
INTERNATIONAL JOURNAL OF c⃝ 2026 Institute for Scientific
NUMERICAL ANALYSIS AND MODELING Computing and Information
Volume 23, Number 3, Pages 374–389 doi: 10.4208/ijnam2026-1015

AN EFFICIENT RVE-EMC APPROACH FOR MULTISCALE

EQUATIONS OF RANDOM HETEROGENEOUS MATERIALS

YANFU CHEN, XIXIN WU, ZIHAO YANG, JIEQIONG ZHANG, AND JUNFENG ZHAO*

Abstract. Resolving multiscale equations in heterogeneous materials presents significant com-
putational challenges arising from rapid spatial oscillations and random variations in solutions
induced by intricate microstructural configurations. This study proposes and analyzes a two-stage

stochastic homogenization framework designed to efficiently compute homogenized solutions for
multiscale diffusion equations. The methodology unfolds through two distinct phases. In the first
stage, each realization of the random microstructure undergoes spatial homogenization through a

representative volume element (RVE)-based approach, effectively replacing the original multiscale
diffusion equation with a random counterpart featuring piecewise constant coefficients. Through
ensemble-based Monte Carlo (EMC) averaging of diffusion coefficients, we reformulate the ran-
dom diffusion equation into a deterministic diffusion problem with a random source term in the

second stage. This critical reformulation enables the implementation of an efficient fixed-point
iteration scheme for solving the resultant constant-coefficient diffusion equation. In addition, the
convergence of the homogenized solution to the solution of multiscale diffusion equation is proved.
Numerical examples are provided to demonstrate the ability and accuracy of the proposed method.

Key words. Stochastic homogenization, representative volume element, ensemble-based Monte
Carlo, convergence, random heterogeneous materials.

1. Introduction

As is well known, heterogeneous materials are widely used in the field of engi-
neering due to their excellent properties. Heterogeneous materials, such as con-
crete, short-fiber-reinforced composites, polymer composites and damaged compos-
ites [1, 2, 3], often have uncertainties originating from variations in microstructures
or material parameters. Accurately evaluating the physical and mechanical re-
sponses of these materials requires quantifying the uncertainty of microstructure
and material parameters. Mathematically, these responses can be described using
multiscale partial differential equations (PDEs) with random, rapidly oscillating co-
efficients. A notable example is the class of random multiscale diffusion equations,
which have been widely applied in the study of elastic mechanics, heat conduction,
and electromagnetics of heterogeneous materials (see [4, 5, 6, 7, 8, 9]). Given the
inherent randomness and highly fluctuating nature of material parameters, directly
obtaining an accurate numerical solution to the multiscale diffusion problem in ran-
dom heterogeneous materials is computationally demanding. The requirement for
an extremely fine mesh and large-scale sampling leads to excessive computational
costs in terms of both memory and processing time. Therefore, it is imperative to
develop novel, efficient numerical methods to address these challenges.

Traditional stochastic homogenization theory [10, 11, 12] has been extensively
developed to derive the homogenized diffusion equation from the original multi-
scale equation by formulating a random elliptic cell problem over the entire spatial
domain. However, obtaining its numerical solution remains a significant challenge
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due to computational complexity. To address this, various techniques, such as pe-
riodization and cut-off methods, have been introduced to locally approximate the
homogenized coefficients [13, 14]. Nevertheless, ensuring the accuracy of these ap-
proximations necessitates a sufficiently large bounded domain, making numerical
computations highly demanding.

Another widely used approach in engineering computations is the representative
volume element (RVE) method, which is employed to estimate the effective param-
eters of highly heterogeneous or random composite materials. In this method, the
cell problem is defined on a reasonably large representative cell [15, 16, 17, 18, 19,
20, 21], where the size of the cell does not necessarily tend to infinity. However,
this method is commonly used in engineering and lacks a mathematical theoretical
foundation. Once the homogenized coefficients are approximated, the primary com-
putational challenge shifts to solving the random diffusion equation incorporating
these coefficients. Directly applying Monte Carlo methods [22] or the stochastic
Galerkin method [23, 24, 25, 26, 27] to solve this equation is computationally pro-
hibitive. The Monte Carlo approach requires repeated evaluations of the random
problem for different sample coefficients, leading to excessive computational cost.
Similarly, the stochastic Galerkin method often results in a high-dimensional de-
terministic system, which demands substantial computational resources and may
be infeasible for large-scale problems. To overcome the computational challenge,
several approaches have been proposed in literature including variants of the ensem-
ble method [28, 29, 30, 31] and the multi-modes method [32, 33, 34, 35]. Resolving
multiscale equations in heterogeneous materials still exist significant computational
challenges arising from rapid spatial oscillations and random variations in solutions
induced by intricate microstructural configurations.

