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ANALYSIS OF HARMONIC AVERAGE METHOD FOR
INTERFACE PROBLEMS WITH DISCONTINUOUS
SOLUTIONS AND FLUXES

KEJIA PAN', HENGRUI XU?, AND ZHILIN LI®

Abstract. Harmonic average method has been widely utilized to deal with heterogeneous
coefficients in solving differential equations. One remarkable advantage of the harmonic
averaging method is that no derivative of the coefficient is needed. Furthermore, the
coefficient matrix of the finite difference equations is an M-matrix which guarantees the
stability of the algorithm. It has been numerically observed but not theoretically proved
that the method produces second order pointwise accuracy when the solution and flux
are continuous even if the coefficient has finite discontinuities for which the method is
inconsistent (O(1) in the local truncation errors). It has been believed that there are some
fortunate error cancellations. The harmonic average method does not converge when the
solution or the flux has finite discontinuities. In this paper, not only we rigorously prove the
second order convergence of the harmonic averaging method for one-dimensional interface
problem when the coefficient has a finite discontinuities and the solution and the flux are
continuous, but also proposed an improved harmonic average method that is also second
order accurate (in the L° norm), which allows discontinuous solutions and fluxes along
with the discontinuous coefficients. The key in the convergence proof is the construction
of the Green’s function. The proof shows how the error cancellations occur in a subtle
way. Numerical experiments in both 1D and 2D confirmed the theoretical proof of the
improved harmonic average method.

Key words. Harmonic average, improved harmonic average method, variable discontin-
uous coefficient, non-homogeneous jump conditions, Green function, discrete maximum
principle, convergence analysis.

1. Introduction

Harmonic average, sometimes also called harmonic mean, has been ap-
plied to solve various differential equations when the material parameters
have large variations, even with finite jump discontinuities, which are called
interface problems. Applications include unsaturated flow in layered soil-
s [11], non-linear heat conduction problems in [3]. Advantages of the har-
monic average approach include the simplicity in implementation and p-
reservation of some physical properties. There are limited references on
study of the harmonic average method. A few discussions can be found
in [1,3,11,14]. Tt is observed that the harmonic average method works well
for one-dimensional problems when the solution and the flux are continuous
even if the coefficient have a finite number of jump discontinuities. How-
ever, to our best knowledge, there is no rigorous proof that can be found
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in the literature. In this paper, we have provided rigorous proof why and
when the harmonic average method works; and more important, developed
an improved harmonic average method that can work for interface problems
with discontinuous solution and/or fluxes with second order accuracy in the
L norm. The new improved harmonic average method does not need the
derivative of the coefficient, an obvious advantage over some existing second
order accurate methods.
We consider the following interface problem

(1) (B(@)ug)e —o(z)u= f(z) +vé(z —a) + wd'(z —a), 0<z<1,
with specified boundary conditions of u(z) at x = 0 and z = 1. We assume
that B(x) > Bp > 0, o(z) > 0, and o(z), f(x) € C[0,1], but allow B(x) €
C(0,)UC(av, 1), which means that 3(z) can have a finite jump discontinuity
at a. In [9], the authors showed that the problem is equivalent to the
following interface problem,
(B(x)ug)z —o(x)u = f(x), {0<z<alU{a<z <1},

(2) 2w

[ula = s A

f=+p

where 37 = lim, o B(z) and BT = limg o4 B(x). It is easier to use this
formulation to prove the existence and uniqueness of the solution to the
boundary value problem.

