are provided be-
low and we give the proofs for the following results in the appendix for completeness.
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The Galerkin weak formulation of the Boussinesq equations takes the form: Giv-
en f € X*and g € D*, find (u,p,T) € X xQ x D satisfying V(v, ¢, w) € (X xQ x D)

b(u,u,v) — (p, V-v) + v(Vu,Vov) = (f,v) + Ri(T ég,v),
(V - u, Q) = 07
= (9,

b(u, T, w) + k(VT, Vw) w).

Note that the perfect insulation condition VT -n|r, is weakly enforced. The spaces
X,Q, and D satisfy an LBB condition. Therefore the problem can be reformulated
using V as: Given f € V* and g € D*, find (u,T) € V x D satisfying for all
(v,w) €V x D

) b(u,u,v) + ¥(Vu, Vo) = (f,v) + Ri(T &q,v),
b(u, T,w) + k(VT,Vw) = (g,w).

Lemma 2.1. Any solution to the Boussinesq equations (9) satisfies the a priori
estimate

(10) IVT|| < IVT| < 5 Y|gllp- =: Mo,
(11) [Vaull < [|[Vull < v fllve + RiCjv~" My =: M.

Lemma 2.2. Let a1 = Cov™'M; and o = Cox™ 1My, If C’Z%V_lRi, C;/Q(ag +
a1) < 1, then the solutions to (9) are unique.

Remark. The constants a; and as can be expressed in terms of Re, Pr, and Ra:

ay = Cs Ré*||f|lv+ + Cg Ral\g|lp- and ap = Cy Re* Pr?|g| p-.

2.2. The Picard iteration for the Boussinesq equations. We provide results
for Picard applied to the Boussinesq equation (3) and include the proofs in the
appendix for completeness. These results are similar to those found in [25, 31].

The weak formulations for Picard for the Boussinesq system takes the form: Find
(uF*+1 Tr+1) € V x D satistying V(v,w) € V x D,
1z [P0 (UL V) = (fo) 4+ RIT eg),
b(uP, T w) + k(VTFH V) = (g, w).

Note that the Picard iteration decouples the temperature equation and thus solving
(12) is a two-step process where one first solves a scalar convection-diffusion problem
and then an Oseen problem. Effective preconditioners for these linear systems exist
in the literature [3, 16, 26, 6].

Lemma 2.3. Any solution to the Picard iteration for the Boussinesq equations
satisfies the a priori estimate: for any k =1,2...,

IVT*|| < Mo,

Lemma 2.4. The Picard iteration (12) with problem data satisfying

. C?Ri C?Ri
mm{l—y_l—p _1—"2 }

> > 0, admits a unique solution.

11—k
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Lemma 2.5. Consider the Picard iteration (12) with problem data satisfying
C2v~'Ri <1 and

C’;/Q(al + ag) < 1. Then the iteration converges linearly with rate 05/2(051 + as).
In particular we have

IV(T = T* )| < Gy %02V (u — u¥)],

and
IV (u— uF )| < Cp% (0 + ) [V (u — ub)].

Remark. Recall that Lemma 2.2 gives the sufficient condition for uniqueness of
Boussinesq solutions Cf)l/*le', C’;/Q(al + a2) < 1. This means that the condi-
tions for convergence of Picard and the uniqueness of solutions to the Boussinesq
equations are the same.

3. Finite Element Discretization

We now provide a finite element framework for Boussinesq. CDA as given herein
acts on a coarse mesh, thus the results in the following section should be considered
in a finite element space.

Let 7, be a mesh on  with maximum element length h, and let Py (75) denote
the degree k continuous Lagrange finite element defined on 75,. Then we define
the finite element spaces X, = Py(ryg) N X and Dy, = Px(1,) N D. Then the
weak formulation of CDA-Picard for the Boussinesq equations is given by: Given
f € Xp* and g* € Dy*, find (u,T) € X}, x Dy, satisfying

(13) b(uF, uF Ll v) + v(Vub T Vo) = (f,v) + Ri(TF! &g4,v),
b(uF, T w) + (VT V) = (g,w).

We similarly define a coarse mesh 74 (€)) with maximum element length H > h,
and for simplicity we assume that the nodes of 77 are also nodes of 7. Let Py ()
denote the degree k continuous Lagrange finite element defined on 7. Then we
define the finite element spaces Xy = Py(7g) N X and Dy = Py(tg) N D. We
define the interpolation operator Iy on 74(2). We assume that Iy satisfies: 3 a
constant C independent of H satisfying

(14) Hgv — | < CrH||Vv|| Yv € X}, and Dy,
(15) | Igv|| < Crljv]| Yo € Xp, and Dy,

In our numerical tests, we take Iy to be the L? projection onto Xy = Py(Tx),
however all the presented analysis holds for any interpolant satisfying (14)-(15).

Remark. Throughout this paper, the constants Cs, C,, and Cy are O(1) constants.

