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THE STABILIZER-FREE WEAK GALERKIN FINITE ELEMENT
METHOD FOR THE BIHARMONIC EQUATION USING
POLYNOMIALS OF REDUCED ORDER

SHANSHAN GU, JIAQI TANG, AND QILONG ZHAI

Abstract. In this article, we use the stabilizer-free weak Galerkin (SFWG) finite element method
on general polytopal meshes to solve the biharmonic equation. By decreasing the degree of the
polynomials on the boundary of weak functions and modifying the definition of the weak Laplacian,
this paper not only removes the stabilizer in the weak Galerkin (WG) numerical scheme, but also
minimizes the number of unknowns in the scheme. The optimal orders of error estimates in the H?2
and L2 norms are obtained and the convergence results are verified by some numerical examples.

Key words. Stabilizer-free weak Galerkin finite element method, biharmonic equation, weak
operator.

1. Introduction

In this paper, we consider the biharmonic equation

(1) A%y = f, in Q,

(2) wu=0,  on 9,
ou

(3) = 0, on 01,

where ( is a bounded polygonal or polyhedral domain in R%(d = 2,3) and n is the
outward unit normal vector along 0.

The derivation of the variational form is straightforward: Find u € HZ(Q) such
that

(@) (A, Av) = (fi0), Y ve HRQ),
v

where
— =05.
onloa }

Based on the above form, the conforming finite element methods have been uti-
lized to solve the biharmonic equation [2, 12, 20]. However, these methods necessi-
tate the construction of C'-continuous finite elements to form subspaces of H?(2)
and the complexity involved in constructing such elements has led researchers to
focus on alternative approaches.

The discontinuous Galerkin finite element method (DGFEM) constructs a nu-
merical scheme for the variational form (4) using completely discontinuous func-
tions, thereby avoiding the construction of H? conforming finite elements. As a
type of DGFEM, the interior penalty discontinuous Galerkin (IPDG) method [6]
employs the discontinuous function space to approximate the solution in H?(Q).
Although the use of discontinuous functions offers greater flexibility, the numerical
scheme introduces complex penalty terms that complicate the implementation.

HZ(Q) = {v € H*(Q) : v|pg =0,
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Another approach to circumvent the construction of C'-continuous elements is
to employ mixed variational formulations by introducing auxiliary variables. These
auxiliary variables typically carry physical significance, making them adaptable to
different types of physics problems, such as ¢ = —Au for hydrodynamics [1, 5] and
o = —V?u for plate bending problems [3, 4].

In the last decade, the weak Galerkin (WG) finite element method, as a novel
method, has been well developed. The method uses weak functions and weak dif-
ferential operators in numerical formulation to solve various equations, such as the
Poisson equation [10, 13], the Stokes equation [15], the Brinkman equation [7], and
the biharmonic equation [8, 11]. In the weak Galerkin framework, weak functions
are defined by separate polynomial approximations: vy (on the cell interior) and
vp (on the cell boundary). Weak differential operators are constructed through
integration by parts of classical differential operators. In addition, the stabilizers
appear in WG numerical schemes to ensure weak continuity but increase the com-
plexity of the algorithm to a certain extent. The subsequent improvement of this
method is also carried out by modifying the definitions of weak functions or weak
operators.

Scholars reduce the order of v, to decrease the degrees of freedom to solve
the Poisson equation in [9], the biharmonic equation in [19], among others. The
stabilizer-free weak Galerkin (SFWG) finite element method eliminates the sta-
bilizer by increasing the order of polynomials in the range of the weak operator,
thereby simplifying the numerical scheme. The SFWG methods with weak func-
tions (Py(T"), Pr(e)) (kK > 1) in [16] or (Px(T), Px—1(e)) (k > 1) in [18] are used
to solve the second-order elliptic equation. The SFWG method [17] focuses on
eliminating the stabilizer from the WG numerical scheme for the biharmonic e-
quation. To simplify the analysis, the authors constructed the SFWG method for
the biharmonic equation using weak functions of the form (Py(T"), Px(e), Px—1(e))
(k > 2). In this paper, we aim to enhance computational efficiency by developing
an SFWG method with weak functions (Py(T), Py_1(€), Pr—1(€e)) (k > 2) for solv-
ing the biharmonic equation. By constructing such an SFWG method, we obtain a
numerical scheme with fewer degrees of freedom. This results in a smaller-scale lin-
ear system to solve during numerical computations, thereby significantly reducing
computational costs. Based on numerical experiments, if the degree of v, is re-
duced by one and the definition of the weak Laplacian operator in [17] is retained,
we observe that the convergence rates of the error in the H? and L? norms are
degraded by one or two orders compared to the optimal rates. This phenomenon is
primarily caused by the degradation in the convergence rate of |||Qnu — ul||, where
@}, denotes the projection operator onto the weak finite element space. In order
to achieve the highest possible convergence rate for the algorithm, it is imperative
that we refine the definition of the weak operator accordingly. By doing so, we not
only remove the stabilizer from the WG numerical scheme, but also utilize fewer
degrees of freedom to attain the same convergence order as stated in [17].

