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A HIGH-ORDER MIXED FINITE ELEMENT METHOD FOR
SECOND ORDER ELLIPTIC EQUATIONS ON CURVED
DOMAIN WITH BOUNDARY VALUE CORRECTIONS

YONGLI HOU!, YI LIU2", AND TENGJIN ZHAO?

Abstract. This paper presents a boundary corrections mixed finite element method for second
order elliptic equations with the non-homogeneous Neumann boundary condition on curved do-
mains. A key feature of the boundary value corrections is the shift from the true boundary to a
surrogate boundary, which avoids numerical integration formula on curved elements. We consider
the high-order Raviart-Thomas element (RT}) of degree k > 1 on triangular meshes, achieving an
O(h¥+1/2) convergence in the L?-norm estimate for the velocity field and an O(h¥) convergence
in the H'-norm estimate for the pressure. Finally, numerical experiments validate our theoretical
results.
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1. Introduction

Many practical problems arising in science and engineering often involve domains
with curved boundaries. For the domain Q with curved boundaries, the geometric
error between the curved boundary I' and the approximating boundary I'y, leads to
a loss of accuracy for high-order elements [33] 34]. There are two main strategies to
address this issue. Both the isoparametric finite element method [21, 27] and the
isogeometric analysis [16, 23] aim to reduce the geometric error without modifying
the variational form. The second strategy is the boundary value correction method
[7], which directly solves on a polygonal approximation domain €, and focuses on a
modified variational formulation. We also mention that there are other approaches
such as the discontinuous Galerkin method [I4, [I5], the shifted boundary method
[2, 29], the cut finite element method (cwtFEM) with boundary value correction
[11], the cut-cell finite element method [30], etc.

In this paper, we consider the mixed finite method (MFEM) for second order
elliptic problems with non-homogeneous Neumann boundary conditions on curved
domains. Although analysis of discretizations in the primal formulation on curved
domains has long been widely recognized, the research of the mixed formulation
is relatively rare. In the context of the mixed finite element method, Neumann
boundary conditions become essential. A subtlety emerges in that the Neumann
boundary condition entails the outward normal vector on the boundary, which is
different on I" and I';,. To the best of our knowledge, such a problem, as well as
subsequent MFEM error analysis on curved domains was first studied by Bertrand
et al. [3| [] for the Raviart-Thomas element in 2014. Later, they extended the
analysis to parametric Raviart-Thomas elements in [5]. However, in [3| 4, ], a
homogeneous Neumann boundary was considered and enforced in the discrete space.
In [I7,[T2], concerning the study on polygonal domain, authors used penalty method
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to weakly imposes the Neumann boundary conditions in the weak formulation.
One of the purposes of our works is to research the possibility of weakening non-
homogeneous Neumann curved boundary conditions. It seems that one only needs
to apply the penalty method to curved boundary. However, one also has to be
careful about the difference of the outward normal vector between I' and I'j,.

This paper adopts the boundary value correction technique on curved boundary,
where Taylor expansion is used to transfer the boundary condition from curved
boundary to polygonal approximation boundary. In view of the differences in out-
ward normal vector between I' and I'j,, we introduce a map to connect I' and I',
and then utilize the penalty method to weakly impose the Neumann boundary. To
our knowledge, the best error results of MFEM for second order elliptic with non-
homogeneous Neumann boundary is O(h¥) for the velocity field in [31]; their work
used the cutFEM to integrate directly on curved regions. We improve the error
rates to O(h¥+1/2) and do not involve the curved elements. Furthermore, this work
includes a rigorous analysis of the loss of approximation accuracy for high-order
elements.

This paper is organized as follows. In section |2 we introduce some notations
and preliminaries; In section |3 we describe the model problem and introduce the
boundary value correction method; In section [} we establish the discrete space
and variational form and analyze its well-posedness; In section [p] the energy error
estimate and the L? error estimate are proved:; In section EI, we present several
numerical experiments to verify the theoretical results; we conclude in [7] with our
findings.

2. Notations and preliminaries

Throughout this paper, let Q be a connected open set in R? with Lipschitz
continuous boundary I'. We assume that € is approximated by a polygonal domain
Qp and denote by I'j, the boundary of €. Let T, denote a family of triangular
meshes for Q. We require that all the vertices of T, lying on I'j, also lie on
I, ensuring 7, is a body-fitted triangular partition of Q. For each K € Tj, let
hx = diam(K) and h = maxge7, hx. We assume the mesh is shape-regular; that
is, there exists a constant o > 0, independent of h, such that maxge7;, Z—ﬁ < o,
where pg is the diameter of the largest ball inscribed in K. Furthermore, we assume
that the mesh is quasi-uniform; that is, there exists 7 > 0, independent of h, such
that minge7;, hxk > Th. Let &, denote the set of all edges in 7,. Define & as
the set of all interior edges and 5}; = &, \ £7. Denote by 7'}5’ all mesh elements
containing at least one edge in £ and T, = T, \ 7,?. Let e be an interior edge
shared by two elements K7 and Ks, we define the jump [-] on e for scalar functions
q as follows:

la] = alx, — dlxe-

We adopt standard definitions for the Sobolev spaces as presented in [I0]. Let
H™(S), for m € R and S C R? be the usual Sobolev space with associated norm
| - llm,s and seminorm | - |,,.s. When m = 0, the space H°(S) coincides with the
square integrable space L2(S). We define