[Bug)a = v, 0<a<l,

Harmonic average finite difference method. Given a uniform grid

0 =20 < x1 < -+ < xy = 1 with the step size h, the harmonic average
finite difference equation at a grid point x; is the following

1
(3) 72 <5i+%(Ui+1 - Ui) — B@;%(Ui - U¢71)> Ui —o;U; = fi,

where 0; = o (x;), fi= f(v;), and 3; 1 is the following harmonic average,

Tit1 -1
)

(4) Bir1

When §(z) € C[0,1], the above expression can be replaced with 3(x;1/2).
Numerically, second order accuracy in the pointwise L> norm has been ob-
served even if 8 has a finite jump discontinuity but the solution and the flux
are continuous, that is, w = 0 and v = 0 assuming that the integration is ac-
curate enough, see for example [5,13]. Note that the finite difference scheme
is inconsistent at the two grid points adjacent to the discontinuity as we can
see later. One misconception is that the local truncation errors would cancel
out to O(h), which would lead to second order convergence. The harmon-
ic average finite difference method does not converge when the solution or
flux has a finite jump, which is often referred as a non-homogeneous jump
condition.

In this paper, we not only show the convergence of the harmonic average
finite difference method for 1D interface problems with finite number of
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discontinuities in the coefficient with homogeneous jump conditions (w =
0 and v = 0), but also proposed a new improved second order harmonic
average finite difference method for the general 1D interface problem (21)
with non-homogeneous jump conditions.

The paper is organized as follows. In the next section, we explain the
classical and the new improved harmonic average finite difference method.
In Section 3, we show the convergence analysis of the classical and the new
improved harmonic average method. In Section 4, we present the improved
harmonic average method for two-dimensional problems when the interface
is parallel to one of axis. Numerical experimental results are shown in Sec-
tion 5. We conclude in the last section.

2. The improved second order harmonic average finite difference
method

The improved second order harmonic average finite difference method
with non-homogeneous jump conditions and o(z) = 0! is outlined below.

e Step 1: Generate a Cartesian grid, say
x;=1h, 1=1,2,--- /N,

where h = 1/N. The point « will typically fall between two grid
points, say z; < a < 41 (see Fig. 1). The grid points z; and x4
are called irregular grid points if a standard three-point central finite
difference stencil is going to be used at grid points away from the
interface . The other grid points are called regular grid points.

hl hr
{ " 1
.13]‘,1 mj ; acj 8 .’L‘j+1 33]'13 m]‘+2

FI1GURE 1. A diagram of a one-dimensional grid and the in-
terface a between x; and x;41.

e Step 2: Determine the finite difference equation at regular grid
points. At a grid point x;, ¢ # j, j + 1, the standard three-point
central finite difference approximation

(5) % (5¢+%(Ui+1 —U;) = Bi_1(U; — Uifl)) = fi,

_1
2

is used, where Bi+% = B(xH_%) and so on, 0; = o(x;), fi = f(xi).

Lyf o(x) # 0 but in C°, we can treat it as a source term. So, the method and analysis
are still valid.
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e Step 3: Determine the finite difference scheme at irregular regular
grid points x; and xj41. The finite difference equations are:

1 (BixrWUin =Uj) B 1(Uj = Uj-1)
(6) -
1 Bj+%(Uj+2 - Uj+1) BjJr%(Uj-&-l - Uj)
. h - h = fj+1 + Cj+17

where Ry == 1 > 0, h’”:ijr% —a >0, and
(7) 1 = <xj;+h >4 aﬁ_}?) ’
R Bj"‘% [Bus] )
(8) CJ - hl h [U] + ﬂ_t,_ (:Uj-‘rl - Oé) 3
Bii1
) Cin =~ (1+ B - ).

e Step 4: Solve the system of equations (5)-(6), denoted as A, U =
F, whose coefficient matrix is tridiagonal, to get an approximate
solution of u(z) at all grid points.

We call the finite difference scheme above as the improved harmonic average
method.