4. Convergence of CDA-Picard for Boussinesq equations with (accurate)
partial solution data

We now provide analytical results for CDA-Picard that uses accurate partial
solution data. We begin by providing results for CDA-Picard when nudging both
u and T, and then for nudging only w or T'. To prove convergence, we will use the
weighted H! norm

1
ol := \/ Tcze VI + IVl
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This weighted H' norm naturally arises in the CDA-Picard analysis. For small H,

the *-norm is essentially equivalent to the L?(Q2) norm. Following [23], a modified

analysis with additional assumptions could allow for L? norm estimates instead.
We have the following bounds on the L?(€2) norm.

Lemma 4.1. For any v € X, Dy, all of the following hold:
o]V ][V? < (CrH) Y ol ..
[oll < Cpllv]l,
o]l < G2 (CrH) 2 v]|..
Proof. Using Young’s inequality and the definition of the *-norm we obtain
L
4CrH
Using (16) and the Poincare inequality we get
[oll < CplIVol| < Cpllv]ls,
loll = G2l |2 Vo |2 < €2 (CrH) Y2 ol ..

1/2
(16) ||v||1/2||wn1/2=( ||v||2+cIH|W|2) < (C1H)|Jo].

O

We first assume that partial solution data is known at some set of points in 2.
Then the weak formulation of CDA-Picard for the Boussinesq equations (4) is given
by: Given f € X},* and g* € D.,*, find (u,T) € X}, x D}, satisfying
b(uF, uF L v) + v(Vub Vo) s (Tg (uP Y — ), Ig (v))

= (f,v) + Ri(T™*! éq,v),
b(uk, THH w) + w(VTF V) +pg(Ig (T = T), Iy (w))

= (9,w).
Note that the term p1 (I (u**! —u), Iz (v)) does not follow the usual rules for the
Galerkin weak formulation and may be considered a variational crime, if Iy is not
the L? projection onto Xp. However, this results in x4 not having an analytical
upper bound. This lack of an upper bound for u has been observed numerically in

many CDA paper [28, 30, 34, 14, 24, 29, 13] therefore it is desirable to have analysis
which reflects this.

(17)

4.1. Convergence of CDA-Picard nudging both v and 7. We begin analyz-
ing CDA-Picard (17) without noise when nudging both v and T', and then consider
the case of nudging just v and just 7" which use similar techniques.

Remark. The small problem data conditions, a; + as < 1, given in Section 2.2
and Section 1 is not required for the CDA theorems, and is therefore not assumed.
The lemmas and conditions provided in Section 2.2 and Section 1 are included for
completeness.

Theorem 4.1. Let ju1 > 1e¥gs. fiz > qeige. Riv 102 < 1,0, 2 4(CrH)V? < 1
I I

and %x/C’]H(al + ag) < 1. Then CDA-Picard converges linearly with rate at least

%\/ C]H(CM1 + 042).'

4 . _ 4
= + (1= SR v C2)IT = T, < S (0n + a2)(CH) Y2 u — ..
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The conditions p; > Lo > 402 e should be interpreted as requiring u;

- 402 H2»
be large enough for the given H. In practlce this is usuallly done by taking u; to

be large, such as p; = 1000.

Remark. The condition Ri 1/_101? < 1 is the condition for well-posedness of the
Boussinesq equations from Lemma 2.2. In the analysis, it appears together with
the restriction

C,'4VCiH < 1. The analysis can be changed slightly to give the restriction

3Ri 1/‘10;’/2 < 1 or the restriction Ri 1/_16’5’/2 <1land/CrH < 3.

Remark. Without CDA, Lemma 2.5 shows a sufficient condition for Picard con-
vergence is

C’;/Q(al + ap) < 1, and the convergence rate is C’,l;/Q(ozl + ap). Theorem 4.1 thus

shows how CDA improves convergence rate and even enables convergence when
Picard fails: the right hand side is scaled by H 3.

Proof. Let e**! =y — "1 and eit! = T — TF+1. We subtract (9) from (17) and

k+1and w = e?ﬂ Then we add and subtract terms to get

b(eF, eF L ety 1 b(eF u, e ) + bu, eFtl, ekt

+v||VeF 2 4 l~01||IH(€k+1)||2 = Ri(efy™ eq,et1),
blu, e, ™) + b(e¥, e ) + (e, T, ert)

+H||V€£fr+1||2 + p2l| I (e = 0.

set v=e

The skew symmetry of b and b vanishes four nonlinear terms yielding

VP 4 [ ()P = Rier™ eq, 1) — b(eF,u, e+,
RV P + pallTr (et P = —b(er, T, el ).