H™(Tp) == [] H™K)

KeTy,

g = (Y | )

KeTn

with seminorm
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We denote H™(S) and H™(T;,) as representing the corresponding vector spaces.
We denote LZ(S) as the mean value free subspace of L?(S). For m > 0, the
above notation extends to a portion s C I or s C I',. For example, let || - ||;m,s be
the Sobolev norm on s. Denote by (-,+)s the L? inner-product on S C R?, and by
(+,)s the duality pair on s C T" or s C I'y,. Finally, all the above-defined notations
can be easily extended to vector spaces using the standard product. Moreover,

H(div,S) = {v € L*(9) : divwv € L*(S)}.
The norm in H(div, S) is defined by

1]l mraiv,s) = (IvlI3.s + lIdivollg 5)'/2.

We will also use the notation

My (v) = max sup |D%v(x)|.
‘O‘|§km€§2h

In the remainder of the paper, we use the notation < to denote less than or equal
to up to a constant and the analogous notation 2 to denote greater than or equal
to up to a constant.

Hereafter, we collect some well-known inequalities that are used in this paper.
Lemma 2.1. (Trace Inequality [10]). For any K € Tj, and v € H'(K), we have

—-1/2

1/2
lello.orc < B llello.se + Ryl ol s
Lemma 2.2. (Poincaré-Friedrichs inequality [9]). For any v € H'(Ty,), one gets

ban S D o+ D h? (/e[v] ds>2+ (/th dx)2.

KeTy ee&y

[v

Lemma 2.3. (Inverse Inequality [10]). For any K € Ty and g € Pj(K), 0 <m < j,
we have

lalj e S P gl k-
3. Model problem and the boundary value correction method
In this section, we briefly introduce the model problem and the boundary value

correction method [7]. Consider the Poisson’s equation in its mixed form: Given
f€L*Q),gn € HY/?(T), find functions u and p such that

u= —Vp, in ),
(1) divu = f, in ),
u-n=gy, onl,

where n denotes the unit outward normal on I'. Problem is well-posed as long
as the following compatibility condition holds:

(2) /Qf dmz/FgN ds.

To shift the boundary date from I' to I'j,, we assume that there exists a map
My, : T}, — T defined as follows

(3) Mh(iL'h) =x + §h(33h)Vh(£Bh),

as shown in Fig. (b), where v, is a unit vector pointing from x;, € T'j, to My (xy) €
I and 6y, (xr) = | My () — x| Denote by @ := My, (x;) and by n:= no M. As
shown in [I1], we have

(4) = sup Op(xn) < h?, Im— npllpem,) S h
xzpel'y
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where n;, denotes the unit outward normal on I',.

Remark 3.1. In this paper, we do not specify the map My. We only require that the
distance function op(xp) satisfies . Various definitions of the transfer direction
vy (and consequently the mapping My, ) have been proposed in the literature, such as
defining vy, as the unit outward normal vector n onT' (as in [1L12] ), the unit outward
normal vector ny on Ty, (as in [0, ]) or other variants introduced in [19] 20].

Q!

FIGURE 1. (a). The true boundary T' (blue curve), the approx-
imated boundary I'j, (red lines) and the typical region Ueee? QF
bounded by T" and I';,. (b). The distance 5 () and the unit vec-
tor vy, to I'y,.

Assuming v is sufficiently smooth in the strip between I' and I';, to admit an
m-th order Taylor expansion pointwise

v(Mp(zp)) = Z 5h(Th)

Jj=0

Bih’v(a:h) + R™v(xp), onT'y,

where 8{;h is the j-th partial derivative in the v}, direction, and the remainder
R™w(xp,) satisfies
|[R™v(zn)| = o(6™).
For notational convenience, we define

m (5j @x . i 5j €T ;
G 1= 2T a0 ), 1w =3 BT g ),

— ! — !

J j
Both T™wv and T7"v are functions defined on T'y,. We denote v(x,) := v o Mp(x4),
which is also a function on I',. Thus, we have

(6) T"v —v=—RMv.