The outline of this article is as follows. In Section 2, we make preparations
and propose the numerical scheme. Section 3 is devoted to deriving the error
equations and establishing the error estimates in the H? and L? norms. In Section
4, two numerical examples are conducted to validate the theoretical results. Finally,
Section 5 summarizes the key findings and concludes the paper.
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2. SFWG numerical scheme for the biharmonic equation

In this section, we begin by introducing some necessary notations and defining
the weak function space and weak operator. Then we proceed to establish the nu-
merical scheme and rigorously prove the existence and uniqueness of the numerical
solution.

2.1. Notations for partitions. Suppose K is an open bounded domain in R?
and s is a positive integer. We utilize || - ||s,x, |- |s,x, (-, -)s,x to represent the norm,
seminorm and inner product of Sobolev space H*(K), respectively. If K = 2, we
drop the subscript K and drop s if s = 2.

Let the partition T;, of € satisfy assumptions in [14] and denote &, as the set
of all edges in R? or faces in R3. &) = &,\09 is defined as the set of all interior
edges/faces. The mesh size of T}, is denoted by h. The following simplified notations
are adopted:

(v,w)7;, = Z (v,w)r = Z /vadT,

TeThH TeThH
<U7w>6Th = Z <vaw>8T = Z / vwds.
TET, TeT;, 70T

In addition, we define the unit normal vector for each edge (in 2D) or face (in
3D) in &, as follows:

Dy, = {n. : n. is unit and normal to e, e € &, }.
This allows us to define the discrete function space as follows:

Vi, = {v = {vo, vp, vpnc} : ’U()’T € Pk(T),vb’e € Pr_1(e),

(5)
Un|, € Pro1(e),T € Th,e € En},

(6) VY = {U = {vo, vy, Uy} € Vj, Ub‘e =0, vn|e =0, eC 8(2},

where k > 2. Py(T') denotes the set of polynomials of degree at most k on element
T and Py(e) represents the set of polynomials with degree no more than k& on edge
e.

We denote by Qo the L? projection operator onto Py (T) for each element T' € Ty,
and by Qp the locally defined L? projection operator onto Pj,_1(e) for each edge
e € &,. The operator Qy, : H2(2) — V}, is defined such that for any u € H?(Q),

Qnu = {Qou, Qpu, Qp(Vu - ne)nc}.
Then we define the discrete weak Laplacian operator:

Definition 1. For each v € V}, + H2(Q), va’T € P;(T) satisfies

(Awv, 0)r =(Avo, )1 + (Qs(vo — vp), Vo - n)or

(™ —((Vvg — vpne) -0, 0) a7, Ve P(T),

where 7 = k + 2n — 1, n is the number of edges or faces of the element T and n
denotes the unit outward normal vector.
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2.2. Numerical scheme. With the above preparations, we define the numerical
scheme as follows: The numerical solution uy € V) of (1)-(3) satisfies

(8) (Awuh? va)Th = (f’ UO)Th7 V’U € Vf?

When v € H%(Q), there are UO}T = ’U|T, vb|8T = v|aT and vn|8T =(Vv-n,
for any T' € Tj,. Therefore, we obtain the following lemma:

Nor

Lemma 1. For any v € H*(Q), we have
(9) A,v = QprAuv, VT € Th,

4 on each element T € Ty,.

where we define Qy, as the L* projection onto [P;(T)]
Proof. For any T € Ty, using the definitions of A,, and Qp, we have

(Awv, )1 =(Av,9)1 + (Qs(v = v), Ve - m)or — (Vv — (Vv ne)ne) - n, p)or
=(Av,9)r
=(QrAv, )7
for any ¢ € P;(T), which implies A,v = QpAw. O

2.3. Existence and uniqueness. First, we introduce the two semi-norms.

Definition 2. Forv € Vj, + H?(R),
lolll* = D (Aww, Ay,

TETh

lolBn = > (IAvol + hz® 1Qu(vo = v + A7 (Voo = vame) -nll3r )
TeTh

Lemma 2. There exist two positive constants C1 and Cy such that

(10) Crllollyn < Ml < Collvllyp, Vo€ Vi

Proof. For any v € V},, by choosing ¢ = A,v in (7) and using the Cauchy-Schwarz
inequality, the trace inequality [14, Lemma A.3] and the inverse inequality [14,
Lemma A.6], we obtain

9 _3 1
lawly < € (IlAtollz + bz Qoo = w)lor + b2 ? V00 - ne = vallor ) [Awvly -
Summing over all elements, we arrive at the following conclusion:
2
o[l < Cllollyy Mol

which indicates ||[v]|| < C ||v]l5 -
For any v € Vj, and any e C 9T, by Lemma 3.1 in [17], there exists a unique
polynomial ¢; € Pyio,—1(T) such that

