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UNIFORM EQUIVALENCE OF L[?>- AND DISCRETE
>-NORMS ON Q@Q;-FINITE ELEMENT SPACES WITH
MASS LUMPING IN ANY FINITE DIMENSION

PENG MATH, DONGWOO SHEEN*, YINNIAN HE!, AND XINLONG FENG'

Abstract. The ():-finite element spaces, in any finite d-dimension, are equipped
with the discrete éi—inner product generated by the simple row-sum mass lumping.
The equivalence of the discrete £-norm and the L?-norm on the Q;-finite element
spaces is uniform in mesh size h, in both cases of uniform and nonuniform parti-
tions. Several representation formulae for these norms are derived. Using these,
accurate bounds between these two norms are obtained, which is our major contri-
bution. Examples show that these bounds are sharp. As an important application,
the equivalence is established between discrete h,lb-norm and H'-norm. Numerical
results are presented.
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1. Introduction

In this section we will begin by the 1D simplest case for the mo-
tivation of our study. Then some notations and preliminaries will be
given.

1.1. 1D motivation. Let us consider the simplest Sobolev space
Hé(ov 1) = {f S L2(07 1) | f/ S LZ(O, 1>; tl"o(f) = 07tr1(f) - O}’

where tr¢ denotes the standard trace operator at £ in the Sobolev space
theory. A family of C piecewise linear finite element spaces (Vi)o<n<1
is defined in a standard fashion. For a positive integer [, let 7, denote
the standard mesh

O = x(o) < :E(l) < .- <K x(l_l) < a;-(l) = 1,

hl) — ,0) x(j—l)’ j=1,---,1,

with h = maxé»:1 hU). Tt is quite convenient, in analysis and in ac-
tual programming, to extend the meshes outside the domain. Thus,
we assume that Y = —hp® and 2D = 1 4+ O, Let Vj, be the fi-
nite element subspace of Hj(0,1) associated with 7. For j =0,--- 1,
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UNIFORM EQUIVALENCE OF L?- AND DISCRETE (2:-NORMS 409
denoting by ¢; the basis function
(1) B »
¢;(z) = {%Xwn,xm)(ﬂﬁ) + %X[M,mm(%) X[0,11(),

where ygs denotes the characteristic function of set S, one has Vj, =

span{¢1, -+ ,¢_1}. Let us look at the L?*(0,1)-norm on V}, in detail.

For any vy, in Vj,, i.e. v, = 22;11 v/ ¢;,v7 € R, (throughout we assume
0_ 1

v =" =0)
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From this L?(0, 1)-norm representation, the L?(0, 1)-inner product on
Vj, is evidently deduced. Instead of the L?(0,1)-inner product, the
following (row-sum) mass-lumped ¢3-inner product on V}, is frequently
used:

(3)
-1

uh,vh Zu]v]h Vuh:Zujqﬁj(x), Uh—ZU]¢] € Vi,
=1

hU) 1 pl+1)
—

It is immediate to see that, for the Vj-interpolant v, € V}, of any
v € Hy(0,1),

where hU9) =

-1 l

@) ol =D _(@)AD = S 3" [ + (07)2] b9,

J=1 J=1

N —
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and therefore, the comparison of () and (@) leads to

l
1 _ N2\
Jonlly ooy = 520 (@992 + (2)?)h0

j=1
1 l
-3 3 ((vj*1)2 Loy o (Uj)Q)h(J)
j=1
1, o
(5) = - S (=) R > 0.
7j=1

. 2 2 2 vl — i L ()
fin [lenll = el | < Ji D0 =g
h? || dvy ||
(6) < lim — o =0,
h=0 6 || Az || 20 1)
since || < Clv]|;. From (2) and (@) it follows that
£2(0,1)
l
1 N ‘ - ‘
(1) llonllzz < 5 DAY+ P (7)) = 3lfonlFag0,)-
j=1

A combination of (8) and (@) states as follows:
(8) ||Uh||%2(o,1) < thllig < 3||Uh||%2(0,1) Yoy, € V.

We thus far observe the following facts.

(1) This (8B) implies that the ¢2-inner product approximates L*()-
inner product reasonably well and the two norms, || - ||,z and
| - |[22(02), are equivalent uniformly in A for Vj,.

(2) Furthermore, (B) indicates the first bounding coefficient “1” in
(B) is sharp. We remark that for 1D, if the coefficients v/, j =
(0),1,---,1, in the representation of vy, are alternating, that is,
vl 40l =0 forall j =1,---,1, (B) and (@) imply that the
second inequality in (8) turns out to be an equality.

(3) However, the sharpness of the second bounding coefficient “3”
in (B) seems to be investigated further, in particular, for general
meshes in higher dimensions.

The aim of this paper is to establish sharp bounds for the equivalence
of L?-norm and #3-norm on multi-dimensional finite element subspaces
of H} () with values in an inner product space Y where Q, is a
rectangular domain in R?. We remark that Y can be either finite— or
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infinite-dimensional inner product spaces, which includes Euclidean
spaces R and Sobolev-Hilbert spaces H"((2,).

In particular, we will also investigate in the special case of ¥ =
L*(9,), and further that of Y = H} ().

