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THE ENERGY STABLE SIXTH-ORDER IMPLICIT-EXPLICIT

SCHEME WITH SCALAR AUXILIARY VARIABLE METHOD

FOR THE SWIFT-HOHENBERG EQUATION

JUNDONG FENG, YUANYUAN KANG, AND YIN YANG∗

Abstract. In the present work, we propose two kinds of sixth-order numerical scheme for the
Swift-Hohenberg (SH) equation. We adopt the implicit-explicit sixth-order scheme (BDF6) com-
bined with the generalized scalar auxiliary variable (GSAV) method for temporal discretization
and the Fourier spectral approach for spatial discretization. We rigorously prove the energy dissi-

pation law of our proposed scheme and the H2 norm error analysis. Furthermore, we promote the
corresponding numerical scheme with the exponential scalar auxiliary variable (ESAV) method,
which satisfies energy dissipation law. Finally, we show the substantial examples that verify the
energy dissipation property and convergence of the two schemes.

Key words. Swift-Hohenberg equation, BDF6 scheme, energy stability, GSAV method and
ESAV method.

1. Introduction

The L2 gradient flow models are remarkable for describing diverse phase tran-
sitions, with the Swift-Hohenberg (SH) equation [1] as a representative example.
This model is extensively used to simulate complex physical phenomena, including
interface dynamics, liquid crystals, and biological tissues [2, 3, 4, 5, 6, 7]. In this
paper, we consider the SH equation and derive its governing equation as follows.

ϕt = −δE
δϕ

= −
(
∆2ϕ+ 2∆ϕ+ f(ϕ)

)
,(1)

ϕ(·, t) is Ω− periodic, t ∈ (0, T ],(2)

ϕ(x, 0) = ϕ0(x), x ∈ Ω,(3)

where Ω is a bounded closed domain in Rd (d = 1, 2, 3), ϕ(x, t) denotes density
fields and the function f(ϕ) = ϕ3−βϕ2+(1− ϵ)ϕ, the parameters ϵ and β are non-
negative constants relating to physical properties and ∆ is the Laplace operator.
The energy functional is defined as

E(ϕ) =
∫
Ω

[
1

2
(∆ϕ)2 − |∇ϕ|2 + 1

4
ϕ4 − β

3
ϕ3 +

1− ϵ

2
ϕ2

]
dx.

Thus, it is evident that the energy functional is nonincreasing in time:

dE
dt

=

∫
Ω

δE
δϕ

ϕtdx = −
∫
Ω

(
δE
δϕ

)2

dx ≤ 0.

The SH equation is a fourth-order nonlinear partial differential equation. Due to
its high-order nonlinearity and parameter perturbations, finding analytical solutions
is challenging. Therefore, establishing stable and efficient numerical algorithms is of
great significance. In recent years, many scholars have conducted extensive numeri-
cal studies on the SH equation, with the energy dissipation property being regarded
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as a crucial criterion for evaluating the accuracy of numerical algorithms. For in-
stance, Qi et al. [32] proposed the backward Euler scheme and the Crank-Nicolson
(CN) scheme based on the invariant energy quadratization (IEQ) theory for the SH
equation. Both schemes were shown to satisfy energy stability. Additionally, Hou
et al. [34] developed a linear CN scheme with two stabilization terms for the SH
equation. The authors provided a detailed proof demonstrating that the scheme
is energy-stable and achieves second-order accuracy in time. Lee [12] employed
the operator splitting method to construct first- and second-order Fourier spectral
schemes. The author verified the energy stability of the schemes through numerical
experiments. For other phase field models, Lee and Yoon [14] investigated the en-
ergy stability of the first-order convex splitting scheme. The models tested include
the Allen-Cahn (AC), Cahn-Hilliard (CH), and molecular beam epitaxy (MBE)
equations. In further research, Lee [31] proposed energy-stable first- and second-
order numerical schemes for the SH equation based on the convex splitting method.
Using the implicit-explicit Runge-Kutta (RK) method, Lee [15] developed first- to
third-order linear numerical schemes for the SH equation, all of which satisfy mass
conservation. Zhao et al. [19] investigated the BDF3 scheme of the SH equation,
and provided the L2 norm error analysis and the energy stability. Kang et al. [35]
proposed the linear BDF2 scheme with a stabilization term for the MBE model
without slope selection, using variable time step, and the authors proved its modi-
fied energy stability and convergence. Wang et al. [33] studied non-uniform step L1
scheme for the time-fractional MBE model with slope selection, and showed the L2

norm error convergence of the scheme and energy stability. Zhang and Yang [24]
established the maximum principle and energy stability of the linear CN scheme
for the space-fractional AC equation. Zhang and Yang [25] proposed a first-order
linear scheme with a stabilization term for the space-fractional AC equation and
established the relevant theories of energy stability and the maximum principle.

The Scalar Auxiliary Variable (SAV) method was first proposed by Shen [11]
to solve nonlinear partial differential equations, preserving the energy dissipation
property. Many scholars have extended the SAV method to various phase field
models; see, for example, [10, 20, 21, 22, 30, 17, 36]. There exist high-order schemes
combined with the SAV method for gradient flow models. For instance, Huang et
al. [8] developed the BDFk (k from one to five) schemes with the GSAV method
for dissipative systems and analyzed the H2 norm convergence of the AC and CH
equations. Akrivis et al. [30] studied the linear RK schemes (up to fifth order) based
on the SAV method for the AC and CH equations, proving the energy stability
and convergence of the AC equation. Liu et al. [23] conducted the H1 norm
error analysis of the finite element method for the nonlinear subdiffusion equation.
Gong et al. [28] proposed energy-stable high-order (up to sixth-order) numerical
approaches using the Gaussian collocation method and the energy quadratization
(EQ) method for gradient flow models. In [27], the authors proposed a fourth-order
numerical scheme by combining the SAV method and the additive RK algorithm
to solve gradient flow models and rigorously proved the convergence and energy
stability of the proposed schemes. Based on the relaxed GSAV method, Zhang
and Shen [9] investigated energy-stable implicit-explicit schemes (up to fifth-order)
for dissipative systems and demonstrated that the modified energy more nearly
approximates the original energy through numerical experiments.