We next use Lemma 4.1, (5), and Lemma 2.1 to upper bound the right hand side
as

V[V 2 4 [T (eFH1)|[2 < RiCy (CLH)Y2 || e+
(18) +arv(CrH) 2|l |l .,
RIVer 1P + pallIu (e ) 1? < aon(CrH) [k fler |
Next we lower bound the left hand sides using the interpolation bound and the
triangle inequality via

v[Ver 2+ | L (P12 = FIVer 2 + || Lu (X112 + S ([ Ve 2,

> s llet = T (eI + pa [ 1 (")
+EVeH2,
> g (e = Tu ()12 + | 1 (M%)

+HI || VeR 2,

Y

okl + Tk,
ek,
2
k k k k k
SIVESTLIP + il T (52 = SIVERTIP + ol Tar ()2 + 2| Ve,
e e = T ()12 + pall T (e ) P

3m HVBk+1||2,

%

| \/

| \/

k k
4C2H2||e Jrl||2 3N”VB +1||2,
SNH k+1H

| \/
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by assumptions on u; being sufficiently large. Using this in (18) and simplifying
yields

1 i v3/2
leb+ 1. < Sv  RICY(CH) Y2 el L + Saa Cy(CrH) Y Jeb ],
lez ™l < a2Cy(CLH)Y? ek

Finally adding the equations gives the desired result. O

Theorem 4.2. Let Lo > 40?#]{2, Ri y‘lOZ <1, 051/2%(0111)1/2 <1

and
%x/CIH(al + az) < 1. Then the residual of CDA-Picard converges linearly with

rate at least %x/CIH(oq + as):

4 4
4 =+ (L= SRi T T =T < S (n +aa)(CrE) Y2t = ..

14
Z ez

Remark. The conditions and rates for convergence of the error and residual for
CDA-Picard are equivalent.

Proof. Let ef+t1 = uF — uF+1 and ekt = TF — TF+1 We subtract (22) at time &
and time k + 1, add and subtract terms, and set v = e*T!
bek b, €4 41) 4 b(u, E+, ) L[V [T ()P
(19) = Ri(eg" eq, e,
b(eh, TF, et h) + b(uP, e ™) + K VERT 12 +pallTn ()2
=0.

and w = e];frl to get

The skew symmetry of b and b vanishes nonlinear terms in (19) yielding,
b(ek uk ek+1) +V||Vek+1||2 + || T (e k+1)H2 _ Ri(e;ﬁ“l éd,ek+1),
b, TF, efth) + wl|Ver™|* + pal| i (e ™)II* = 0.

The solutions u*, T* for k = 1, ... satisfy the same stability bound as Lemma 2.3.
We use this and (5) to obtain

V[VeRH 2 g [T (eFH 1|2 < RiCy*(CrH)Y2 (el e+
+onv(CrH) 2| [l .,
Rl Vet 1 + ol Zu (er 1P < azn(CrH)Y?|le¥|| ez .
We lower bound the left hand side analogously to Theorem 4.1,
{Hek—HH* < 4 _1Ri03/2(01 1/2||ek+1||* + %al(CfH)WHe’“II*,
7l < 5aa(CrH)Y ek

e
Finally we add the equations and simplify to get the desired results.

ol CO\

O

If we nudge just u then this is equivalent to setting ug = 0 in (17) which gives
the following result.
v I ~1/2
Corollary 4.1. Let p; > e k2 = 0, Riv™IC} <1, G, / 2CH)? <1
and (C[H)1/2(%Oél + C’;/Zag) < 1. Then CDA-Picard converges linearly with rate
at least (CrH)Y?(3aq1 + C;/Qag):

4 , 4
lu = w4 (1= v RGP V(T = T < 2 (CrH) (02 + on) [ju = u® .,
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Proof. Let e**! =y — u**1 and eit = T — TF+1. We subtract (9) from (17) and

k+1 k+1

set v =e""" and w = e} . Analagously to Theorem 4.1 we add and subtract terms

and using the skew symmetry of b and b vanishes four nonlinear terms yielding

VIVERL2 4 | ()2 = Ri(el™ e, b L) — b(ek, u, e 1),
Rl Vel |2 — —b(ck, T, ehh).

We use Lemma 4.1, (5), Lemma 2.1 to upper bound the right hand side as
V[ VR 2 4 gy [T (D)2 < RiCy (CrH) V2|Vl || eb 1),

(20) +onv(CrH)V2||eM |l [l 1.,
K| Vert? < a2y *(CrH) 25" || [ Vel .

Next we lower bound the left hand sides using the interpolation bound and the
triangle inequality as in Theorem 4.1 and use this in (20) to get

1 i i3/2

leE* 1. < 4 RiC 2 (CrH) V2| Vel | + daa (CrH)Y2 k] .,
Vet < asCy/*(CrH)Y2 ¥l

Finally adding the equations gives the desired result. O

If we nudge just 7' then this is equivalent to setting p1 = 0 in (17) which only
gives the following result (where convergence is not improved for H — 0).
Corollary 4.2. Let uy =0, puo > 40?#’ Ri 1/_105 < 1, and
(C;/ 2a1 + %\/C’ 1Has) < 1. Then CDA-Picard converges linearly with rate at least
(05/2011 + %\/ CIHO[Q):

4
IV (u=a* )|+ (1= RICH)IT =T, < (C,}/Qal+§a2(CzH)1/2)IIV(U—U’“)II-

Proof. Let e+ =y — "1 and ekt = T — TF+1. We subtract (9) from (17) and

k+1 k+1

set v =e and w = ey’ . Analagously to Theorem 4.1 we add and subtract

terms and using the skew symmetry of b and b vanishes 4 terms yielding

v||VeFtL||? = Ri(e5th &4, eF 1) — b(ek, u, eb 1),
RIVer P + pall T (e > = =b(e", T ept).