For any e € £F, by choosing local coordinates (&,7), we define Q¢ := {(£,0) :
0 < & < he} with the condition that 7 > 0 in Qf (See Fig. [[(a)). We present the
following three lemmas.
Lemma 3.1. (see Lemma 1 in [8]). For any e € E? andv € HY(QUQy,), one gets
lv =35 e < 0nlIVoIlG a; -

~

Lemma 3.2. (cf. [8]). For each e € E} and v € H(QUQy,), one has
1/2

(7) lvllog; < 8 lv]

Moreover, when v|pq = 0, one has

(8) [vllo,0q < dnllv

0.zt 0n[Vollo,o; -

1,05 -
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Lemma 3.3. (cf. [28]). For K € T and q € P;(K), one has

> lldl

eCOKNI'y

(2),9; S hKHQH(Q),K'

4. The finite element discretization

This section introduces the discrete space and a variational formulation. Then,
we analyze the well-posedness of the discrete problem. Let k > 1 be a given integer.
We define the discrete spaces V;, and @}, as follows:

Vi = {Uh S H(diV,Qh) : 'Uh|K € RTy(K),K € 771}’
Qn={an € L*() : anlx € Pu(K),K € T},

where RTy,(K) := Py (K)@xP;(K), with P,(K) denoting the space of polynomials
on K with degree less than or equal to k, and Py (K) representing the corresponding
vector space. We denote Qop, := Qp N L3(Q4).

For any K € T, we define the local interpolation operator I : H*(K) —
RTy(K),s > 1/2, utilizing the degrees of freedom (dofs.) of Raviart-Thomas finite
element [1§].

) (Ikvp - N, Gr)e = (Vh - Np, Gi)e, Vor € Pr(e), Ve C 0K,
(Ixvn, Yr—1)x = (Vn, Y1)k, Vapp_1 € Pp_1(K).

Define the L?-orthogonal projection I : L(£2),) — Qp, such that for any K € Tp,
the restriction H%K = II9| ¢ satisfies

(H27K¢7 qh)K = (¢7qh)K7 th S Qh-

For every e € &, let Hg’e denote the L2-orthogonal projection onto Py(e).
Next, we state the approximation results of the nodal interpolant and L?-orth-
ogonal projections. The derivation of the following results is standard [22] and [10].

Lemma 4.1. (¢f. [22]). Let m and k be nonnegative integers such that 0 < m <
k+1. For any v € H*(K), we have

v = Il SR ol k.

Lemma 4.2. (¢f. [10]). Let m and k be nonnegative integers such that 0 < m <
k+1. For anyv € H**(K) and w € H**(e),e C 0K, one gets

v =T 0l e S PP ol
|U) - H%GUJ|m,e 5 hkim+1|w‘k+17e.

Lemma 4.3. (cf. [32]). Let Q be a Lipschitz domain in R? and s € R, with s > 0.
For each v € H*(Q), there exists an extension operator E : H*(Q) — H*(R?) such
that

Evlo = v, [|Bv[lsg2 S [[vlls,0

where the hidden constant depends on s but does not depend on the diameter of ).
Additionally, we have

1Ev]s,, < [[Evlls gz S [1EV]s,0-

For brevity, we will also denote extended functions by v¥ = Fv and f¥ = Ef
on R2.
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4.1. A variational formulation. Before deriving a weak formulation, it’s pointed
out that u? + Vp¥, divu? — fF are not generally equal to zero on 2;\Q when
Q€ Q.

Next, we multiply the first equation of (|1)) by an arbitrary v, € V}, and integrate
over ;. This leads to the following result:

(10) (uEa Uh)ﬂh - (pE’diV vh)ﬂh + Z <vh ’ nhapE>e = (UE + VPEvvh)Qh,a
eGEi

where we have used the fact that v, € Vj, C H(div) implies that vy, ny is continuous
across each interior edge. Next, by (@, one has

(11) (T*u? + R*uP) - 0 = gy, onl'y,

where gy is a pull-back of the Neumann boundary data gy from I' to I',. Then,
the equality can be rewritten as

(u” vn)a, + > (' THu” - 0, Ty, - D). — (07, divon)a, + Y (v - 0y, p")e
4 et

=Y (hg' @y — R*u” - ), T v, - D). + (u” + VpP, vp)q,.
ech

The second equation of can be derived by testing any ¢ € @, over
(le uE7 qh)Qh - (fEa qh)Qh = (le uE - fEa Qh)th

where we also note that f¥ = (divu)¥, and divu®? # (divu)? on Q,\Q.
To simplify the notation, for any u, v € V3, and p € @}, we define the following
bilinear forms

ap(u,v) : = (u,v)q, + Z (h'THu - 1, Tv - ).,

ecgh
(12) bpi(v,p) : = —(divo,p)q, + Z (v - np,p)e,
eGS}i
bro(v,p) : = —(divw,p)q, -

Define the discrete weak formulation: Find (up,ppn) € Vi, X Qop, such that

an(wn, vn) + b1 (vn,pp) = Y (hid'Gn, Trop - D)o, Voi, € Vi,
(13) ec&d

bro(un, qn) = — (%, an)an, Yan € Qon-

The well-posedness of the continuous problem requires the compatibility
condition . However, the discrete problem handles compatibility differently.
Specifically, the enforcement of the essential boundary condition u- n = gy on I" has
been relaxed in formulation eliminating the need for any explicit relationship
between g% and fF. In Section we have proved the existence of a unique
solution to confirming its inherent compatibility.