In this work, the main purpose is to design an unconditionally energy-stable lin-
ear BDF6 scheme combined with the GSAV method for the SH equation. Although
there exist some works on the SAV method for the SH equation, most of the existing
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works primarily focus on energy stability. Due to the lack of convergence theory,
we provide an H2 norm convergence analysis for the proposed scheme. Zhou [13]
studied the stability of the BDF6 scheme using energy methods for parabolic equa-
tions and derived the corresponding multipliers. This work validates the feasibility
of the BDF6 scheme and supports error analysis. Furthermore, we implement the
BDF6 scheme with the ESAV method, which also ensures energy stability. We
discretize the spatial variable using the efficient Fourier spectral method and con-
duct numerical experiments to validate the stability and accuracy of the proposed
scheme.

The remainder of this paper is structured as follows in Section 2, we propose the
BDF6 scheme with GSAV method of the SH equation and prove that the scheme
is unconditionally energy stable. We present the H2 error analysis of our proposed
scheme in Section 3. We present the BDF6 scheme with the ESAV method for the
SH equation and analyze its energy stability in Section 4. Substantial experiments
are executed to illustrate convergence and stability for the two schemes in Section
5.

2. The BDF6 scheme with GSAV method and energy stability

In this section, we introduce the GSAV method and devise the corresponding
BDF6 scheme for the SH equation (1). We also review the Sobolev spaces W k,p

with norm ∥ ·∥Wk,p , where the space Hk(Ω) denotes p = 2 where the corresponding
norm is ∥ · ∥Hk ; L2(Ω) denotes the space of k = 0, p = 2 with norm ∥ · ∥. Let (·, ·)
represent the L2-inner product. Let time step τ = T/N and tn = nτ , for n ≤ N ,
where N is a natural number.

We firstly introduce an important lemma about the regularity condition of the
SH equation (see [16]) so that the exact solution is bounded.

Lemma 1. Assume the initial solution ϕ0 ∈ H2(Ω) and the following holds

|f ′(x)| < C(|x|p + 1), for any p > 0, if d = 1, 2; 0 < p < 4, if d = 3,

|f ′′(x)| < C(|x|p
′
+ 1), for any p′ > 0, if d = 1, 2; 0 < p′ < 3, if d = 3,

where d denotes the space dimension. Then for any T > 0, the SH equation exists
a unique solution ϕ ∈ C

(
[0, T ];H2(Ω)

)
∩ L2

(
0, T ;H4(Ω)

)
.

From the above Lemma 1, we conclude that there exists a positive constant CΦ

such that ∥ϕ∥H2 ≤ CΦ for any solution ϕ. For any t ∈ (0, T ], we denote the lower
bound of the energy as follows:

E(ϕ) =
∫
Ω

[
1

2
(∆ϕ)2 − |∇ϕ|2 + 1

4
ϕ4 − β

3
ϕ3 +

1− ϵ

2
ϕ2

]
dx

≥ 1

2
∥∆ϕ∥2L2 − ∥∇ϕ∥2L2 +

1

4
∥ϕ∥4L4 −

β

3
∥ϕ∥3L3 +

1− ϵ

2
∥ϕ∥2L2

≥ 1

2
∥∆ϕ∥2L2 +

1− ϵ

2
∥ϕ∥2L2 +

(
1

4
− εβ

3

)
∥ϕ∥4L4 − ∥∇ϕ∥2L2 −

β

12ε
∥ϕ∥2L2

≥ 1

2
∥∆ϕ∥2L2 +

1− ϵ

2
∥ϕ∥2L2 −max

{
1,

β2

9

}
∥ϕ∥2H1

≥ −max

{
1,

β2

9
,
1− ϵ

2

}
∥ϕ∥2H2 ,

where we use the inequality
∫
Ω
ϕ3dx ≤ ∥ϕ∥2L4∥ϕ∥L2 and set ε = 3β

4 . On this basis,
we construct the auxiliary variable R(t) = E(ϕ)(t) := E(ϕ)+C0 > 0, C0 > 0. Then
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the problem (1) can be rewritten as below

ϕt = −
(
∆2ϕ+ 2∆ϕ+ f(ϕ)

)
,

dE

dt
= − R

E(ϕ)

(
δE(ϕ)

δϕ
,
δE(ϕ)

δϕ

)
.

Now we present the BDF6 scheme with GSAV method for the problem (1) as

α6ϕ
n+1 −A6(ϕ

n)

τ
= −(∆2 + 2∆)ϕ

n+1 − f(B6(ϕ
n
)),(4a)

Rn+1 −Rn

τ
= − Rn+1

E(ϕ
n+1

)

(
δE(ϕ

n+1
)

δϕ
,
δE(ϕ

n+1
)

δϕ

)
,(4b)

ξn+1 =
Rn+1

E(ϕ
n+1

)
,(4c)

ϕn+1 = ηn+1ϕ
n+1

, with ηn+1 = 1− (1− ξn+1)7,(4d)

where

α6 =
49

20
, A6(ϕ

n) = 6ϕn − 15

2
ϕn−1 +

20

3
ϕn−2 − 15

4
ϕn−3 +

6

5
ϕn−4 − 1

6
ϕn−5;

B6(ϕ
n
) = 6ϕ

n − 15ϕ
n−1

+ 20ϕ
n−2 − 15ϕ

n−3
+ 6ϕ

n−4 − ϕ
n−5

.