We use Lemma 4.1, (5), (7), Lemma 2.1 to upper bound the right hand side as

VIVeE2 4 | T ()2 < RiC2|| ek ||| Vekt|
(21) oGy || Vek|||[ ek,
RIVEEHYI2 + o T (5 D2 < aor(CrH)Y2| Ve |||ekH...

Next we lower bound the left hand sides using the interpolation bound and the
triangle inequality analogously to Theorem 4.1 and use this in (21) to get

. . 1/2
Vb < RiC2|ek . 4 ar Cp/?|[Vek ]|,
ekt < dan(CrH)V2||VeR.

Finally adding the equations gives the desired result. (]

This corollary shows that nudging just T can improve the convergence rate
(though less so than nudging just u) since it scales as. However, if oy is suffi-
ciently large then nudging 7" may have little to no effect on convergence. We do
note that this bound is not sharp.
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Therefore, with accurate partial solution data there is a direct correlation be-
tween convergence, accuracy, and the amount of solution data collected H. Fur-
thermore, CDA does not worsen the restrictions of Picard, so it can only improve
convergence properties.

5. CDA-Picard for Boussinesq equation with noisy partial solution data

We suppose now that the partial solution data has noise (error) given by some
e(z), meaning that we have partial solution data given by u + €, and T + ep
at the data points. Then the weak formulation of CDA-Picard for the Boussinesq
equations (4) with noise is given by: Given f € X* and ¢* € D*, find (u,T) € X xD
satisfying

b(uf, uF 1 v) + v(Vubt Vo) Fu (Tg (uF — (u +€,)), Ig (v))
= (f,v) + Ri(T**! éq,v),

b(uF, T w) + w(VTHY V) +ps (I (TF — (T + er)), Tn (w))
= (g’w)'

(22)

5.1. Convergence of CDA-Picard for Boussinesq equation with noisy
partial solution data. We now we analyze CDA-Picard with noise (22) when
nudging both u and T'. We begin by analyzing the convergence of the residual and
then the error.

Theorem 5.1. Let 11 > [w%ﬁ, o > 40%%, Ri I/*IC’E) <1, Cp_l/Qg(C[H)l/2 <1
and

% CrH(aq + ag) < 1. Then residual of CDA-Picard converges linearly with rate
at least

% C]H(al + 042).'

X 4 4. .
=+ (1= S0 RGO )2 TE = T4
4
< S(CHH) a1 + ag) [ = o]

Remark. The sufficient conditions for convergence of the residual for CDA with
noisy partial solution data are the same as the sufficient conditions for convergence
of error for CDA using accurate partial solution data.

Proof. This proof follows analogously to Theorem 4.2 because the terms I (e, )
and Iy (er) in (22) at time k and &k + 1 cancel when subtracting these two systems
to form an error equation. (I

Theorem 5.2. Let 11 > [o5p=, po = ooz, B lfng <1,+/CiH < %Cp and
I I
%\/C}H(al + aw) < 1. Then the error in CDA-Picard satisfies
4 .
= Wl (1 = ST RGP (CL ) ||T = T

4
<(5 (a1 + a2)(CLH) )" lu — |,

3
2(CrH)V?
1-— %(al + QQ)(CIH)1/2

+C7 (palleull + p2ller|l)-
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Proof. Let e**! =y — u**1 and eit = T — TF+1. We subtract (9) from (22) and
set v = eF*t1 and w = €&, Similarly to Theorem 4.1 we add and subtract terms

and using the skew symmetry of b and b vanishes four terms, yielding

I/|\V€k+1\|2 + ,U1||IH(€k+1)||2 — Ri(eljcj-l éd,ek+1) _ b(ek,u,ek+1)
= (T (ew), T (e¥F1)),
KlIVer™ I + pallTu (e DIP - = —b(e", T, e5") — pa (I (er), Tar(er™))-

We use Lemma 4.1, (7), Lemma 2.1 to upper bound the right hand side as
V|[VeR L2 4 [T (eFHD)|[2 < RiCy (CrH)Y2 el | [+
+arv(CrH)Y?| x| || eF .
(23) e () [ T (5],
RIIVESTHIZ + poll T (512 < agr(CrH)Y2(|ek |5
2| T (er) || T (571
Using the interpolation bound and Lemma 4.1 we can upper bound the terms
15 () I m (") < CFHCTH)?||eu]|[le* .,
e (eI (5| < CFHCTH) Y2 |ex ||| €5 .
Combining this with (23) gives
V[VeR 12 4 | I (FH )2 < RiCy/?(CrH)Y2|| ekt |, [leF .
+arv(CrH) Y2 x| || ¥ .
(24) +u CHCTH) Y |leu]l[leF .,
RIIVESTHZ + poll T (efF)1? < agr(CrH)Y2(|ek | lef .
+u2C3(CrH)Y 2 ler | [[efF .