This paper proposes an effective strategy to address the computational challenges
arising from the spatial fast oscillations and the inherent randomness of the solution
to the multiscale diffusion equation of random heterogeneous materials. Building on
the RVE method, the ensemble-based Monte Carlo (EMC) method and our previous
work [35], we introduce a practical two-stage stochastic homogenization method to
efficiently compute homogenized solutions for multiscale diffusion equations. The
key advantage of the proposed method is its ability to decouple the computational
difficulties caused by spatial fast oscillations and those resulting from randomness,
enabling each to be addressed separately using distinct strategies. In the first
stage, the RVE-based spatially homogenization technique is proposed to deal with
the computational difficulty caused by the spatial fast oscillation of the solution.
And the EMC method is applied to deal with the computational difficulty caused
by the randomness of the solution in the second stage. Besides, we also prove
the convergence of the homogenized solution to the solution of multiscale diffusion
equation. It should be pointed out that we give a mathematical interpretation and
justification for the RVE method.

The remainder of the paper is structured as follows. Section 2 describes the
setting of the multiscale diffusion problem arising from the random heterogeneous
materials. In Section 3, we introduce the RVE-EMC two-stage approach and relat-
ed convergence analysis for the multiscale diffusion problem. Section 4 presents the
finite element discretization and a detailed implementation algorithm for the pro-
posed method. In Section 5, numerical experiments are conducted to demonstrate
the effectiveness of the proposed method. Finally, Section 6 provides concluding
remarks.
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2. Problem setting

We consider the following multiscale diffusion equation with a randomly oscil-
lating coefficient, which characterizes heterogeneous materials

−div (Aε (x, ω)∇uε(x, ω)) = f(x, ω) in D × Ω,(1a)

uε(x, ω) = 0 on ∂D × Ω.(1b)

Here D ∈ Rd represents a bounded spatial domain, and ω denotes a sample point
belonging to the probability space (Ω,F ,P). The expectation of a random variable
X ∈ L1(Ω,dP) is given by E(X) :=

∫
Ω
X(ω)dP(ω). The coefficient matrix Aε(x, ω) =

(aεij(x, ω))1≤i,j≤d exhibits rapid oscillations, while the right-hand-side term f(x, ω)
represents a random field with a continuous and bounded covariance function. For
the sake of simplicity, we assume f(x, ω) = f(x) throughout this paper, meaning
that f is a deterministic function. The parameter ε represents the characteristic
length scale of the microstructure in heterogeneous materials (Fig. 1), typically
satisfying 0 < ε ≪ 1. Let Q := (0, 1)d be the unit cell, and define Q + k :=
(k1, k1 + 1)× (k2, k2 + 1)× · · · × (kd, kd + 1) for k = (k1, k2, · · · , kd)T with ki ∈ Z.
Furthermore, let D ⊂ Rd be a bounded domain expressed as D = ∪k∈ZdDk, where
Dk = D∩ε(Q+k). For a positive integerM ∈ Z+, we define QM :=MQ = (0,M)d

and Qk
M =MQ+Mk.

Figure 1. For a point x in computational domain D ⊂ R2, a
square region centered at x is chosen as the RVE. The cell QM (x)
is obtained via the mapping y = x

ε . The pseudo-color plot of
A(xε , ω) (right figure) illustrates the microstructure on cell QM (x).

Following prior studies [10, 11, 12], we assume that A(xε , ω) ∈ M(α, β;D) is
stationary, satisfying

(2) A
(x
ε
+ k, ω

)
= A

(x
ε
, τkω

)
for any k ∈ Zd, a.e. in D and P-a.s.,

Here τk is an ergodic measure-preserving transformation, meaning that

(3) τkE = E ∀E ∈ F implies that P(E) = 0 or 1.

Additionally, we assume A(xε , ω) ∈ M(α, β;D), where M(α, β;D) denotes the
set of invertible real-valued d × d matrices A = A(·, ω) whose entries belong to
L∞(D) and satisfy P-almost surely

(4) α|ξ|2 ≤ (Aξ, ξ) ≤ β|ξ|2 for any ξ ∈ Rd and a.e. in D.