Remark 1: To avoid affecting the overall convergence order of the BDF6 scheme,
we adopt the sixth-order implicit RK method to solve the numerical solutions for
the first 5 time steps.

Theorem 1. The scheme (4) satisfies energy dissipation law as follows

Rn+1 −Rn = −τξn+1

(
δE(ϕ

n+1
)

δϕ
,
δE(ϕ

n+1
)

δϕ

)
≤ 0.(5)

Moreover, assume E(ϕ) = 1
2 (∆

2ϕ, ϕ) + E1(ϕ) and E1(ϕ) has a lower bound, there
exists a positive constant Cϕ makes(

∆2ϕn+1, ϕn+1
)
≤ C2

ϕ.(6)

Proof. As mentioned in the definition R = E(ϕ) > 0, we can infer Rn > 0,

E(ϕ
n+1

) > 0, and we can obtain

Rn+1 =
Rn

1 + τ
(

δE(ϕ
n+1

)
δϕ , δE(ϕ

n+1
)

δϕ

)
/E(ϕ

n+1
)
≥ 0,

and ξn+1 ≥ 0 from scheme (4c). Thus, the inequality (5) holds.
Denote R0 = E(ϕ(·, 0)), the formula (5) implies Rn ≤ R0. Without loss of

generality, we suppose E1(ϕ) > 1, then from (4c) yields

|ξn+1| = Rn+1

E(ϕ
n+1

)
≤ 2R0(

∆2ϕ
n+1

, ϕ
n+1
)
+ 2

.(7)

So we can observe that ξn+1 is bounded. According to the formula (4d), we get
|ηn+1| = |ξn+1P6(ξ

n+1)|, where P6(x) denotes a polynomial of degree less than 6.
Therefore, we can deduce that there exists positive constant Cϕ > 0 such that

|ηn+1| ≤ Cϕ(
∆2ϕ

n+1
, ϕ

n+1
)
+ 2

,
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and (
∆2ϕn+1, ϕn+1

)
= (ηn+1)2

(
∆2ϕ

n+1
, ϕ

n+1
)
≤ C2

ϕ.

The proof is completed. �

3. H2 norm error estimate of the scheme (4)

In the section, we present the rigorous convergence analysis for the scheme (4).
We review stability of the BDF6 scheme (see [29]).

Lemma 2. The set of numbers κ0 = −31
32 , κ1 = 13

9 , κ2 = − 25
36 , κ3 = 1

9 , κ4 =
κ5 = κ6 = 0 is a multiplier of the BDF6 scheme, then there exists a positive
definite symmetric matrix G = {gij} ∈ R6,6 and real θ0, · · · , θ6 such thatα6ϕ

n+1 −A6(ϕ
n), ϕn+1 −

3∑
j=1

κjϕ
n+1−j


=

6∑
i,j=1

gij(ϕ
n+1+i−6, ϕn+1+j−6)−

6∑
i,j=1

gij(ϕ
n+i−6, ϕn+j−6)

+

∥∥∥∥∥
6∑

i=0

θiϕ
n+1+i−6

∥∥∥∥∥
2

,(8)

with 6 ≤ n+ 1 ≤ N . Furthermore, the following inequality holds

m∑
n=5

ϕn+1, ϕn+1 −
3∑

j=1

κjϕ
n+1−j

 ≥ 1

32

m∑
n=3

∥ϕn+1∥2.(9)

Theorem 2. Given initial condition ϕ
0
= ϕ0 = ϕ0(x) and R0 = E(ϕ0), we

assume Lemma 1 holds and the exact function satisfies the following conditions

ϕ ∈ C([0, T ],H3(Ω)),
∂jϕ

∂tj
∈ L2

(
0, T ;H2(Ω)

)
, 1 ≤ j ≤ 6,

∂7ϕ

∂t7
∈ L2

(
0, T ;H1(Ω)

)
.

Let ϕ
n
and ϕn be computed by scheme (4). Then, when τ ≤ min

{
1

1+2C7
ξ
, λG

2C , 1
2

}
,

it holds

∥ϕn − ϕ(·, tn)∥H2 , ∥ϕn − ϕ(·, tn)∥H2 ≤ Cτ6, n ≤ N,(10)

where positive constants Cξ and C are related to T , Ω.

Proof. We can get the numerical solutions of the first 5 time steps ϕ
k
= ϕk (k =

1, · · · , 5) by the sixth-order implicit RK method, which meets ∥ϕk − ϕ(tk)∥H2 =
O(τ6) and ∥∆2ϕk∥ ≤ C. The corresponding Rk = E(ϕk) can also be calculated.

The main purpose is to prove

|1− ξn| ≤ Cξτ, ∀ n ≤ N,(11)

it is clear that inequality (11) holds for ϕk = ϕ
k
(k = 1, · · · , 5). Next, we adopt the

mathematical induction and suppose |1 − ξn| ≤ Cξτ holds for n ≤ m, then we set
two parts to prove formula (11) holds for n = m + 1 ≤ N . According to assumed
condition |1− ξn| ≤ Cξτ , n ≤ m, we can get from formula (4d)

1− τ6

2
≤ |ηn| ≤ 1 +

τ6

2
, n ≤ m,
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when time step τ ≤ min
{

1
2C7

ξ
, 1
}
. Combined with the inequality (6) yields

∥ϕn∥H2 ≤ Cϕ, ∥ϕn∥H2 ≤ 2Cϕ, ∀ n ≤ m.(12)

Step 1: Estimates for ∥en+1∥H2 and ∥en+1∥H4 for 0 ≤ n ≤ m. According to
the regularity result of Lemma 1, there exists a sufficiently large positive constant
CΦ such that