From an implementation perspective, the space Qo presents practical challenges
for basis construction. Instead, we work directly with @5, which admits a more
computationally tractable basis. This motivates our equivalent discrete formulation
that preserves solution properties while being more implementation-friendly. Hence



448 Y. HOU, Y. LIU, AND T. ZHAO

we introduce an equivalent discrete problem: Find (wp,pr) € Vi, X Qp such that
an(wn,vn) + bn1(vn,pr) = D (g, TFop - B)e,  Vou € Vi,
ecg?

(14) .
—(f¥ = fE, qn)an, Yan € Qn-

bhO(uha Qh) + Z <uh ' nhv‘jh>e
ecg?

Lemma 4.4. The systems and admit the same solution in Vi X Qop.

Proof. The space @), admits an orthogonal decomposition @, = Qon & R with
respect to the L2(£2;,) inner product. Through integration by parts, we immediately
observe that bpy(vp,1) = 0 for all v, € V},. Consider now ¢, — @n € Qop, where gy,
denotes the mean value component. The second equation in yields for arbitrary
qn € Qn:

bno(wn, an — @n) = —(f7, an — @n)e,
organized as follows:

bro(tn, qn) + Y (wn - 0, @n)e = — (%, qn — @n)a,
ecth
This establishes the second equation in , completing the proof. (]

Provided that is well-posed, the discrete problem admits a solution,
indicating that the associated linear system is “compatible”. Nevertheless, the
solution lacks uniqueness, as any pair (up,pn + ¢) with ¢ € R equally satisfies the
system. To deal with this case, one can add a constraint to the linear system to
ensure that the solution stays in V3, X Qop-

For any vy, € V}, and g5, € Qqp, define two mesh-dependent norms as follows

1/2
lonllon = | lonll o, + D Ihx!*Tron - 2lE. |
ec&}
1/2

lanllin = | D IVanllg s + > b~ lanll3e

KeTh ec&p

4.2. Well-posedness. In this subsection, we discuss the well-posedness of the
discrete problem . First, we list some relevant lemmas.

Lemma 4.5. Under the assumption of , for any v, € V3, it holds that

—1/2
(15) ST P2, < Jonlid g,
eGSz
—1/2 _
(16) S g AT 3  Sh 2 onl g, -
eESg

Proof. From the definition in , along with the trace and inverse inequalities from
Lemmas [2.1] and we obtain the proof of this lemma. O

Lemma 4.6. For each vy, € V}, and ¢ € HbL2(e), we have
ec&y

1/2

Yoo dhe S [ D plelGe | lvallon.

ec&p 4
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.. . . _ k _ k
Proof. By the definition in , notice that v, = T"vy — T°vp, one gets

Z <Uh : nh7¢>e = Z (<vh : fl, (b)e + <Uh : (nh - ﬁ)7¢>e)

ec&l ecEh
= Z (<Tkvh . ﬁ) ¢> <T1 (O n7 ¢ + Z Vp, - nh - 1’1) ¢>
ech ecgh

By the Schwarz inequality and , one has
Z <vh © Np, ¢>e
ec&p

< D2 (I o Tl + i T o, + Byl

eefz

B2 16]lo.e-

Next, according to Lemma and the inverse inequality, it is not hard to obtain

1/2 1/2
S e d)e S | S0 IR T o TR, + R, | [ S AlolR,
e€€y ec&p ec&l
1/2
S hllels. lvnllo.n-
ece?
([l
Corollary 4.1. For any vy € V}, and q, € Qon, we have
D (vn- mpan)e S
ecth
Proof. Replacing ¢ of Lemma [£.6] by gy, it holds that
1/2
> (o o an)e S [vnlo.n-

ectl ecl

By the trace and inverse inequalities in Lemmas [2.1] and 2.3 we obtain

(17) Z <Uh : nthh>e N thHOWHQhHO,Qh'
ecgh

Notice that g, € Qopn, which implies fQ qrn dx = 0. Thus, by the Poincaré-
Friedrichs inequality in Lemma [2.2] yleldlng

(18)
Substituting into ([17), we obtain the desired result. O

< llanli -

We are now in the position to state the main results of this subsection:
Lemma 4.7. For any wp, v, € Vi, and q, € Qop, one gets