(Avo, q1)r =0, (Qup(vo — ), Va1 - mar = [|Qy(vo — Ub)Hiv
(Vvg = vnme) - m, q1)or =0,
and ||q1]l; < C’hj% |Qb(vo — v)]|,- From the definition of A,,, we know
1R (vo = vb) |7 = (Awv,q1)7
< [1Awvliz llgrlly
< Chi | Auvlly [Qs(vo = vl
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3
which implies [|Qy(vo — )|, < Chi ||Ayv| . Further, we have

_3

(11) he? 1@v(vo — vb)llor < CllAwv]lp -

Then, we get

(12) > B2 11Qu(vo — v) 3 < ClJ]I*
TeTh

For any v € V and any e C 9T, using Lemma 3.2 in [17], we have ¢3 €
Pit2n-1(T) such that

(Avo, g2)T =0, (Qb(vo — ), Vg2 - m)or = 0,
((Vvo = van,) -1, g2)or = [|(Voo — vame) - m7,
and [[gz/|y < Chqi |(Vvg — vpne) - n|,. By the definition of A,,, we obtain
(Vo — vane) -n|> = (Ayv, g2)r
< [[Awollp llg2ll7
< Chp | Aully (Voo = vnn)

Then we have

[N

(13) hy? [[(Vvg — vpne) -1l gp < C|Ayv]| 1,

which illustrates

(14) > bt (Voo — vane) - m|3 < C[Jv]]],
TeTh

For any v € V4, letting ¢ = Avg in (7) and using the Cauchy-Schwarz inequality,
the trace inequality, the inverse inequality, (11) and (13), we get

||AU0||2T = (Awv, Avg)r — (Qp(vo — vp), V(Avg) - m)ar + ((Vvg — vpne) - 1, Avg)or
< (I 8wtlly + Chz® 1Qu(vo = v)lor
+Chz (T = vane) - nlor ) AT I
< CllAwvly 18wl

which implies 37 [[Avgl|3 < C[|v]||*. Combining with (12) and (14), we have
TETh

[olly, < Clllolll, Vv € Va.
The proof is completed. O

Lemma 3. |||, is the norm of V).

Proof. According to the definition of ||-||, ; , we shall only prove the positivity prop-
erty. Assume that v € V}) such that [|v]|, , = 0. Then we have

AU()’T =0, Qp(vy — Ub)‘aT =0, (Vug — vpne) ~n|aT =0, VT € Th.

And (Vvg — vpne) - n’aT = 0 implies (Vg - n, — vn)‘BT =0 for any T € Tp. Next
we verify that VUO|T =0, VT € 7. From integration by parts, we get

||VU0H§“ = (Vvo, Vo)1 = —(Avg, vo)7 + (Vg - 1, v0)ar = (Vg - 1, v0) a7
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By summing over all elements T' € T}, the following holds

> IVuoliz = > (Voo - m,wo)ar

TETh TETh

When e € &, let Ty and T be two elements sharing e, v}, vZ be the values of
v on Ty and Ts, ni,ny be the unit outward normal vectors of 17,75 on e, and we
obtain

<Vv(1) . nl,v(1)> <VUO n27vo> ((V ne,vé>e — <VUS . ne,vg>e)

+
+ (<VU0 ng, vaé>e - <VU(2) : ne,Qb'U(Z)>e)
+
0,

((vns vp)e = (Vn; vp)e)

where we used vao|aT = Ub‘BT and Vg - n€|aT = v"|BT'
With Vg - ne = v, = 0 on any boundary edge, we get

(15) > IVwollz =0,

TETh

which deduces Vvyg = 0 on any element 7. Using vaole = Ub‘e’ Ve € &, and
v € VY, we obtain v = {0,0,0}. O

Furthermore, by the norm equivalence of Lemma 2, we have |||-||| is the norm in
V0.
Theorem 1. The numerical scheme (8) has a unique solution.

Proof. Taking f = 0 and v = uy, in (8), we have |||us|[|> = 0. Since |||-||| is the
norm of V!, we get up, = 0. O

3. Error analysis

In this section, we introduce the errors e, = u — up and €, = Qpu — uy to
derive the relevant error equations. By analyzing and estimating the terms in error
equations, we arrive at the optimal convergence order of errors in the H? and L?
norms.