The improved harmonic average method is similar to the traditional method
for non-interface problems and does not need the derivative of (z) which
is different from other methods. We see also that the coefficient matrix of
the finite difference equations is diagonally dominant, and the off-diagonals
have the opposite sign as that of the main diagonals and it is irreducible.
If one of boundary conditions is prescribed (Dirichlet), then the coefficient
matrix A is an M-matrix and invertible. The key to the improved harmonic
average method is the added correction terms C; and ()11 corresponding
to the jumps in the solution and the flux.
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Remark 1. In fact, the harmonic average in the interval (x;, ;1)

i1 -1
Bjy12 = (;L/J B_l(x)da:)

J

- (% f:g B~ Yz)dx + %fsjﬂ 671(x)dx)_

-1
IRV 1o 1
I / From™ T h/a B+ O(h)d$>

-1
1 /1 1 [%+ 1

When the coefficient B(x) is a piecewise constant, the harmonic average
B‘+l - /8 1.
J+3 J+35

Remark 2. In general, Ay is not symmetric anymore except that h; =
hy, that is, the interface is in the middle of two grid points. However, we
can scale the finite difference equations at the two grid points to make the
coefficient matriz symmetric by multiplying hy/h and h,/h to the first and
second equations in (6), respectively.

Remark 3. For one dimensional interface problems with a variable dis-
continuous coefficient, the immersed interface method proposed in [5,7] can
work but needs the first order derivative of the coefficient from the left and
right. The improved harmonic average method is derivative free, and the
coefficient matriz of the finite difference equations is an M-matriz, which
is a big advantage. The immersed finite element method (IFEM), see for
example, [2,6,8,10] is a derivative free method, but the convergence proof is
only valid in the H' or L? norms, not in the L™= norm.

Remark 4. If o(x) in (1) is non-zero but continuous, then we can treat
o(x)u(x) term as a source term, which is o(x;)U; in the discrete case added
to the finite difference equations. The finite difference scheme can be further
improved with an additional correction term if the source term f(x) has a
finite jump at «, see for example [4,7].

2.1. The derivation of the improved harmonic average method at
an irregular grid point. The local truncation errors of the finite difference
scheme are defined as,

(1) Ti= % <5i+%(u(9€i+1) —u(w;)) — Bi_%(u(%’) - U(%’A))) - fi,
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fori =1,2,--- ,2y_1, ¢ # j, 7+ 1. At z; and x;41, the local truncation
errors are,
(12)
. Bipi(u(zj) —ulzy) B 1 (u(zg) —u(zj-1)) .

Ty h - h —Ji= G
(13) i

o1 Bipi(u(@jpe) —wlwjpn)) By (u(zjen) —ulz;))

—fi+1 — Cjt1.

At regular grid points, we know that |T;| < Ch?. We also know that
(u(zjt1) — u(zy))/h = ux(:cﬂ%) + O(h?). At irregular grid points x; and
xj+1, we use the IIM’s idea and an underdetermined coefficients method
to show the finite difference weights and the correction terms. We use the

irregular grid point x; to explain the process.
Using the jump conditions and Taylor expansions at x = o we derive

7 u(wjyr) —ulzy) c,

Biu; ~ j+i h
- BJZ% (ut +uf (zjp1 —a) —u™ —uy (z; — @) + O(h?)) — C;
Bivi “ug .
- % (u_ + [u] + ’ umﬁt ] ](ijrl —a)—u”

—ug (2 — @) + O(h?)) = C;

- Bj}j% ((gmg#l —a)+(a— a:j))u; + [u] + [ﬁﬁuf] (@)1 = a>>

_C’j + O(h)v

where again u? is the limit of «/(z) from the right and the left of a. By
matching the corresponding terms on both sides, we should set
Bies (B
2 (G- a @) =5,

o= (1 + Sl - o).

Solving the above two linear equations, we obtain the formula (7) for the
underdetermined coefficient (3 i1 and the correction term Cj at x;,
2

éj = thl-
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After we obtain the approximate to S~ u, , we have,

(B)u)la- — (B,

(B(x)ua:>x T=x; = o — a;j_%
Bio1(Ussr = Up) = Cih— 5,1 (U — Uj)
- hhy
1 5J+1(UJ+1 - Uj) ﬂjfé(Uj —Uj1) c

Using the above expression to approximate the ODE (1), we obtain the finite
difference equation (6) at the irregular grid point x;. The derivation for the
grid point x ;1 is similar, so is omitted.

In the next section, we derive the estimates of the local truncation errors
1}' and 7}‘+1.