Next we lower bound the left hand sides using the interpolation bound and the
triangle inequality analogously to Theorem 4.1 and use this in (24) to get that

— . ~3/2
leb+ 1. < $vm RICH(CLH) Y2 e L + G (CrH)2leH]].
+3v7  CH(CLH) e,
lex . < gaz(CrH)Y?| ekl + Fuzr " CF(CLH)?|ler|.

Finally adding the equations gives
4 .. 4
€4 + (1= Su RICYA(CHE) ) 5 < 5o + o) (CoH) 2 et
4
+ gC?(CIH)W(mflIIGuII + por”er])).-
Recall that % (ay + as)(CrH)'Y? < 1 therefore

4 4
€4+ (1= o RICYA(CHD) )5 . < (5an + @) (Cr) Y2 0.

3(CrH)Y/?

+ C}
I 1-— %(al +a2)(C[H)

7z (v Hlewll + pas ler ),

which completes the proof.
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This result shows that the accuracy of the method depends on the noise of
the partial solution data given by €, and er. If €, = 0 and er = 0 then the result
reduces to Theorem 4.1. Furthermore, CDA-Picard with noise retains the improved
convergence rate of H 3 (a1 + a2), but only converges up to the level of the noise.

6. Numerical Results

We now give numerical results for CDA-Picard for differentially heated cavity
problems [5]. We consider (1) with f =0, g =0, v = kx = 107!, and Ri is varied
which varies Ra for the problems. We will consider two test problems. For the first
one, 2 = (0,1)? C R?, with boundary conditions

U =0 on 09,
T(0 =0

(25) ( 7y) bl
T(l,y) =1,

VI-n =0,ony=0,y=1.

We study the convergence of CDA-Picard for varying physical parameters. For
simplicity of presentation, we vary Ra only by fixing Pr and Re and varying Ri.
For CDA we will use partial solution data with and without noise.

The discretization for the first test problem is as follows. Let 7, be a barycenter
refinement mesh of an A = 1/64 uniform triangulation, and note that all con-
vergence results are comparable for other choices of h that we tested. Solutions
to this system with Ra = 1000000 are shown in Figure 1. We define the spaces
Xy, =Py(r) N X, Qn = P{**(14,) N Q, and Dy, = Py(75,) N D. The spaces (X, Qn)
satisfy an LBB condition and provide divergence free velocity solutions [1], therefore
all analytical results hold in the discrete spaces just as in (X, Q).

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0

FIGURE 1. Shown above are the computed Boussinesq solution of
the differentially heated cavity problem (25) for velocity stream-
lines (left) and temperature contours (right) for Ra = 1000000.

For our second test, we consider the unit cube Q C R? with boundary conditions

U =0 on 09,
T(0 =0

(26) ( 7y7z) b
T(ly,z) =1,

VT -n =0,ony=0,y=1 2=0, z=1.
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We again study the convergence of CDA-Picard for varying Ra, H, and p. For
CDA we will use partial solution data with and without noise. Solutions to this
system with Ra = 100000 are shown in Figure 2.

For this problem, the mesh is created by first dividing the box into sub-rectangles
using Chebychev points to weigh the degrees of freedom toward the boundary. Nex-
t, each box is split into 6 tetrahedra and finally, each of these tetrahedra are given
a barycenter refinement resulting in 124554 degrees of freedom (dof) for velocity,
82320 dof for pressure, and 41518 dof for temperature. We define X = P5(m,) N X,
Qn = P4s¢(1,) N Q, and Dy, = P3(73,) N D. The spaces (X, Q) satisfy an LBB
condition and provide divergence free velocity solutions [36], therefore all analyt-
ical results hold just as in (X, Q). We solve the velocity-pressure systems herein
using the preconditioner from [3], which we implement with grad-div stabilization
following [26].

For CDA, let 7y be a mesh with max element diameter h < H whose nodes
represent collected partial solution data points. Let Iy be the L? projection oper-
ator from X onto Xg. This choice of projector allows for CDA implementation by
algebraic nudging [34]. To implement data assimilation using algebraic nudging, we
use a diagonal matrix with ones located at coarse mesh nodes and zeros elsewhere.
The computation of this matrix is done offline i.e. prior to any iterations of the
method. Furthermore since it is a very sparse matrix, the additional computational
cost of incorporating this into the system is small. We will provide timings in one
of the following sections to demonstrate this.

The analysis shows convergence in a weighted H' x H' norm that depends on H
which makes comparing the methods convergence at varying H difficult. Therefore,
for simplicity for computations we use the B-norm

I, )| = V[ Vull? + £ VT2

in place of the *-norm, and note that in finite dimensional spaces all norms are
equivalent. Thus we use the residual as the stopping criteria

I, T%) = (u* =1, T* Y |p = \/VIIV(U’“ —ub |2+ s V(TR - TR <107

1
0.8
| 0.6
0.4
| 1 0.2
05 ’ 05 .
y 00 X

FIGURE 2. Shown above are the computed Boussinesq solution of
the differentially heated cavity problem (26) for velocity stream-
lines (left) and temperature contours (right) for Ra = 100000.
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6.1. CDA-Picard without noise. We begin with CDA-Picard without noise for
the heated cavity problem in 2D (25) and give results for Ra = 10000 and 100000
with varying H and p; = pe = 1000. For comparison, we also run Picard without
CDA. We note that we also performed this test with g1 = uo = 1 and got very
similar results for low Ra. However, p; = po = 1000 performs better for higher
Ra and is often necessary for convergence, hence we restrict our results to use only
M1 = U2 = 1000.