(19) lan (un, vn)| < |lun
(20) |bh1(vh7Qh) ~

lan (vn, vp)|=

1bro(vns qn)| S llvnllo.nllgnllrn-
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Proof. From the definition of || - ||o.n, it is evident to complete the proof of .
Then, we only need to prove . By integration by parts and the Schwarz in-
equality, we obtain

b1 (vnyqn) = — D> (divon,gn)i + Y (- n,qn)e

KeTh eceh
= > (on,Van)k — Y (vn - 1y, [gn])e
KeTn ee&y
< Y nlloxlVanllox + > 22 lon - nllo.ch™2|lgn]llo,e:

KE€Ts cesp
using the trace and inverse inequalities in Lemmas 2.1} 2.3] we get
(21) B2 Jlon - mplloe < BV (lvnlloe S llvnllogiurs, e € €7y e = K1 N K.
Then
1br1 (vns qn)| S lonllo.nllgnllen-

Similarly, by Corollary the bound of bpo(vp, gn) can be estimated as

bho(vn, qn)| = | Z (vn, Van)k — Z (vn - np, [gn])e — Z (v - np, qn)el

KeTy ec&p eeg;;
(22) < Mlwnllosllanllin +1>" (wn - n,an)el
ec&}
S lvnllonllgnllyn:
Thus, we complete the proof of this lemma. ([

Lemma 4.8. (Inf-Sup). For all g5, € Qop, it holds that

b1 (vn, qn) bro(vn, qn)
sup ——————— 2 [lanll1,n, sup —————— 2 lanll1,n-
vneVi |[vnllo,n vneVi |[vnllon
Proof. For an arbitrary g5 € Qon, we construct v, using the degrees of freedom of
the Raviart-Thomas space as follows:

(23)  (wn - np, dr)e = —h 7 {(qn], dr)e, Vor € Py(e),Ve € &,
(24)  (vn- np, dr)e =0, Vo € Pi(e),Ve € £,
(25) (vn, Ye-1)k = (Van, Yr-1)K, Vapp_1 € Py_1(K),VK € Tp,.

From reference [12], it is straightforward to obtain

(26) b1 (vn, qn) = lanls s lvrllo,on S llgnlln-

Recalling the definition of || -

lo.n, it suffices to prove the inequality

> by T, - &

eGS,};

lo.e S llanlln-

Indeed, for each e € S}’L and vy, € V, implies vy, - ny|. € Pi(e). Then, replacing ¢,
of with vy, - ny, we have

(27) vy, - nple =0, Ve € &).
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Furthermore, by the triangle inequality, it has

S b AT - w13,

ecg?
8) <3 BT ol + S TR B - a3,
ees,f; eGS}:
< 2 h (1T o mlfg o + [T on - (2= mi)|5)
~ K 1Uh " Dpflge Up - (N — Np)jjge)-
ect?
Applying Lemma and , we obtain
(29) > T on - ma3 e S llonllg g

eGS,};
and

> h T o (B = )5 S B2 onllg 0, 1B — 047 < (ry)
(30) ec&d

S lon

6.0,
Finally, combining —7 we establish the first inequality of this lemma.

Similarly to the estimate of bpi(vp,qp), by integration by parts and , one
gets

bro(vn,qn) = Y (0, Van)k — Y (vn - 1, [gn])e
KeTs e€&y
= > IVarlgx + D h llanllls.e = llanl? -
KeTs e€&y
Thus, we complete the proof of this lemma. O

According to the Brezzi theorem, the discrete problem admits a unique
solution.

5. Error analysis

In this section, we will estimate the errors in mesh-dependent norm and L?-norm.
The stability estimates of a(+,-),bro(, ) and by (-, -) imply
(31)
By ((on,Cn)s (Vn, qn
lon, Culle < sup ((oh, Gh), (O, 4n))
(01,an)EVi X Qon v, gnll o

V(on,Cn) € Vi X Qon,

where
Bi((oh,Ch)s (Vh,qn)) := an(oh, vh) + bpi(vn, Ch) + bro(oh, qn),
lon, Culle = (lonllgy + 1] ih)l/Z'

To obtain the error estimates, we need the following lemma.

Lemma 5.1. Assume that w € W*TL2(Q)n H™(Q), w¥ is the extended func-
tion of w. For any vy, € Vi, the interpolation operator wy of w¥ satisfies

D (! THw” —wy) - 1, T vy, - 1),

ecEh

S (W 210" et 0o, + B 0E 1.0, ) onllon:
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Proof. By applying the Schwarz inequality and , we infer that

Z (W' T*(w® — wy) - 1, T*vy, - B,

ecg?

=Y hNTH(w? —wp) -y + TH(w? —wy) - (2= n,), Ty - D).
ec&l

S Z hl_(l (<(’LUE — ’w]) - ny + Tl(wE — ’w]) . nh,Tk'uh . ﬁ>e
ecg?

+ 18 = nplloo,r, IT" (0" = wi) o, | T vr - ﬁo,e>

s( >R (= wp) - nal + ITE ("~ wi) 3

eefﬁ
1/2
2T w” w1>||ae>) lonlo.