∥ϕ(t)∥H2 ≤ CΦ, t ≤ T.(13)

By the Sobolev embedding theorem H2(Ω) ⊂ L∞(Ω), we have

∥f (i)(ϕ(t))∥L∞ ≤ CΦ, t ≤ T, ∥f (i)(ϕ
n
)∥L∞ ≤ Cϕ, ∀ n ≤ m, i = 0, 1, 2, 3.(14)

From scheme (4a), we can get error equation as

α6e
n+1 −A6(e

n) = A6(ϕ
n
)−A6(ϕ

n)− τ(∆2 + 2∆)en+1 + Y n + τUn,(15)

where en = ϕ(tn)− ϕ
n
, Y n denotes as

Y n =α6(ϕ(tn+1))−A6(ϕ(tn))− τϕt(tn+1)

=
6∑

i=1

ai

∫ tn+1

tn+1−i

(tn+1−i − s)
6 ∂7ϕ

∂t7
(s)ds,(16)

with ai are relevant to the coefficients of A6. U
n is given by

Un = f(B6(ϕ
n
))− f(ϕ(tn+1)).

Taking the inner product of (15) with vn+1 := en+1 − 13
9 en + 25

36e
n−1 − 1

9e
n−2, and

using Lemma 2, we have

6∑
i,j=1

gij(e
n+1+i−6, en+1+j−6)−

6∑
i,j=1

gi,j(e
n+i−6, en+j−6) +

∥∥∥∥∥
6∑

i=1

θie
n+1+i−6

∥∥∥∥∥
2

=
(
A6(ϕ

n
)−A6(ϕ

n), vn+1
)
− τ

(
(∆2 + 2∆)en+1, vn+1

)
+
(
Y n, vn+1

)
+ τ

(
Un, vn+1

)
.

(17)

Next, we analyze the estimates on right hand side of formula (17). Note that
|ηn − 1| ≤ |1− ξn|7 ≤ C7

ξ τ
7, ∀ n ≤ m, we have∣∣∣(A6(ϕ

n
)−A6(ϕ

n), vn+1
)∣∣∣ ≤ ∥A6(ϕ

n
)−A6(ϕ

n)∥2

2τ
+ τ

3∑
i=0

∥en+1−i∥2

≤ CC14
ξ τ13 + τ

3∑
i=0

∥en+1−i∥2.(18)

Applying the Cauchy-Schwarz inequality, we obtain

τ
∣∣((∆2 + 2∆)en+1, vn+1

)∣∣ ≤ τ
3∑

i=0

∥∆en+1−i∥2 + 2τ
3∑

i=0

∥∇en+1−i∥2.(19)

For term Y n, it follows from the Schwarz inequality

∥Y n∥2 ≤ Cτ12
∫
Ω

(∫ tn+1

tn−5

1 · ∂
7ϕ

∂t7
(s)ds

)2

dx ≤ Cτ13
∫ tn+1

tn−5

∥∥∥∥∂7ϕ

∂t7
(s)

∥∥∥∥2 ds.
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So we get the estimate

∣∣(Y n, vn+1
)∣∣ ≤ 1

2τ
∥Y n∥2 + 2τ

3∑
i=0

∥en+1−i∥2

≤ Cτ12
∫ tn+1

tn−5

∥∥∥∥∂7ϕ

∂t7
(s)

∥∥∥∥2 ds+ 2τ
3∑

i=0

∥en+1−i∥2.(20)

Noticing that ϕn, ϕ(t) are bounded and citing formula (14), we have

|Un| =
∣∣∣f(B6(ϕ

n
))− f(B6(ϕ(tn))) + f(B6(ϕ(tn)))− f(ϕ(tn+1))

∣∣∣
≤ C|B6(e

n)|+ C|B6(ϕ(tn))− ϕ(tn+1)|

≤ C|B6(e
n)|+ C

∣∣∣∣∣
6∑

i=1

bi

∫ tn+1

tn+1−i

(tn+1−i − s)5
∂6ϕ

∂t6
(s)ds

∣∣∣∣∣ ,
where b1 = − 6

5! , b2 = 15
5! , b3 = −20

5! , b4 = 15
5! , b5 = − 6

5! and b6 = 1
5! can be

determined by Taylor’s formula. Combining the Cauchy-Schwarz inequality, we
can obtain

τ
∣∣(Un, vn+1

)∣∣ ≤ Cτ∥B6(e
n)∥2 + 2τ

3∑
i=0

∥en+1−i∥2 + Cτ12
∫ tn+1

tn−5

∥∥∥∥∂6ϕ

∂t6
(s)

∥∥∥∥2 ds
≤ Cτ

6∑
i=0

∥en+1−i∥2 + Cτ12
∫ tn+1

tn−5

∥∥∥∥∂6ϕ

∂t6
(s)

∥∥∥∥2 ds.(21)

In the light of the inequalities (18), (19), (20) and (21), we arrive at

6∑
i,j=1

gi,j(e
n+1+i−6, en+1+j−6)−

6∑
i,j=1

gi,j(e
n+i−6, en+j−6) +

∥∥∥∥∥
6∑

i=1

θie
n+1+i−6

∥∥∥∥∥
2

≤Cτ
6∑

i=0

∥en+1−i∥2H2 + Cτ12

(∫ tn+1

tn−5

∥∥∥∥∂7ϕ

∂t7
(s)

∥∥∥∥+ ∫ tn+1

tn−5

∥∥∥∥∂6ϕ

∂t6
(s)

∥∥∥∥2 + C14
ξ

)
ds.