3.1. Error equations. We first give the error equations and estimate each term
in the error equations.

Theorem 2. For any v € V!, the following error equations hold true
(16)  (Awen, Awv)7, = — li(u,v) + la(u, v) — I3(u,v),
(17)  (Awen, Apv)7, = — l1(u,v) + l2(u,v) = l3(u, v) + (Aw(Qru — u), Ayv) T,
where
li(u,v) = (V(Au — QpAu) - n, Qp(vo — vp)) a7,

la(u,v) = (Au — QpAu, (Vg — vpne) - D)o,
lg(u, U) = <V(Au) 1N, V9 — va0>a7*h.
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Proof. For any v € V}? , from (1) and using integration by parts, we have

(f,v0) 7, =(A%u, v0) 7,
— (V(Au), Vo) 7, + (V(Au) - n, vo)ar;,
=(Au, Avg) T, — (Au, Vog - n)a7;, + (V(Au) - n,vo — vp)ar,
(Au, Avo) 7, — (Au, (Vg — vpne) - D)o, + (V(Au) - n,v9 — Qpvo)a;,
+(V(Au) -0, Qpvo — )T,

where we used Ub}aﬂ =0 and v”|6ﬂ = 0. This implies

(Au, Avg) 7, =(f,v0)7, + (Au, (Vvg — vune) - n)o7, — (V(Au) - n,v9 — Qpvo)aT,
— (V(Au) - n, Qb’l)o — Ub>8’7’h~

Utilizing the above equation, Lemma 1 and the definition of A, for any v € V}?,
we obtain

(Aypu, Ayv)T,
=(QrAu, va)Th
(18) =(Avo, Au)7, + (Qs(vo — vp), V(QuAu) - m)sr,
—{(Vvo — vpne) - m, QpAu) o7,
=(f,vo), — l1(u,v) + la(u,v) — l3(u,v).

Combining with the numerical scheme (8), we have
(A (v —up), Apv) T, = —11(u,v) + lo(u,v) — I3(u,v), Vo€ VL.

By adding (A (Qpu — u), Ayv)T, to both sides of the above equation, we get
(17). O

To estimate 11(+, ), l2(+, ), I3(-, ), we first give the following projection inequali-
ties:

Lemma 4. For w € H*2(Q), we have

=

<CH* ]l

(19) <Zh [Jw— QOstT

TeTh

N

TETh

(NI

(21) ( Z hr || Aw — QhAw”aT <Ch* wlljta
TETh

_Chk Hw||k+2

(20) (Zh [Aw — QhAw”gT) <CR* [[wlly .,

(22) (Z B ||V (Aw — QuAw) |5y

TETh
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Proof. The proofs of (19) and (20) are the same as [14]. By the trace inequality
and (20), we get

( Y hrlAw - @hAw|§T>

TeTh

[N

< (Z (14w - Quawl; + 13 |V (Aw —@hmn%))

TeTh
<Ch* [lwllgy

and

(Z W |V (Aw — @hAw)HaT)

TETh

< ( > (W IV (aw = @udw)|f + i [VA(Aw - @hAwﬂli))

TETh
SChk Hw||k+2

O

With these preparations, we give estimates of certain terms in the error equations
as follows:

Lemma 5. If w € H*%(Q), then for any v € V;, we have

(23) |l (w, 0)| <CR* [[wllyyz [110]]]

(24) |l2(w, v)| <CR* [[wlly 2 [1l0]]]

(25) |I3(w, v)| <C h’“ Hlwllge Mol

(26) [la(w, v)] SAZCR 2 Jfwlly g o]l + A72CR* [[w] ][0

In particular, when w € H*(Q), for any v € V)2, we get

(27) [l (w, 0)| <CR? ||wl|, [[]v]]]
(28) |2 (w, v)| <CR? [|wll, [[[v]]],
(29) I3 (w,v)| < h||w||4||\v\||
(30) |la(w, v)] SAZC [[wll, [|o]] + A2 CR> ]l o]

Proof. From the Cauchy-Schwarz inequality, (21)-(22) and Lemma 2, we derive

}ll(wﬂ))} :‘ Z (V(Aw — QpAw) - n, Qp(vo — ’Ub)>3T’

TeTh
( > 3 IV(Aw - QhAw)”OT) ( > h? | Quvo — Ub|§T>
TET TETh

SChk Hw||k+2 [|v
SCR* [lwllg i 0111
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and

’lg(w,v)’ :’ Z (Aw — QrAw, (Vug — vpn,) - n)aT)

TETh
< ( > hrllAw — @hAwnzT> ( > byt [[(Veo — vane) - n||2T>
TETh TEThH

SChk ||wHk+2 HUHz,h

<ChF J|w]lp [[[0]1]-

Since (V(QoAw) -n,v9 — Qpvo)a7;, = 0, the Cauchy-Schwarz inequality, the trace
inequality, the projection inequality and (A.4), we obtain

’lg(w,v)’
:’<V(Aw) -0, v — Qpvo)aT;,

:‘(V(Aw — QoAw) - n,v9 — Qpvo)aT;

<cn-? ( S [V (Aw - Qkom;T) ( S oo vaouzT)

TETh T€Th

_3 2 : 1
<Ch~3 (Z (b ||v<Aw—Qko>||2T+h4T|\v2<Aw—Qko>!|T>> Ch ||lo]l
TeTh

<Ch=3CR* |wl),,,, Ch2 |0]]]
<CR [l 4 1[0

If we use (A.5) instead of (A.4), we have
|3 (w,v)| SCR™2CR* [wl sy (A\2Ch7E [Ju]| + A™2ChE [[Ju]]])
1 _ _ 1
NECH2 [w]po [0l + A™2CR® ]|,y []]0]]] -

For k = 2, the estimates (27)-(30) hold. O

Remark 1. From (25) and (29), we have the estimates of l3(-,-), which are used
to bound errors in the H? norm. However, using them to analyze errors in the
L? norm will result in a lower order of error convergence. For higher convergence
order in the L? norm, we derive (26) and (30).