From the definition of interpolation, we observe that w; - nple = Hg’e(w - ny).
Then, by Lemma |4.1, we deduce that

DT —wp) - mllge S PP ([w” e nfiyg .
6652 eefﬁ

SEFES el w7 00
ecE?
k E
S hF w7 00,0, -
By the trace inequality in Lemmas [2.1] and we have
DT ITE W = wi)[§ e + BT (w® —wi)5 ) S B2 w7 g,
eEEz

Combining the above, we complete the proof of this lemma. O
Theorem 5.1. Assume that § < h%. For any constants r,t,1 > 1, let (u,p) €
Whtloo(Q) n Hmax{r+LIV21H Q) x gmax{t+LIV21HQ) be the solution of problem

and u¥, p¥ are extended functions of w and p. Let (un,pn) € Vi, x Qon be the
discrete solution of , s := min{r, ¢, k}, it holds that

lun, — UIHo,h + |lpn _pIHLh

_1
SE T (ulrsre + [plerr,e) + B2 0P g 000, + 65T HATE Mg (u®)

O,Qh\9> Y

where u; and p; denote the interpolation and L? projection of u¥ and p?, respec-
tively.

Proof. From , one has

+8(ID (WP + 95 o0+ 1D v — 7)

Bn((up, —u — (v
32)  lun—wrph—pilla S sup n((un =1, pn = pr), (Vn,4n))
(Vh,an) € Vi X Qon lvn, anlla
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By adding and subtracting «” and p¥, one obtains
Bp((un — ur, pn — pr), (va, qn))
= ap(wp — u®,vp) + b1 (vn, pn — p7) + bro(un — u®, qp)

+ an(uw® —ur,vp) + bp1(vn, " — pr) + bpo(u” —ur, qn)
= FEr + Ej.

(33)

By the primal problem , the discrete problem , along with equations
and , the consistency error is expressed as follows

Er = ap(up, — u” vp) + bpi (vn, pr — p¥) + bro(un — u”, q1)

= Z gy — THu” -, TFvy, - ). + (uf — VpZ vp)q,
ecg?

(34) + (dive® — ¥, qn)a,

S ST My (uP) || lon + 6 (llDl(uE +VpP)llo,ame

+ || DY (divu? — fF)

O,Qh\ﬂ> lVn, qull o,

where we have utilized (u? — Vp¥)lq = 0 and (divu®? — f¥)|q = 0. Next, we
estimate the remaining approximation terms. From the definition of interpolation
given in @, it follows that

bno(u® —ur, qn) = —(div (u® —ur), 1)

= Z (u® —ur, Van)x — Z (u” —ur) - oy, qn)ox
KeTh KeTh

= ()7

and
bu1 (vn, p” —pr) = — Z (divop, p” = pr)x + Z (v -y, 0" = pr)e
KeTn ec&l

=Y (vn- ny,p" = pre.

ech

Thus, by rearranging the term Ej, we deduce
Ey, = ap(u® —ur,vp) + bpi(vn, p¥ — pr) + bro(u” —ur, qn)

= ap(u® —uy,vp) + Z (v - 3, 0" = pr)e.
ec&l

By the Schwarz inequality and Lemmas we derive
En < (hr+1‘uE|r+1,Qh + hk+1/2HuEHk+1,oo,Qh,) lvnllon + Z (vn - " = pr)e.
eec?
From Lemma [4.6] it holds that
1/2

Y- p” —pr)e S| BT —prlge | llvnllon.
eegk EE:‘:};
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Finally, by the trace inequality in Lemma and the approximation property of
L?-projection in Lemma one obtains

S wn - 0p” — pr)e S B PPl [0
6652

0,h-

Thus
(35)  En S (W20 oo, + BP0, + A P s, ) [onllon
Combining — and Lemma the theorem is proved. (|

Corollary 5.1. Assume 6 < h? holds, r =t =1 = k. Let (u,p) € WFtL2(Q)n
H*1(Q) x H**Y(Q) be the solution to Problem , f € H*(Q) and u”, p¥ are
extended functions of w and p. Let (up,pp) € Vi, X Qon be the discrete solution of

, then
[u” —wnllon + 1P = pllin
SEE (Jullesre + Iplksre + [ llke) + 220" | 000,

Theorem 5.2. Under the same assumption of Theorem for s ;== min{r,t,k},
one gets

1
[u? —unllo.n, ST (ulrio+ Plirne) + 2wk 000, + 05T R 2 My (uF),
1
IV® = pu)llo7s S RS (g1 + plir1.0) + ETY 20 kg s, + 08T T2 My (u®).