Here (·, ·) represents the standard inner product in Rd and |ξ|2 = (ξ, ξ).
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3. RVE-EMC two-stage stochastic homogenization method

The objective of this section is to present the RVE-EMC two-stage stochastic ho-
mogenization method for solving problem (1) and to analyze its convergence. The
methodology consists of two distinct phases, as illustrated in Fig. 2. In the first
stage, the RVE-based homogenization method is employed to solve the oscillation
problem, and the heterogeneous material characterized by the random coefficients
A(xε , ω) is approximated by the equivalent material with the random coefficients

Â(x, ω), which is a constant matrix within each RVE for given ω. In the second
stage, the EMC-based fixed-point iterative method is utilized to solve the ran-
dom problem, and this process ultimately yields the homogenized material with
the deterministic coefficient E(Â(x, ω)), representing the expected behavior of the
effective material properties.

Stage 1 Stage 2

Figure 2. Framework of the two-stage stochastic homogenization method.

3.1. RVE-based homogenization method for oscillation problem. As il-
lustrated in Fig. 1, for each given sample ω and any point x ∈ D, a QM (x) with
|QM (x)| = Md is derived from the RVE by using the mapping y = x

ε . The cell
QM (x) preserves a structural similarity to the region surrounding x in domain D.
Under this mapping, the coefficient Aε(x, ω) can be rewritten as A(y, ω) within the
cell QM (x). The differential operator with respect to x is then expressed as

(5) ∇x → ∇x +
1

ε
∇y.

We define the following differential operators

L1(ω) = −∇y · (A(y, ω)∇y) ,(6a)

L2(ω) = −∇y · (A(y, ω)∇x)−∇x · (A(y, ω)∇y) ,(6b)

L3(ω) = −∇x · (A(y, ω)∇x) .(6c)

By performing an asymptotic expansion uε(x, ω) [7, 15], we obtain

(7) uε(x, ω) = u0(x, y, ω) + εu1(x, y, ω) + +ε2u2(x, y, ω) · · · ,
where

(8) u1(x, y, ω) = Nei(x, y, ω)ei · ∇xu
0(x, y, ω).

Substituting (7) and (5) into (1), we derive the following expression

(9) f(x) = ε−2L1u
0 + ε−1(L1u

1 + L2u
0) + ε0(L1u

2 + L2u
1 + L3u

0) + · · · .
Comparing the coefficients of εl (where l = −2,−1, 0, 1, . . .), we obtain

L1u
0 = 0,(10a)

L1u
1 + L2u

0 = 0,(10b)

L1u
2 + L2u

1 + L3u
0 = f(x).(10c)
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Expanding (10a), we obtain

(11) −∇y ·
(
A(y, ω)∇yu

0(x, y, ω)
)
= 0.

Thus, u0(x, y, ω) = u0(x, ω) indicating that u0 is independent of y.
Expanding (10b) and utilizing (8), we derive

(12) ∇y ·
(
A(y, ω)∇yu

1(x, y, ω)
)
+∇y ·

(
A(y, ω)∇xu

0(x, ω)
)
= 0.

The cell function Nei(y, ω) is defined as the solution to the following cell problem
on QM

−div
[
A(y, ω)(ei +∇Nei(y, ω))

]
= 0 in QM ,(13a)

Nei(y, ω) is QM -periodic.(13b)

It is important to note that x can be treated as a parameter in (13).

By integrating over the cell QM (x), the homogenized coefficient Â(x, ω) can be
defined, with its (i, j)-th component given by

(14) âij(x, ω) :=
1

|QM (x)|

∫
QM (x)

(ei +∇Nei(y, ω))
TA(y, ω)(ej +∇Nej (y, ω))dy.