Lemma 6. If u € H*2(Q), we have

(31) 11Qnu — ulll < CH* lully -

Proof. Using the definition of A,,, integration by parts, the Cauchy-Schwarz in-
equality, the projection inequalities, the trace inequality and the inverse inequality,
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we get

(A (Qru —u), q)r
=(A(Qou — u),q)7 + (Qp(Qou — u — (Qpu — u)), Vg - n)ar

= (V(Qou—u) - n— (Qp(Vu-ne)n. -n—Vu-n),qor
=(Qou — u,Aq)r — (Qou — u, Vg -n)or + (V(Qou — u) - 1, q)sr

+(Qp(Qou — Qpu), Vg - n)or — (V(Qou — u) - n — (Qp(Vu-n) — Vu-n),q)or
=(Qou — u, Aq)r + (Qp(Qou — Qpu) — (Qou — u), Vg - n)or

+(Qp(Vu-n) — Vu-n,q)or
< Qou — ull7 [[Aqlly + (1Qu(Qou — w57 + |Qou — ullor) [Vallor

+1Qe(Vu - n) = Vu - nllyy llallor
<CH** M ulisrrh ™ lally +211Qou = ullgp Ch™% ally + Ch™ 21 [Vulirh™* gl
<Ch* Yulerrr lally + Ch™ 2R ulipr 2h ™% (gl + CR*Mulrrr lall
<CH* Mulkyar llglly
for any ¢ € P;(T). By choosing ¢ = A, (Qpru — u), we prove (31). O
Remark 2. If ¢ € H*(Q), the same proof procedure can be employed to obtain
(32) Il — Qualll < CR*~ g,
where ko = min {k, 3}.

3.2. Error estimates. Next, we derive the estimates of the errors in the discrete
H? and L? norms. The following theorem shows the convergence rates of e, and
ey, in the H? norm.

Theorem 3. Suppose u € H**2(Q). Then we have
(33) 11Qnu — unll| SCR*~" [lullyys
(34) ([l = unll| SCR* [lully gy -
Proof. Setting v = Qpu — up in (17) and using (23)-(25) and (31), we find
lenlll <[t (u,en)| + |2 (u,en)| + [Ta(us en) | + 11| @uu — wll [llenll]

<SCOR* Nlull gz Mlenlll + CR® = flullg s [llenl

<SCR* ™ lull iz el
which implies (33). This yields

[l = wnll] < |llu = Qnulll + [||@nu — ]|l
SChk_l ||u||k+2
O

For estimating the error convergence order in the L? norm, we need to consider
the following dual problem:

(35) A%p =g, in Q,

(36) ¢ =0, on 01,
29

(37) = 0, on 01,

and assume [|¢||, < C'||eo]|. Then we derive the estimates as follows.



490 S. GU, J. TANG, AND Q. ZHAI

Theorem 4. When u € H**2(Q), we arrive at

(38) [Qou — ol < CRF72 |lull, .,

(39) lu—uoll < CRFFR=2 Jull, .,
where kg = min {k, 3}.

Proof. From (18) and (17), we obtain

lleoll?
:(A2¢’ 50)771
=(Aw¢, Awen)T, +1(9.en) — l2(9.en) +13(9,n)
=(AwQn®, Awen)T, + (Auw(d — Qnd), Awen), +11(d,en) — l2(¢,n) + I3(9, €n)
=—l(u, Qno) + l2(u, Qno) — l3(u, Qnd) + (Aw(Qru — u), AwQnd)T,
+ (Aw(P — Qno), Awen) 7, + li(d,en) — l2(p,en) + l3(d,n)
=h+L+Is+ 14+ 15+ I + I; + Is.
For I, Ir and I3, by employing the Cauchy-Schwarz inequality, (21)-(22), the
definition of the projection operator @y, the trace inequality, and the projection

inequality, we get

1| =[(V(Au — QuAu) - n, Qp(Qod — Qud)) o,

< ( S bV (Au— @hAu>§T> ( ST hr? 1Qn(Qod — quﬁ)IIET)