Proof. Using the triangle inequality and the approximation error of interpolation
in Lemma yields

[u® —unllo,n < [ —uillog, +[lur —unlog,
SR P a, + lur — wallop,
and the approximation error of L? projection in Lemma implies
IV@" = p)llo < IV@® = po)llo7 + 11V (1 = pa)llo7
S WP lesr, + [lpr = pallg,
then, combining Theorem and Lemma we obtain this proof. (I

Remark 5.1. Under the assumption § < h%, Theorem demonstrates a subop-
timal convergence rate for the velocity field in the L?-norm and an optimal order
of convergence for the pressure field in the H'-norm. From Tab. it is observed
that the velocity error estimate is O(h*+1/2) for s = k.

TABLE 1. The error order of terms in L?-norm under the assumption

5 < k2.
s hs+1 k hk+1/2 (5k+1h7% l 6l
1 h2 1 hlAS h3,5 1 h2
2 h3 2 h2.5 h5.5 2 h4
3 h4 3 h3.5 h7,5 3 h6

Remark 5.2. When boundary correction is not applied, discrepancy between the
normal vector of the curved boundary and its polygonal approximation necessitates
modification of the interpolation scheme (@), resulting in order reduction of the
approximation error, which has been numerically validated.
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6. Numerical experiment

In this section, we test three examples to validate error results of the origi-
nal mixed element method, without any boundary correction, and the correction
method . Consider the Darcy problem on a circular domain {(z,y) : 2% +y? <
1} and a ring domain {(z,y) : 1/4 < 2? + y? < 1} with triangular meshes. Let v,
be the unit outward normal vector n on the curved boundary I'. Before giving the
numerical results, we define errors

ew = lu—unlog,, e =IVe—pnlor-
According to Remark [5.2] and Theorem we expect to have a loss of accuracy
for the original mixed element method, a suboptimal O(h*+'/2) convergence for
the correction method.

Example 1. Considering the problem with solution

23 (322 + 2y% - 3)

1, 1 3 3
s > p(z,y) = —52° — sa'y? + Za
'ty

’U/(I’, y) = < 9 9 4 - 674’
which satisfies a homogeneous Neumann boundary condition w - n = 0 on I' and
Jop dz=0.

Example 2. The exact solution is

27 cos(2mx) sin(27y) . .
= = —sin(2 3in(2
ule) = (ST ploay) = sin(2r)sin(2ny).
which satisfies a non-homogeneous Neumann boundary condition w - n # 0 on I’
and [, p dz =0.

Example 3. The exact solution is

mcos(mx)(e¥ —e™Y
’LL(ZE7 y) = <7T singﬂx))ée?! + ey))>7 p(x’ y) = _(ey - e—y) Sin(ﬂ-$>7
which satisfies a non-homogeneous Neumann boundary condition u - n # 0 on T’
and [, p dz =0.

We first present the results using the above tree examples to test the discrete
scheme on a circle domain and a ring domain. Results of boundary value cor-
rection are shown in Tabs We observe an O(h**+1/2) convergence in L?-norm for
velocity and an O(h*) convergence for pressure in H!-norm, which agrees well with
Theorem Tab. [6] shows that some examples may exhibit a superconvergence
error for velocity in L?-norm.

TABLE 2. Errors of Example 1 for velocity with boundary value correc-
tion on circle domain.

€u order €u order €u order
1/8 | 4.56e-03 - 2.17e-04 - 5.78e-06 -

1/16 | 1.38e¢-03 | 1.72 | 3.57¢-05 | 2.60 | 4.86e-07 | 3.57
1/32 | 4.14e-04 | 1.74 | 5.62e-06 | 2.67 | 3.89¢-08 | 3.64
1/64 | 1.23e-04 | 1.75 | 8.68e-07 | 2.69 | 3.06e-09 | 3.67
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As a comparison, we then solve the problem by standard Raviart-Thomas el-
ement method on two different domains, without any boundary value correction.

TABLE 3. Errors of Example 1 for pressure with boundary value cor-

Y. HOU, Y. LIU, AND T. ZHAO

rection on circle domain.

h k=1 k=2 k=3
ep order ep order ep order
1/8 | 5.75e-02 - 7.14e-03 - 3.93e-04 -
1/16 | 2.98e-02 | 0.95 | 1.86e-03 | 1.94 | 5.04e-05 | 2.96
1/32 | 1.49¢-02 | 1.00 | 4.67e-04 | 2.00 | 6.21e-06 | 3.02
1/64 | 7.38¢-03 | 1.01 | 1.16e-04 | 2.00 | 7.71e-07 | 3.01

TABLE 4. Errors of Example 2 for velocity with boundary value correc-

tion on circle domain.

h k=1 k=2 k=3
€u order €u order €u order
1/8 | 2.52e-02 - 1.15e-03 - 3.35e-05 -
1/16 | 7.37e-03 | 1.78 | 1.89e-04 | 2.60 | 2.81e-06 | 3.58
1/32 | 2.14e-03 | 1.78 | 2.99e-05 | 2.66 | 2.22e-07 | 3.66
1/64 | 6.22e-04 | 1.78 | 4.59e-06 | 2.70 | 1.72¢-08 | 3.69