3. Theoretical analysis of the classical and improved harmonic fi-
nite difference scheme

Lemma 1. Under the assumptions of the interface problem (1) and the al-
gorithm settings, and assuming that the solution to (1) is piecewise C3(0, 1),
then the following hold:

Bt ot (g — o2 = (e — )2
(14) T] _ Jt+3 u:rx(x]-l-l a) umz(a:] a) + O(h),
hh; 2

_Bj'i'% u;_ac(xj+1 — a)Z — ux_x(wj — a)Q
hhy 2

(15)  Tj +O(h).

Note that, we can see clearly that T ~ O(1) and Tj41 ~ O(1) in general,
which indicates the algorithm is inconsistent. It is easy to spot that,

hy.
(16) T+ T ~O(), but Ty =" T4 O(h),
l
If hy = hy, then T; = =T 1 + O(h), we would have the error cancellation,

which does not happen in general. The O(1) terms contains (u;, (2;+1—a)*—
u,,(r; — @)?)/(hh) and so on, which fluctuates depending on the relative
position of o between z; and xj11. So, there are some cancellations in the
local truncation errors but not enough to conclude second order convergency.
We need additional tools to show that A, ' (Tje;+Tji1ej+1) ~ O(h?), which
leads to the second order convergence. To prove the convergence of the finite
difference scheme (improved harmonic average method), we first prove the
piecewise constant coefficient 8 that has a finite jump at «. For this purpose,
we introduce the following second-kind Green’s function, see the similar one
in [15].
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Let G (x) be the solution of the following interface problem,
(17) (BGL(2)) =8 (z — a), 0<z<l,
Gao(0) =0, Gu(1)=0.

Note that there is a jump at x = « for the solution but not the flux, that is,

2 /
(18) [Ga(l’)}a—m7 [5Ga($)]a—0,
see [9] It is easy to check that the interface problem has the following analytic
solution,
1 —2p*
z <z <a

<ﬂ%1—a>+ﬁ+a>ﬁ—+5+ ’ ’

(19)  Gal(z)

1 28~
<5_(1—a)+6+a> B~ + Bt (I-2), a<z<l,

where 87 (1 —a) + Ta > 0.

If we apply the improved harmonic average method to the 1D interface
problem (17), we will get the exact solution (without the presence of the
round-off errors) since the second order derivatives are zero excluding the
interface a, which implies that all the local truncation errors are zero. Let
us write the finite difference equations as a matrix-vector form A, G = F.
Then, the j-th component of F is

- Birr 2
J hih B~ 4+ Bt ’
from the correction term and the exact solution. Thus, if we take W =
Tjlh(8~ + 87)/(2B;, 1), then we have (A Ga(x,)W); = Tj, which is the
2
finite difference scheme applied to the function G, (x), where Gu(xp) =

[Ga(z1), Ga(22), ..., Ga(zn_1)]". We summarize the result in the following
lemma.

Lemma 2. With the settings in this section, we have
(20) (47" (Tyej + Tisnejin ) = Galz)W +0(2),

where e; is the j-th unit vector whose entries are all zero except for the j-th
entry that is number one, and W = Tjhih(5~ + ﬁ+)/(28j+%). It is obvious
that |[W| < Ch%. The O(h?) term in (20) is due to A=*O(h) ~ O(h?), where
the O(h) term is from the high order terms in the expansions of T and Tj41.
The justification is subtle, knows as, the local truncation errors can be one
order lower without affecting the global accuracy, see also, [4,5,7, 12].