TETh TeTh

<Ch* |[ully s ( > hr? Qoo — ¢||§T>

TETh

<CR* [|ull s ( > (hr* Qoo — 8ll7 + by [ V(Qod — ¢>|2T>>

TeTh
<OR* [|ull,, o CHF 1 |9,

SCthkoil ||U||k+2 ||¢||47

|| =|(Au — QuAw, (VQo¢ — Qu(Vé - ne)ne) - m)or, |

< < > hrlAu- @hAu|§T> ( 3" h2tIV(Qug) n - Qu(Ve n>||2T>

TETh TETh

<ch* ||U||k+2 ( Z h:;l V(Qop — ¢) 'n|aT>

TETh
SChk ||U||k+2 h~2Chkot! ||¢||4

<CRFR Ml o 101l
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and

|I3] =[(V(Aw) -0, Qo — QuQod) o |

V(Au — QoAu) - 1n,Qod — QpQod)o,|

V(Au — QoAu) -n, Qoo — ¢ + ¢ — Qpd + Qpdp — QbQ0¢>aTh|
(

V(Au — QoAu) - n,Qod — d)a7, + (V(Au — QoAu) - 1, Qud — QuQod)oT; |

=
I
I
I

<Ch~% ( > W lIV(Au— QkonZT) < > Qoo — ¢||ZT>
TET: TETh
<Ch™2Ch¥||Aull, Ch™2Ch* 1 ||g||,

<CRFRo=1 lellyso 10l s

where we utilized

(V(Au — QoAu) -n, ¢ — Qvd)ar,
=(V(Au) -n,¢ — Qpd)o7;, — (V(QoAu) -n, ¢ — Qpd)a7;, = 0.

If we assume P; is the L? projection onto the polynomial space Pi(T), the
following result holds:

(Aw(Qru —u), PLAY) T,
=(A(Qou — u), PLAG) 7, + (Qu(Qou — u — (Qpu — u)), V(PLAP) - m)oT,
—(V(Qou —u) -n— Qp(Vu-ne)n. -n+ Vu-n, PIAQ)sT,
=(Qou — u, APIA®) T, — (Qou — u, VP A¢ - n)s,
+(Qo(Qou — Qpu), V(PLAY) - n)s, + (Qp(Vu-n) — Vu-n, PLAG)sT,
=0 — (Qou — u, VP A¢ - n>a7’h +{(Qou — u, V(P1AQ) - n>a7’h +0
=0,

where we used the definition of A,,, integration by parts, and the definitions of
projection operators.

By the above equation, Lemma 1, the Cauchy-Schwarz inequality, the definition
of Qy, (31)-(32), and the projection inequality, we know

14| =|(Aw(Qnu — u), AywQro) T, |
< (Aw(Qnu — 1), Ay (Qnd — )7 | + [(Aw(Qru — u), Aywd)T,
<[|l@nu — ull[[|Qne — 8[| + |(Aw(Qru — u), QuAd)T, |
<SCR*Hullyyo CHP 7@l + [ (A (Qru — u), Ad) 7, |
<CHFHR 2yl 6], + [(Aw(Quu — w), Ap — PLAG) 7, |
SCRFR2 |, o 611, + (11 Quu — ul || [|A¢ — PLAG)|
SO Yl yo 181l + CR* 7 lull,y CR? (9]l
SCRMR2 | yo 16 -
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From (32) and (33), there exists

=[(Aw(@ — Qng), Awen)T |
<llle = Qusllllllenll
<CR gl CRFH [[ully g
SCRFH 2 lul o 19l -

Is

Using (27)-(30) and (33), we find
16| =]t (6, 20)]
<CR? ||l 4 lllenlll
<Ch? 94 Ch*! ||“||k+2
<ChM! ull gy 19145

| 7] =[12(6,n)]
<CR? 1|4 [llenll]
<CR?(|¢ll, Ch* =" ||l
<ChFH! HU||k+2 94

and
13| =[ls(¢,en)|
<AZC |9y llenll + A2 CR* (]l 4 |llen]]
1 1
<AZC |9y lleoll + A72CRE @]l s -

Therefore, we have

2 1 1
leoll” <AZCIolly lleoll + A~ 2CR* 1]l ully o + CRE [ully g 1614
+ CRME 2 )y o, + CRMHEO T ]y 1l -

If X is chosen such that AzC ||¢]|, < L leoll, we get

2 2 —
leoll” <5 lleoll” + CR** ully gz 16l4 + CREFR72 ully 45 1614

2 —
<5 lleoll” + CR* flully gz lleoll + CRFFR 72 ull 5 lleoll

N = DN =

which implies

lleol| < ChFtho=2 Hu“k+2

4. Numerical experiments

In this section, we shall employ numerical examples to validate the theoretical
results using triangular meshes in Figure 1 and polygonal meshes in Figure 2.
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FIGURE 1. The uniform triangular meshes with n = 2, 4, 8.

FIGURE 2. The polygonal meshes with n = 2, 4, 8.