The techniques for using mass lumping in the calculation of mass ma-
trices have been widely used (see [?7, ?, 7], and the references therein).
Popular mass lumping techniques include the three main procedures:
the row sum method, diagonal scaling; evaluation of the integration of
the mass matrix at the nodal points only [?, pp474 & Appendix I]. Due
to the diagonal form of lumped mass matrices, they are often used in
time integration to obtain explicit methods [?, ?]. For one-dimensional
examples; see [?]. Mass-lumping techniques have been extended to
mixed finite elements [?, ?], to higher-order elements [?, 7, ?], and to
spectral elements [?7], and to eigenvalue problems (see [?] and refer-
ences therein). The use of mass lumping has recently drawn growing
attention in the field of isogeometric analysis (see [?, 7, 7, 7, 7] and
the references therein).

Recently, estimates such as (??) and (?7?) for semi-discrete subspaces
L2 C L*(Q) and H} € HY(Q) (for the definitions, see (?7) and (?7)
below) are frequently employed in the theory of difference finite element
methods (DFEM) via dimensional splitting. Leveraging mass lumping
techniques, works [?, 7, 7, 7, 7] introduce semi-discrete £3- and h}-inner
products in £7 and H}, respectively.

1.2. Notations and preliminaries. For measurable set w in R¥, k >
1, by (+,+)., we denote the L?(w)-inner product. For m € Z, standard
notations for Sobolev spaces H™(w) and H{*(w) will be employed with
the norm ||v||;.- Let Y be an inner product space over R with inner

product, (-,-)y, and norm, || - |ly. We consider the space Lz(Qw;Y)
where Q, = [0,L1] x --- x [0, Ld] with L; > Oj = 1,---,d, en-
dowed with inner-product, (u,v)r2,;v) = fQ (u(e )) d:l: and

L?-norm, |jullrz@.yy = (4, u)r20,v) \/fQ Hu J|2dx for all
u,v € L?(Qg;Y), where de = dxdzy - - - dzg. We stress that Y can
be any inner-product space, such as Y = H*(Q,),s € R.

For positive integers I; (j = 1,--- ,d), let [0, L;] be partitioned into
0 = x§0) < x§-1) < e < xg-lj) = L;, with hyj) = xﬁ-lj) — 335-”_1) for
i; = 1,---,1;. Then consider the triangulation of €2, into d-dimensional
rectangular polytopes:

d
i1—1 4 ig—1 7
U U i1+ig) 11 “ig T [xgl )75651)] X X [xfid )7x£ld)]

=1l;=1
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and
d .
| Koyl = T 157,
j=1

Throughout the paper, the multi-index notation @ = (a, -+ , ) is
used. For notational convenience’s sake, the extended meshes are de-
fined for each j = 1,--- ,d, such that x§_1) = —x§.1) and xg.ljﬂ) =L+
(a:glj) —xg-lj*l)) for each j, and hg”) = :vyj) —935-”71) fori; =0,---,1;+1,
the linear basis functions ¢;; (z;) in x;-direction are defined by

e — D
() = |22 J , _ ‘
%i; (25) = hg.ij) X[xi_li‘l),z;?j)) (x;)
(G+1)
Ly J
+ hi+1) X[ac;ij),x;ijﬂ)} (7)) X[()’L]'](Ij)’
for Z'j =1, 7lj-
We will use the following identities:

(9a)
(5) x(}'j)

(i)
x h.’ 2 J
J 9 ‘ L J 9 ' L J :Ej L hj
/(ij_l) @fl(%)d% = /(ij_l) Qbij(%)dxj —/0 (h(ij))Q dz; = 3
z, z; j

(i5)

z, ) h(ij) T h
I e e L
T

h; 3) h§- 5)
We denote by (75)ne(0,1) the family of the above d-dimensional rectan-
gular triangularization of 2 and by V(7,) the set of all vertices in Tp;
in particular, by V(7,) and V°(7) the set of all interior and boundary
vertices V, in Tj, respectively.
The tensor products a(z) = Vi 1,(x) = du (1) - duu(wa) (i; =
l,---,l;—1, j=1,---,d) form a basis for the standard conforming
Q:-finite element subspace, say X}, of C Hj(,;R) C L?(Q). That is,

X, =span {¢;,..;, € L*(), i;=1,---,[; —1,j=1,--- ,d}
(10) = span {1o € L*(Q,) | Va € V(Th)}

We consider the semi-finite dimensional subspace V;, = L?(X};Y) of
L3(2,;Y) (“semi” means finite dimensional subspace only in L*(€,)),
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that is,
VhZ{th Z Vg | UO‘GY}
Va€Vi(Th)
11—1 lg—1
- { Z e Z /U,Llldwllld ’ /Ullld e Y7
=1  ig=1
(11) @:1,---,@-—1,j:1,---,d}.