Proof: First we note that G, () is a piecewise linear function and we would
obtain the exact solution if we apply the algorithm to the boundary value
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problem,
(B@)uz)e =0, {0<z<alU{a<z<1},
2
(21) [U]a = WW, [ﬁuw]a = 0, 0 < a< 1,

u(0) =0, wu(l)=0,

which is equivalent to (17). At the grid point x;, the right hand side is
simply the correction term,

B'+l 2
29 G_ 7z % w_rT,
22 G hn g

and at the grid point x;1, the right hand side is

Biyr 2 hy
- hrfj mW: —ETj =Tj11+O(h),

(23) CjG+1 =

from (13). The rest of the right hand sides are all zero. Since the algorithm
would return the true solution if it is apply it to (21), we conclude (20) and

(24) | (A, (Tjej + Tjiei)), | = |Galzi)|- [W| < Ch2

Now we state the main convergence theorem on the convergence of the
improved harmonic average method that includes the original harmonic av-
erage method as a special case when [u] = 0 and [fu,| = 0. In the proof,
the contribution to the global error from the local truncation errors at reg-
ular grid points are Ch?, where C depends on u”’(z) and B(z). The local
truncation at two irregular grid points z; and x4 are of O(1/h), but their
contribution to the global error is O(h?), which is the core part of the proof.

Theorem 1. With the assumptions and setting is this section, the finite
difference solution computed using the improved harmonic average method
applied to (1) or (21) has second order convergence in the infinity norm,
that 1is,

(25) |Ello < Ch?,

assuming that the true solution of (1) is piecewise C* excluding the interface
a, that is, u(z) € C*(0,a) U C4(a, 1).

Proof: We have

(26) AU =F, Apu=F+T, thus Ap,E =T,
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where T is the local truncation error vector with |T;| < Ch? at regular grid

points,

and Tj, and Ty are given in (14) and (15). Thus, we get

N—-1
A Tkek
k=1
= Z (A, ' Trer), + (A, (Tyej + Tjriej41)),
kj.i+1

= 0(0*) + (A, (Tje; + Tjsrej41)), -

Note that from Theorem 6.1 in [12], see also [7,15], we know that

Z (4, ' Trer),| < CR?.
k#5,3+1

Along with (24), we have |E;| < Ch?, which completes the proof of the
theorem.

Remark 5.

(1)

(2)

(3)

(4)

In order to have second order accuracy, we still need that condition
that u(x) is piecewise C* so that the local truncations errors are
O(h?) at reqular grid points although we just need C* condition near
the interface.

As we can see from the proof, the error constant, while it is O(1),
depends on h; and h,, which are mesh dependent quantities. Also
the leading errors at irreqular grid points will depend on (x; — a)?
and (41 —a)3, so the convergence order may fluctuate as confirmed
from the numerical experiments.

While the proof is for piecewise constant coefficients, the convergence
analysis is still valid for variable coefficients since we can use piece-
wise Taylor expansion at the interface for the coefficient. After the
expansion, the O(h) term can contribute at most O(h?) to the global
error.

For the equation (B(z)ug)s —o(x)u = f(x), we can treat o(z)u(x) as
a source term and the developed method can still be applied if o(x)
18 continuous at a.

4. The improved harmonic method for two dimensional problems
with an interface that is parallel to one of axis

The improved harmonic method can be applied directly to two- or three-
dimensional interface problem with a line ( plane in 3D) interface that is
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parallel to one of axis. Consider for example,

(B(x, y)uz)e + (B(x, y)uy)y — oz, y)u = f(z,y),
{a <z <a}lU{a<z<b},

(27) {e<y<d},

[u]q = w, [Bugz|a = v.

We assume that o(z,y) and f(z,y) are continuous in the domain, and a
Dirichlet boundary condition along the boundary. We assume that the co-
efficient S(z,y) has a finite jump discontinuity in the z direction at x = a.
After we set up a uniform grid

(28) xy=a+ihy, i=0,1,---,m; yj=c+ih,, j=0,1,--- ,n—1,

with hy = (b —a)/m; hy = (d — ¢)/n. Let us assume that z; < o < zp41,
which was x; before for the 1D problem. The finite difference equation at a
grid point (x;,y;) is
(29)

1
h2 (ﬁiJr%,j(Ui‘Fl:j = Uij) = Bi_1 ;(Uij = UHJ))

1
+ ) (Bi’j_i_%(Ui,j—H —Uij) — ﬁm-_%(Ui' - Ui,j—l)) —04Uij = fij,
]

fori=1,2,---,m,i #kk+1,j=1,2--- n—1. At the irregular grid
points (x,y;), the finite difference equations are