The composite material with the oscillatory coefficient matrix Aε(x, ω) is thus ap-

proximated by the equivalent matrix Â(x, ω). Here,M is a parameter that balances
computational efficiency and accuracy. In numerical simulations, M = O(1) is typ-

ically chosen. The equivalent matrix Â(x, ω) remains constant within each block
QM and serves as a coarse-grained approximation of the original matrix Aε(x, ω).
While the material is homogeneous within each block, heterogeneity is preserved
across different blocks (see Fig. 2). Moreover, to approximate the solution of the
original random diffusion equation (1), we solve the following homogenized system

−div(Â(x, ω)∇û(x, ω)) = f(x) in D,(15a)

û(x, ω) = 0 on ∂D.(15b)

However, the fluctuations in Â(x, ω) lead to high computational costs, partic-
ularly when ε is small and M = O(1). To address this challenge, we employ the
EMC method [28, 29, 30, 31] in the second stage, providing an efficient means of
solving (15).

3.2. EMC-based fixed-point iterative method for random problem. Let
H be a Hilbert space, and let V ∈ H be a Banach space. The dual space of V ,
denoted by V ∗, consists of all bounded linear functionals on V . We consider the
variational formulation of the homogenized equation (15), seeking û(x, ω) ∈ V such
that

(16) D(û, v;ω) = F (v) ∀v ∈ V,

where F (·) ∈ V ∗ and D(·, ·;ω) : V ×V → R is an ω-dependent bilinear form defined
by

(17) D(û, v;ω) =
(
Â(x, ω)∇û(x, ω),∇v

)
F (v) =

(
f, v

)
.

According to the Proposition 2.1 in [30], problem (16) has a unique solution u(x, ω) ∈
V for each ω.

We decompose D(û, v;ω) as follows

(18) D(û, v;ω) = D0(û, v) +D1(û, v;ω),
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where

D0(û, v) =
(
A0(x)∇û(x, ω),∇v),(19a)

D1(û, v;ω
)
=

(
(Â(x, ω)−A0(x))∇û(x, ω),∇v

)
.(19b)

Here, A0(x) = (µ0
ij,L(x)) is the ensemble mean of Â(x, ω), defined as

(20) µ0
ij,L(x) =

1

L

L∑
s=1

âij(x, ωs).

Here, L denotes the number of Monte Carlo samples. Substituting (18) into (16),
we obtain the variational form of the spatially homogenized diffusion equation (15)

(21) D0(û, v) = F (v)−D1(û, v;ω).

We now present the main iterative algorithm for solving (21) as follows

Step 1 Compute U0 ∈ V by solving

(22) D0(U0, v) = F (v) ∀v ∈ V.

Step 2 For each ω ∈ Ω, determine {Un = Un(ω)}n≥1 ⊂ V recursively by solving

(23) D0(Un, v) = F (v)−D1(Un−1, v;ω) ∀v ∈ V.

Repeat Step 1 and Step 2 for the Monte Carlo samples ωs(s = 1, 2, · · · , L), and
the EMC approximation solution of (15) is given by

(24) û(x, ω) =
1

L

L∑
s=1

Un(x, ωs).

The iterative equations (22) and (23) involve the same deterministic coefficients
and a random source. Consequently, an LU direct solver can be employed to obtain
numerical solutions efficiently, leading to significant computational cost savings.

3.3. Convergence of the method.

Lemma 3.1. Suppose that A(xε , ω) satisfies the stationarity assumption given in

(2). Then, the equivalent matrix Â(x, ω) can be expressed as

(25) Â(x, ω) = E(Â0(ω)) + δA1(x, ω),

where Â0(ω) represents the equivalent matrix defined within each block D ∩ εQk
M ,

and A1(x, ω) = (a1ij(x, ω)) with a1ij ∈ L2(Ω, L∞(D)). Additionally, the term δ

is defined as δ := max1≤i,j≤d

√
Var(â0ij(ω)). Furthermore, if the uniform mixing

coefficient of A(xε , ω) satisfies the following growth condition

(26) γ(s) ≤ c(1 + s)−θ for some θ > 0 and ∀s > 0,

then there exists a constant ζ = ζ(θ, α, d) > 0 such that

(27) δ ≤ CM−ζ/2.

Remark 3.2. The proof of Lemma 3.1 follows directly from Theorem 3.1 and 4.2
in [35].

Lemma 3.3. Suppose that A(xε , ω) ∈ M(α, β;D) satisfies the stationarity assump-

tion given in (2). If δ < 1 and f ∈ L2(D), then the following error estimate holds

(28) E
(
∥û(x, ω)− Un(x, ω)∥2H1(D)

)
6 C1δ

2N ∥f∥2L2(D) .

for some positive constant C1 independent of δ.
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Remark 3.4. The proof of Lemma 3.3 follows from Theorem 3.2 in [36] and Re-
mark 4 in [30].