We emphasize that for a typical element v, € Vj,, vp(x) € Y Va €
with

h=1 g1
v(x) = Z e Z o' (2), where v € Y )y, () € R,
i1=1 tg=1

ijzla"'al]’_la jzla"'ada
and

(Um Uh)LQ(Qz;Y)
(12)
I1—1 lg—111-1 lg—1

= Z e Z Z e Z (uil'"id, Uill'"i:i)y / Vi iy (33)1/%'1...1':1 (z)dx

i1=1 ig=14=1 i&:l

for Vuh,vh S Vh.
Instead of the usual L?(€); Y)—inner product, the mass lumping will
be employed for the inner product on Vj, and the discrete ¢2-inner

product (-,)e and the corresponding (Z-norm || - || 2 will be used for
Vhi
-1 lg—1 N
(un, on)p =D -+ > (W o)y K
=1 ig=1
(13) lvnlle =/ (Vs ) Vun, vn € Vi,
where
d (i) | 1 (i5+D)
~ i — i hy?" + h:? ;.
_ (i5) () _ % J _ (45)
{Kllld| — th] 9 h]] — #, }Kzlld} - Hh]] .

j=1 j=1

Owing to the finite dimensionality of V},, the £2-norm and L?(;Y)-
norm are equivalent on V;,. Our aim is to establish accurate bounds in
the equivalence of these two norms on V},, which are uniform in mesh
size h.

We recall and define some definitions and notations to be used.
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Definition 1.1. Let K be a d-polytope. For k = 0,--- ,d, we use
Fi(K) the set of all k-faces of K. Evidently, a k-face f of K is a k-face
of some (k+1)-face g of K when k+1 < d. If d > 2, Fo(K), F1(K), and
Fo(K) are the vertices, edges, and 2-faces of K, respectively. (d — 1)-
faces are called facets of K. For all f € F,(K) we will denote by V(f)
the set of all O-face (vertices) of f, that is V(f) = Fo(f) = ext f, the
set of extreme points of f.

Definition 1.2. Denote the index set

Aiyiy ={a=(an, - ,oa) | ayefi;—1,4;},j=1,---,d},
(14) |A112d| =2
with |-Ai1---i d‘ designating the cardinality of A;,..;,. For a rectangular
d-polytope K := Kj,..;,, recall that F,(K) denotes the set of 2¢ number
of vertices V4, of K. Denoting by ||-||s the £!-norm on Z¢, we introduce

the notation for the set of ordered pairs of indices whose ¢!-distance is
k as follows: for k=0,1,--- ,d,

AF
(15)
:{(a,ﬂ) € Ai1~~-id X Air"id | VomVB € JT"()(K), ||O£ — ,BHgl = k‘}
Since (o, 3) € A is an ordered pair, (o, 8) # (B, ) if @ # 3

11°%d

in general. It is obvious that ‘Afl_,id‘ = 2d(i), k=1,---,d. For
V. € Fo(K), define, for k=0,1,--- ,d,
(16)

A (@) ={B e A | (@B)e Al ), |A . (o)) = (Z)

Figures 7?7 and ?7 illustrate d dimension polytopes Kj,...;, with ver-
tices Vi, Vg, -+, Vy, N = 2% for d = 2,3, 4, respectively. Here, only
the superscripts of components of vertex coordinates are shown. Cor-
responding to each vertex Vg, the coefficient and the basis functions
are denoted by v® € Y and ¥, (), respectively.



UNIFORM EQUIVALENCE OF L?- AND DISCRETE ¢(?>-NORMS 415

iyyiy — 1,05 dyylysiy

insis 1 insis
Vi v,
2 2
v Vs
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(A) K is a 2D polytope (B) K is a 3D polytope

F1GURE 1. The nodes relationship in 2D and 3D polytopes.
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F1GURE 2. The nodes relationship in 4D polytope K.

2. The case where Y is an inner product space

This section is devoted to the case where Y is an inner product space.
We prove the case of symmetric inner product space, but the extension
to the non-symmetric case is trivial.

Before state and prove our main theorems, some useful technical
lemmas will be given as follows.

Lemma 2.1. The following equality holds, for k =0,1,--- ,d,

Y | T ef-2(2) T e

feFi(Kiyiy)  Va€V(f) J=0 (.B)EA] .,
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Also, the following inequality holds: for k =0,1,--- ,d,

(18) ( 3 (va,vﬁ)y‘<<2) Lo

( 7ﬁ)€Ai€1 g O‘EAH-“id

Proof. For the sake of simplicity, in this proof we will use the simpli-
fication of notations as follows: K = K;,..;, and A = A, ..;, omitting
the subindices i; - - - i4. Notice that (??) is rotationally symmetric for
the 2¢ number of indices a € A. Therefore, it suffices to prove (?7?)
partially such that both sides contain equal amount of quantities in v*°
where ag = (41,49, ,iq) — (1,1,--- ,1) plays a role of a pivot index.

For this purpose, we restrict the faces f € Fj(K) in the LHS of (?7?)
to those which contain the pivot vertex V,. Conveniently, by T (v*)
we denote all terms containing v in the the LHS of (??) in the k-face
f

Accordingly, in the RHS of (?7?), it suffices to restrict to and investi-
gate in the cases such that at least one of the indices from (a, 3) € A7
contains the pivot index «.

It is easy to see, by expansion and rearrangement, that for given

2
k-face f the terms which contain v*° in H dov eV(f) UO‘H are given by
« Y

(19)  Tp(v®) :=(v™, v y—i—ZZ Z (v, vP)

J=1 VﬁGV
(05 B)E-A]

=(v*°, v*° y—i—ZZ[O‘OU )y + (0P, 0%y |.