(30) _
1 Brr 1 jUktrj — Ukj) - Br1 j(Ukj = U-1,5)
h; hy ha
1
+og (/8k7j+%(Uk:,j+1 = Ukj) = Brj—1(Ukj = Uk,j—l)) — 0k Uk;
)
= fkj + Chjy
Bk—l-l J [Bum]a i
Crj = hthx <[“]a,y]~ ?’%(MH - 04)) )
7=12--n, hl:a—xk_% > 0, and
-1
= Th+1 — & o — T
(31) B 1. = + — s
Fted /Btiyj hz Ba,yj ha:

have the similar meanings as defined before.
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Similarly, at the irregular grid points xj, the finite difference equations
are

1 (ﬂk+g7j(Uk+2,j — Uk11,5) Bk+%7j(Uk+2,j - Uk+1,j)>
By ha N ha

1
t2 (5k+1,j+%(Uk+1,j+1 = Uky1)
)

32
(32) = Bryrj-1 Uktrg — Uk+1,jfl))
= 0k41,jUkv15 = frv1j + Crarygo
Bk+l j [Bua]ay,
Ck L 27.7<u _’_‘ra’y][gk—a>’
+1,j hr hx [ ]Oc,yg /87 ( )
7=12—--- ,n,and Bk+%,j and h, = Tpys —Q > 0 have the same meanings

as defined before.

5. Numerical examples

We validate the method and analysis through some nontrivial examples
for which we have analytic solutions.

Example 5.1. Let the coefficients and the source term be the following,
(33)  Bl2) = {

1+ 22 if0<z<a,
log(2+2x) ifa<z<l,

22k1 cos(k1z) — (22 + 1)k?sin(k1x)  if0<z <a,
(34)  f(x) = B kg sin(kox)
242

In the example, log is the natural logarithm. The solution to the boundary
value problem is

—log(z + 2)k3 cos(kex) ifa <z < 1.

(35) u(z) =

sin(kiz) if0<z<a,
cos(kex) ifa<z <1,

In Table 1, we show a grid refinement analysis of the method with e = 1/3,
and different k; and ko for the example. The first column is the mesh
size n. The second to fifth columns are results of the solution errors, the
local truncation errors at the left and the right irregular grid points when
k1 = b,ko = 3. We clearly say that the local truncation errors at the two
grid points are O(1). The approximated convergence order computed by

10g (|| Ello0n/ [l Ello0,2n)

(36) order = log 2 .

The convergence order jumps up and down, but the average is 2.1093 since
the error constant depends on the relative position of the interface and the
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underline grid. In fact, the averages of the orders of the errors using two
consecutive grids (n and then 2n) is close the number 2. The last two
columns in Table 1 are the results of the method with o = 1/3 with k;
30, ko = 25. We see larger errors but the same behavior of the convergence
orders. The local truncation errors at the two grid points are propositional
to k? ~ 900/2 from the second order derivatives. The actual local truncation
errors at the two irregular grid points vary between 5 and 112.

TABLE 1. Grid refinement analysis of the method with o =
1/3, and different k; and ko.

N [Ellsc [ order [ T | Tjn |Ellsc | order
k1 =5,ky=3 k1 =30,k =25
32 | 2.7133e-03 4.5144 -6.2990 8.5415e-01
64 | 4.0582e-04 | 2.7411 | 3.8603e-01 | -2.6182e-01 | 1.4703e-01 | 2.5384
128 | 1.8006e-04 | 1.1724 4.5277 -6.3423 5.3686e-02 | 1.4535
256 | 2.5043e-05 | 2.8460 | 3.4366e-01 | -2.4413e-01 | 9.1750e-03 | 2.5488
512 | 1.1418e-05 | 1.1331 4.5354 -6.3510 3.3278e-03 | 1.4631
1024 | 1.5603e-06 | 2.8714 | 3.3574e-01 | -2.3962e-01 | 5.7223e-04 | 2.5399
2048 | 7.1622e-07 | 1.1233 4.5376 -6.3531 2.0742e-04 | 1.4640
4096 | 9.7443e-08 | 2.8778 | 3.3394e-01 | -2.3848e-01 | 3.5742e-05 | 2.5369
average | 2.1093 O(1) O(1) average | 2.0778
15 ‘Computed‘andexact‘solutions‘ 1><10'3 Error ‘
ﬁ 0.5
‘ 0
-0.5
4 15
15 : : : : 2 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) (b)