4.1. Example 1. We consider the square domain Q = (0,1)? and the exact solu-
tion
(40) u=z*(1-2)%*(1 - y)>

On triangular meshes, we set j = k 4+ 2. When k = 2, Table 1 shows that the
convergence orders of e, are O(h) in the H? norm and O(h?) in the L? norm. For
k = 3, the error convergence rates in the H? and L? norms are of orders O(h?) and
O(h*) in Table 2. Furthermore, the results shown in Tables 1-2 coincide with the
theorems in the previous section.

TABLE 1. Results for (40) on triangular meshes with k = 2.

n [[lw — unl|| Rate lu—unlly Rate [l — ol Rate
8 9.5700E-03 — 1.5165E-02 — 4.6178E-05 —

16 4.7707E-03 1.00 7.5996E-03 1.00 1.1483E-05 2.01
32 2.3665E-03 1.01 3.7959E-03 1.00 2.8221E-06 2.02
64 1.1760E-03 1.01 1.8959E-03 1.00 6.9606E-07 2.02

128 5.8582E-04 1.01 9.4727E-04 1.00 1.7229E-07 2.01

TABLE 2. Results for (40) on triangular meshes with k& = 3.

n [lluw — upll] Rate lu—unlly, Rate [lw — ug| Rate
2 1.6283E-02 — 2.5831E-02 — 1.4332E-04 —

4 4.0486E-03 2.01 7.0678E-03 1.87 9.8818E-06 3.86
8 1.0417E-03 1.96 1.8704E-03 1.92 6.7580E-07 3.87
16 2.6142E-04 1.99 4.7555E-04 1.98 4.2635E-08 3.99
32 6.5097E-05 2.01 1.1948E-04 1.99 2.6431E-09 4.01

On polygonal meshes, let j = k + 4, and Tables 3-4 show the convergence rates
consistent with our theoretical analysis.
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TABLE 3. Results for (40) on polygonal meshes with k = 2.

n [||w — url|| Rate lu—unlly Rate [l — wol| Rate
16 1.2242E-02 — 1.0176E-02 — 7.4200E-05 —

32 6.5755E-03 0.90 5.2017E-03 0.97 2.1480E-05 1.79
64 3.3740E-03 0.96 2.6315E-03 0.98 5.6675E-06 1.92
128 1.7046E-03 0.99 1.3245E-03 0.99 1.4475E-06 1.97

256 8.5618E-04 0.99 6.6462E-04 0.99 3.6900E-07 1.97

TABLE 4. Results for (40) on polygonal meshes with k = 3.

n [l — unll| Rate lu—unlly, Rate [l — wol| Rate
4 6.9507E-03 — 8.4116E-03 — 2.5430E-05 —
8 2.2107E-03 1.65 2.5972E-03 1.70 2.5638E-06 3.31

16 6.1553E-04 1.84 7.1587E-04 1.86 2.0686E-07 3.63
32 1.5974E-04 1.95 1.8464E-04 1.96 1.4303E-08 3.85
64 4.0278E-05 1.99 4.6334E-05 1.99 8.2573E-10 4.11

4.2. Example 2. We choose the same square domain as in the previous example,
and the exact solution is

(41) u = sin (7x) sin (7y).

Set 7 = k42 on triangular meshes and j = k+4 on polygonal meshes; the results
are shown in Tables 5-6 and 7-8, respectively. These convergence orders match the
theoretical results.

TABLE 5. Results for (41) on triangular meshes with k = 2.

n [|w —wupll| Rate |u—unllyp Rate lu — uol| Rate
8 9.4121E-01 — 1.3644E4-00 — 3.4904E-03 —

16 4.7017E-01 1.00 6.8351E-01 1.00 8.9894E-04 1.96
32 2.3481E-01 1.00 3.4193E-01 1.00 2.2798E-04 1.98
64 1.1732E-01 1.00 1.7099E-01 1.00 5.7391E-05 1.99
128 5.8633E-02 1.00 8.5497E-02 1.00 1.4433E-05 1.99

TABLE 6. Results for (41) on triangular meshes with &k = 3.

n [|lw — wupll] Rate llu —unlly Rate |l — uo| Rate
2 1.0474E+00 — 1.6703E4-00 — 8.5304E-03 —

4 2.7187E-01 1.95 4.5396E-01 1.88 5.6923E-04 3.91
8 6.8241E-02 1.99 1.1647E-01 1.96 3.6278E-05 3.97
16 1.7027E-02 2.00 2.9360E-02 1.99 2.2723E-06 4.00
32 4.2486E-03 2.00 7.3603E-03 2.00 1.4099E-07 4.01

5. Conclusions

In the paper, we use weak functions (P (T'), Px—1(e), Pr—1(e)) to build the SFWG
numerical scheme for the biharmonic equation. To achieve the optimal convergence
orders of the errors, we modify the definition of the weak Laplacian in [17]. Finally,
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TABLE 7. Results for (41) on polygonal meshes with k = 2.