Jj=1 VgeV(f
(=0, ﬁ)GAJ
We observe that there are several classes of k-faces that share the pivot
vertex o, such as (0) the vertex ay; (1) one edge containing a; and (j)
one j-face containing o, j = 2,3,--- . Let uscallby G;,j = 0,1,--- , k,
these classes of k-faces that share oy and j-face in common. Notice that
gj C gj,1 fOI'j = 1, ,k. We write O = ao—l—ej S ./4,] = 1, ,k’,
where e;,j = 1,--- ,d, are the j-th unit vector in R?. Thus, a k-face f

is represented by f = {Zle tieg, | 6 €0,1],l=1,--- ,k} for some

k number of indices {j;,l = 1,--- ,k} from the index set {1,--- ,d}. To
each (o, o) there corresponds an edge agpa;.

For j =0,1,--- , k, we investigate each class G, of k-faces that share
a j-face each other

Case (Gy) In the d-polytope K there are (Z) k-faces that share the pivot
vertex ay. These k-faces from G, contribute to 7 (v*°) in qua-
dratic terms in the amount of (Z) (v¥, v*). We have |Gy| = (Z)
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Case (G1) Next, we consider the linear terms in Ty (v*°) of form 3= )
(ao,ﬂ)EAl

[(vo‘o,vﬁ)y + (0P, Uao)y]. It is clear that 8 = a; for some j =

1,--- ,d, in order to have (ay,3) € A'. For fixed j, those k-

faces which can contain the vertex pair (ap, ;) € A' should

contain the edge agar; and other k£ —1 edges apay;, where j;, [ =

l,---,k —1, are k — 1 indices from {1,---,d}. This means

that there are (zj) such k-faces which contain (v, v )y +
(v¥,v)y. We have |G| = (zj)

Case (Go) Next, we consider the linear terms in T (v*°) of form 3= ;)

(exg.B)€A?

[(vao, Py + (vP, Uao)y] . In order for a face f to have (a, 3) €

A?, one must have 8 = o + e, + ej, for some ji, j» from the
index set {1,---,d}. Similarly to the the above Case(G,), for
fixed ji, jo, those k-faces which can contain (g, @) € A? should
contain the edges apay;,,l = 1,2, and other & — 2 edges agar;
with j/ = 1,--- ,d,j" # 7,1 = 1,2. This means that there are
(972) such k-faces which contain (v, v%)y + (v¥,v20)y, | =

k—2
1,2. We have |G| = (Zj)
Case (G;) In general, for j = 1,---,d, we consider the linear terms in
Ty (v*>) of form 3= vy [(vo‘o, vP)y + (vP, v"‘o)y] . In order for
(axq.B)€AF

a face f to have (ayp,3) € A7, one see that B8 = ap + Y _1_, €,
for some j;,l =1,--- , j, from the index set {1,--- ,d}. For fixed
Ji,l = 1,--+,j, those k-faces which can contain (g, @) € A’
must contain the edges apar,,l = 1,---,7, and other k — j
edges g with j' =1,--- ,d,j' # 5,1 =1,-- -, j. This means
that there are (i:g) such k-faces which contain (v*,v®i)y +

(¥, v*)y, l=1,---,j. We have |G;| = (Z:?),forj =1,--- k.

Summing over (??) over all f € Fy, considering all the cases of G;, j =

0,---,k, we see that the terms containing v*° are
Eod— i\
S ) = 3 (1 17) S0ty 070
fEFk 7=0 =1
kg j
C D 1 () B SR (G R e
3=0 (e0.B)EA] .,

Invoking the rotational symmetry of indices e € A, we conclude (77?)
from (77).
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Now, let us turn to prove (?77). Since

o)l <X el

(c,B)EA¥ (o, B)eAF
]' [0
< 3 > o3 + 10713,
(a,B)e AR

it suffices to prove that

5 B = (§) -

(Ot,ﬂ) €Ak acA

Again, we notice that (??), is rotationally symmetric for the 2¢ number
of indices @ € A. Therefore, it suffices prove (?7) comparing both sides
partially the quantities in v* where g = (41,42, -+ ,iq) — (1,1,--+ ;1)
is a pivot index as before. But it is immediate to see that the term
|v*||2. appears exactly (Z) times in the LHS of (?7?), which is the
coefficient in the RHS of (??). The rotational symmetry implies that
any quantity ||[v*||% for a € A appear (g) times in both sides of (?77?).
Thus (??) holds, which implies (?7). This completes the proof. O

Lemma 2.2. The following identity holds:

d d

) Yt T ), =3 |2

k=0 (aB)EA] .., k=0 feFp(Kiy..iy) Va&V(f)

Y‘

Proof. First, we notice that if g; € R, for j = 0,--- ,d, the following
holds:

(s = (o [ (5]
[ (G Dar+ ()

d d—1
d d—1
= (a2 ()
k=0 k=0
d
= 2790+ 297 g1 + - + 20, = sz_kgk-
k=0
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Using this identity, thanks to the above Lemma 7?7, we have

D DG

k=0 fE‘Fk(Ki14.4id) VQEV(f)

2

Y

AL —
- Z : (k: —j> Z (v 07)y
k=0 j=0 (a,ﬁ)GAgl,uid
d
= ZQd_k Z (Uaavﬁ)y‘
k=0 (a,B)EAfl_..id
This completes the proof. =

We are now ready to state and prove the following representations
for the norms || - || z2(q,y) and [ - [|e.