FIGURE 2. (a), computed (little ‘0’s) and exact solution (sol-
id line) when k; = 30,k2 = 5 and n = 256. (b), the error
plot.

The numerical example in Table 1 also confirmed our theoretical anal-
ysis. While the harmonic average method works when the coefficient has
finite jumps, it is inconsistent because the local truncations at two grid
points neighboring the interface, say T; and Ty are of O(1). Secondly,



ANALYSIS OF HARMONIC AVERAGE METHOD 403

let Tj be the vector whose components are all zero except the j-th com-
ponent which T}, the local truncation error at z;, the irregular grid point

from the lest, then A,:l’i‘j ~ O(h), so is Agl’i‘jﬂ ~ O(h). Nevertheless,
At (TJ + Tj+1> ~ O(h?), which tells us how the errors cancellations take

place.

In Figure 2 (a), we show the computed solution (dotted line) and the exact
solution (solid line) with o = 1/3, k1 = 30,ke = 5 and n = 256, which are
identical by naked eyes although the solution and the flux are discontinuous.
In Figure 2 (b), we plot the errors of the computed solution. Note that the
errors near the interface (1/3) have roughly the same magnitude as those at
regular grid points (around 0.18).

Example 5.2.

Next. we consider the effect of the jump ratio 3~ /8" on the algorithm.
To do so, we change the setting as below,

- if T < a,
(37) Blz) = {ﬁ pers

T ifa<z<l,

(38) flz) =

—B7k¥sin(kiz) if0 <2 <a,
—BYk2 cos(koz) fa <z <1,

while the solution is unchanged. In Table 2, we list the grid refinemen-
t results for different jump ratios. We still observe average second order
convergence for all different jump ratios (small 1.5/3 and large 2000/1.5
or 1.5/2000) although the errors can increase slightly at some mesh sizes
followed by significant decrease in the next. So, the method seems to be
insensitive to the jump ratios.

TABLE 2. Grid refinement analysis of the method with o =
1/3, k1 =5 and ko = 3, and different jump ratios.

N [Ellsc | order |Elloc | order [Elloc | order
B~ =158T =3 |8 =2000,87 =153 = L5, BT = 2000
32 | 4.3434e-03 2.7967e-03 6.3934e-03

64 | 2.3005e-04 | 4.2388 | 4.9463e-04 | 2.4993 | 2.3391e-04 | 4.7726
128 | 2.8438e-04 | -0.3058 | 1.6432e-04 | 1.5898 | 4.1245e-04 | -0.8182
256 | 1.4146e-05 | 4.3294 | 3.0375e-05 | 2.4356 | 1.4551e-05 | 4.8250
512 | 1.7971e-05 | -0.3452 | 1.0095e-05 | 1.5892 | 2.5964e-05 | -0.8353
1024 | 8.8068e-07 | 4.3509 | 1.8901e-06 | 2.4171 | 9.0832e-07 | 4.8372
2048 | 1.1262e-06 | -0.3547 | 6.2812e-07 | 1.5894 | 1.6256e-06 | -0.8397
4096 | 5.4989e-08 | 4.3562 | 1.1800e-07 | 2.4123 | 5.6755e-08 | 4.8401
average 2.1093 average 2.0778 average 2.3974
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Example 5.3.