First, for Ra = 10000 we see in Figure 3 (left) that Picard converges but it does
so slowly. Immediately when we use CDA-Picard with H = % we see a dramatic
improvement in the convergence rate. The amount of partial solution data used is
relatively small compared to the degrees of freedom (DoF) for the problem. CDA-
Picard is further improved as H is decreased further. For Ra = 100000 in Figure 3
we see that CDA-Picard converges using H = %, %7 and 3% with iteration counts
decreasing as H decreases.

We also compare the effect of varying p for both Ra = 10000 and 100000 with
H = %. In Figure 4, we see that for Ra = 10000, the convergence is improved
similarly for any p. For Ra = 100000, we see that as p decreases the iteration
count increases. Hence for CDA without noise, convergence is improved by larger
H.

We now provide the timings for Ra = 10000. We provide the average compu-
tational cost per iteration of Picard or CDA-Picard. This is because the reduced
iteration count for CDA-Picard will make the overall timings for CDA-Picard no-
ticeable faster. For Picard (no data assimilation), one iteration takes 27.9 seconds.
In table 2, we see that the timings of one iteration of CDA-Picard for vary H are
all approximately the same at around 33 seconds. This is about 6 seconds slower
than Picard. This additional cost doesn’t scale with increasing or decreasing H.
This is reasonable since the operations involving the implementation (the diagonal
matrix with zeros and ones as entries) does have some overhead, but CDA-Picard
is only 1.18 times slower.

We next provide some convergence results for CDA-Picard without noise for the
heated cavity problem in 3D (26) for Ra = 10000 and 100000 with varying H. For
comparison, we again run Picard without CDA and give its results in the figures.
For Ra = 10000 in Figure 5 (left) we observe that Picard, without CDA, does not
converge. In comparison, for CDA-Picard with H = % we get convergence. The
convergence rate is then improved as H decreases. For Ra = 100000 we see in
Figure 5 (right) the same behavior with convergence beginning when H = 1-.
TABLE 1. Shown above are the maximal H for which CDA-Picard
improves/enables convergence for Ra = 10000, 100000 and p; =

o = 1000.
Ra Max H

10000 %

100000 3

6.2. 2D heated cavity with CDA using accurate partial solution data
from only velocity and only temperature. Next we repeat the same test prob-
lem for Ra = 10000 and 100000 with p; = 1000, uo = 0 (nudge velocity only) and
w1 = 0, o = 1000 (nudge temperature only). For Ra = 10000 with p; = 1000 and

p2 = 0 we see in Figure 6 (left) that CDA Picard converges for H = 1, 3, 15, 35
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TABLE 2. Shown above are timings per iteration for Ra = 10000
with varying H and p1 = pe = 1000.

17 T T T T
4 8 16 32
Seconds | 33.16 | 33.00 | 33.61 | 32.8

© Picard * Picard ©
® “ H=1/2 v H=1/8 =
o H=1/4
< H=1/8
v H=1/16

© H=1/32

B-norm Residual

B-norm Residual
<

0 50 100 150 0 10 20 30 40 50
Iteration Iteration

FIGURE 3. Shown above are the convergence plots for the 2D heat-
ed cavity problem for Ra = 10000 (left) and Ra = 100000 (right)
with varying H for pu3 = po = 1000.
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o Picard
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0 =100
x =t
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0 =100
x =1

B-norm Residual
3
&
B-norm Residual

10—10, 4 10'10,

1 0—15 1 1 10'15 1 1 1 1 1 1 1 L L
0 50 100 150 0 10 20 30 40 50 60 70 80 90 100

Iteration Iteration

FIGURE 4. Shown above are the convergence plots for the 2D heat-

ed cavity problem for Ra = 10000 (left) and Ra = 100000 (right)
with varying u for H = %.

at approximately the same rate as p; = pus = 1000. This agrees with our theory. In
comparison, for g1 = 0 and pe = 1000 in Figure 7 (left) we see convergence for the
same H but it converges slower. For Ra = 100000 with pq = 1000 and puo = 0 we
see in Figure 6 (right) that CDA Picard converges for H = 1—16, é at a similar rate
to u1 = pe = 1000. In comparison, for u; = 0 and ps = 1000 in Figure 7 (right)
we see convergence for the same H but it converges slower.

6.3. CDA-Picard with noise. We now consider CDA-Picard where the partial
solution data has noise. Note that as p,; increases the computed solution is in-
creasingly nudged towards the given partial solution data. In the case of accurate
partial solution data this is desirable but not necessarily for noisy partial solution
data. Therefore, we consider the case when u; = ps = 1. We will first consider
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FIGURE 5. Shown above are the convergence plots for the 3D heat-

ed cavity problem for Ra = 10000 (left) and Ra = 100000 (right)
with varying H for puy = pe = 1000.
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FIGURE 6. Shown above are the convergence plots for Ra = 10000

(left) and Ra = 100000 (right) with varying H for u; = 1000, ug =

0.
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FIGURE 7. Shown above are the convergence plots for Ra = 10000

1000.