Theorem 2.3. Let Y be an inner product space with inner product
(-,)y. Let the conforming Q:-(semi-)finite element subspace Vi, and (3 -
norm be defined as in (??) and (??). For vy =}y _cyiir,) V*¥a € Vi,
we have the following representations:

thl‘%Q(Qw;Y)

2

B U 1/ 1) SEED SR D et

i1=1 1g=1 k=0 fe]:k(Kil”'id) VQEV(f)
1 l1 lq d
L SIS S D SHD 5 S SRR
i1=1 ig=1 a€Fo(Kiy...iy) k=0 ,BGAflmid(a)
1 15 lq d
(23) =g > D K D02 3T 0%y,
=1 ig=1 k=0 (aB)eAr .
(24)
9 1 h la 2
[[onllz2 :ﬁz"'Z‘Kil'“id‘ Z o]y
i1=1 1g=1 aE.Ail...id

Proof. Let v, = Zi;} e Zi‘;;i vty . € Vi, be arbitrary. Assume
the notations v'*™* = 0 for ¢; = 0 or 4; = l;, j = 1,--- ,d. More
conveniently we also use the notation v, = Zva Vi(T) v*), € V), and

exploit the property that v* = 0 YV, € V*(T},) so that

Vp = Z ana = Z ’Ua’g/)a e V.

Va€V{(Th) Va€V(Th)
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First, we will prove (??). It follows from (??) and (?7)-(??) that

th||i2(9m;y)

Iy la ! la o 2
_ Z - Z ‘ Z . Z ’U“'“Zdwilmid (m)” dx
ii=1 ig=1 Ki1~~id i1=0 1q=0 Y
A lg 2
-y % | > v va@)|| de
i1=1 ig=1 Ki1~~id aEAilﬂ.id Y
I ld
SRS S (@), > Pup()
11=1 ia=1 K.y aeFo(Kijwig) BEFo(Kiy-ig) Y
l1 ld
:Z . Z Z (Uaavﬁ)y(wa’d}ﬁ)l(il...i
i1=1  ig=1la,BeFo(Kij...i,) ’
A ld d
ISR Y. D> 0ty
i1=1 tg=1 a€Fo(Kiy...iy) k=0 BEAZ g (@)
l1 ld d
— Z A Z Z Z (Uav Uﬁ)Y |3d“ké7€|
i1=1 tg=1 a€Fo(Kiy...iy) k=0 ,BEAfl Lig(e)
(25)
1 5 lq d 2
5D Kl 3 > ],
i1=1 ig=1 k=0 feF.(Kij...iy) Va€V(f)

where Lemma ?7 is applied for the last equality (77).

This proves

da

(??7). One notices that (??) and are equivalent to (?7) owing to (?77?)
and Lemma 7?7, respectively.
Next, it is easy to prove (??) by shifting summation indices. Indeed,

the definition of [| - [|z-norm given by (??) implies that
h-1  la=l
lonlZe = D > Ko 0™
=1 ig=1
Ll sl d ' '
= ﬁ Z H (h;-lj) + h;-zj—H)) ||Ui1'“id||%/
=1 ig=1j=1
| b la )
S DRI IS H > el
i1=1 ig=1 Je€Fo(Kiy.iy) a€V(S)
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I ld
1 2
f— — . .. . . a
- QdZ Z | K Z v HY
11=1 tg=1 aE-Ail-»-id
This completes the proof. O

From the above norm representations in Theorem 77 it follows that
the two norms are equivalent as stated in the following theorem.

Theorem 2.4. Let Y be an inner product space with inner product
(-, )y Let the conforming Q- (semi-)finite element subspace V;, and (3 -
norm be defined as in (??) and (?7?). Then, the following inequalities
hold:

(26) [onllZ2 0y < lonllZe < 3NonllZeuyy  Vou € Vi,

where the bounding constants, 1 and 3%, are independent of mesh size
h.

Proof. For the first inequality, the application of (??) for each k in (77)
and the identity ZZ:O 24—k (z) =34 for d € Z, leads to

(27)
l l d
2 <i - S K . 2d7k‘ d al|2
lonllZeum) Sz D D Ko D275 ) D2 17l
i1=1 ig=1 k=0 ae‘Ail"‘id
1 I lg
=g > 2 K3 D0 I10®I = llonll.
11=1 tg=1 OlE.Air”id

where (?77?) is applied in the last equality.
The second inequality follows from (?7?) and (?7). O

Likewise in the 1D example described in Subsection 1.1, the follow-
ing 2D example illustrates the bounds in (??) are sharp in 2D.