We show example for general self-adjoint two-point boundary value prob-
lem (1):

(39) (B(x)uz)e — o(x)u = f(2).
The setting is listed below,

(40) B(a) 1+22 if0<z<a,
X =
1.1 fa<z<l,
(41) f(a) 24622 —2% f0<z<a,
€T =
12222 — 2% ifa<z<l,
(42) olx) = =

The solution to the boundary value problem is
{ 22 if0<z<a,

43 u(r) =
(43) (@) zt fa<a<l,

We discretize the o(x)u(z) term as a source term. In Table 3, we show the
grid refinement analysis for the example. We observe the similar convergence
behavior as before, that is, average second order convergence in the infinity
norm.

TABLE 3. Grid refinement analysis of the improved harmonic
average method for the general self-adjoint interface problem
with o = 5/9.

N ||| oo order

32 | 3.7309e-04

64 | 8.0773e-05 | 2.2076
128 | 9.8570e-05 | -0.2872
256 | 1.6861e-05 | 2.5475
512 | 1.7392e-06 | 3.2772
1024 | 3.3307e-07 | 2.3845
2048 | 8.4962e-08 | 1.9709
4096 | 1.8762¢-08 | 2.1790
average 2.0399

Example 5.4. A two-dimensional example with a line interface that is par-
allel to one of axis.

For linear two-dimensional elliptic boundary value problems, the im-
proved harmonic average method works fine if the interface is a line that
is parallel to one of axis since the discretization can be done dimension
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by dimension. We present numerical results in Table 4 with the following
settings.

7 f0<r<a 0<y <,

(44) B(z,y) = {

T ifa<z<l, <y<l,

—B7 (k¥ +1)sin(kiz)cosy if0<z<a,0<y<l,
BT (k3 + 1) cos(kox) cosy

The analytic solution is

fa<r<l,0<y<Ll

sin(kjz)cosy, if0<z<a,0<y<l,

cos(kax)cosy ifa<z<l <y<l.

(46) u(z,y) = {

In the numerical experiments, the Dirichlet boundary condition is used.

TABLE 4. Grid refinement analysis of the improved harmonic
average method for the two dimensional interface problem
with a =1/3, 3~ =15, 8T =3, k1 =5,ky = 3.

nxn £ s order
16 x 16 3.0436¢-03
32 x 32 3.8852¢e-03 | -0.3522
64 x 64 1.7794e-04 | 4.4485
128 x 128 | 2.5518e-04 | -0.5201
256 x 256 | 1.0953e-05 | 4.5421
512 x 512 | 1.6136e-05 | -0.5589
1024 x 1024 | 6.8190e-07 | 4.5646
average | 2.0207
The solution plot The error plot

FIGURE 3. (a), the computed solution when 8~ = 1.5, B =
3, k1 = 5,ky = 3 and n = 64 x 64. (b), the corresponding
error plot.
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In Table 4, we present a grid refinement analysis for the 2D example with
a=1/3, 37 =15, B =3, ki = 5,ky = 3. We observe similar behaviors
as those in one-dimensional examples. The average convergence order is
2.0207. If we take the data of 16 x 16 away, then the average convergence
order is 2.4952. In Figure 3 (a), we show the mesh plot of the computed
solution with o = 1/3, k1 = 5, k2 = 3 using a 64 x 64 grid in which the jump
discontinuity is captured accurately. In Figure 3 (b), we plot the errors of the
computed solution in which the plot of error shows where the discontinuity
is.

6. Conclusions

This is probably first paper that analyzes the convergence of the har-
monic average method for interface problems. The tool is the second-kind
Green’s function. The analysis shows that the harmonic average method is
second order accurate in the infinity norm when the solution and the flux
are continuous (homogeneous jump conditions). Based on the analysis, we
proposed the improved harmonic average method that works for more gen-
eral problems whether the solution and/or the flux have finite jumps or not.
Compared with existing method, the improved harmonic average method
is derivative free and has been shown to be second order accurate in the
strongest point-wise norm, not the average norm used in the finite element
formulation. Numerical experiments have confirmed the theoretical analy-
sis. Usually, the harmonic average method does not work well for general
two- or three-dimensional interface problems except for the cases that the
interface is parallel to one of axis. It can converge in the Lo norm but many
not in the L,, norm.
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