(22)

Taking the sum for n from 5 to m for formula (22), we can get

λG∥em+1∥2 ≤ Cτ

m+1∑
n=0

∥en∥2H2 + Cτ12
∫ T

0

(∥∥∥∥∂7ϕ

∂t7
(s)

∥∥∥∥+ ∥∥∥∥∂6ϕ

∂6
(s)

∥∥∥∥2 + C14
ξ

)
ds,

(23)

where the matrix G is positive definite and the smallest eigenvalue λG > 0.
Implementing the same procedure, we can get the estimates of ∥∇em+1∥ and

∥∆em+1∥. Making the inner product on the both sides of (15) with
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−3∆vn+1 := −3
(
∆en+1 − 13

9 ∆en + 25
36∆en−2 − 1

9∆en−3
)
, we have

3

6∑
i,j=1

gi,j(∇en+1+i−6,∇en+1+j−6)− 3

6∑
i,j=1

gi,j(∇en+i−6,∇en+j−6)

+ 3

∥∥∥∥∥
6∑

i=1

θi∇en+1+i−6

∥∥∥∥∥
2

− 3τ
(
∆2en+1,∆vn+1

)
=− 3

(
A6(ϕ

n
)−A6(ϕ

n),∆vn+1
)
− 3

(
Y n,∆vn+1

)
− 3τ

(
Un,∆vn+1

)
+ 6τ

(
∆en+1,∆vn+1

)
.(24)

The estimates of the right-hand terms in formula (24) coincide with those in in-
equalities (18), (20) and (21), then taking the sum for n from 5 to m and combining
the formula (9), we can obtain

λG∥∇em+1∥2 + 3τ
m∑

n=5

(
∇∆en+1,∇∆vn+1

)
≤Cτ12

∫ T

0

(∥∥∥∥∂7ϕ

∂t7
(s)

∥∥∥∥2 + ∥∥∥∥∂6ϕ

∂t6
(s)

∥∥∥∥2 + C14
ξ

)
ds+ Cτ

m+1∑
n=0

∥en∥2H2 .(25)

Taking the inner product of (15) with ∆2vn+1 := ∆2en+1 − 13
9 ∆2en + 25

36∆
2en−1 −

1
9∆

2en−2, one can get

6∑
i,j=1

gi,j(∆en+1+i−6,∆en+1+j−6)−
6∑

i,j=1

gi,j(∆en+i−6,∆en+j−6)

+

∥∥∥∥∥
6∑

i=1

θi∆en+1+i−6

∥∥∥∥∥
2

+ τ
(
∆2en+1,∆2vn+1

)
=
(
A6(ϕ

n
)−A6(ϕ

n),∆2vn+1
)
+
(
Y n,∆2vn+1

)
+ τ

(
Un,∆2vn+1

)
+ 2τ

(
∇∆en+1,∇∆vn+1

)
.(26)

Next, we estimate the right-hand side of formula (26). By using the formula (18),
we get

∣∣∣(A6(ϕ
n
)−A6(ϕ

n),∆2vn+1
)∣∣∣ ≤ CC14

ξ τ13 +
τ

384

3∑
i=0

∥∇∆en+1−i∥2.(27)

According to the Cauchy-Schwarz inequality for terms Y n and Un, we have the
estimate

∣∣(Y n,∆2vn+1
)∣∣ ≤ C

τ
∥∇Y n∥2 + τ

384

3∑
i=0

∥∇∆en+1−i∥2

≤ Cτ12
∫ tn+1

tn−5

∥∥∥∥∂7ϕ

∂t7
(s)

∥∥∥∥2
H1

ds+
τ

384

3∑
i=0

∥∇∆en+1−i∥2,(28)
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and

τ
∣∣(Un,∆2vn+1

)∣∣ ≤Cτ∥∇Un∥2 + τ

384

3∑
i=0

∥∇∆en+1−i∥2

≤Cτ∥B6(e
n)∥2H1 + Cτ12

∫ tn+1

tn−5

∥∥∥∥∂6ϕ

∂t6
(s)

∥∥∥∥2
H1

ds

+
τ

384

3∑
i=0

∥∇∆en+1−i∥2.(29)

Using the inequalities (27), (28) and (29), and summing n from 5 to m for formula
(26) yields

λG∥∆em+1∥2 + τ
m∑

n=5

(
∆2en+1,∆2vn+1

)
≤Cτ12

∫ T

0

(∥∥∥∥∂7ϕ

∂t7
(s)

∥∥∥∥2
H1

+

∥∥∥∥∂6ϕ

∂t6
(s)

∥∥∥∥2
H1

+ C14
ξ

)
ds+ Cτ

m+1∑
n=0

∥en∥2H2

+
τ

32

m+1∑
n=3

∥∇∆en∥2 + 2τ

m∑
n=5

(
∇∆en+1,∇∆vn+1

)
.(30)

Adding the formulas (23), (25) and (30), and combining the formula (9), we derive

λG∥em+1∥2H2 +
τ

32

m+1∑
n=3

∥∆2en∥2

≤Cτ12
∫ T

0

(∥∥∥∥∂7ϕ

∂t7
(s)

∥∥∥∥2
H1

+

∥∥∥∥∂6ϕ

∂t6
(s)

∥∥∥∥2
H1

+ C14
ξ

)
ds

+ Cτ

m+1∑
n=0

∥en∥2H2 .(31)

By referencing the discrete Grönwall inequality, we have

∥em+1∥2H2 +
1

λG

τ

32

m+1∑
n=3

∥∆2en∥2

≤ 2

λG
C exp((1− τ)−1T )τ12

∫ T

0

(∥∥∥∥∂7ϕ

∂t7
(s)

∥∥∥∥2
H1

+

∥∥∥∥∂6ϕ

∂t6
(s)

∥∥∥∥2
H1

+ C14
ξ

)
ds

:=C2

(
1 + C14

ξ

)
τ12,(32)

when time step τ ≤ min{λG

2C , 1
2}, C2 is independent of τ and denotes as

C2 :=
2

λG
C exp(2T )max

{∫ T

0

(∥∥∥∥∂7ϕ

∂t7
(s)

∥∥∥∥2
H1

+

∥∥∥∥∂6ϕ

∂t6
(s)

∥∥∥∥2
H1

)
ds, 2, T

}
.