Example 2.5. First, let Q, = (a,b) x (¢,d) C R? and T}, be a uniform
triangulation of €2, into l; X l; rectangles for some [; € Z,j = 1,2. As-
sume that the coefficients v"12 in v, = Zva EVi(T) v*1)q, are of checker-

board pattern on V'(7}) so that

(28) Z v* =0 for f € Fk(KiMQ)?k =1,2,
aeV(f)
Vij =2, —1,j=12

(29) v* =0 YV € V(Th).
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Evidently, such a checkerboard pattern of form (??) is a 2D tensor
product of 1D checkerboard patterns:

. SDA(=1)2, =10 —1,5=1,2
(30) Uuzg =c ( ) ( ) ’ 7f] ) 7' ] h? <
0, i =0, ori; =1;,5=1,2,
for some nonzero constant c. Denote | K| = | K, 4| = lll Vij=1,---,1;,
j=1,2.
Then, thanks to (?7), (??) reduces to
th||2L2 (%)
151 l2
XYY Y [y
i1=112=1 k=0 feFi(Kij ip) ' a€V(f)
’Kl lh—11x—1 2
DI DED DRI BN
11=212=2 feFo(Kiy iy)  a€V(f)

-1 2 2

VYY) e

1=2 k=0 feF,(Kij,1) [€FR(Ki1,)  aeV(f)

12=2 k=0  feFi(Ki,i,) [feF(Kiyi,) ' aeV(f)

NI SEEND SEE D SIS [ okt

=0 feFi(K11) [feFr(Ki, 12) fE]:k(Kll 1) fe}—k(Kll 12) acV(f

4% K| 8¢?| K| 82| K| 1662|K|
g L=2l-2)+ —a—(h -2+ —5— (-2 +—x
K
- :|))2 |lll2.
In the meanwhile, by Definition (?7),
h-llb-1
lonlZ = >3 [Ki [0 = AIK (1 — 1) (12 — 1),
i1=1iy=1
Hence, we have
lonlls (i -1)@—1)

S lasly,ly — .

32th||%2(gm) B Lily

Remark 2.6. The exactness of bounding coefficients 3¢ in (??) can be
achieved in any d-dimensional rectangular domain by extending the
2D function of checkerboard pattern in Example 7?7 to d dimensions.
Indeed, for Q, = (0,1)¢, let T, be a uniform triangulation of Q, into
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ly x -+ X lg d-rectangles. Then for v, = Zvaevi(Th) ¥4, choose the
coefficients given by

(31) > v =0for f € Fi(Kii) k=1,--- d,
aeV(f)
Vij=2,--,li—1,j=1,---,d,
(32) v* =0 YV € V(Th).
The same argument as in Example 77 leads to
K|l -y
”Uh“%z(gw) VI and ||Uh|’§% =Kl —1)--- (g — 1).
so that
||Uh||?2 (l _ 1) .. (l _ 1)
h 1 d
= lasly, - ,lg — oo.
37 onl22 ) Ll A Last, o la

3. Applications to the case of Y = L*(Q,)

In the special case of Y = L?(€,) for some open set Q, C R", we
can interpret L?(Q;Y) as a subspace of L*(Q; x Q). In this case,
for points in  := Q, x €2, we employ the coordinate system (x,y) =
(X1, ,Ta, Y1, -+ ,Yn), and the gradient operator split as follows:

V= (Vwavy)Ta Vg = (axn T 7aﬂ7d>T’ Vy = (81/17 o 7ayn)T'

Based on the above settings, we introduce the following semi-discrete
subspace L3 C L*(Q2) in x-directions defined as follows:

1—1 lg—1

o= { @) = Y (@) | 0 € 2,
=1 ig=1

(33) ijzla'”ulj_luj:]-a"'vd}a

with the semi-discrete (3-inner product (-,-)z given by (??) with ¥ =
L*(9y,).

As an application of Theorem 7?7 to the case of Y = L?(£,), the
following result holds:

Theorem 3.1. Let the semi-discrete subspace L3 and (3-norm be de-
fined as in (?7?) and (??) with Y = L*(Qy,). Then, the following in-
equalities hold:

(34) [on]|72(q) < ||Uh||§§b <3N onllfaq) Von € L7,

where the bounding constants are independent of mesh size h.
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Let us proceed to define a semi-discrete subspace H} C H}(Q) in
a-directions by

I1—1 lg—1
%h—{vh—z DY 0 (Y, ()

1 1 ’Ld 1
I Iy
= > 0 (), () |
i1=0 ig=0
(35) it c H&(Qy),ij =0, 71].7 j=1,-- ,d}.

We employ the following notation for the backward finite difference
operators:

D gt id :L(uilmz]mzd I AR PRy | zd)
J h(’LJ) )
J
(36) =1, 1, =1, d.

Then Dj, is defined on H;, as follows: for v, € Hj},

Dp\ n-t 1

D, v, = : Z ZU“ Zd Y)Viy.iy(T)

- 1 1
th i1= 4=

—  Gqed
-1 ld—l Dhlv ! d

=D IR0 DY IEEERE KOS Co Ry s

i1=1 ig=1 D]:dvh-..z‘d

Remark 3.2. Forany j =1,--- ,d, let vp(z;) = ij;i viﬂ'qbij(a:j). Then,

for each interval (méij*l), xg” )), we have

ouy, v — Tt (i;-1) (i)

—(x;)) = ————— =D, v, Vo; € (x;” 7, x;’

833]( ]) h;zj) h; h J ( J 7 )
Therefore, g%? can be represented as gix’; = sz_lD vhx( (=1 G,

in L?(0,L;). In order to represent % as a function in £, we can
J
reinterpret it as follows:

1—1 . 1—1

dun v —
) a—h(x]) = Z ——— s, (z) ZD 0% ¢ (),
Lj plo

i;=1 j i;=1

Therefore, for v, € H;,, we can interpret %(m) = Oy, un(x) = D), vp().
y :
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Now we are ready to endow H; with the following semi-discrete hj,-
inner product (utilizing the Poincaré lemma):

(37) (un,vn)p = (Dyun, Dyvp)e + (Vyun, Vyvp)e  Vup, vy, € H;,.