Theorem 3.5. Let M = Cε−σ with σ ∈ (0, 1), and let uε be the solution of original
multiscale problem (1). Assume that f ∈ L2(D) and that A(xε , ω) ∈ M(α, β;D)
satisfies the stationarity assumption (2) and is QM -periodic for P-almost all ω ∈ Ω.
Then, the following holds

(29) lim
ε→0

E
(
∥uε(x, ω)− Un(x, ω)∥2L2(D)

)
= 0.

Proof. From Lemma 3.3, we obtain

(30) E
(
∥û(x, ω)− Un(x, ω)∥2L2(D)

)
≤ C1δ

2N ∥f∥2L2(D) .

Since M = Cε−σ with σ ∈ (0, 1), it follows from Lemma 3.1 that

(31) lim
ε→0

E
(
∥û(x, ω)− Un(x, ω)∥2L2(D)

)
= 0.

By Theorem 6.1 in [37], for a given ω ∈ Ω, we have

uε(x, ω)⇀ û(x, ω) weakly in H1
0 (D) as ε→ 0,

uε(x, ω) → û(x, ω) strongly in L2(D) as ε→ 0.

By the triangle inequality, we obtain

lim
ε→0

E
(
∥uε(x, ω)− Un(x, ω)∥2L2(D)

)
6 lim

ε→0
E
(
∥uε(x, ω)− û(x, ω)∥2L2(D)

)(32)

+ lim
ε→0

E
(
∥û(x, ω)− Un(x, ω)∥2L2(D)

)
= 0.

This completes the proof. �

4. Numerical implementation of the method

In this section, we address the implementation aspects of the proposed RVE-
EMC two-stage stochastic homogenization method.

4.1. finite element discretization. Let {ωs}Ls=1 be L independent and identi-
cally distributed (i.i.d.) random samples from the sample space Ω. Define Th as a
quasi-uniform partition of the cell QM , such that QM = ∪Kk∈Th

Kk. We assume
that the partition Th forms a body-fitted grid aligned with the coefficient matrix
A(y, ωs). Let Vh

r denote the standard finite element space of degree r, defined as

(33) Vh
r := {v ∈ H1

per(QM ); v|Kk
is a polynomial of degree r for each Kk ∈ Th}.

Here, the periodic Sobolev space is given by

H1
per(QM ) = {v ∈ H1(QM ); such that v is QM -periodic}.

The finite element cell solutions Nh
ei(y, ωs) are defined as the solutions to

(34)
(
A(y, ωs)(ei +∇Nh

ei(y, ωs)),∇vh
)
QM

= 0 ∀vh ∈ Vh
r ,

where (uh, vh)QM
denotes the standard L2 inner product over QM . Using the

finite element cell solutions Nh
ei(y, ωs), the (i, j)-th component of the approximate

equivalent matrix equivalent matrix Âh(x, ωs) in block D ∩ εQM is given by

(35) âhij(ωs) =
1

|QM |

∫
QM

(ei +∇Nh
ei(y, ωs))

TA(y, ωs)(ej +∇Nh
ej (y, ωs))dy.
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We define the empirical mean and variance for each component of Âh(ωs) in block
D ∩ εQM as

µij,L := µL

(
âhij(ωs)

)
=

1

L

L∑
s=1

âhij(ωs),(36a)

σij,L := σL
(
âhij(ωs)

)
=

1

L− 1

L∑
s=1

(
âhij(ωs)− µij,L

)2
.(36b)

By the strong law of large numbers [10], for sufficiently large L, we approximate
E(âhij(ωs)) using µij,L.

Let Th0 be a quasi-uniform partition of computational domain D with mesh size
h0 such that D = ∪K∈Th0

K. Define Vh0
r as the standard finite element space of

order r over Th0

(37) Vh0
r := {v ∈ H1

0 (D); v|K is a polynomial of degree r for each K ∈ Th0}.
The finite element approximation of the first mode function U0 is given by

(38)
(
µL∇Uh0

0 (x),∇vh0

)
D

= (f, vh0)D ∀vh0 ∈ Vh0
r .

Subsequently, we iteratively compute Un using the following equation

(39)
(
µL∇Uh0

n (x),∇vh0
)
D

= (f, vh0)D−
(
µL∇Uh0

n−1(x),∇vh0

)
D

∀vh0 ∈ Vh0
r .