In particular, the relation (32) implies

∥em+1∥H2 ≤
√
C2(1 + C14

ξ )τ6,(33)

(
τ

m+1∑
n=5

∥∆2en∥2
) 1

2

≤
√
32λGC2(1 + C14

ξ )τ6, ∀ 1 ≤ m+ 1 ≤ N.(34)
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Combined with condition ∥ϕ(t)∥H2 ≤ CΦ, we further derive

∥ϕm+1∥H2 ≤
√

C2(1 + C14
ξ )τ6 + CΦ.

Note that H2(Ω) ⊂ L∞(Ω), we can get the terms ∥f(ϕm+1
)∥L∞ and ∥f ′(ϕ

m+1
)∥L∞

are bounded.
Step 2: Estimate |1− ξm+1|. By direct calculation, it is clear that

Rtt =

∫
Ω

(
|∆ϕt|2 +∆ϕ∆ϕtt − 2|∇ϕt|2 − 2∇ϕ · ∇ϕtt + f ′(ϕ)ϕ2

t + f(ϕ)ϕtt

)
dx.

(35)

From (4b), the error equation is

wn+1 − wn = τ

(
∥F (ϕ(tn+1))∥2 −

Rn+1

E(ϕ
n+1

)
∥F (ϕ

n+1
)∥2
)

+Qn+1,(36)

where wn = Rn −R(tn), V (ϕ) = δE
δϕ = (∆2 + 2∆)ϕ+ f(ϕ) and

Qn+1 = R(tn)−R(tn+1) + τRt(tn+1) =

∫ tn+1

tn

(s− tn)Rttds.

Summing equation (36) over n from 0 to m with w0 = 0, we have

wm+1 = τ

m∑
n=0

(
∥V (ϕ(tn+1))∥2 −

Rn+1

E(ϕ
n+1

)
∥V (ϕ

n+1
)∥2
)

+

m∑
n=0

Qn+1.(37)

The first term of the right-hand side of the formula (37) has∣∣∣∣∣∥V (ϕ(tn+1))∥2 −
Rn+1

E(ϕ
n+1

)
∥V (ϕ

n+1
)∥2
∣∣∣∣∣

≤∥V (ϕ(tn+1))∥2
∣∣∣∣∣1− Rn+1

E(ϕ
n+1

)

∣∣∣∣∣+ Rn+1

E(ϕ
n+1

)

∣∣∣∥V (ϕ(tn+1))∥2 − ∥V (ϕ
n+1

)∥2
∣∣∣

:=Z1 + Z2.(38)

For Z1, due to ϕ(t) and Rn+1 are bounded, it follows

Z1 ≤ C

∣∣∣∣∣1− Rn+1

E(ϕ
n+1

)

∣∣∣∣∣
≤ C

∣∣∣∣ R(tn+1)

E(ϕ(tn+1))
− Rn+1

E(ϕ(tn+1))

∣∣∣∣+ C

∣∣∣∣∣ Rn+1

E(ϕ(tn+1))
− Rn+1

E(ϕ
n+1

)

∣∣∣∣∣
≤ C

(
|wn+1|+ |E(ϕ(tn+1))− E(ϕ

n+1
)|
)
.(39)

According to the bounded conditions (12) and (13), we can get∣∣∣E(ϕ(tn+1))− E(ϕ
n+1

)
∣∣∣ ≤1

2

(
∥∆ϕ(tn+1)∥+ ∥∆ϕ

n+1∥
)∥∥∥∆ϕ(tn+1)−∆ϕ

n+1
∥∥∥

+
(
∥∇ϕ(tn+1)∥+ ∥∇ϕ

n+1∥
)∥∥∥∇ϕ(tn+1)−∇ϕ

n+1
∥∥∥

+

∫
Ω

∣∣∣F (ϕ(tn+1))− F (ϕ
n+1

)
∣∣∣dx

≤C
(
∥∆en+1∥+ ∥∇en+1∥+ ∥en+1∥

)
.(40)
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Thereby, we have Z1 ≤ C∥en+1∥H2 + |wn+1|. For Z2, we can obtain

Z2 ≤ C
∣∣∣∥V (ϕ(tn+1))∥2 − ∥V (ϕ

n+1
)∥2
∣∣∣

≤ C
∥∥∥V (ϕ(tn+1))− V (ϕ

n+1
)
∥∥∥(∥V (ϕ(tn+1))∥+ ∥V (ϕ

n+1
)∥
)

≤ C
(
∥∆2en+1∥+ ∥∆en+1∥+

∥∥∥f(ϕ(tn+1))− f(ϕ
n+1

)
∥∥∥)

≤ C
(
∥∆2en+1∥+ ∥∆en+1∥+ ∥en+1∥

)
.(41)

From the formula (35), we get the estimate of Qn+1 as

|Qn+1| ≤ Cτ

∫ tn+1

tn

|Rtt(s)|ds ≤ Cτ

∫ tn+1

tn

(
∥ϕt(s)∥2H2 + ∥ϕtt(s)∥H2

)
ds.(42)