(left) and Ra = 100000 (right) with varying H for 1 = 0, s =

the 2D heated cavity problem for Ra = 100000 with varying H and noise satis-
fying |le. ], |lex] = O(1073). Noise is created at each point via scaling a uniform

515
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FIGURE 8. Shown above are the convergence plots for the residual
(left) and error (right) for the heated cavity problem in 2D for

Ra = 100000 with varying H, pu3 = pe = 1, and signal to noise
ratio 1073.
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FIGURE 9. Shown above are the convergence plots for the residual
(left) and error (right) for heated cavity problem in 2D for Ra =

10000 with varying p, H = %7 and signal to noise ratio 1073.

distribution on [0,1] by the max element and 1073, and then adding this to the
accurate partial solution data. For this benchmark test we will provide both error
and convergence plots.

Recall that for noisy partial solution data, our theory shows the error of the limit
solution remains at the same order as the noise. Therefore in order to attain better
accuracy using CDA with noisy partial solution data we must make an adjustment
to the algorithm. When the residual of the iteration is less than 10~3, CDA-Picard
is turned off and the remaining solutions are found using the Newton iteration
(without CDA). This is similar to the common method of using Picard to get an
initial guess for Newton. However, recall that for these Ra, both Picard and Newton
fail. Hence CDA-Picard enables Newton to be successful.

For Ra = 100000 in Figure 8 we see the residual steadily decreasing while us-
ing CDA-Picard. Concurrently, the error is decreasing until it is O(1073) where it
levels off. When the solver is switched from CDA-Picard to Newton, the residual
increases at the first step but immediately decreases quadratically to the desired
accuracy. The error for the problem does the same and attains the desired accuracy.
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FIGURE 10. Shown above are the convergence plots for the residual
(left) and error (right) for the heated cavity problem in 3D for
Ra = 100000 with varying H, pu3 = pe = 1, and signal to noise
ratio 1073,

We now repeat the same problem for heated cavity in R3 with Ra = 100000
with g1 = po = 1, varying H, and noise satisfying ||e, |, [[er] = O(1072). Similarly
to the 2D tests, we use CDA-Picard until the residual is less than 102 and then
switch to Newton (without CDA). We see in Figure 10 (left) that for Ra = 100000
CDA-Picard converges with H = 1—10, %, 2—10, and % When the iterative method
changes from CDA-Picard to Newton there is an increase in the residual followed by
a decrease for the remainder of the iterations. We also see in Figure 10 (right) that
the errors for CDA-Picard level off at approximately O(10~3) for each H, which is
the same order as the noise.

We also compare the effect of varying p,uo for Ra = 100000 with H = %.
In figure 9 (left), we see that the convergence of the residual is improved for any
11, po, with greater improvement by the larger choices of 1, to. However, the error
is adversely affected by the larger p1, e with the error for py, us = 100, 1000 being
larger than the error for p1, pue = 1. This matches the analysis given that the error
term resulting from the noise depends on f11, ua. We also see in Figure 9 (right) that
the error for puy, s = 100, 1000 levels off at O(10!). This is 4 orders of magnitude
higher than the level off point for 1, e = 1. This further demonstrates the scaling
by w1, p2 in the error term.

7. Conclusion

The residual and error of CDA-Picard for the Boussinesq equations converges at
a faster rate compared to Picard, with speedup proportional to H 3 when nudging
both velocity and temperature, or velocity only. Moreover, CDA enables conver-
gence at higher Ra. The improved convergence using CDA with no noise on both u
and T is demonstrated in both the 2D and 3D tests where convergence is observed
for Ra that fail when using Picard alone. Furthermore the numerical tests in 2D
for CDA with no noise on only u or only T also showed improved convergence.

When the partial solution data includes noise, the results are similar with the
convergence rate of CDA-Picard containing a multiple of H 3. However, the accu-
racy of solutions to CDA-Picard is limited by the noise, as one would expect, due
to an upper bound on the error containing a term which represents the accuracy of
the partial solution data. The numerical tests for CDA with noise in both 2D and
3D demonstrated that the error when using noisy partial solution data is limited to
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the accuracy of the partial solution data. This was resolved in the numerical tests
(achieved convergence) by changing the iteration to Newton once a chosen residual
accuracy is attained; this shows a possible a solution to the limited accuracy caused
by noisy partial solution data.
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Appendix

Lemma 7.1. Any solution to the Boussinesq equations (9) satisfies the a priori
estimate

(A1) IVT| < IVT|| < 5~ Hlgllps =: Mo,
(A.2) IVull < [[Vul| < v Y| flve + RiC2 My =: M.

Proof. We let v =u and w = T in (9) then using skew-symmetry gives us
a3 VIVl = R0 T)T,w) + (f,u),
K| VT||* = (9, T).