Since direct simulations of the random diffusion equation (1) are computationally
expensive, we use the empirical mean E(û(x, ω)) of the equivalent solution to (15)
as a reference to evaluate the efficiency and accuracy of the proposed method. Let
Th1 be a quasi-uniform partition of the computational domain D with mesh size
h1, such that D = ∪K∈Th1

K. Define Vh1
r as the standard finite element space of

order r

(40) Vh1
r := {v ∈ H1

0 (D); v|K is a polynomial of degree r for each K ∈ Th1}.
Let ûh1(x, ωs) be the solution to (15) for ω = ωs, given by

(41)
(
Âh(ωs)∇ûh1(x, ωs),∇vh1

)
D

= (f, vh1)D ∀vh0 ∈ Vh1
r .

4.2. Algorithm procedure. The algorithmic procedure for the RVE-EMC two-
stage stochastic homogenization method is outlined as follows

(1) Generate a set of independent and identically distributed (i.i.d.) samples
{ωs}Ls=1. For each sample ωs, construct a body-fitted and quasi-uniform
partition of the cell QM according to A(y, ωs), where y ∈ QM .

(2) Compute the finite element cell solutions Nh
ei(y, ωs) by solving the problem

in equation (34) and the (i, j)-th entry of the equivalent matrix Â0,h(ωs)
using equation (35).

(3) Calculate the (i, j)-th component of the empirical mean matrix µL by using
equation (36).

(4) Solve equations (38) and (39) to obtain the finite element approximation of
the REV-EMC two-stage stochastic homogenization solution for the ran-
dom diffusion equation in (1).

The algorithmic procedure for computing the reference solution is as follows

(1) Generate a set of i.i.d. samples {ω}Ls=1. For each sample ωs, construc-
t a body-fitted and quasi-uniform partition of the cell QM according to
A(y, ωs), where y ∈ QM .
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(2) Compute a set of finite element cell solutions Nh
ei(y, ωs) by solving cell

problem in equation (34) and the equivalent matrix Âh(ωs) =
(
âhij(ωs)

)
using equation (35).

(3) For each sample ωs, solve the finite element solution ûh1(x, ωs) from equa-
tion (41).

(4) Calculate the reference solution for the two-stage stochastic homogenization
method as follows

ûL,h1(x) =
1

L

L∑
s=1

ûh1(x, ωs).

5. Numerical examples

In this section, 2D numerical experiments based on different heterogeneous struc-
tures are conducted to verify the accuracy and efficiency of our method. Numerical
experiments in Section 5.1 are performed on a desktop workstation with 32 GB of
memory and a 2.1 GHz Xeon 5218R CPU, while those in Section 5.2 are conducted
on a desktop workstation with 64 GB of memory and a 2.8 GHz Core i9 CPU.
In the following two examples, we consider f(x) = 15, with the cell QM taken as
Q = (0, 1)2 and M = 1, and the computational domain D = (0, 1)2 with ε = 1/11.
We investigate the numerical empirical mean µL as defined in (36), which is used
in the two-stage stochastic homogenization method.
Case 1: Heterogeneous materials with deterministic structures and random coef-
ficients, as shown in Fig. 3(a). The (i, j)-th element of Aε(x, ω) in the diffusion
equation (1) is given by
(42)

aij(
x

ε
, ω) =


5δij + (1.2 + sin(2π

x(1)

ε
) sin(2π

x(2)

ε
)δij)Zk(ω) x ∈ ε(Q1 + k),

550δij + (66 + sin(2π
x(1)

ε
) sin(2π

x(2)

ε
)δij)Zk(ω) x ∈ ε(Q2 + k),

where x = (x(1), x(2)), the inclusion Q2 = (0.2, 0.8)2, the matrix Q1 = (0, 1) \ Q2,
and the i.i.d. random variables

(
Zk(ω)

)
k∈Z2 follow a truncated normal distribution.

The probability density function for the truncated normal distribution is given by

(43) ρ(ω,−b, b) =


ψ(ω)

ζ(b)− ζ(−b)
ω ∈ [−b, b],

0 otherwise,

where ψ(ω) = 1√
2π

exp
(
− 1

2ω
2
)
, ζ(ω) = 1

2 (1 + erf(ω/
√
2)), and b = 1.5.