Remark 3.3. If H} is a subset of H'(Q) instead of H}(f2), the h}-inner
product may be replaced by

(38) (un; vn)ps = (un,vn)e + (Vun, Vvh)gi-

As an application of Theorem 77, we establish the equivalence
between the continuous H'-norm and the semi-discrete hj-norm on
the semi-discrete space H}. The following theorem was proved in [?,
Lemma 3.1] for the special case of d = 2 under the assumption of
uniform partitions. The following theorem is a generalization to the
case of uniform or nonuniform partitions in any finite dimension d.

Theorem 3.4. Let H; be defined as in (7?) for d > 1. Then, the
following inequalities hold.

(39) IVunlie < IVullp <3°Vunllgq You € Hi,
where the bounding constants are independent of mesh size h.

Proof. Let v, = S 01 Ziji v (y)ay, ., () € Hj, be arbitrary.

il:l ' . .
Assume the notations v"*"* = (0 for ¢; = 0 or i; =1;, 7 = 1,--- ,d.
Then, from Theorem 7?7 it is obvious that
(40) IVyvnllZa@) < IIVyunllze < 3%VyvnlZaq).
Next, we consider ||0,,vp|72) for j = 1,---,d. By definition and
Remark 77,
! la 2
el =3 [ X @ ate)|  de
n=l el el L2(Qy)
! la 2
BN / S (Dp ()| da
i1=1 ig=1 Kil-»-id ae‘AKil»-»id L2(Qy)
Hence, the arguments leading to (?7) and (?7?) yield
(@) sl < D5 val% < 300, vl o € Hi
for all j =1,--- ,d. Therefore, we have
(42)  [IVeunllia < IDyunllp <3Vaunliag  Von € H,.

The combination of (?7) and (??) gives (?7). This completes the proof.
U
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4. Numerical examples

In this section, functions of random values and of checkerboard pat-
tern will be used to confirm the sharpness of the norm equivalence
(??) and (??) on uniform and non-uniform meshes. Our numerical
experiments are confined to 2D scenarios.

Example 4.1. Set Q, = (0,1)® and consider a regular family of
triangulation (73)ps0 by {1 X lo rectangles of . Let V}, be the ¢
finite element subspace of Hj(€);) associated with 7Tj,. Throughout
the section, the representation formulae (??) and (?77?) will be em-
ployed for || - [|72(q, ) and || - H?i in the computation of norms of

Uh(w> = Zﬁ;i Z;i vi1i2wi1i2 (m) € Vh.

(1) Uniform meshes. We first take uniform meshes with h; =
1/l;,5 = 1,2. For random coetlicients 7, consider

K L
fi(zy, x0) = Z Z%l sin(2mkxy) sin(2wlzy)  with K = L = 10,

. 1
minq —,10 .
where vy = (Tkz - %) e {"kl } with random numbers ry; €

(0,1). The coefficients v are chosen such that v = f;(z{"),
(42)

xy?),i; =1,---,1;,j = 1,2. The numerical results are present-
ed in TABLE 7?7. We observe from TABLE ?? that the inequal-
ities

[on]l 720, < HUhHZg < 32|onllZ2q)

hold for such v, € V},. These confirm partially the inequalities
in Theorem 77.

(2) Checkerboard pattern. On uniform meshes of [; x [ rectan-
gles, we consider the following function of checkerboard pattern:

fo(a1, ) = cos ((lixr — 1)) cos ((lawe — 1)), (w1, 22) € (0,1)

We take the coefficients v/12 = fo(z{™), 2§?)) fori; = 1,--- ,1,—
1,7 = 1,2. Our numerical experiments were performed for {; =
ly =20%21 k=1,---,9. Table ?? displays numerical results
which confirm the ratio of ||vh||§% and [|va||72q,) approaches 3?

as in (?7). These results also confirm the theoretical analysis
given in Example ?77.
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TaBLE 1. Comparison of [|vy[|% and ||vp |72, on uni-
h €T

form meshes for a random function.

h=lb| hh=hy | loallfaq, | loalZ | llonll?/ (3%llvallZea,))
20 [5.00E-02 | 6.19E-01 | 1.52E+00 0.27
40 | 2.50E-02 | 1.41E+00 | 1.94E+00 0.15
80 | 1.25E-02 | 1.78E+00 | 1.94E+00 0.12
160 | 6.25E-03 | 1.90E+00 | 1.94E+00 0.11
320 | 3.13E-03 | 1.93E4+00 | 1.94E+00 0.11
640 | 1.56E-03 | 1.94E+00 | 1.94E+00 0.11
1280 | 7.81E-04 | 1.94E+00 | 1.94E+00 0.11
2560 | 3.91E-04 | 1.94E4+00 | 1.94E+00 0.11
5120 | 1.95E-04 | 1.94E4+00 | 1.94E+00 0.11

TaBLE 2. Comparison of [lop[|% and 3%(|vp[|72(q,) on
h x

uniform meshes for a function of checkerboard pattern.