We upper bound the right hand side terms using the dual space norms, Cauchy-
Schwarz, and Poincaré which yields

Ri((0 T)",u) < CZRi|VT||[|Vul,
(fsu) <[ fllv- IVl
(9,T) < llgllp~ VT
Using these bounds in (A.3) and reducing provides us with

{IW < v Y fllv- + RiC2v=Y|VT],

IVT|| < &gl
and using the second of these bounds in the first,
IVul| < vt fllv- + RiCov~ 5 |gl b=
This proves the result. O
Lemma 7.2. Let oy = Cov~ M7 and as = Cox™ My, If Czu_lRi,
C’;/Q(ag + aq) < 1, then the solutions to (9) are unique.

Proof. Supposing two solutions (u1,71) and (ug,T) to (9) exists, and define e, =
uy; —ug and ep = 171 — Ts. Now subtracting the systems with these two solutions
gives Vv € V,w € D,

b(u1, €u,v) + b(ew, uz,v) +v(Vey, Vo) - = Ri((0 er)", v),

b(uy, er, w) + bey, Ty, w) + k(Ver, Vw) = 0.
Taking v = e,, and w = ep vanishes two nonlinear terms and leaves

v|Veull* = Ri((0 er)T, ) — b(ew, uz, ey)
< CpRi||Ver|[|[Veull + CpCs | Veu| 2| Vuz |,

k| Ver|? = —b(ew, To,er)
< GOV ||| Veu || Ver].



CONTINUOUS ASSIMILATION FOR NATURAL CONVECTION 519

Next, using the bounds (A.2) and (A.1) and simplifying gives

(Ad) IVeull < Cor='Ril[Ver|| + C/au|Veul,
IVerll < Cp*as||Veu].

Adding these and simplifying results in
(1 - C%ay = Cp2as)|[Veu | + (1 = C2v~' Ri)||Ver|| < 0.

This provides the uniqueness of the velocity due to the assumption on the problem
data. With this, uniqueness of the temperature follows immediately from the second
bound in (A.4). O

Lemma 7.3. Any solution to the Picard iteration for the Boussinesq equations
satisfies the a priori estimate: for any k = 0,1, 2...,

IVTEH) < M,

[V < M,
Proof. These results are proved analogously to those of Lemma 2.1. [l

Lemma 7.4. The Picard iteration (12) with problem data satisfying

. _1C?Ri
mm{l —p e

C2Ri . . .
—,1— n’lpT} > 0, admits a unique solution.

Remark. Note that (12) is linear. This combined with Lemma 2.3 immediately
gives uniqueness. Furthermore, if the domain €2 is finite dimensional then this also
implies existence of solutions.

Proof. Let Y =V x D and at iteration k+1 define A: Y XY - Rand F: Y - R
by

A((a,T), (v, w)) : = b(uF, 4, v) + v(Vi, Vo) + b(uf, T, w) + &(VT, Vw)
— Ri((0T)",v),
F((v,w)) = (f,v) + (g, w),

so that the Picard iteration is given by A((@,T), (v,w)) = F((v,w)). Consider
A((4,T), (v,w)). Using (7), Cauchy-Schwarz, and Young’s inequality we lower
bound the equation as

A((a,T), (4, 1)) = b(u*, a,a) + v||Val? + b(u*, T,T) + &|VT|* - Ri((0 )7, @)
C2R C?R

> V[ Val? + 6| VTP — 22 VF - —2 vl
C?Ri C?Ri .
me{u— b - Z}Il(w)ll%-

Hence A is coercive. Continuity of A and F' follow easily using the bounds and
lemmas above. Thus Lax-Milgram applies and gives existence and uniqueness of
(12).

|
Lemma 7.5. Consider the Picard iteration (12) with problem data satisfying
CZv~'Ri < 1 and C;/Q(al + a2) < 1. Then the iteration converges linearly with

rate 05/2 (a1 + a2). In particular we have

IV(T =T < G202V (u— ),
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and
IV (u— w1 < Cp/% (a1 + 02) [V (u — uP)].

Proof. Let e+ =y — u**1 and ekt = T — TF+1. We subtract (9) from (12) and
choose v = €1 and w = ei.
terms and leaves the equality

Using skew-symmetry , vanishes two non-linear

b(eF, u, 1) + || VeF 2 = Ri(eft! e, ek,
b(ek, T, ) + k|| Veht 2 =0,

Next we use Cauchy-Schwarz, Poincaré, and (7) to upper bound these equations as

V[ VR P < CRRi|IVer |[IIVer || + CuOs | Veb ||| Vul[[ Ve ]
RIVer P < CuOlIVer IV T[[Ver .

Then we reduce and apply Lemma 2.1 to get

IVe* | < Cov ' Ril|Ver™ || + Cpon [ VeX],
IVez™ | < Cponl|Ver]|.

this gives the bound
IVertt|| < Cpaz|[Vet|l,

Adding the equations and reducing gives
VX + (1= CoRi v 1) [[Vert? < Cplan + ao)|[Veb||.

Finally, using the assumptions on the problem data finishes the proof. (]
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