Case 2: Heterogeneous materials with deterministic structures and random coeffi-
cients. Let QM = Q = Q1 ∪Q2, where Q1 ∩Q2 = ∅, and Q2 contains 5 elliptical
inclusions, as shown in Fig. 3(b). The (i, j)-th element of Aε(x, ω) in the diffusion
equation (1) is given by the random coefficients in (42).
Case 3: Heterogeneous materials with random structures and deterministic coef-
ficients. The computational domain D is decomposed into 11 × 11 elements, each
containing 13 elliptical inclusions sampled with a uniformly random distribution pa-
rameter ω, as shown in Fig. 3(c). The (i, j)-th element of Aε(x, ω) in the diffusion
equation (1) is given by the random coefficients in (42).

(44) aij(
x

ε
, ω) =

{
5δij x ∈ D1(ω),

550δij x ∈ D2(ω).
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(a) (b)

(c) (d)

Figure 3. The setup of heterogeneous structures consists of four
types of RVEs: (a) fixed inclusion structure with random coeffi-
cients; (b) fixed elliptical inclusion structure with random coeffi-
cients; (c) random elliptical inclusion structure with fixed coeffi-
cients; and (d) random elliptical inclusion structure with random
coefficients.

Case 4: Heterogeneous materials with random structures and random coefficients.
The computational domain D is decomposed into 11×11 elements, each containing
10 elliptical inclusions sampled with a uniform random distribution parameter ω1,
as shown in Fig. 3(d). D1(ω1) and D2(ω1) are defined as in Case 3. The (i, j)-th
element of Aε(x, ω) in the diffusion equation (1) is

(45) aij(
x

ε
, ω) =



5δij + (1.2 + sin(2π
x(1)

ε
) sin(2π

x(2)

ε
)δij)Zk(ω2)

x ∈ D1(ω1) ∩ ε(Q1 + k),

550δij + (66 + sin(2π
x(1)

ε
) sin(2π

x(2)

ε
)δij)Zk(ω2)

x ∈ D2(ω1) ∩ ε(Q2 + k),

where i.i.d. random variables
(
Zk(ω)

)
k∈Z2 follow the truncated normal distribution

defined in (43).

5.1. Verification of the RVE method. To verify the proposed method, the cut-
off method defined in the literature [13, 14] was used to calculate A⋆

N = (â⋆ij,N (ω))

as the reference solution. For Case 1 and Case 2, setting L = N2 facilitated a
comparison between µL and A⋆

N . For N = 22, 20 independent and identically
distributed (i.i.d.) samples were generated, each containing 484 samples. Twenty
independent repetitions were performed, and their means were taken as the final
value of µL. Table 1 presents the numerical expectations, variances, and total
computation times of the equivalent coefficient matrices for both methods in Case
1 and Case 2. The numerical results indicate that the equivalent coefficient matrix
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µL provides a good approximation of the random homogenized matrix A⋆, and the
proposed method is approximately eight times more efficient than the traditional
stochastic homogenization method.

Table 1. Comparison of the numerical expectation and variance
of the equivalent matrix obtained using our method and the tradi-
tional stochastic homogenization method [13, 14].

Expectation Variance Computing time (s)

Case 1
µ0
11,L 11.474 0.146 39.8

â⋆11,N 11.006 0.152 244.9

Case 2
µ0
11,L 9.912 0.122 454.1

â⋆11,N 9.372 0.128 3081.9

5.2. Verification of the two-stage method. The the numerical empirical mean
µL as defined in (36) for equivalent coefficient matrix Â(x, ω) was used to solve the
random diffusion equation in (15), with the results serving as a reference solution.
For L = 1000, the focus shifted to more complex cases: Case 3, which involves a
randomly structured matrix with fixed coefficients, and Case 4, with both random
structure and coefficients. This was analyzed by varying the number of iterations n
in (39), employing a two-stage homogenization method. The relative L2 norm error
of the proposed method is defined as ∥û0,h0

n − ûL,h1∥L2(D)/∥ûL,h1∥L2(D). The L2

relative errors of the two-stage homogenized solutions compared to the reference
solution are shown in Table 2, while Fig. 4 presents a visual line graph. It is
observed that the L2 relative error for Case 3 significantly decreases as n increases,
and the L2 relative error for Case 4 decreases with oscillations, reaching below 10e-6
at n = 6.