Thus, it follows from the formulas (39), (40), (41), (42), (33) and (34) that

|wm+1| ≤τ

m∑
n=0

∣∣∣∣∣∥V (ϕ(tn+1))∥2 −
Rn+1

E(ϕ
n+1

)
∥V (ϕ

n+1
)∥

∣∣∣∣∣+
m∑

n=0

|Qn+1|

≤Cτ

m∑
n=0

|wn+1|+ Cτ

m∑
n=0

∥en+1∥H2 + Cτ

m∑
n=0

∥∆2en+1∥

+ Cτ

∫ T

0

(
∥ϕt(s)∥2H2 + ∥ϕtt(s)∥H2

)
ds

≤Cτ
m∑

n=0

|wn+1|+ C
√
32λGC2(1 + C14

ξ )τ6 + Cτ,(43)

where it follows from the Hölder inequality, the formula (34) and the assumed
condition ∥∆2ek∥ ≤ C, k = 1, · · · , 5, we have(

τ

m+1∑
n=1

∥∆2en∥

)
≤

(
τ

m+1∑
n=1

∥∆2en∥2
) 1

2
(
τ

m+1∑
n=1

1

) 1
2

≤ C
√
32λGC2(1 + C14

ξ )τ6.

By referencing the discrete Grönwall inequality with τ ≤ 1
C yields |wm+1| ≤ Cτ .

Furthermore, using the formulas (4c), (39) and (40), we obtain

|1− ξm+1| ≤C
(∣∣∣E(ϕ(tm+1))− E(ϕ

m+1
)
∣∣∣+ |wm+1|

)
≤C(∥em+1∥H2 + |wm+1|) ≤ Cτ.(44)

In the view of formula (4d), we get

|ηm+1 − 1| ≤ |1− ξm+1|7 ≤ Cτ7,

∥ϕm+1 − ϕ
m+1∥H2 ≤ |ηm+1 − 1|∥ϕm+1∥H2 ≤ 2CϕC|ηm+1 − 1|,

and easily infer that

∥em+1∥2H2 ≤ ∥em+1∥2H2 + ∥ϕm+1 − ϕ
m+1∥2H2 ≤ C2

(
1 + C14

ξ

)
τ12 + Cτ14.

The proof ends here. �
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4. ESAV method

In this section, we present the BDF6 scheme combined with the ESAV method
for the SH equation.

Defining auxiliary variable R(t) := exp(E(ϕ(t))), and we can reformulate the
problem (1) as

ϕt = −(∆2 + 2∆)ϕ− f(ϕ),

dR

dt
= −R

(
δE
δϕ

,
δE
δϕ

)
.

Analogously, the BDF6 scheme with the ESAV method as follows

α6ϕ
n+1 −A6(ϕ

n)

τ
= −(∆2 + 2∆)ϕn+1 − ηn+1f(B6(ϕ

n)),(45a)

Rn+1 −Rn

τ
= −Rn+1

(
δE(B6(ϕ

n))

δϕ
,
δE(B6(ϕ

n))

δϕ

)
,(45b)

ξn+1 =
Rn+1

exp(E(B6(ϕn)))
, ηn+1 = 1− (1− ξn+1)7.(45c)

Remark 2. It is noted that the exponential function is a rapidly growing function,
which can lead to the numerical result. So we select the modified scalar auxiliary

variable R = exp
(

E(ϕ)
C3

)
, where C3 is enough large positive number (see Example

3).

Theorem 3. The scheme (45) meets energy dissipation law

Rn+1 −Rn = −τξn+1exp(E(B6(ϕ
n)))

(
δE(B6(ϕ

n))

δϕ
,
δE(B6(ϕ

n))

δϕ

)
≤ 0.(46)

Moreover, we have

ln(Rn+1)− ln(Rn) ≤ 0.(47)

Proof. It is evident that Rn > 0 from formula R = exp (E(ϕ)). According to the
scheme (45b), we have

Rn+1 =
Rn

1 + τ
(

δE(B6(ϕn))
δϕ , δE(B6(ϕn))

δϕ

) > 0,

and ξn+1 ≥ 0. Thus, formula (46) holds. Formula (47) holds because the natural
logarithm function is increasing �

5. Numerical experiments

In this section, we provide numerical examples to illustrate convergence and
energy stability of the schemes (4) and (45).

Example 1. We consider convergence orders with GSAV method and ESAV
method for the SH equation. Add a function g such that the exact solution of
problem (1) is

ϕ(x, y, t) = exp (sin(x)sin(y)) cos(t),

where the domain [−π, π]2 and ϵ = 0.1.
We use Fourier spectral methods to discretize spatial variables and set 1282

Fourier modes. In Table 1 and Table 2, we show the errors in the H2 norm and L2

norm for GSAV method and ESAV method for the SH equation, respectively. Sixth-
order convergence for both methods is verified. When using the ESAV algorithm
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Table 1. The errors of H2 norm and L2 norm (GSAV) for Exam-
ple 1 with h = π/64.

τ ∥ϕϕϕM − ϕM∥H2 Rate ∥ϕϕϕM − ϕM∥L2 Rate
1/16 5.4347e-007 - 2.7702e-007 -
1/32 7.6237e-009 6.1556 4.1726e-009 6.0529
1/64 1.1351e-010 6.0696 6.2674e-011 6.0569
1/128 2.8470e-012 5.3147 9.4294e-013 6.0546

Table 2. The errors of H2 norm and L2 norm (ESAV) for Exam-
ple 1 with h = π/64.

τ ∥ϕϕϕM − ϕM∥H2 Rate ∥ϕϕϕM − ϕM∥L2 Rate
1/16 6.1579e-007 - 3.3809e-007 -
1/32 9.3844e-009 6.0360 5.3102e-009 5.9925
1/64 1.4176e-010 6.0487 8.1464e-011 6.0265
1/128 3.1195e-012 5.5060 1.2325e-012 6.0465

and GSAV algorithm, the error results of H2 norm and L2 norm showed similar
convergence effect, and with the time step τ , the errors of both algorithms decrease
significantly, exhibiting a sixth-order convergence rate.