W=l hi=h | Ploliey | lodz | Il lole,)

20 | 5.00E-02 1.00E+02 9.03E+01 0.90

40 | 2.50E-02 1.00E+02 9.52E+01 0.95

80 | 1.25E-02 1.00E+02 9.75E+01 0.98

160 | 6.25E-03 1.00E+02 9.88E+01 0.99
320 | 3.13E-03 1.00E4-02 9.94E+01 0.99
640 | 1.56E-03 1.00E+02 9.97E+01 1.00
1280 | 7.81E-04 1.00E+02 9.98E+01 1.00
2560 | 3.91E-04 1.00E+02 9.99E+01 1.00
5120 | 1.95E-04 1.00E+02 1.00E+02 1.00

(3) Random function on graded meshes

. Consider the graded

mesh defined as follows (see FIGURE 77): for j = 1,2,
i) _ 1 _
& olj—ij’ L1
w_ L 5o _ 1
h] 2lj—17 h] _ 2lj—1’
Gy 1 = (i5) 3 .
hjj lj—ij+17 hjj - Qlj—ij+2” lj = 2a U >lj-

We employ the random function (?7?) and the corresponding
numerical results are presented in TABLE ??. The inequalities
in (7?) are verified also in this case.
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FIGURE 3. The graded mesh for grading factor n = 8.

TaBLE 3. Comparison of || and [[vn]72q,, on a
h €T
graded mesh for a random function.

b=l Pmin ||Uh||%2(gm) th”?% th||?i/(32||vh”%2(92))
1 5.00E-01 6.66E-61 6.66E-61 0.25
2 2.50E-01 1.68E-04 1.68E-04 0.25
3 1.25E-01 5.42E-02 5.42E-02 0.23
4 6.25E-02 7.64E-02 7.64E-02 0.27
o 3.13E-02 1.27E-01 1.27E-01 0.25
6 1.56E-02 1.40E-01 1.40E-01 0.23
7 7.81E-03 1.40E-01 1.40E-01 0.23
8 3.91E-03 1.40E-01 1.40E-01 0.23
9 1.95E-03 1.40E-01 1.40E-01 0.23
10 9.77E-04 1.40E-01 1.40E-01 0.23
11 4.88E-04 1.40E-01 1.40E-01 0.23
12 2.44F-04 1.40E-01 1.40E-01 0.23

(4) A function of checkerboard pattern on graded meshes.
On the same graded mesh, we choose the coefficients v"1%2 =

fg(a:gil), :Eéh)) where
f3(x1, 22) = cos ((l1+log2 1’1—1)7T) cOS ((12+10g2 :U2—1)7r), (z1,22) € (0,1)%

Numerical results are presented in TABLE 7?7 and FIGURE ?77.
We stress that the more meshes are used in the graded meshes,
the sharper the upper bound in the Theorem 77 is attained.
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TaBLE 4. Comparison of [lop[|% and 3%(|vp[|72(,) on
h x

graded meshes for a function of checkerboard pattern.
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h=1l| |l Pllonllia, | loall | lonllz/ (32lonllZe,))
1 [5.00E-02| 2350E+01 | 6.25E+00 0.25
2 |250E-02| 250E+01 | 1L41E+01 0.56
3 |1.25E-02| 250E+01 | 1.91E+01 0.77
4 |6.25E-03| 250E4+01 | 2.20E401 0.88
5 |3.13E-03| 250E+01 | 2.35E+01 0.94
6 | 1.56E-03| 250E+01 | 2.42E+01 0.97
7 | 781E-04| 250E+01 | 246E-+01 0.98
8 [3.91E-04| 250E+01 | 248E+01 0.99
9 |1.95E-04| 250E+01 | 249E-+01 1.00
10 | 9.77E-05 |  2.50E+01 | 2.50E+01 1.00
11 |488E-05| 250E+01 | 2.50E+01 1.00
12 | 2.44E-05| 2.50E+01 | 2.50E+01 1.00

—#— Numrical ratio of squared norms

= = =Theoretical ratio of squared norms(=1)
I I I I I

T

4 5 6

7

8 9

graded factor

10

11

12

FIGURE 4. Ratio of norms on graded mesh for checker-

board function.

5. Conclusions

In this article, we derive several useful representation formulae for
the L?-norm and the semi-discrete ¢2-norm that is intrinsic to mass
lumping in any dimension. Using these reprentation formulae, accu-
rate bounds between the two norms are obtained. Then we prove such
bounds holds for H!(Q)-norm and the semi-discrete h}-norm. We em-
phasize that the bounding constants are independent of mesh size h,
which means that the equivalence relationships are uniform in A. How-
ever, one of the bounding constants depends on dimension. Specific
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examples and numerical experiments are provided to validate the the-
oretical results, confirming their correctness and applicability. The
theorems are applicable to analyze finite element methods where the
mass lumping schemes used in some directions as well as theoretical
analysis of the Finite Difference FEM.

In future work, we will focus on the equivalent relationships between
other norms in continuous and discrete spaces in any finite dimensional
space.
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