Table 2. The L2 norm error of the two-stage homogenization so-
lutions, obtained by iterating n times in (24), is compared to the
reference solutions.

n 0 1 2 3 4 5 6

error
Case 3 4.20e-3 2.71e-3 1.36e-4 6.79e-5 2.66e-6 1.92e-6 2.94e-7
Case 4 2.49e-2 2.31e-2 8.45e-5 1.27e-3 4.71e-5 1.13e-4 9.23e-6

The Fig. 5, Fig. 6, Fig. 7, and Fig. 8 display the cloud maps of the two-stage sto-
chastic homogenization solutions obtained from the EMC method after 6 iterations
and the reference solutions for Cases 1, 2, 3, and 4, along with the cloud maps of
their absolute errors. The maximum absolute error is found to be within the range
of 10e-6 to 10e-8.

Table 3 presents the relative L2 errors for Cases 1, 2, 3, and 4 compared to
the reference solution, showing that the relative errors range from 10e-6 to 10e-7,
demonstrating the consistency of the results, which can be regarded as equivalent.
In particular, the proposed method only requires solving equations (22) and (23)
with deterministic coefficients and random sources, which can be directly solved
using an LU solver, significantly reducing computational costs.

The time comparison between the two-stage homogenization method and the
reference method, shown in Table 4, indicates that the time cost of the proposed
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(a) (b)

Figure 4. The relative L2 norm error between the solutions ob-
tained from the two-stage homogenization method and the refer-
ence solutions varies with the iteration count of the EMC algorith-
m: (a) Case 3, (b) Case 4.

(a) (b) (c)

Figure 5. The contour plots of the solutions with a grid size of
h0 = h1 = 1/100, are as follows: (a) The two-stage stochastic ho-
mogenization solution u0,h0

n for Case 1; (b) The reference solution
ûL,h1 for Case 1; (c) The distribution of absolute errors between
un,h0 and ûL,h1 of Case 1.

(a) (b) (c)

Figure 6. The contour plots of the solutions with a grid size of
h0 = h1 = 1/100 are as follows: (a) The two-stage stochastic ho-
mogenization solution u0,h0

n for Case 2; (b) The reference solution
ûL,h1 for Case 2; (c) The distribution of absolute errors between
un,h0 and ûL,h1 of Case 2.

Table 3. The relative L2 norm error between the two-stage ho-
mogenization solutions and the reference solutions.

Case 1 Case 2 Case 3 Case 4
error 9.48e-7 1.22e-6 2.94e-7 9.23e-6
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(a) (b) (c)

Figure 7. The contour plots of the solutions with a grid size of
h0 = h1 = 1/100 are as follows: (a) The two-stage stochastic ho-
mogenization solution u0,h0

n for Case 3; (b) The reference solution
ûL,h1 for Case 3; (c) The distribution of absolute errors between
un,h0 and ûL,h1 of Case 3.

(a) (b) (c)

Figure 8. The contour plots of the solutions with a grid size of
h0 = h1 = 1/100 are as follows: (a) The two-stage stochastic ho-
mogenization solution u0,h0

n for Case 4; (b) The reference solution
ûL,h1 for Case 4; (c) The distribution of absolute errors between
un,h0 and ûL,h1 of Case 4.

method is 4-5 times lower than that of the classical Monte Carlo method. This
is because that the iterative equations (22) and (23) in our proposed method in-
volve the same deterministic coefficients and a random source. Consequently, an
LU direct solver can be employed to obtain numerical solutions efficiently, leading
to significant computational cost savings. In summary, the two-stage stochastic
homogenization method proposed in this paper is both accurate and efficient.

Table 4. Comparison of computational time between two-stage
homogenization solutions and reference solutions.

Case 1 Case 2 Case 3 Case 4

time(s)
RVE-EMC 75.924 107.47 83.216 87.824
Reference 324.28 383.89 434.12 761.01

6. Conclusions

In this paper, we present a solution method for the diffusion equations of het-
erogeneous materials with random and rapidly oscillating coefficients. The main
contribution of this work is the proposal of an efficient two-stage stochastic homoge-
nization method, which combines the representative volume element approach with
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an ensemble-based Monte Carlo algorithm. Our method separates the computa-
tional challenges arising from both the spatial rapid oscillation and the randomness
of the solution, employing distinct strategies to address each of these difficulties.
Numerical examples demonstrate the efficiency and effectiveness of the proposed
method.
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