Example 2. We present numerical simulation results for the classical SH model
and choose the initial data

ϕ(x, y, 0) = 0.1 + 0.02cos
( πx

100

)
sin
( πy

100

)
+ 0.05cos

(πx
20

)
sin
(πy
20

)
,

where ϵ = 0.25 and the domain is [0, 100]2. By using the sixth-order implicit RK
method to solve the numerical solutions for the first five layers, we are able to
provide highly accurate initial values for subsequent time steps, thus guaranteeing
the stability and reliability of the numerical simulation.

In Figure 1, for the fixed parameter β = 0, we simultaneously present phase
transition process of GSAV method and ESAV method at different time points
t = 0.3, 16, 32, 64. Likewise, Figure 2 shows the evolution of numerical solutions
with parameter β = 1. It is observed that both methods can effectively simulate
the SH equation, and different parameters β lead to different numerical results for
the SH equation. Figure 3 presents the modified energy dissipation curves (solid
lines) of two BDF6 schemes under different parameters: β = 0, 1

3 ,
1
2 and 1. It can

be seen that this curve maintains a high degree of consistency with the reference
energy (red dashed lines) of the first-order scheme [14]

ϕn+1 − ϕn

τ
= −(1− ϵ)ϕn+1 −∆2ϕn+1 − ((ϕn)3 − β(ϕn)2)− 2∆ϕn.

We find that all the energy functional values are non-increasing in time for all time
steps tested, for both proposed algorithms, which confirms the proposed schemes
have unconditional energy stability, as predicted by Theorems 1 and 3.

Example 3. We examine the phase evolution process of the SH equation from a
randomly perturbed unstable state to the steady state with 2D and 3D initial data.
For 2D case, the initial solution is ϕ(x, y, 0) = 0.07rand(x, y), where rand(x, y) is
the random number in (−1, 1) and the spatial domain is (x, y) ∈ [0, 100]2. We

employ the scheme (45) and set the scalar variable R(ϕ) = exp
(

E(ϕ)
E(ϕ0)

)
, where

E(ϕ0) denotes the energy value in initial solution. In Figures 4 and 5, we show the
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Figure 1. Snapshots of GSAV method and ESAV method for
t = 0.3, 16, 32, 64 with β = 0.

G
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Figure 2. Snapshots of GSAV method and ESAV method for
t = 0.3, 16, 32, 64 with β = 1.
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Figure 3. Energy values of GSAV method (left) and ESAV
method (right) for different β = 0, 1

3 ,
1
2 , 1.

phase transition states of scheme (45) with adaptive time stepping (τmax = 10−4,
τmin = 10−10) and compare them with the first-order scheme employing a fixed time
step τ = 10−4, for different β and ϵ. It reaches a steady state as time increases.
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Figure 4. Snapshots of ESAV method (First line) and first order
convex splitting scheme (Second line) for t = 1, 20, 40, 100 when
ϵ = 0.3, β = 0.

Figure 5. Snapshots of ESAV method (First line) and first order
convex splitting scheme (Second line) for t = 1, 20, 40, 100 when
ϵ = 0.1, β = 1.
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Figure 6. Energy values and time step curves of 2D random ini-
tial solution (ϵ = 0.3, β = 0).

As shown in Figure 6 (left) and 7 (left), by comparing the evolution curves of
the modified energy of the BDF6 scheme and the reference energy of the first-
order scheme over time, it can be observed that the two remain highly consisten-
t.Meanwhile, Figure 6 (right) and Figure 7 (right) display the time step variation
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Figure 7. Energy values and time step curves of 2D random ini-
tial solution (ϵ = 0.1, β = 1).

Figure 8. Phase-field evolution for time t = 0, 10, 50, 100, 250, 500.

graphs. These graphs show that the time steps undergo rapid initial changes, driv-
en by the nonlinear evolution of the phase field model and the algorithm’s error
control mechanism. Subsequently, the step sizes gradually stabilize, with minor
fluctuations reflecting the adaptive strategy’s dynamic balance between accuracy
and efficiency throughout the simulation.

For 3D case, the initial data is ϕ(x, y, z, 0) = rand(x, y, z) + 0.5, where the
parameters are β = 1 and ϵ = 0.35. We use 403 spatial modes to discretize the
spatial domain (x, y, z) ∈ [−10, 10]3 and set C0 = 400. In Figure 8, we use adaptive
time step (maximum time step τmax = 1e− 4, minimum time step τmin = 1e− 10)
to show the states of phase transition in different time t for the scheme (4), which
validates that the scheme can lead to the intended state. The adaptive algorithm
improves the computational efficiency by dynamically adjusting the calculation grid
and time step.

Figure 9 (left) demonstrates excellent agreement between the modified energy
and the reference energy curves, confirming the superior stability of the BDF6
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Figure 9. Energy values and time step curves of 3D random ini-
tial solution (ϵ = 0.35, β = 1).

scheme in three-dimensional simulations. The time step curve in Figure 9 (right)
exhibits a consistent trend: rapid initial adjustments in response to the phase field’s
nonlinear dynamics and error constraints, followed by steady stabilization.

6. Conclusion

In this study, we investigate numerical approaches for the SH equation using the
BDF6 scheme with GSAV and ESAV methods, and obtain high-order convergence
and energy dissipation. The scheme can be extended to AC equations and obeys an
energy stability law. However, for the MBE model, CH equation, and PFC model,
a complex problem arises: the expression ∆B6(x) fails to properly compute the
nonlinear term involving the Laplace operator ∆. This will be addressed in future
work.
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