n || — unll| Rate lu—unlly Rate lu — uol| Rate
8 2.9734E+00 — 1.8766E4-00 — 1.2437E-02 —

16 1.5486E4-00 0.94 9.9298E-01 0.92 3.7323E-03 1.74
32 7.8404E-01 0.98 5.0677E-01 0.97 9.8116E-04 1.93
64 3.9390E-01 0.99 2.5551E-01 0.99 2.4850E-04 1.98
128 1.9736E-01 1.00 1.2822E-01 0.99 6.2082E-05 2.00

TABLE 8. Results for (41) on polygonal meshes with k& = 3.

n [l — unll| Rate lu—unlly, Rate [l — wol| Rate
4 5.2002E-01 — 5.9866E-01 — 1.1222E-03 —
8 1.3220E-01 1.98 1.6706E-01 1.84 8.8280E-05 3.67

16 3.3449E-02 1.98 4.3703E-02 1.93 6.1111E-06 3.85
32 8.4305E-03 1.99 1.1141E-02 1.97 3.9362E-07 3.96
64 2.1173E-03 1.99 2.8113E-03 1.99 1.7194E-08 4.52

the convergence rates in the H2 and L? norms are of order O(h¥~1) and O(h¥+ko=2)
(ko = min {k, 3}), which are supported by numerical examples.
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Appendix A. Some Technical Results

Lemma 7. [19] There are positive constants C' and small enough X such that

(A1) > IVwlz < Cllvlly,, YveVy,
TETh
and
C
(A:2) S 1900l; < M E ol + SR el Yo e V.
TeTh

Proof. For each v € V)0, denote by Tt and Tx the two elements sharing e € £, vor,
and vggr are the traces of vy on e from T, and Tr, ny and ng are respectively the
unit outward normal vectors on e with respect to 71, and Tgr. If e C 012, the traces
of vy and Vg - n seen from outside of 2 are defined as 0. Thus, when e € £7, the
following inequality holds true:

dvor,  Ouor\’ B Jvor dvor '\’
/e<anL + 8n3> als-/e THL UpNe - N[, — UpNe - DR + ang ds

S O/ ‘(VUOL — vnne) . I’IL‘2 + ‘(V’UOR — vnne) . nR|2dS.

When e C 09, since vn’€ = 0, we obtain

/ 8’UOL+8UOR 2d 7/ duor, 2d5/(V —oymy)-npf?d
e anL 8nR 5T e 8nL N e oL Unlle L 5
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The above two inequalities imply

dvor, . Ovor\’ 2
Z /e<8nL N 8nR) ds<C Z Voo - e = vnllpy -

ecty, TETh

Similarly, we have
3 / (Quvon — Quor)?ds < C Y 11Quvo — w2y
ec&y € TETh

Then, we have

> IVuoll

TETh
Ovgg, Ovor ?
2 -1 2 —1;—-1
<e Z lvoll7 + Ce Z [Avollp + Ce™"h Z/e(an,; + 8nR> s
TET, TET, ec&p

+Ch! <Z (Qvvor — Quvor)? dS)

ec&, V€
<e Z |[vo|- + Ce Z |Avo |7 + Ce™th ( Z [Vvg - ne — Un”?)T)
7T TeTh TETh
con (z Quo - vbuzT)
TETh
o3 ol + 0=t Y vl 4 e (z b7 9, —vnnzT)
TeTh TeTh TET
_ 2
+C < Z hrt 1Quvo — Ub||aT> .
TE7-}L

When € < 1 and hr < 1, we have

> 1Vwoll <e7'0 Y7 (I1Avollf + k7 [1Qsvo = vsll37 + Az IVe0 - ne = vall3r )
TETh TeTh

2
+e ) llwllz,

TETh
which implies
2 2 _ 2
(A.3) Y IVuoliz <& Y llvollz +e ' C ol
TETh TETh

Further, by Lemma A.7 in [19], we obtain

> IVulz <e7'e > (||AUO||2T +h® |Quvo — vll5p + hp' [ Voo - me — URHZT)
TeTh TETh

+eC > [Vl

TETh
That is > HVU()H; <eC Y ||Vv0||2T + 5_lC||vH§ n- When ¢ is enough small,
TETh TETh ’

we get (A.1).
If \ is enough small, setting e = Ah=2 in (A.3), (A.2) holds true. O
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Further, using the projection inequality and Lemma 2, we have

2 2
1
D lvo = Quuollzr | < Ch2 (Y IVuollz |
TETh TEThH
which implies
1
2
1
(A D llvo— Quuollzr | <CRIlll, Vo eV,

TETh

N

(A5) | D llvo— Queolliy | <A2CHTE vl + AT2Ch ||l Vo e V.

TET

The above inequalities are utilized to estimate I3(+, -) in error equations. The results,
like [19], fail to achieve the desired inequality as follows:

2

3
> o = Quuollar | <CREllll, Vo e vy,
TeTh

which is left to someone interested to prove.
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