TABLE 5. Errors of Example 2 for pressure with boundary value cor-

rection on circle domain.

h k=1 k=2 k=3
ep order ep order ep order
1/8 | 4.85e-01 - 3.19e-02 - 1.57e-03 -
1/16 | 2.43e-01 | 0.99 | 7.87e-03 | 2.02 | 1.95e-04 | 3.01
1/32 | 1.21e-01 | 1.01 | 1.92e-03 | 2.04 | 2.33e-05 | 3.06
1/64 | 5.89e-02 | 1.04 | 4.59¢-04 | 2.06 | 2.69¢-06 | 3.12

TABLE 6. Errors of Example 3 for velocity with boundary value correc-

tion on ring domain.

h k=1 k=2 k=3
eu order eu order eu order
1/8 | 4.77e-02 — 1.15e-03 — 1.50e-05 —
1/16 | 1.55e-02 | 1.54 | 1.83e-04 | 2.65 | 8.55e-07 | 4.13
1/32 | 5.25¢-03 | 1.48 | 3.06e-05 | 2.58 | 5.02¢-08 | 4.09
1/64 | 1.81e-03 | 1.45 | 5.26e-06 | 2.54 | 2.92¢-09 | 4.02

TABLE 7. Errors of Example 3 for pressure with boundary value cor-

rection on ring domain.

h k=1 k=2 k=3
ep order ep order ep order
1/8 | 4.33e-01 - 2.26e-02 - 7.78e-04 -
1/16 | 2.18e-01 | 0.99 | 5.66e-03 | 2.00 | 9.81e-05 | 2.99
1/32 | 1.09e-01 | 1.00 | 1.42e-03 | 2.00 | 1.23e-05 | 3.00
1/64 | 5.44e-02 | 1.00 | 3.54e-04 | 2.00 | 1.54e-06 | 3.00
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Tabs. [§l]10 show an O(h'/2) convergence in L?-norm for velocity field when k =

1,2, 3, which is a loss of accuracy, as expected.

TABLE 8. Errors of Example 1 for velocity without boundary value cor-

rection on circle domain.

h k=1 k=2 k=3
€u order eu order €u order
1/8 | 7.26e-03 - 6.19e-03 - 6.14e-03 -
1/16 | 2.13e-03 | 1.77 | 1.79e-03 | 1.79 | 1.76e-03 | 1.81
1/32 | 6.11e-04 | 1.80 | 4.98e-04 | 1.84 | 4.83e-04 | 1.86
1/64 | 1.84e-04 | 1.73 | 1.45e-04 | 1.78 | 1.38¢-04 | 1.81

TABLE 9. Errors of Example 2 for velocity without boundary value cor-

rection on circle domain.

h k=1 k=2 k=3
€u order eu order eu order
1/8 | 2.86e-02 — 1.46e-02 — 1.39e-02 —
1/16 | 8.40e-03 | 1.77 | 4.88¢-03 | 1.58 | 4.61e-03 | 1.59
1/32 | 2.53e-03 | 1.73 | 1.61e-03 | 1.60 | 1.51e-03 | 1.61
1/64 | 8.03e-04 | 1.66 | 5.45e-04 | 1.57 | 5.04e-04 | 1.58

TABLE 10. Errors of Example 3 for velocity without boundary value

correction on ring domain.

h k=1 k=2 k=3
eu order eu order eu order
1/8 | 6.57e-02 - 4.09e-02 - 3.64e-02 -
1/16 | 2.17e-02 | 1.60 | 1.42e-02 | 1.52 | 1.26e-02 | 1.53
1/32 | 7.49e-03 | 1.53 | 4.99e-03 | 1.51 | 4.42¢-03 | 1.51
1/64 | 2.59¢-03 | 1.53 | 1.76e-03 | 1.51 | 1.54e-03 | 1.52

7. Conclusion

In this paper, we analyze high-order Raviart-Thomas elements on domains with
curved boundaries, employing weakly imposed Neumann boundary conditions in

the variational formulation.

Our analysis establishes a suboptimal convergence
rate of O(hF*1/2) for the velocity field in the L?-norm and O(h*) for the pres-
sure in the H'-norm, which are numerically verified. Notably, without boundary
correction, the convergence degrades to O(h*/?) regardless of polynomial degree,
highlighting the critical role of boundary correction. One fundamental limitation
in our analysis stems from the discrepancy between the outward normal vectors of
the exact boundary I'" and its discrete approximation I'y,. This geometric inconsis-
tency currently prevents the attainment of optimal convergence rates. Developing
techniques to overcome this limitation constitutes a key objective for future work.
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